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Preface

This text is intended for use in senior/first-year graduate courses on linear systems and
multivariable system design in electrical, mechanical, chemical, and acronautical departments.
It may also be useful to practicing engineers because it contains many design procedures. The
mathematical background assumed is a working knowledge of linear algebra and the Laplace
transform and an elementary knowledge of differential equations.

Linear system theory is a vast field. In this text, we limit our discussion to the conventional
approaches of state-space equations and the polynomial fraction method of transfer matrices.
The geometric approach, the abstract algebraic approach, rational fractions, and optimization
are not discussed.

We aim to achieve two objectives with this text. The first objective is to use simple
and efficient methods to develop results and design procedures. Thus the presentation is
not exhaustive. For example, in introducing polynomial fractions, some polynomial theory
such as the Smith-McMillan form and Bezout identities are not discussed. The second
objective of this text is to enable the reader to employ the results to carry out design.
Thus most results are discussed with an eye toward numerical computation. All design
procedures in the text can be carried out using any software package that includes singular-
value decomposition, QR decomposition, and the solution of linear algebraic equations and
the Lyapunov equation. We give examples using MATLAB®, as the package' seems to be the
most widely available.

This edition is a complete rewriting of the book Linear System Theory and Design, which
was the expanded edition of Introduction to Linear System Theory published in 1970. Aside
from, hopefully, a clearer presentation and a more logical development, this edition differs
from the book in many ways:

« The order of Chapters 2 and 3 is reversed. In this edition. we develop mathematical
descriptions of systems before reviewing linear algebra. The chapter on stability is moved
earlier.

« This edition deals only with real numbers and foregoes the concept of fields. Thus it is
mathematically less abstract than the original book. However, all results are still stated as
theorems for easy reference.

« In Chapters 4 through 6, we discuss first the time-invariant case and then extend it to the
time-varying case. instead of the other way around.

1. MATLARB is a registered trademark of the MathWorks, Inc., 24 Prime Park Way, Natick, MA 01760-1500. Phone:
508-647-7000, fax: 508-647-7001, E-mail: info@mathworks.com, http:/www.mathworks.com.

xi
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o The discussion of discrete-time systems is expanded.

o In state-space design, Lyapunov equations are employed extensively and multivariable
canonical forms are downplayed. This approach is not only easier for classroom presentation
but also provides an attractive method for numerical computation.

¢ The presentation of the polynomial fraction method is streamlined. The method is equated
with solving linear algebraic equations. We then discuss pole placement using a one-degree-
of-freedom configuration, and model matching using a two-degree-of-freedom configura-
tion.

» Examples using MATLAB are given throughout this new edition.

This edition is geared more for classroom use and engineering applications; therefore, many
topics in the original book are deleted, includiﬁg strict system equivalence, deterministic iden-
tification, computational issues, some multivariable canonical forms, and decoupling by state
feedback. The polynomial fraction design in the input/output feedback (controller/estimator)
configuration is deleted. Instead we discuss design in the two-parameter configuration. This
configuration seems to be more suitable for practical application. The eight appendices in the
original book are either incorporated into the text or deleted.
The logical sequence of all chapters is as follows:

Chap. 8
Chap. 1-5 = { Chap-6 = { Chap. 7
Sec. 7.1-7.3 = Sec. 9.1-9.3
= Sec. 7.6-7.8 = Sec. 9.4-9.5

In addition, the material in Section 7.9 is needed to study Section 8.6.4. However, Section 8.6.4
may be skipped without loss of continuity. Furthermore, the concepts of controllability and
observability in Chapter 6 are useful, but not essential for the material in Chapter 7. All minimal
realizations in Chapter 7 can be checked using the concept of degrees, instead of checking
controllability and observability. Therefore Chapters 6 and 7 are essentially independent.

This text provides more than enough material for a one-semester course. A one-semester
course at Stony Brook covers Chapters 1 through 6, Sections 8.1-8.5, 7.1-7.2, and 9.1-9.3.
Time-varying systems are not covered. Clearly, other arrangements are also possible for a
one-semester course. A solutions manual is available from the publisher.

I am indebted to many people in revising this text. Professor Imin Kao and Mr. Juan
Ochoa helped me with MATLAB. Professor Zongli Lin and Mr. T. Anantakrishnan read
the whole manuscript and made many valuable suggestions. I am grateful to Dean Yacov
Shamash, College of Engineering and Applied Sciences, SUNY at Stony Brook, for his
encouragement. The revised manuscript was reviewed by Professor Harold Broberg, EET
Department, Indiana Purdue University; Professor Peyman Givi, Department of Mechanical
and Aerospace Engineering, State University of New York at Buffalo; Professor Mustafa
Khammash, Department of Electrical and Computer Engineering, lowa State University; and
Professor B. Ross Barmish, Department of Electrical and Computer Engineering, University
of Wisconsin. Their detailed and critical comments prompted me to restructure some sections
and to include a number of mechanical vibration problems. I thank them all.

Preface xiii

I am indebted to Mr. Bill Zobrist of Oxford University Press who persuaded me to
undertake this revision. The people at Oxford University Press, including Krysia Bebick,
Jasmine Urmeneta, Terri O’Prey, and Kiristina Della Bartolomea were most helpful in this
undertaking. Finally, I thank my wife, Bih-Jau, for her support during this revision.

Chi-Tsong Chen
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Introduction

1.1 Infroduction

The study and design of physical systems can be carried out using empirical methods. We can
apply various signals to a physical system and measure its responses. If the performance is not
satisfactory, we can adjust some of its parameters or connect to it a compensator to imprbve
its performance. This approach relies heavily on past experience and is carried out by trial and
error and has succeeded in designing many physical systems.

Empirical methods may become unworkable if physical systems are complex or too
expensive or too dangerous to be experimented on. In these cases, analytical methods become
indispensable. The analytical study of physical systems consists of four parts: modeling,
development of mathematical descriptions, analysis, and design. We briefly introduce each
of these tasks.

The distinction between physical systems and models is basic in engineering. For example,
circuits or control systems studied in any textbook are models of physical systems. A resistor
with a constant resistance is a model; it will bum out if the applied voltage is over a limit.
This power limitation is often disregarded in its analytical study. An inductor with a constant
inductance is again a model; in reality, the inductance may vary with the amount of current
flowing through it. Modeling is a very important problem, for the success of the design depends
on whether the physical system is modeled properly.

A physical system may have different models depending on the questions asked. It may
also be modeled differently in different operational ranges. For example, an electronic amplifier
is modeled differently at high and low frequencies. A spaceship can be modeled as a particle
in investigating its trajectory; however, it must be modeled as a rigid body in maneuvering.
A spaceship may even be modeled as a fiexible body when it is connected to a space station.
In order to develop a suitable model for a physical system, a thorough understanding of the
physical system and its operational range is essential. In this text, we will call a model of a
physical system simply a system. Thus a physical system is a device or a collection of devices
existing in the real world; a system is a model of a physical system.

Once a system (or model) is selected for a physical system, the next step is to apply
various physical laws to develop mathematical equations to describe the system. For ex-
ample, we apply Kirchhoff’s voltage and current laws to electrical systems and Newton's
law to mechanical systems. The equations that describe systems may assume many forms:

1
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they may be linear equations, nonlinear equations, integral equations, difference equations,
differential equations, or others. Depending on the problem under study, one form of equation
may be preferable to another in describing the same system. In conclusion, a system may
have different mathematical-equation descriptions just as a physical system may have many
different models.

After a mathematical description is obtained, we then carry out analyses—quantitative
and/or qualitative. In quantitative analysis, we are interested in the responses of systems
excited by certain inputs. In qualitative analysis, we are interested in the general properties
of systems, such as stability, controllability, and observability. Qualitative analysis is very
important, because design techniques may often evolve from this study.

If the response of a system is unsatisfactory, the system must be modified. In some
cases, this can be achieved by adjusting some parameters of the system; in other cases,
compensators must be introduced. Note thqf the design is carried out on the model of the
physical system. If the model is properly chosen, then the performance of the physical system
should be improved by introducing the required adjustments or compensators. If the model is
poor, then the performance of the physical system may not improve and the design is useless.
Selecting a model that is close enough to a physical system and yet simple enough to be studied
analytically is the most difficult and important problem in system design.

1.2 Overview

The study of systems consists of four parts: modeling, setting up mathematical equations,
analysis, and design. Developing models for physical systems requires knowledge of the
particular field and some measuring devices. For example, to develop models for transistors
requires a knowledge of quantum physics and some laboratory setup. Developing models
for automobile suspension systems requires actual testing and measurements; it cannot be
achieved by use of pencil and paper. Computer simulation certainly helps but cannot replace
actual measurements. Thus the modeling problem should be studied in connection with the
specific field and cannot be properly covered in this text. In this text, we shall assume that
models of physical systems are available to us.

The systems to be studied in this text are limited to linear systems. Using the concept of
linearity, we develop in Chapter 2 that every linear system can be described by

y(t)-—-/ G(t. Du(r)dr (1.1

This equation describes the relationship between the input u and output y and is called the
input-output ot external description. If a linear system is lumped as well, then it can also be
described by

x(t) = A()x(r) + B(Hu(z) (1.2)
y(r) = C(6)x(t) + D(Hu(r) (1.3)

Equation (1.2) is a set of first-order differential equations and Equation (1.3) is a set of algebraic
equations. They are called the internal description of linear systems. Because the vector X is
called the state, the set of two equations is called the state-space or. simply, the state equation.

o
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If a linear system has, in addition, the property of time invariance, then Equations (1.1)
through (1.3) reduce to

y() :/ G(t — t)u(r) dr (1.4)
0
and
x(t) = Ax(t) + Bu(r) (1.5)
y(t) = Cx(t) + Du(r) (1.6)

For this class of linear time-invariant systems, the Laplace transform is an 1mportam ol in
analysis and design. Applying the Laplace transform to (1.4) yields

¥(s) = G(s)a(s) (1.7)

where a variable with a circumflex denotes the Laplace transtorm of the variable. The function
@(s) is called the transfer matrix. Both (1.4) and (1.7) are input-output or external descriptions.
The former is said to be in the time domain and the latter in the frequency domian.

Equations (1.1) through (1.6) are called continuous-time equations because their time
variable ¢ is a continuum defined at every time instant in (—o0. 20). If the time is detined
only at discrete instants, then the corresponding equations are called discrete-time equations.
This text is devoted to the analysis and design centered around (1.1) through (1.7) and their
discrete-time counterparts.

We briefly discuss the contents of each chapter. In Chapter 2. after introducing the
aforementioned equations from the concepts of lumpedness, linearity, and time invariance.
we show how these equations can be developed to describe systems. Chapter 3 reviews linear
algebraic equations, the Lyapunov equation, and other pertinent topics that are essential for
this text. We also introduce the Jordan form because it will be used to establish a number of
results. We study in Chapter 4 solutions of the state-space equations in (1.2) and (1.5). Different
analyses may lead to different state equations that describe the same system. Thus we introduce
the concept of equivalent state equations. The basic relationship between state-space equations
and transfer matrices is also established. Chapter 5 introduces the concepts of bounded-input
bounded-output (BIBO) stability, marginal stability, and asymptotic stability. Every system
must be designed to be stable: otherwise, it may burn out or disintegrate. Therefore stability
is a basic system concept. We also introduce the Lyapunov theorem to check asymptotic
stability.

Chapter 6 introduces the concepts of controllability and observability. They are essential
in studying the internal structure of systems. A fundamental result is that the transfer matrix
describes only the controllable and observable part of a state equation. Chapter 7 studies
minimal realizations and introduces coprime polynomial fractions. We show how to obtain
coprime fractions by solving sets of linear algebraic equations. The equivalence of controllable
and observable state equations and coprime polynomial fractions is established.

The last two chapters discuss the design of time-invariant systems. We use controllable
and observable state equations to carry out design in Chapter 8 and use coprime polynomial
fractions in Chapter 9. We show that, under the controllability condition, all eigenvalues
of a system can be arbitrarily assigned by introducing state feedback. If a state equation
is observable, full-dimensional and reduced-dimensional state estimators, with any desired
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eigenvalues, can be constructed to generate estimates of the state. We also establish the
separation property. In Chapter 9, we discuss pole placement, model matching, and their
applications in tracking, disturbance rejection, and decoupling. We use the unity-feedback
configuration in pole placement and the two-parameter configuration in model matching. In our
design, no control performances such as rise time, settling time, and overshoot are considered:
neither are constraints on control signals and on the degree of compensators. Therefore this
is not a control text per se. However, all results are basic and useful in designing linear time-
invariant control systems.

PO g e £\

swed

Mathematical
Descriptions of Systems

2.1 Introduction

The class of systems studied in this text is assumed to have some input terminals and output
terminals as shown in Fig. 2.1. We assume that if an excitation or input is applied to the input
terminals, a unique response or output signal can be measured at the output terminals. This
unique relationship between the excitation and response, input and output, or cause and effect
is essential in defining a system. A system with only one input terminal and only one output
terminal is called a single-variable system or a single-input single-output (SISO) system.
A system with two or more input terminals and/or two or more output terminals is called
a multivariable system. More specifically, we can call a system a multi-input multi-output
(MIMO) system if it has two or more input terminals and output terminals, a single-input
multi-output (SIMO) system if it has one input terminal and two or more output terminals.

u(r) ¥(6)

0 =~ 1

0 uin) Black ¥(6) !
k - box I
ulk] ulk) ¥k] vk}

] 45 [IIII

o 123 0 12345 &

x~

Figure 2.1 System.
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A system is called a continuous-time system if it accepts continuous-time signals as
its input and generates continuous-time signals as its output. The input will be denoted by
lowercase italic u(t) for single input or by boldface u(¢) for multiple inputs. If the system has
p input terminals, thenu(¢)isa p x | vectororu = (u; ua --- u,]’, where the prime denotes
the transpose. Similarly, the output will be denoted by y(t) or y(¢). The time ¢ is assumed to
range from —oo to oc.

A system is called a discrete-time system if it accepts discrete-time signals as its input
and generates discrete-time signals as its output. All discrete-time signals in a system will
be assumed to have the same sampling period T. The input and output will be denoted by
ulk] := u(kT) and y[k] := y(kT), where k denotes discrete-time instant and is an integer
ranging from —o0 to oc. They become boldface for multiple inputs and multiple outputs.

{
H

2.1.1 Causality and Lumpedness

A system is called a memoryless system if its output y(zp) depends only on the input applied
at fo; it is independent of the input applied before or after fp. This will be stated succinctly as
follows: current output of a memoryless system depends only on current input: it is independent
of past and future inputs. A network that consists of only resistors is a memoryless system.

Most systems, however, have memory. By this we mean that the output at 7y depends on
u(t) fort < tg,t =tg, and s > fo. That is, current output of a system with memory may depend
on past, current, and future inputs.

A system is called a causal or nonanticipatory system if its current output depends on
past and current inputs but not on future input. If a system is not causal, then its current output
will depend on future input. In other words, a noncausal system can predict or anticipate what
will be applied in the future. No physical system has such capability. Therefore every physical
system is causal and causality is a necessary condition for a system to be built or implemented
in the real world. This text studies only causal systems.

Current output of a causal system is affected by past input. How far back in time will the
past input affect the current output? Generally, the time should go all the way back to minus
infinity. In other words, the input from 20 to time ¢ has an effect on y(z). Tracking u(r)
from ¢t = —co is. if not impossible, very inconvenient. The concept of state can deal with this
problem.

Definition 2.1 The state X(ty) of a svstem at time ty is the information at 1 that, together
with the input u(t), for t > t, determines uniquely the output y(1) for all t = 1.

By definition, if we know the state at fo, there is no more need to know the input u(r) applied
before tq in determining the output y(¢) after 1p. Thus in some sense, the state summarizes the
effect of past input on future output. For the network shown in Fig. 2.2, if we know the voltages
x1(t9) and x;(ty) across the two capacitors and the current x3(f) passing through the inductor,
then for any input applied on and after fo, we can determine uniquely the output for # > .
Thus the state of the network at time g is

2.2 Linear Systems 7

Figure 2.2 Network with 3 state variables. b b S
[4

C
C, C, M +

Rl

Ry L

x1(to)
x(to) = | x2(to)
x3(to)
Itis a 3 x 1 vector. The entries of x are called state variables. Thus, in general, we may consider

the initial state simply as a set of initial conditions.
Using the state at #, we can express the input and output of a system as

x(to)

5
u(o), tzto}*Y(l)‘ L2t (2.0

It means that the output is partly excited by the initial state at 7y and partly by the input applied
at and after 4. In using (2.1), there is no more need to know the input applied before 1o all the
way back to —oo. Thus (2.1) is easier to track and will be called a state-input—output pair.

A system is said to be lumped if its number of state variables is finite or its state is a
finite vector. The network in Fig. 2.2 is clearly a lumped system; its state consists of three
numbers. A system is called a distributed system if its state has infinitely many state variables.
The transmission line is the most well known distributed system. We give one more example.

ExampLE 2.1 Consider the unit-time delay system defined by

y() =u(r - 1)

The output is simply the input delayed by one second. In order to determine {v(z), ¢ > o}
from {u(t), t > 15}, we need the information {u(t), tp— 1 < ¢ < #}. Therefore the initial state
of the system is {u(t), 1o — | <t < 1g}. There are infinitely many points in {rp — 1 <t < o}
Thus the unit-time delay system is a distributed system.

2.2 Linear Systems

A system is called a linear system if for every fy and any two state-input—output pairs

X (fo) — y; (1), t > 1
w(n), t>5)  Sn =0

fori = 1, 2, we have
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X {tg) + Xa2(to)

t 1), t >t (additivit
Wi + ), tzto}—’YI()+yz() > tp (additivity)

and

ax (f)

1), t =1 h o ‘t
oy (1), IEIOJ — ayi (), t >t (homogeneity)

for any real constant «. The first property is called the additivity property, the second, the
homogeneity property. These two properties can be combined as

a1x1(fp) + aaX2 (1)

= oy (t) +oy2(t), 124
alul(r)‘+‘Clzllz(z‘)Y tZtO} IYI() 2)’() 0

for any real constants a; and «>, and is callred the superposition property. A system is called
a nonlinear system if the superposition property does not hold.

If the input u() is identically zero for t > #;, then the output will be excited exclusively
by the initial state x(rp). This output is called the zero-input response and will be denoted by

Yz or

X(fo) |
u(t) =0, t > to] — yi(t), t>1

If the initial state x(fy) is zero, then the output will be excited exclusively by the input. This
output is called the zero-state response and will be denoted by y.; or
X(%) =0
— t), t =t
ll(l‘), t>1t st() 0
The additivity property implies
x(fo)

Output due to = output due to
u(r), t=1

X(to)
u() =0, 1>
X(t()) =0

output due to
+oupu {u(t), 121

or
Response = zero-input response + zero-state response

Thus the response of every linear system can be decomposed into the zero-state response and
the zero-input response. Furthermore, the two responses can be studied separately and their
sum yields the complete response. For nonlinear systems, the complete response can be very
different from the sum of the zero-input response and zero-state response. Therefore we cannot
separate the zero-input and zero-state responses in studying nonlinear systems.

If a system is linear, then the additivity and homogeneity properties apply to zero-state
responses. To be more specific, if x(#)) = 0, then the output will be excited exclusively by
the input and the state-input-output equation can be simplified as {u; — y;}. If the system is
linear, then we have {u; + u; — y, + y»} and {@u; — «y;} for all @ and all v,. A similar
remark applies to zero-input responses of any linear system.

Input—output description We develop a mathematical equation to describe the zero-state
response of linear systems. In this study, the initial state is assumed implicitly to be zero and the

e ra—————cp Y s

2.2 Linear Systems 9

output is excited exclusively by the input. We consider first SISO linear systems. Let 84 (r — 1))
be the pulse shown in Fig. 2.3. It has width A and height 1/A and is located at time 7,. Then
every input u(t) can be approximated by a sequence of pulses as shown in Fig. 2.4. The pulse
in Fig. 2.3 has height 1/A; thus 85 (¢ — £)A has height 1 and the left-most pulse in Fig. 2.4
with height u(r;) can be expressed as u(t;)8,(t — t;)A. Consequently, the input u(¢) can be
expressed symbolically as

MOEDBITAUNEIAN

i
Let ga(z, ;) be the output at time 7 excited by the pulse u(f) = §,(r — #;) applied at time ;.
Then we have

alt — ;) = galt.t;)

Salt = t)u(t)A — ga(r, t)u(t)A  (homogeneity)
D Salt = t)u()A = Y galt. thu(r) A (additivity)

Thus the output y(¢) excited by the input u(t) can be approximated by

YO XY egalt uln)A (2.2)

Figure 2.3 Pulse at ;.

Bl

N n+a

u(t;)8x(r — 1)

Figure 2.4 Approximation of input signal.
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Now if A approaches zero, the pulse 8 (t —t;) becomes an impulse at#;, denoted by 8 (¢ - 1), z?nd
the corresponding output will be denoted by g(z, ;). As A approaches zero, the approximation
in (2.2) becomes an equality, the summation becomes an integration, the discrete # becomes
a continuum and can be replaced by 7, and A can be written as dt. Thus (2.2) becomes

y(t) = /w g(t, u(r)dr (2.3)

Note that g(z, ) is a function of two variables. The second variable denotes the ti{ne at which
the impulse input is applied; the first variable denotes the time at which the output is observed.
Because g(t, T) is the response excited by an impulse, it is called the impulse response.

If a system is causal, the output will not appear before an input is applied. Thus we have

Causal <= ggft, )=0 fort <7

A system is said to be relaxed at 1, if its initial state at #o is 0. In this case, the outPut y(),
for t > 1y, is excited exclusively by the input u(t) for t > #. Thus the lower limit of the
integration in (2.3) can be replaced by fo. If the system is causal as well, then g(¢, 7) = 0_ for
t < 1. Thus the upper limit of the integration in (2.3) can be replaced by ¢. In conclusion,
every linear system that is causal and relaxed at ¢y can be described by

() = /’ g, u(r)dr 24

In this derivation, the condition of lumpedness is not used. Therefore any lumped or distributed
linear system has such an input-output description. This description is develo?ed using o.nly
the additivity and homogeneity properties; therefore every linear system, be it an ele.ctr.xcal
system, a mechanical system, a chemical process, or any other system, has such a description.

If a linear system has p input terminals and ¢ output terminals, then (2.4) can be
extended to

y(t) = / G(t, t)u(r)dr (2.5)
0
where )
gut.7) gty - g, T)
gu(t,T) gn@. 1) - 81, T)
G, 1) = .
gql(tvf) ng(t, 7)) - gqp(t-f)

and g;;(r, ) is the response at time ¢ at the ith output terminal due .to an impulse applied.m
time 7 at the jth input terminal, the inputs at other terminals being ldent%cally zero. Th:?t is,
gi;{t, ) is the impulse response between the jth input terminal and the ith outpu.t terrmrlxal.
Thus G is called the impulse response matrix of the system. We stress once again that if a
system is described by (2.5), the system is linear, relaxed at #g, and causal.

State-space description Every linear lumped system can be described by a set of equations
of the form

2.3 Linear Time-Invariant (LTl) Systems 11
X(1) = A()x(1) + B(Hu(r) (2.6)
v(t) = C(0)x(t) + D(t)u(r) (2.7)

where X := dx/dt.! For a p-input g-output system, uis a p x 1 vectorand y isa g x 1 vector.
If the system has n state variables, then x is an n x 1 vector. In order for the matrices in (2.6)
and (2.7) to be compatible, A, B, C,and D mustbe n x n,n x p,q x n, and g x p matrices.
The four matrices are all functions of time or time-varying matrices. Equation (2.6) actually
consists of a set of n first-order differential equations. Equation (2.7) consists of ¢ algebraic
equations. The set of two equations will be called an n-dimensional state-space equation or,
simply, state equation. For distributed systems, the dimension is infinity and the two equations
in (2.6) and (2.7) are not used.

The input-output description in (2.5) was developed from the linearity condition. The
development of the state-space equation from the linearity condition, however, is not as simple
and will not be attempted. We will simply accept it as a fact.

2.3 Linear Time-Invariant (LTI) Systems

A system is said to be time invariant if for every state-input—output pair

x(tp) Sy, 1
u(t), >4 v r=t

and any 7', we have

x(to+7)

Wi—T). t>t0+T } —y(t—T). t >+ T (time shifting)

It means that if the initial state is shifted to time o + T and the same input waveform is applied
from 7p + T instead of from #, then the output waveform will be the same except that it starts
to appear from time 5 + 7. In other words, if the initial state and the input are the same, no

matter at what time they are applied, the output waveform will always be the same. Therefore,

for time-invariant systems, we can always assume, without loss of generality, that zo = 0. If a
system is not time invariant, it is said to be time varying.

Time invariance is defined for systems, not for signals. Signals are mostly time varying.
If a signal is time invariant such as u(r) = 1 for all #, then it is a very simple or a trivial signal.
The characteristics of time-invariant systems must be independent of time. For example, the
network in Fig. 2.2 is time invanant if R;, C;, and L; are constants.

Some physical systems must be modeled as time-varying systems. For example, a burning
rocket is a time-varying system, because its mass decreases rapidly with time. Although the
performance of an automobile or a TV set may deteriorate over a long period of time, its
characteristics do not change appreciable in the first couple of years. Thus a large number of
physical systems can be modeled as time-invariant systems over a limited time period.

1. Weuse A := B to denote that A, by definition. equals B. We use 4 =: B to denote that B, by definition, equals A.
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Input—output description The zero-state response of a linear system can be described by
(2.4). Now if the system is time invariant as well, then we have*

g, =gt +T,t+T)=¢gt—-71,0)=g(—-1)

for any 7. Thus (2.4) reduces to
t t
y(t) = / gt —tu(r)ydr = / g(u( —1)dre (2.8)
0 0

where we have replaced 7o by 0. The second equality can easily be verified by changing the
variable. The integration in (2.8) is called a convolution integral. Unlike the time.-var)"mg case
where g is a function of two variables, g is a function of a single variable in thz? nme-mvgnam
case. By definition g(r) = g(t — 0) is the output at time ¢ due to an impulse input applied at
time 0. The condition for a linear time—inv.ilriam system to be causal is g(1) = Oforr < 0.

ExaMPLE 2.2 The unit-time delay system studied in Example 2.1 is a device whosg output
equals the input delayed by 1 second. If we apply the impulse §(¢) at the input terminal, the
output is 8(t — 1). Thus the impulse response of the system is8( —1).

EXAMPLE 2.3 Consider the unity-feedback system shown in Fig. 2.5(a). It consists of a
multiplier with gain a and a unit-time delay element. It is a SISO system. Let r(z) be the
input of the feedback system. If r(#) = &(¢), then the output is the impulse response of the
feedback system and equals

o )
g =as(t — 1) +a28(t -+ =3+ = ddt—10) 2.9)
i=1
Let r(t) be any input with r(¢) = 0 for + < 0 then the output is given by

y(t):/ gt — Dr(r)dr :Za"/ 5t —1 —i)yr(r)de
0 i=1 0

o
= Za'm —i)

i=1

= iair(r)
i=1

Because the unit-time delay system is distributed, so is the feedback system.

T=t—i

Unit-time . ru) () Unit-time yir)
i 4 delay yo X : delay
+ element - element

(a) (b)

Figure 2.5 Positive and negative feedback systems.

2. Note that g(r. v) and g(¢ — ) are two different functions. However. for convenience. the same symbol g is used.
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Transfer-function matrix The Laplace transform is an important tool in the study of linear
time-invariant (LTI) systems. Let ¥(s) be the Laplace transform of y(r), that is,

y(s) = f v(t)e 'dt
0

Throughout this text, we use a variable with a circumflex to denote the Laplace transform of
the variable. For causal systems, we have g(f) =0 fort < Qorg(r — ) = 0 for r > r. Thus
the upper integration limit in (2.8) can be replaced by oo. Substituting (2.8) and interchanging
the order of integrations, we obtain

oC o
() = / (/ gt — r)u(r)dt) eSS gy
1=0 =0
0 v
= / (/ gt — 7)e~st™ dt> u(r)e’tdr
=0

=0
which becomes. after introducing the new variable v =t — 1,

y"(s)zf (/ g(v)e””dv)u(r)e‘”dr
=0 v=—1

Again using the causality condition to replace the lower integration limit inside the parentheses

from v = —7 to v = 0, the integration becomes independent of t and the double integrations
become
0 oC
y(s) = / glwye™" dv/ u(t)e ™" dr
v=0 =0
or
$(s) = g(9)a(s) (2.10)
where

g(s) = / g(t)e™'dr
0

is called the transfer function of the system. Thus the transfer function is the Laplace transform
of the impulse response and, conversely, the impulse response is the inverse Laplace transform
of the transfer function. We see that the Laplace transform transforms the convolution integral
in(2.8) into the algebraic equation in(2.10). In analysis and design, it is simpler to use algebraic
equations than to use convolutions. Thus the convolution in (2.8) will rarely be used in the
remainder of this text.

For a p-input g-output system, (2.10) can be extended as

y1(s) gn(s) gu(s) -+ gipls) uy(s)
¥2(8) () gnls) -+ Zap(s) || fials)
;‘q(S) gql(s) gql(s) gqp(s) ﬁp(S)
or
¥(5) = G(o)ics) @.11)
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where g;;(s) is the transfer function from the jth input to the ith output. The g x p matrix
G(s) is called the transfer-function matrix or, simply, transfer matrix of the system.

EXAMPLE 2.4 Consider the unit-time delay system studied in Example 2.2. Its impulse
response is 8(+ — 1). Therefore its transfer function is

i -
g)=LB¢—-D]l= / 8t — e™Stdr = | _ =€
0
This transfer function is an irrational function of s.

EXAMPLE 2.5 Consider the feedback system shown in Fig. 2.5(a). The transfer function of

the unit-time delay element is e ~*. The transfer function from r to y can be computed directly

from the block diagram as ,‘

—$

ae
&r(s)= I—:F (2.12)

This can also be obtained by taking the Laplace transform of the impulse response, which was
computed in (2.9) as

) = }:a"a(t —i)

i=1

e~is, the Laplace transform of gs () is

- Z(ae—‘)i
i=0

Because L[(r —i)] =
gr(s) = LlgrO) = Z“’ e =ae

Using

for {r| < 1, we can express the infinite series in closed form as

ae™

&)= I —ae™

which is the same as (2.12).

The transfer function in (2.12) is an irrational function of 5. This is so because the feedback
system is a distributed system. If a linear time-invariant system is lumped, then its transfer
function will be a rational function of 5. We study mostly lumped systems; thus the transfer

functions we will encounter are mostly rational functions of s.
Every rational transfer function can be expressed as g(s) = N(s)/D(s), where N (s) and
D(s) are polynomials of 5. Let us use deg to denote the degree of a polynomial. Then £(s) can

be classified as follows:

e $(s) proper © deg D(s) > deg N(s) < g(00) = zero or nonzero constant.

i e

o b 1 sy
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e §(s) strictly proper < deg D(s) > deg N(s) < g(c0) = 0.
o £(s) biproper < deg D(s) = deg N(s) & £(20) = nonzero constant.
o &(s) improper < deg D(s) < deg N(s) ¢ |§(x)} = oo

Improper rational transfer functions will amplify high-frequency noise, which often exists in
the real world; therefore improper rational transfer functions rarely arise in practice.

A real or complex number A is called a pole of the proper transfer function g(s) =
N(s)/D(s) if [g(A)| = oc: a zero if (1) = 0. If N(s) and D(s) are coprime, that is, have
no common factors of degree 1 or higher, then all roots of N(s) are the zeros of 2(s), and all
roots of D(s) are the poles of g(s). In terms of poles and zeros, the transfer function can be
expressed as

. -z —22) (5 —zw)
8(s) =k
=p)s—p)---(s=pn)
This is called the zero-pole-gain form. In MATLAB, this form can be obtained from the transfer
function by calling [z,p, k] = tf2zp(num,den).

A rational matrix G(s) is said to be proper if its every entry is proper or if G(cc) is a zero
or nonzero constant matrix: it is strictly proper if its every entry is strictly proper or if G(oo) is
a zero matrix. If a rational matrix G(:) is square and if both G(s) and G- (s) are proper. then
G(s) is said to be biproper. We call X a pole of G(s) if it is a pole of some entry of G(s). Thus
every po]e of every entry of G(s) is a pole of G(s). There are a number of ways of defining
zeros for G(s). Wecall A a blocking zero if it is a zero of every nonzero entry of G(s). A more
useful definition is the transmission zero, which will be introduced in Chapter 9.

State-space equation  Every linear time-invariant lumped system can be described by a set
of equations of the form

x(r) = Ax(t) + Bu(?)
(2.13)
y(t) = Cx(t) + Du(r)

For a system with p inputs, g outputs, and # state variables, A, B, C, and D are, respectively,
nxn . nxp, gxn, andq X p constant matrices. Applying the Laplace transform to (2.13)
yields
sX(s) — x(0) = AX(s) + Bi(s)
¥(s) = CX(s) + Dii(s)
which implies
X(s) = (sI — A)7'x(0) + (sI — A)~'Bii(s) (2.14)
¥(s) = C(sI = A)™'x(0) + C(s1 — A)"'Ba(s) + Di(s) (2.15)

They are algebraic equations. Given x(0) and a(s), X(s) and y(s) can be computed algebraically
from (2.14) and (2.15). Their inverse Laplace transforms yield the time responses x(z) and
y(r). The equations also reveal the fact that the response of a linear system can be decomposed
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as the zero-state response and the zero-input response. If the initial state x(0) is zero, then
(2.15) reduces to

§(s) = [C(sT — A)™'B + Dl(s)
Comparing this with (2.11) yields
Gis)=CG6I—A)'B+D 2.16)

This relates the input—output (or transfer matrix) and state-space descriptions.

The functions t £2ss and ss2t f in MATLAB compute one description from the other.
They compute only the SISO and SIMO cases. For example, {num, den]= §s2 tf(a,b,c,
d, 1) computes the transfer matrix from the first input to all outputs or, equivalently, the first
column of G(s). If the last argument lAin §52tf (a,b,c,d,1) is replaced by 3, then the
function generates the third column of G(s). .

To conclude this section, we mention that the Laplace transform is not used in S[UFiYIHg
linear time-varying systems. The Laplace transform of g(z, 7) is a function of two variables
and LIA()xX(1)] # LIA()]1LIx(2)]; thus the Laplace transform does not offer any advantage
and is not used in studying time-varying systems.

2.3.1 Op-Amp Circuit Implementation

Every linear time-invariant (LTI) state-space equation can be implememgd using an opera'tional
amplifier (op-amp) circuit. Figure 2.6 shows two standard op-amp circuit elements. All inputs
are connected. through resistors, to the inverting terminal. Not shown are the gro_undgd
noninverting terminal and power supply. If the feedback branch is a resistor as shown in Fig.
2.6(a), then the output of the element is —(ax; +bxz+cx3). If the feedbacl‘( braqch is a capactor
with capacitance C and RC = 1 as shown in Fig. 2.6(b), and if the output is asmgneq as x, then
% = —(avy +bva +cu3). We call the first element an adder; the second element, an mteg.ra'tor.
Actually, the adder functions also as multipliers and the integrator functions also as multipliers
and adder. If we use only one input, say, x;, in Fig. 2.6(a), then the output equals —ax;, and
the element can be used as an inverter with gain a. Now we use an example to s.how' that every
LTI state-space equation can be implemented using the two types of elements in Fig. 2.6.
Consider the state equation

O] _T2 ~o.3} [xl(t) . [—2} - 21
Xx2(1) I -8 x2(t) i 0
R R/a ¢
xX) " Uy —AAA~ {\ RC =1
R b =
X2 Rib vy WV/VV-'
bl oG TS, 1
—(ax; + bxa + cx3) —x =av + bvy +cv3
(a) (b)

Figure 2.6 Two op-amp circuit elements.
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x1(1)
x2(1)

y(@) =[-2 3] [ ] + Su(r) (2.18)
It has dimension 2 and we need two integrators to implement it. We have the freedom in
choosing the output of each integrator as +x; or —x;. Suppose we assign the output of the
left-hand-side (LHS) integrator as x; and the output of the right-hand-side (RHS) integrator
as —x; as shown in Fig. 2.7. Then the input of the LHS integrator should be, from the first
equation of (2.17), —x; = —2x; + 0.3x; + 2u and is connected as shown. The input of the
RHS integrator should be x> = x; — 8x; and is connected as shown. If the output of the adder
is chosen as y, then its input should equal —v = 2x; — 3x; — 5u, and is connected as shown.
Thus the state equation in (2.17) and (2.18) can be implemented as shown in Fig. 2.7. Note that
there are many ways to implement the same equation. For example, if we assign the outputs
of the two integrators in Fig. 2.7 as x| and x3, instead of x; and —x,, then we will obtain a
different implementation.

In actual operational amplifier circuits, the range of signals is limited, usually 1 or 2 volts
below the supplied voltage. If any signal grows outside the range, the circuit will saturate or
burn out and the circuit will not behave as the equation dictates. There is. however, a way to
deal with this problem. as we will discuss in Section 4.3.1.

2.4 linearization

Most physical systems are nonlinear and time varying. Some of them can be described by the
nonlinear differential equation of the form

Figure 2.7 Op-amp implementation of (2.17) and (2.18).
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x(1) =hx(n),ut), ) (2.19)
y(t) =f(x(),u@), n)

where h and f are nonlinear functions. The behavior of such equations can be very complicated

and its study is beyond the scope of this text. . . } ;
Some nonlinear equations, however, can be approximated by linear equations under

certain conditions. Suppose for some input function u,(#) and some initial state, X,(7) is the
solution of (2.19), that is,

X,(1) = h(Xe (1), 0o (1), 1) (2.20)

Now suppose the input is perturbed slightly to become u,(t) +u() anfi the initi‘al state is ~also
perturbed only slightly. For some nonlineaf equations, the corresponding solutx?n may dl_ffer
from x,(¢) only slightly. In this case, the solution can be expressed as X, (1) + X(t) with X(r)
small for all +.> Under this assumption, we can expand (2.19) as

%, () + X(1) = h(X, (1) +X(2), up(r) + (1), 1)

ah dh _
= —X At —0 - (.21
= h(x, (1), u, (), ) + axX+ au“+

where, for h = [h] hy k3], X = [x1 x2 x3}, and u = [u; w2l
dhi/dxy Ohy/dx2 0hy/0x3

A Z‘—‘ﬂl- = 3h2/3x1 dhy/0x2 3]’12/3X3
O | ghysox) oha/dxs Bhi/oxs
sh 3h1/8u1 3h1/3u2

B(): 7 1= | 0ha/0uy Bha/0us

dh3/0u; dh3/dus

They are called Jacobians. Because A and B are computed along the l“.IO tin}e functions x, (tz
and u, (¢), they are, in general, functions of ¢. Using (2.20) and neglecting higher powers of X
and u, we can reduce (2.21) to

I

x(r) = A)X() + Bna(r)

This is a linear state-space equation. The equation y(#) = Af(x(t), u({), t.) can be 51‘m11arly
linearized. This linearization technique is often used in practice to obtain linear equations.

2.5 Examples

In this section we use examples to illustrate how to develop transfer functions and state-space
equations for physical systems.

EXAMPLE 2.6 Consider the mechanical system shown in Fig. 2.8. Ft consists of a block.with
mass m connected to a wall through a spring. We consider the applied force u to be the input

3. This is not true in general. For some nonlinear equations, a very small difference in initial states will generate
completely different solutions, yielding the phenomenon of chaos.
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and displacement y from the equilibrium to be the output. The friction between the floor and the
block generally consists of three distinct parts: static friction, Coulomb friction, and viscous
friction as shown in Fig. 2.9. Note that the horizontal coordinate is velocity y = dy/dt. The
friction is clearly not a linear function of the velocity. To simplify analysis, we disregard
the static and Coulomb frictions and consider only the viscous friction. Then the friction
becomes linear and can be expressed as k; y'(¢), where k; is the viscous friction coefficient. The
characteristics of the spring are shown in Fig. 2.10: itis not linear. However, if the displacement
is limited to (y, y2) as shown, then the spring can be considered to be linear and the spring
force equals k»y, where k; is the spring constant. Thus the mechanical system can be modeled
as a linear system under linearization and simplification.

Figure 2.8 Mechanical system.

Force Force

Stati Viscous friction
tatic

\ Velocity Velocity
0 \ 5
—

~ Coulomb

(@) 1))

Figure 2.9 Mechanical system.(a) Static and Coulomb frictions. (b) Viscous friction.

Figure 2.10 Characteristic of spring. Force
Break
_Z £
M y2
: ; Displacement
0
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We apply Newton's law to develop an equation to describe the system. The applied force
u must overcome the friction and the spring force. The remainder is used to accelerate the
block. Thus we have

my =u—kiy —kay (2.22)
where ¥ = d?y(1)/dr* and y = dy(¢)/dt. Applying the Laplace transform and assuming zero
initial conditions, we obtain

ms?3(s) = () — kisF(s) ~ ka3 (s)

which implies
1

—7‘———’2(5)
ms? + ks + k2

F(s) =

This is the input—output description of the §ystem. Its transfer function is 1/(ms% +kys + k2).
Ifm =1, kj =3, ks = 2, then the impulse response of the system is

= [t ! =r! Lo 1]:@”-—(3'3'
§0) = sE43s+2] s+1 s+2

and the convolution description of the system is

0] =/ gt —u(r)dr = / (et — 72" y(r)dr
0 0

Next we develop a state-space equation to describe the system. Let us select the displace-
ment and velocity of the block as state variables; that is, x; =y, x2 = y. Then we have, using
(2.22),

)&1 = X2 mig =u- kl,tz - k2X1

They can be expressed in matrix form as

X1 (1) _ 0 1 }[Mm]*’[ 0 ]u(’)
X (1) ~ky/m  —ki/m | [ x2(2) l/m
x1 (1)
=[10
y(y=1[10] [xz ) }
This state-space equation describes the system.
EXAMPLE 2.7 Consider the system shown in Fig. 2.11. It consists of two blocks, with masses

m, and m;, connected by three springs with spring constants ;, i = 1, 2. 3. To simplify Fhe
discussion, we assume that there is no friction between the blocks and the floor. The applied

’—» » ’___> v Figure 2.11  Spring-mass system.

ky k2 k3
. }.fWY\._. m p—rrr—o ._rwvxf
e UD ey
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force 1) must overcome the spring forces and the remainder is used to accelerate the block,
thus we have

ur —kiyt —ka(vy — y2) = my 3
or

mi ¥+ (ky + k) vy — k2ys = uy (2.23)
For the second block, we have

ma¥a —kayy + (ky + k) ya = s (2.24)
They can be combined as

S| R G R
0 ma]ls —ky  ki+k [ uz

This is a standard equation in studying vibration and is said to be in normal form. See Reference
[18]. Let us define

X =) Xy = )')1 X3:i=y Xy = )"2

Then we can readily obtain

. 0 1 0 0 0 0
X1 —(k ko ko X1
. (ky + k2) 0 k oll? 1 0
2 _ m m 2l m 75
i} 0 0 0 1 X3 0 0 25
/\.'4 kl 0 _(kl +k2) xs 0 L

my n; ms

'_)'1_1000)(
Y =1ulTloo1 o0

This two-input two-output state equation describes the system in Fig. 2.11.
To develop its input-output description, we apply the Laplace transform to (2.23) and
(2.24) and assume zero initial conditions to yield

mis?Hi(s) + (ki + k) F1(5) — kada(s) = iy (s)
m2s*32(s) = kafi(s) + (ky + k2)F2(s) = ha(s)

From these two equations, we can readily obtain

mas? + ki + k k>
[.01 (s)] _ d(s) dis) i,(s)
J2s) | ky mis? +ky + ks [122(5)}
d(s) d(s)

where
d(s) := (m1s2 + k; +k3)(MgS2 + k) + k2) — kg

This is the transfer-matrix description of the system. Thus what we will discuss in this text can
be applied directly to study vibration.
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ExampLE 2.8 Consider a cart with an inverted pendulum hinged on top of it as shown in Fig.
2.12. For simplicity, the cart and the pendulum are assumed to move in only one plane, and the
friction, the mass of the stick, and the gust of wind are disregarded. The problem is to maintain
the pendulum at the vertical position. For example, if the inverted pendulum is falling in the
direction shown, the cart moves to the right and exerts a force, through the hinge, to push the
pendulum back to the vertical position. This simple mechanism can be used as a model of a
space vehicle on takeoff.

Let H and V be, respectively, the horizontal and vertical forces exerted by the cart on the
pendulum as shown. The application of Newton’s law to the linear movements yields

d?y
Af[gt? =u—H
d* A . i 12 .
H = mﬁ(y +1sinf) = my + mlf cos® — ml(8)" sinb
t
d? . V2 cos
mg -V = mﬁ(lcow) =ml[—6sinf — ()" cos 6]

The application of Newton’s law to the rotational movement of the pendulum around the hinge

yields
mglsin® =mlf -1 +mjlcosd

They are nonlinear equations. Because the design objective is to maintain the pendulum
at the vertical position, it is reasonable to assume 8 and 6 to be small. Under this assumpt?on,
we can use the approximation sin § = 6 and cos @ = 1. By retaining only the linear terms in 6
and 4 or, equivalently, dropping the terms with 82, (6)%, 89, and 66, we obtain V = mg and

MV =u—my—mld

g0 =16 +5%
which imply
My =u—mgo - (225
Ml = (M +m)gh —u (2.26)

Figure 2.12 Cart with inverted pendulum.
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Using these linearized equations, we now can develop the input—output and state-space
descriptions. Applying the Laplace transform to (2.25) and (2.26) and assuming zero initial
conditions, we obtain

Ms*$(s) = i(s) — mgb(s)
Mis*h(s) = (M + m)gh(s) — ia(s)
From these equations, we can readily compute the transfer function &yu(s) fromu to y and the
transfer function gg, (s) from u to 6 as
s2—g
sUMs? = (M + m)g)
-1
Ms? — (M +m)g

To develop a state-space equation, we select state variables as xp=y, x2=y, x3=0,
and x4 = 6. Then from this selection, (2.25), and (2.26) we can readily obtain

éyu(s) =

éﬂu (S) =

'él 0 1 0 0 X1 0
B oo  —mgm  0llx /M
Pl 0 x|t o
% 00 (M+mg/Mi 0] Lx —1/MI
y=[100 0)x 2.27)

This state equation has dimension 4 and describes the system when 6 and § are very small.

EXAMPLE 2.9 A communication satellite of mass m orbiting around the earth is shown in
Fig. 2.13. The altitude of the satellite is specified by r(r), 6(t), and ¢(¢) as shown. The orbit
can be controlied by three orthogonal thrusts u,(t), us(t), and uy(t). The state, input, and
output of the system are chosen as

)
I e (1) 0

=0 w0=lwo | yo=|6w
o) o (1) 5)
()

Then the system can be shown to be described by

"-

ré2cos’ ¢ +r¢? —k/r2 +u,/m

6

~2¢6/r + 264 sin @/ cos¢ + ug/mrcos¢
¢

—6%cospsing — 27 /r +ug/mr

x =h(x,u) = (2.28)
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R e ST T

Figure 2.13  Satellite in orbit.

One solution, which corresponds to a circular equatorial orbit, is given by
X, (1) ={ro 0 wot w, 0 0 u, =0

with r3w? = k, a known physical constant. Once the satellite reaches the orbit, it will remain
in the orbit as long as there are no disturbances. If the satellite deviates from the orbit, thrusts
must be applied to push it back to the orbit. Define

X(£) = Xo(t) + X(t) u(t) = u,(r) +a(r) y(#) = Yo +¥(1)

If the perturbation is very small, then (2.28) can be linearized as

) 1 0 0 0 0]
3w§ 0 0 2w,r, 0 0
. 0 0 0 0 04
XO=| o 22 4 o o [X®
To
0 0 0 S0 1
L o 0 0 0 - 0
(1) 0 0
- 0 0
m
0 0 0
19 A 0 |80
mr,
0 0 0
1
0 0

Bt 2R e P
o Wb itk e B B A i

PN
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1 0 0 0 0
)‘,([) — 0 0 i 0 B 0 0 ,‘((,) (2'29)
0 0 0 0 I 1 0

This six-dimensional state equation describes the system. In this equation, A, B, and C happen
to be constant. If the orbit is an elliptic one, then they will be time varying. We note that the
three matrices are all block diagonal. Thus the equation can be decomposed into two uncoupled
parts, one involving r and 6, the other ¢. Studying these two parts independently can simplify
analysis and design.

ExaMPLE 2.10 In chemical plants, it is often necessary to maintain the levels of liquids. A
simplified model of a connection of two tanks is shown in Fig. 2.14. It is assumed that under
normal operation, the inflows and outflows of both tanks all equal Q and their liquid levels
equal H, and H,. Let u be inflow perturbation of the first tank, which will cause variations
in liquid level x; and outflow y; as shown. These variations will cause level variation x, and

outflow variation y in the second tank. It is assumed that
X — X2 d X2
)| = ————  an y = —
7 R Y R>

where R; are the flow resistances and depend on the normal height H; and H-. They can also
be controlled by the valves. Changes of liquid levels are governed by

Ardxy =W —yp)dt and A>dxy = (y —y)dt

where A; are the cross sections of the tanks. From these equations, we can readily obtain

. u XL — X2
X =—-
Ay ARy

. Xp — X2 X2
X2 -
A.R;  AsR,

Thus the state-space description of the system is given by

.\"[ _ -l/Asz 1/A1R1 X + I/Al u
% | T | /ARy —(1/A:R| + 1/A2R2) | { x» 0

y=1[0 I/R:]x

Figure 2.14 Hydraulic —_— \
tanks. Q+u
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Its transfer function can be computed as
_ 1
T AIA2R RS2+ (AR 4+ A1Ry + ARy)s + 1

HE)

2.5.1 RLC networks

In RLC networks, capacitors and inductors can store energy and are associated with state
variables. If a capacitor voltage is assigned as a state variable x, then its current is Cx, where
C is its capacitance. If an inductor current is assigned as a state variable x, then its voltage is
Lx, where L is its inductance. Note that resistors are memoryless elements, and their currents
or voltages should not be assigned as state variables. For most simple RLC networks, once
state variables are assigned, their state equations can be developed by applying Kirchhoff’s
current and voltage laws, as the next example illustrates.

ExampPLE 2.11 Consider the network shown in Fig. 2.15. We assign the C;-capacitor voltages
as x;, i = 1, 2 and the inductor current as x3. It is important to specify their polarities. Then
their currents and voltage are, respectively, C %1, Cax,, and Lx3 with the polarities shown.
From the figure, we see that the voltage across the resistor is u — x, with the polarity shown.
Thus its current is ( — x,)/ R. Applying Kirchhoff’s current law at node A yields C,x, = x3;
at node B it yields

. ;x‘ = Cii + Gty = Ciiy + 33
Thus we have
. X1 X3 u
M="%e, T ¢ TRG
1
X2 = ah
Appling Kirchhoff’s voltage law to the right-hand-side loop yields Lx3 = x, — x; or
. X —Xx
=TT
The output y is given by
y=Liy=x—x
[ w - 3lE x2 = Figure 2.15 Network.
‘i-n 1 : .
R M- i
R + |B c, Ch + ‘P
+
% L Lis Y

u T~
- _ 1Cx x3 _ _
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They can be combined in matrix form as

-1/RC, 0  -1/C 1/RC,
x= 0 0 1/C |x+| 0 Ju
/L —=1/L 0 0

y=[1 —10}x+0-u

This three-dimensional state equation describes the network shown in Fig. 2.15.

The procedure used in the preceding example can be employed to develop state equations
to describe simple RLC networks. The procedure is fairly simple: assign state variables and
then use branch characteristics and Kirchhoff’s laws to develop state equations. The procedure
can be stated more systematically by using graph concepts, as we will introduce next. The
procedure and subsequent Example 2.12, however, can be skipped without loss of continuity.

First we introduce briefly the concepts of tree, link, and cutset of a network. We consider
only connected networks. Every capacitor, inductor, resistor, voltage source, and current source
will be considered as a branch. Branches are connected at- nodes. Thus a network can be
considered to consist of only branches and nodes. A loop is a connection of branches starting
from one point and coming back to the same point without passing any point twice. The
algebraic sum of all voltages along every loop is zero (Kirchhoff’s voltage law). The set of all
branches connect to a node is called a cutser. More generally, a cutset of a connected network
is any minimal set of branches so that the removal of the set causes the remaining network
to be unconnected. For example, removing all branches connected to a node leaves the node
unconnected to the remaining network. The algebraic sum of all branch currents in every
cutset is zero (Kirchhoff’s current law).

A tree of a network is defined as any connection of branches connecting all the nodes but
containing no loops. A branch is called a tree branch if it is in the tree, a link if it is not. With
respect to a chosen tree, every link has a unique loop, called the fundamental loop, in which
the remaining loop branches are all tree branches. Every tree branch has a unique cutset, called
the fundamental cutset, in which the remaining cutset branches are all links. In other words, a
fundamental loop contains only one link and a fundamental cutset contains only one tree branch.

Procedure for developing state-space equations®

1. Consider an RLC network. We first choose a normal tree. The branches of the normal
tree are chosen in the order of voltage sources, capacitors, resistors, inductors, and current
sources.

2. Assign the capacitor voltages in the normal tree and the inductor currents in the links as
state variables. Capacitor voltages in the links and inductor currents in the normal tree are
not assigned.

3. Express the voitage and current of every branch in terms of the state variables and,
if necessary, the inputs by applying Kirchhoff’s voltage law to fundamental loops and
Kirchhoff’s current law to fundamental cutsets.

4. The reader may skip this procedure and go directly to Example 2.13.
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4. Apply Kirchhoff’s voltage or current law to the fundamentat loop or cutset of every branch
that is assigned as a state variable.

ExampLE 2.12 Consider the network shown in Fig. 2.16. The normal tree is chosen as shown
with heavy lines; it consists of the voltage source, two capacitors, and the 1-Q resistor. The
capacitor voltages in the normal tree and the inductor current in the link will be assigned as
state variables. If the voltage across the 3-F capacitor is assigned as x, then its current is 3x;.
5 The voltage across the 1-F capacitor is assigned as x; and its current is X. The current through
the 2-H inductor is assigned as x; and its voltage is 2x3. Because the 2-2 resistor is a link. we
use its fundamental loop to find its voltage as u; — x;. Thus its current is (4; — x;)/2. The
1-Q resistor is a tree branch. We use its fundamental cutset to find its current as x3. Thus its
5 voltage is 1-x3 = x3. This completes Step 3.

The 3-F capacitor is a tree branch and its fundamental cutset is as shown. The algebraic
sum of the cutset currents is O or

3 Uy —x

=3 tur—x3=0
which implies
X = —gx - 31.\73 + éul + %u:
The 1-F capacitor is a tree branch, and from its fundamental cutset we have x, — x3 = QO or
,fz = X3

The 2-H inductor is a link. The voltage along its fundamental loop is 2x3 + x3 ~x; +x, =0
or

Fundamental
| | cutset of @
\ + L. ! Fundamental
X2 I cutset of
(= x1)/2 \ , St @
»2 1 X ;

AAA . 1 v
4 LAY ~ g / +

AL
T = N s ©) IF s
+ L T SURNURpU (U e
2
~ IFAR x; 2 ® 24z bl
g :

e = = =| - Fundamental
(voltage (current
source) ®/

cutset of
source) / X3 Q@

AA i
a1
X
- 1+

Figure 2.16 Network with two inputs.
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They can be expressed in matrix form as

-1 o =!I 11
3 3 6 3

x=| 0 0 I |x+]|0 O0}u (2.30)
b=t -1l oo

If we consider the voltage across the 2-H inductor and the current through the 2-£2 resistor as
the outputs, then we have

y1=2x3=x|——xz—.r3=[l ~1 —HX
and
y2 =0.5(u; —x;) =[-05 0 0}x +{0.5 Olu

They can be written in matrix form as

1 -1 -1 0 0
— ol
y= [—0.5 0 0 :|x [0.5 0:|u @31

Equations (2.30) and (2.31) are the state-space description of the network.
The transfer matrix of the network can be computed directly from the network or using
the formula in (2.16):

G(s) =C6I-A)'B+D
We will use MATLAB to compute this equation. We type
a={-1/6 0 -1/3;0 0 1;0.5 -0.5 -C.5);b=(1/6 1/3;C 0;0 0};

c={1 -1 -1;-0.5 0 0];d=[0 0;0.5 0I];
[N1,dl])=ss2tf(a,b,c.d, 1)

which yields
Ni=

0.0000 0.1667 -0.0000 —0.0000
0.5000 0.2500  0.3333 —0.0000

[e})
o
"

1.0000 0.6667 0.7500 0.0833

This is the first column of the transfer matrix. We repeat the computation for the second input.
Thus the transfer matrix of the network is

0.1667s2 0.33335?
Gs) = 53 4+0.6667s2 +0.755 + 0.083 53 + 0.6667s + 0.75s + 0.0833
0.553 +0.2552 + 0.3333s —0.1667s% — 0.0833s — 0.0833

534 0.6667s* +0.75s + 0.083 53 + 0.6667s + 0.75s + 0.0833
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They can be arranged as

described by

X () =

Xo(t) =

(a)
L x
R
ch =
ET —

N

Figure 2.17 Network with a tunnel diode.

—h(x1()

~1/CRy
~1/L

Ry

C

e

x2(1) = Ca1 (1) +i(t) = Cx1(8) + h(xi (1))
Liz(t) = E — Rxp(t) — x1(4)

—x1(t) — Rxz(t) n E

|

ExampLE 2.13 Consider the network shown in Fig. 2.17(a), where T is a tunnel diode with
the characteristics shown in Fig. 2.17(b). Let x; be the voltage across the capacitor and x; be
the current through the inductor. Then we have v = x and

(2.32)

This set of nonlinear equations describes the network. Now if x; (f) is known to lie only inside
the range (a, b) shown in Fig. 2.17(b), then A{x;(¢)) can be approximated by h(x;(f)) =
x1(t)/R;. In this case, the network can be reduced to the one in Fig. 2.17(c) and can be

HE

try

(&)

A

—l

(d)

S

i i S i s
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2.6 Discrete-Time Systems 31

This is an LTI state-space equation. Now if x| (¢) is known to lie only inside the range (c, d)
shown in Fig. 2.17(b), we may introduce the variables X, (1) = x;(t) —v,, and X2(z) = x2(t)—i,
and approximate (x| (t)) as i, — X (t)/ R2. Substituting these into (2.32) yields

) _[ycr 1/C [x 07 -
B A A L

where E = E — v, — Ri,. This equation is obtained by shifting the operating point from (0. 0)
to (v,, i,) and by linearization_at (vo, i,). Because the two linearized equations are identical
if —R, is replaced by R, and £ by E, we can readily obtain its equivalent network shown in
Fig. 2.17(d). Note that it is not obvious how to obtain the equivalent network from the original
network without first developing the state equation.

I SRal}

2.6 Discrete-Time Systems

This section develops the discrete counterpart of continuous-time systems. Because most
concepts in continuous-time systems can be applied directly to the discrete-time systems,
the discussion will be brief.

The input and output of every discrete-time system will be assumed to have the same
sampling period T and will be denoted by u[k] := w(kT), y[k]:= y(kT), where k is an integer
ranging from —oc to +20. A discrete-time system is causal if current output depends on current
and past inputs. The state at time ko, denoted by X[ko], is the information at time instant ko,
which together with u[k}, & > ko, determines uniquely the output y[k], k > ko. The entries of
x are called state variables. If the number of state variables is finite, the discrete-time system
is lumped; otherwise. it is distributed. Every continuous-time system involving time delay,
as the ones in Examples 2.1 and 2.3, is a distributed system. In a discrete-time system, if the
time delay is an integer multiple of the sampling period T, then the discrete-time system is a
lumped system.

A discrete-time system is linear if the additivity and homogeneity properties hold. The
response of every linear discrete-time system can be decomposed as

Response = zero-state response -+ zero-input response

and the zero-state responses satisfy the superposition property. So do the zero-input responses.

Input—output description Let §[k] be the impulse sequence defined as

| ifk=m
‘W“"’]‘{o ifk #m

where both k and m are integers. denoting sampling instants. It is the discrete counterpart of
the impulse 8(¢+ — 7). The impulse §(z — 1) has zero width and infinite height and cannot be
generated in practice; whereas the impulse sequence 3[k — m] can easily be generated. Let
u[k] be any input sequence. Then it can be expressed as
20
ulkl= " ulm)slk —m]
m=-—-oC

Let g[k, m] be the output at time instant k excited by the impulse sequence applied at time
instant m. Then we have
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8fk — m]} — glk,m]
8{k — mlu[m] — glk. mlu[m] (homogeneity)
3 8tk — mlulm] —> Y glk, mlulm] (additivity)

Thus the output ¥{k] excited by the input u[k] equals

o

Yk = 3" glk.mlulm] 2.33)

m=-=20

This is the discrete counterpart of (2.3) and its derivation is considerably simpler. The sequence
glk, m] is called the impulse response sequence.

If a discrete-time system is causal, no output will appear before an input is applied. Thus
we have

Causal <= g[k,m] =0, fork <m

If a system is relaxed at kg and causal, then (2.33) can be reduced to

k

ylk} =) glk, mlulm] (2.34)
m=kg
as in (2.4). . .
If a linear discrete-time system is time invariant as well, then the time shifting property
holds. In this case, the initial time instant can always be chosen as ko = 0 and (2.34) becomes

k k
Y1 =Y glk —mlulm] = ) glmlulk —m] (2.35)

m=0 m=0

This is the discrete counterpart of (2.8) and is called a discrete convolution.
The z-transform is an important tool in the study of LTI discrete-time systems. Let 3(z)
be the z-transform of y[k] defined as

5() = ZIyIk ; Z,[k 236

We first replace the upper limit of the integration in (2.35) to co,’ and then substitute it into
(2.36) to yield

X x
72 =Z<§:gk— Ju m]) —tk=m) =m

'”""") fm]z”

> (Z [k -
m=0
<Z g[l]f’) (Z u[m]:"") =: g(2)u(z)

m=0

8

5. This is permitted under the causality assumption.

v . e
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where we have interchanged the order of summations, introduced the new variable [ = & —
and then used the fact that g{/} = 0 for / < 0 to make the inner summation independent of m.
The equation

¥(@) = g (.37
is the discrete counterpart of (2.10). The function g(z) is the z-transform of the impulse response
sequence g[k] and is called the discrete transfer function. Both the discrete convolution and
transfer function describe only zero-state responses.
ExampLE 2.14 Consider the unit-sampling-time delay system defined by

vkl =ulk — 1]

The output equals the input delayed by one sampling period. Its impulse response sequence is
glk] = 8[k — 1] and its discrete transfer function is

§) =2k ~1=z"=

4| —

It is a rational function of 7. Note that every continuous-time system involving time delay is a
distributed system. This is not so in discrete-time systerms.

EXAMPLE 2.15 Consider the discrete-time feedback system shown in Fig. 2.18(a). It is the
discrete counterpart of Fig. 2.5(a). If the unit-sampling-time delay element is replaced by its
transfer function z~'. then the block diagram becomes the one in Fig. 2.18(b) and the transfer
function from r to ¥ can be computed as

az™! a

f ==

l—az7! z-a

This is a rational function of z and is similar to (2.12). The transfer function can also be
obtained by applying the z-transform to the impulse response sequence of the feedback system.
As in (2.9), the impulse response sequence is

grlkl =adlk - 1] +a” 5[k — 2]

x
Z 8{k —m]
The z-transform of §{k — m] is z~™. Thus the transfer function of the feedback system is

éf(:) [gf[k]J‘-a~" +a'~ ~.+_a3 —3+ .
-1

- - az
=az 1 § (a: l)m — T—__l
o —azt

which yields the same result.

The discrete transfer functions in the preceding two examples are all rational functions
of z. This may not be so in general. For example, if

(k] = 0 form <0
SWI=Y 1k fork=1,2,...
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rlkl o URIL g ime vIk} Pl 4 ifz] $l:

dela
+ Y +

(a) (€2}

Figure 2.18 Discrete-time feedback system.

Then we have

@ ="+ 1241 =~ =Y
Itis an irrational function of z. Such a system is a distributed system. We study in this text only
lumped discrete-time systems and their discrete transfer functions are all rational functions
of z.
Discrete rational transfer functions can be proper or improper. If a transfer function is
improper such as §(z) = (z? 4+ 2z — 1)/(z — 0.5), then

¥ 24221
a(zy  z-05

which implies

ylk + 1] = 0.5y[k] = ulk + 2] + 2ulk + 1] — u[k]
or

ylk + 11 = 0.5x[k] + ulk + 2] + 2ulk + 1] — u[k]

It means that the output at time instant k + 1 depends on the input at time instant k + 2,
a future input. Thus a discrete-time system described by an improper transfer function is
not causal. We study only causal systems. Thus all discrete rational transfer functions will
be proper. We mentioned earlier that we also study only proper rational transfer functions
of s in the continuous-time case. The reason, however, is different. Consider g(s) = s or
y(#) = du(r)/dr. It is a pure differentiator. If we define the differentiation as

du(t) Coult+ A —u@)
y(t) = = lim
dr A0 A

where A > 0, then the output y(¢) depends on future input u(z + A) and the differentiator is
not causal. However, if we define the differentiation as

cul) —ult —A)

m

Ii
A—0 A

then the output y(¢) does not depend on future input and the differentiator is causal. Therefore
in continuous-time systems, it is open to argument whether an improper transfer function
represents a noncausal system. However, improper transfer functions of s will amplify high-

) _du(t)_
¥() = IR

|
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frequency noise, which often exists in the real world. Therefore improper transfer functions
are avoided in practice.

State-space equations Every linear lumped discrete-time system can be described by
x[k + 1] = A[k]x[k] + B{k]u[k]
ylk] = C[k]x[k] + D[k]u(k]

where A, B, C, and D are functions of k. If the system is time invariant as well, then (2.38)
becomes

(2.38)

x[k + 1] = Ax[k] + Bu[k]

(2.39)
y{k] = Cx[k] + Du[k]
where A, B, C, and D are constant matrices. Let X(z) be the z-transform of x[k] or
X = ZIxtk)] = )kl
k=0
Then we have
Zixtk+ 1) =Y xlk+ 1z =2 xlk + 1)z~
k=0 k=0
=z [Z x[1z™! +x[0] — X[Ol} = z(X(z) — x[0])
=1
Applying the z-transform to (2.39) yields
2X(2) — zx[0] = AX(z) + Bi(z)
§(2) = Ck(z) + Du(z)
which implies
%(2) = (zI — A)71zx[0] + (zI — A)~'Bia(z) (2.40)
§(2) = CEI = A)™'2x[0] + C(zI — A)~'Bi(2) + Di(z) (2.41)

They are the discrete counterparts of (2.14) and (2.15). Note that there is an extra z in front of
x{0]. If x[0] = 0, then (2.41) reduces to

§(@ = [CI - A)"'B+Dlaz) (2.42)
Comparing this with the MIMO case of (2.37) yields
G()=C@Il-A)"'B+D (243)

This is the discrete counterpart of (2.16). If the Laplace transform variable s is replaced by the
z-transform variable z, then the two equations are identical.
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ExamPLE 2.16 Consider a money market account in a brokerage firm. If the interest rate
depends on the amount of money in the account, it is a nonlinear system. If the interest rate is
the same no matter how much money is in the account, then it is a linear system. The account
is a ime-varying system if the interest rate changes with time; a time-invariant system if the
interest rate is fixed. We consider here only the LTI case with interest rate » = 0.015% per day
and compounded daily. The input «[k] is the amount of money deposited into the account on
the kth day and the output v[k] is the total amount of money in the account at the end of the
kth day. If we withdraw money, then «[k] is negative.

If we deposit one dollar on the first day (that is, u[0}] = 1) and nothing thereafter
(ufk] = 0. k =1, 2. .., then y[0] = u«[0] = 1 and v[1] = | + 0.00015 = 1.00015.
Because the money is compounded daily, we have

¥[21 = y[1]+ ¥[1]- 0.00015 = y[1] - 1.00015 = (1.00015)*
and, in general,
vIk] = (1.00015)%

Because theinput {1, 0. 0, ...} is an impulse sequence, the output is. by definition. the impulse
response sequence or

glk] = (1.00015)*
and the input—output description of the account is

k k
ykI =) gtk — mlulm] = ) (1.00015)* " u[m] (2.44)

m==0 m=0

The discrete transfer function is the z-transform of the impulse response sequence or

x oo
§(2) = Z[glk]l = Y (1.00015):7* = > (1.00015:71)¢
k=0 k=0
= L = - (2.45)
1—1.00015:-1 ~ 7z = 1.00015 -

Whenever we use (2.44) or (2.45), the initial state must be zero, or there is initially no money
in the account.

Next we develop a state-space equation to describe the account. Suppose v[k] is the total
amount of money at the end of the kth day. Then we have

ylk + 1] = y[k] + 0.00015y[k] + u[k + 1] = 1.00015y[k] + ulk + 1] (2.46)
If we define the state variable as x[k] := v[k], then
X[k + 1] = 1.00015x (k] + ulk + 1]
y[k] = x[k]

Because of u{k + 1], (2.47) is not in the standard form of (2.39). Thus we cannot select
x[k] := y[k] as a state variable. Next we select a different state variable as

(2.47)

itk

R
AN Y

R

2.7 Concluding Remarks 37

x[k] == y[k] — ulk]
Substituting y[{(,—i— 1] = x[k + 1]+ ulk + 1] and y[k] = x[k] + u[k] into (2.46) yields
x[k + 1] = 1.00015x[k] + 1.00015u[k)
ylk] = x[k] + u[k]

(2.48)

This is in the standard form and describes the money market account.

The linearization discussed for the continuous-time case can also be applied to the discrete-
time case with only slight modification. Therefore its discussion will not be repeated.

2.7 Concluding Remarks

We introduced in this chapter the concepts of causality, lumpedness, linearity, and time invari-
ance. Mathematical equations were then developed to describe causal systems, as summarized
in the following.

System type Internal description = External description

1
Distributed, linear y(t) = / G@.nu(t)dr
1

0

i I3
Lumped, linear x = A(1)x+ B(t)u yit) = / G{t. t)u(r)dr
o

y = C()x + D(r)u

' i t
Distributed, linear, i y(t):/ G(t — tu(r)dr
i 0

time-invariant A A
¥(s) = G(s)l(s). G(s) irrational

t
Lumped, linear, ! X=Ax+Bu Loy = / Gt — Du(r)dr
; 0

time-invariant ! N N
y=Cx+Du i ¥(s) = G(s)a(s). G(s) rational

Distributed systems cannot be described by finite-dimensional state-space equations. External
description describes only zero-state responses; thus whenever we use the description. systems
are implicitly assumed to be relaxed or their initial conditions are assumed to be zero.

We study in this text mainly lumped linear time-invariant systems. For this class of
systems, we use mostly the time-domain description (A, B. C, D) in the internal description
and the frequency-domain (Laplace-domain) description G(s) in the external description.
Furthermore, we will express every rational transfer matrix as a fraction of two polynomial
matrices, as we will develop in the text. By so doing, all designs in the SISO case can be
extended to the multivariable case.
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The class of lumped linear time-invariant systems constitutes only a very small part of | L. Ifus = u; +uz, then y3 = y; + ya.
nonlinear and linear systems. For this small class of systems, we are able to give a complete i 2. If uz = 0.5(u; + uz), then y3 = 0.5(y; + y2).
treatment of analyses and syntheses. This study will form a foundation for studying more 1 3. Ifus = u; — up, then y3 = y, — ya.

general systems. :
Which are correct if x(0) = 0?7
2.1 Consider the memoryless systems with characteristics shown in Fig. 2.19, in which u 2.6 Consider a system whose input and output are related by
denotes the input and y the output. Which of them is a linear system? Is it possible to © { W) u@ =1y ifut—1)#0
y =
0

introduce a new output so that the system in Fig. 2.19(b) is linear? ifur—1)=0
y y y for all ¢. Show that the system satisfies the homogeneity property but not the additivity
property.
{ : 2.7 Show that if the additivity property holds, then the homogeneity property holds for all
oy rational numbers . Thus if a system has some “continuity” property, then additivity
u S “ . u implies homogeneity.
0
2.8 Letg(z,v) =g(t+a,t+a)foralls, 7,and a. Show that g(t, ) depends onlyont - 1.
[Hint: Define x =t + v and y =t — v and show that dg (¢, t)/dx = 0.]
2.9 Consider a system with impulse response as shown in Fig. 2.20(a). What is the zero-state
(@ ®) © response excited by the input u(r) shown in Fig. 2.20(b).
Figure 2.19 ’ : u(t)

F10)
2.2 The impulse response of an ideal lowpass filter is given by

sin2w(t — tp) : 1
1y =20——m— : 1
S s .
for all ¢, where w and o are constants. s the ideal lowpass filter causal? Is it possible to : | i . . 5 , ,
build the filter in the real world? ; 0 ! 2 3 4 0 1 2
: (@
2.3 Consider a system whose input # and output y are related by

u(t) fort <a

y(©) = (Pau)(t) i= [

0 fort > e ' ®)
where « is a fixed constant. The system is called a truncation operator, which chops off .
. . . o . . . Figure 2.20
the input after time «. Is the system linear? Is it time-invariant? Is it causal?
2.4 The input and output of an initially relaxed system can be denoted by y = Hu, where : 2.10 Consider a system described by
H is some mathematical operator. Show that if the system is causal, then ; i A .
Yy+2y—-3y=u—u
Pay = PoHu = Po H Fou i What are the transfer function and the impulse response of the system?

where Py is the truncation operator defined in Problem 2.3. Is it true Py Hu = H Pyu? 2.11 Let y(t) be the unit-step response of a linear time-invariant system. Show that the impulse

2.5 Consider a system with input « and output y. Three experiments are performed on the tesponse of the system equals d§(1)/d:.

system using the inputs u; (¢), u2(t), and u3(¢) for ¢+ > 0. In each case, the initial state
x(0) at time t+ = 0 is the same. The corresponding outputs are denoted by y;, y», and ys.
Which of the following statements are correct if x(0) # 0?7

2.12 Consider a two-input and two-output system described by

Dy(P)yi(t) + Dia(p)y2(t) = N (piui(2) + Nia(phua(t)

AT SRR E SO ST SATYI. 457 4 T % 201
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2.13

2.14

Day(py1 (1) + Daa(p)y2(1) = Ny (plui (1) + Naa(plua(t)

where N;; and D;; are polynomials of p := d/dr. What is the transfer matrix of the
system?

Consider the feedback systems shown in Fig. 2.5. Show that the unit-step responses of
the positive-feedback system are as shown in Fig. 2.21(a) fora = 1 and in Fig. 2.21(b)
for a = 0.5. Show also that the unit-step responses of the negative-feedback system are
as shown in Figs. 2.21(c) and 2.21(d), respectively, fora = 1 anda = 0.5.

¥t ¥
6
5 1
4 ! 1+
2 a=1 0751 a=05
2 05T
1
Tttt ‘ o ———————— t
ol 2 3 4 5 6 7 01 2 3 4 5 6 7

b
¥t @ ¥{(r) ®

0.5+

1+ J— 025+ I—Lf_‘p

0 t t PR T T T S SR '
3 5

14

o

19
w
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w
o
-
o
=}
o
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~

Figure 2.21

Draw an op-amp circuit diagram for

[ e 2]

v =[3 10]x - 2u

Find state equations to describe the pendulum systems in Fig. 2.22. The systems are
useful to model one- or two-link robotic manipulators. If 6. 61, and 6, are very small,
can you consider the two systems as linear?

Consider the simplified model of an aircraft shown in Fig. 2.23. It is assumed that the
aircraft is in an equilibrium state at the pitched angle 6, elevator angle uj, altitude /.
and cruising speed vo. It is assumed that small deviations of & and u from 6 and ug
generate forces f; = k6 and f» = kou as shown in the figure. Let m be the mass of
the aircraft, / the moment of inertia about the center of gravity P, b6 the aerodynamic
damping, and & the deviation of the altitude from ho. Find a state equation to describe
the system. Show also that the transter function from u to k. by neglecting the effect of
1,1is

e im0

2.17

218
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g
ul(r)
mg
(a) (b}
Figure 2.22
h
P ERY
/ - ’3 v
% a2
o £
}‘—kh;——' I —
Figure 2.23

h(s) _ kikaly = kabs

80) = 20N T st + Kl

The soft landing phase of a lunar module descending on the moon can be modeled as
shown in Fig. 2.24. The thrust generated is assumed to be proportional to 1, where m is
the mass of the module. Then the system can be described by m§i = —km — mg. where
g is the gravity constant on the lunar surface. Define state variables of the system as
x| = y, X2 = ¥,x; = m,and u = m. Find a state-space equation to describe the system.

Find the transfer functions from « to y; and from y; to y of the hydraulic tank system
shown in Fig. 2.25. Does the transfer function from u to y equal the product of the two
transfer functions? Is this also true for the system shown in Fig. 2.14? [Answer: No.
because of the loading problem in the two tanks in Fig. 2.14. The loading problem is an
important issue in developing mathematical equations to describe composite systems.

See Reference [7].]
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Figure 2.24

)
! .
,

Lunar surface {

Figure 2.25

2.19 Find a state equation to describe the network shown in Fig. 2.26. Find also its trans-
fer function. -

LF Figure 2.26
+
-1Q 1Q
u | y
(current ;\1 F
source)
1H

2.20 Find a state equation to describe the network shown in Fig. 2.2. Compute also its transfer
matrix.

2.21 Consider the mechanical system shown in Fig. 2.27. Let [ denote the moment of inertia
of the bar and block about the hinge. It is assumed that the angular displacement 6 is
very small. An external force u is applied to the bar as shown. Let y be the displacement

Probiems 43

of the block, with mass m;, from equilibrium. Find a state-space equation to describe
the system. Find also the transfer function from u to v.

Figure 2.27 . 5 Llsgss
!
ky
\9 pu
L
[ |
/ ™
ka
y
! kL 1 T_
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Chapter

Linear Algebra

t

3.1 Infroduction

This chapter reviews a number of concepts and results in linear algebra that are essential in the
study of this text. The topics are carefully selected, and only those that will be used subsequently
are introduced. Most results are developed intuitively in order for the reader to better grasp
the ideas. They are stated as theorems for easy reference in later chapters. However. no formal
proofs are given.

As we saw in the preceding chapter. all parameters that arise in the real world are real
numbers. Therefore we deal only with real numbers, unless stated otherwise, throughout this
text. Let A, B. C. and D be, respectively. n x m.m x r.! x n.and r x p real matrices. Let a;
be the ith column of A, and b; the jth row of B. Then we have

by
b,
AB={[a; a; - - a,] =ab; +aby +--- +a,b, (3.1
bl"
CA=C[31 a - am]=[cal CaZ Cam] (32)
and
b; b,D
b, b,D
BD=| |D= ] (3.3)
b, b,D

TP a3
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These identities can easily be verified. Note that a,b; is an n x r matrix; it is the product of an
n x 1 column vector and a 1 x r row vector. The product b; a, is not defined unless n = r: it
becomes a scalar if n = r.

3.2 Basis, Representation, and Orthonormalization

Consider an n-dimensional real linear space, denoted by R”. Every vector in R" is an n-tuple
of real numbers such as '

X
Xa
X =
Xy
To save space, we write itas X = [x; x2 --- x,]), where the.prime denotes the transpose.
The set of vectors {X|. Xz. .... X,}in R" is said to be linearly dependent if there exist
real numbers «;. o, ..., a,.notall zero, such that
x|+ X+t ayX, =0 (3.4)
If the only set of a; for which (3.4) holdsis @) = 0, a2 = 0. .... a,, = O, then the set of
VeCtors {X1, X2, .... X} is said to be linearly independent.

If the set of vectors in (3.4) is linearly dependent, then there exists at least one «;, say,
«), that is different from zero. Then (3.4) implies

1
Xp=——foaxo +o3x3 + o0+ o X]
@)
=: Baxo + .BJXB + o+ BuXn
where 8; = —a; /a. Such an expression is called a linear combination.
The dimension of a linear space can be defined as the maximum number of linearly

independent vectors in the space. Thus in R", we can find at most » linearly independent
vectors.

Basis and representation A set of linearly independent vectors in R" is called a basis if
every vector in R" can be expressed as a unique linear combination of the set. In R” . any set
of n linearly independent vectors can be used as a basis. Let {q,. q>. ..., q,} be such a set.
Then every vector x can be expressed uniquely as

X=0w,q +O’ZQZ+‘”+C\’nQn (35)
Define the n x n square matrix -

Q:=[q q - q,] (3.6)

Then (3.5) can be written as
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o
as
x=Q| . |=Qx 3.7
Qn
We call X = [o; @2 -+ «,) the representation of the vector x with respect to the basis
{qi.q2. ..., ga). } ‘
We will associate with every R" the following orthonormal basis:
19 0 0 r0
0 1 0 0
0 0 0 . 0
Ny = , h= ' y dp = I = (3.8)
0 0 1 0
0 0 0 L1
With respect to this basis, we have
™ Xy x1 7]
X2 X2
X = i =xi +xiy + -+ x50, = 1
L xx xn |

where I,, is the n x n unit matrix. In other words, the representation of any vector x with respect
to the orthonormal basis in (3.8) equals itself.

ExaMpLE 3.1 Consider the vector x = [1 3] in R? as shown in Fig. 3.1, The two vectors
q; = [3 1) and q; = [2 2} are clearly linearly independent and can be used as a basis. If we
draw from x two lines in parallel with q; and q;, they intersect at —q; and 2q; as shown. Thus
the representation of x with respect to {q;, q2} is [—1 2]’. This can also be verified from

<[]

To find the representation of x with respect to the basis {qa, i»}, we draw from X two liqes
in parallel with i, and q». They intersect at 0.5q; and 2i,. Thus the representation of x with
respect to {qs, i2} is [0.5 2]'. (Verify.)

Norms of vectors The concept of norm is a generalization of length or magnitude. Any
real-valued function of x, denoted by [|x}], can be defined as a norm if it has the following

properties:

1. ||Ix]{ > O for every x and ||x|| = 0 if and only if x = 0.
2. |jex|| = ja|||x||, for any real a.
3. {Ix1 + x2l] < {Ix1} + |ix2l| for every x; and x2.
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Figure 3.1 Different representations of
vector X. -

+
<

The last inequality is called the rriangular inequality.
Letx =[x} x> - x,]. Then the norm of x can be chosen as any one of the following:

Ikl =) pxi|

i=]

n 172
il == vVx'x = <Z !x,-12>
i=1

[1xl{co 1= max; |x;|

They are called, respectively, 1-norm, 2- or Euclidean norm, and infinite-norm. The 2-norm
is the length of the vector from the origin. We use exclusively. unless stated otherwise, the
Euclidean norm and the subscript 2 will be dropped.

In MATLAB. the norms just introduced can be obtained by using the functions
norm(x, 1), norm{x, 2)=norm(x), and norm{x,inf).

Orthonormalization A vector x is said to be normalized if its Euclidean norm is 1 or x'x = 1.
Note that x'x is scalar and xx’ is n x n. Two vectors x1 and x> are said to be orthogonal if

X(X; = X3X; = 0. Asetof vectors x;, i = 1,2, ..., m, is said to be orthonormal if
, 0 ifi#j
X; X; = ios .
1 ifi=
Given a set of linearly independent vectors e, €, .... €,, wecanobtain an orthonormal

set using the procedure that follows:
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u, =e qr = uy/|juyl]
u; =e, — (qle2)q Qo = u/[jual|

Uy = e, — S0 Qe Qe 1= Uy /| [0}

The first equation normalizes the vector e; to have norm 1. The vector (q}e2)q; is the projection
of the vector e, along q, . Its subtraction from e; yields the vertical part us. It is then normalized
to 1 as shown in Fig. 3.2. Using this procedure, we can obtain an orthonormal set. This is called

the Schmidt orthonormalization procedure.
Let A = [a; a, --- a,] be an n x m matrix with m < n. If all columns of A or

{a;, i =1,2...., m) are orthonormal, then
a i 10 -0
a 0 1 0
AA=|""l@a - al={. . . |=l
al, 00 -1

where 1, is the unit matrix of order m. Note that, in general, AA’ # I,.. See Problem 3.4.

3.3 Linear Algebraic Equations

Consider the set of linear algebraic equations
Ax =y (3.9)

where A and y are, respectively, m x n and m x 1 real matrices and x is an n x 1 vector. The
matrices A and y are given and X is the unknown to be solved. Thus the set actually consists of
m equations and n unknowns. The number of equations can be larger than, equal to, or smaller
than the number of unknowns.

We discuss the existence condition and general form of solutions of (3.9). The range
space of A is defined as all possible linear combinations of all columns of A. The rank of A is

r ______________ - U -

Figure 3.2 Schmidt orthonormization procedure.

P
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defined as the dimension of the range space or, equivalently, the number of linearly independent
columns in A. A vector x is called a null vector of A if Ax = 0. The null space of A consists
of all its null vectors. The nullity is defined as the maximum number of linearly independent
null vectors of A and is related to the rank by

Nullity (A) = number of columns of A — rank (A) (3.10)

ExampLE 3.2 Consider the matrix

01 1 2
A=11 2 3 4| =:[a; a> a3 ay] 3.11)
2 0 2 0

where a; denotes the /th column of A. Clearly a; and a5 are linearly independent. The third
column is the sum of the first two columns or a; + a, — a3 = 0. The last column is twice the
second column, or 2a; — a; = 0. Thus A has two linearly independent columns and has rank
2. The set {a;, a} can be used as a basis of the range space of A.

Equation (3.10) implies that the nullity of A is 2. It can readily be verified that the two
vectors

1 0
1 2
= o — .12
n - m; 0 (3.12)
0 —1

meet the condition An; = 0. Because the two vectors are linearly independent, they form a
basis of the null space.

The rank of A is defined as the number of linearly independent columns. It also equals
the number of linearly independent rows. Because of this fact, if A is m x n, then

rank(A) < min(m, n)

InMATLAB, the range space. null space, and rank can be obtained by calling the functions
orth, null, and rank. For example, for the matrix in (3.11), we type

a={0 11 2;1 23 4;20 2 0};
rank(a)

which yields 2. Note that MATLAB computes ranks by using singular-value decomposition
(svd), which will be introduced later. The svd algorithm also yields the range and null spaces
of the matrix. The MATLAB function R=orth (a) yields'

Ans R=
0.3782 —0.3084
0.8877 —0.1468 (3.13)
0.2627 0.9399

1. This is obtained using MATLAB Version 5. Earlier versions may vield different results.
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The two columns of R form an orthonormal basis of the range space. To check the orthonor-
mality, we type R’ *R, which yields the unity matrix of order 2. The two columns in R are not
obtained from the basis {a;, a,} in (3.11) by using the Schmidt orthonormalization procedure;
they are a by-product of svd. However, the two bases should span the same range space. This
can be verified by typing

rank({al a2 R])

which yields 2. This confirms that {a,, a;} span the same space as the two vectors of R. We
mention that the rank of a matrix can be very sensitive to roundoff errors and imprecise data.
For example, if we use the five-digit display of R in (3.13), the rank of [al a2 R] is 3. The
rank is 2 if we use the R stored in MATLAB, which uses 16 digits plus exponent.

The null space of (3.11) can be obtarined by typing null (a), which yields

Ans N=

0.3434 —0.5802

0.8384  0.3395

—0.3434  0.5802

—-0.2475 -0.4598

The two columns are an orthonormal basis of the null space spanned by the two vectors {n,. n}
in (3.12). All discussion for the range space applies here. That is, rank([nl n2 NJ)
yields 3 if we use the five-digit display in (3.14). The rank is 2 if we use the N stored in

MATLAB.
With this background, we are ready to discuss solutions of (3.9). We use p to denote the

rank of a matrix.

(3.14)

Theorem 3.1

1. Givenanm X n matrix A and anm x 1 vector ¥, an n X 1 solution X exists in AX = y if and only
if y lies in the range space of A or, equivalently,

p(A) =p([A yD

where [A ylisanm x (n + 1) matrix with ¥ appended to A as an additional column.
2. Given A, a solution X exists in AX = y for every ¥, if and only if A has rank m (full row rank).

The first statement follows directly from the definition of the range space. If A has full
row rank, then the rank condition in (1) is always satisfied for every y. This establishes the
second statement.

Theorem 3.2 (Parameterization of all solutions) _

Givenanm X n matrix A and an m x 1 vector ¥, let X, be a solution of AX = y and letk := n — p(A)
be the nullity of A. If A has rank 7 (full column rank) or k¢ = 0, then the solution X,, is unique. It k > 0,
then foreveryreal ar;, i = 1, 2, ..., k, the vector
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X=Xp+on + -+ o hy (3.15)

is a solution of AX =y, where {ny, ..., n;} is a basis of the null space of A.

Substituting (3.15) into Ax = y yields
k
Ax, + ) oiAn =Ax, +0=y

i=|

Thus, for every a;, (3.15) is a solution. Let X be a solution or A% = y. Subtracting this from
Ax, =y yields

AX-x,)=0

which implies that X — x,, is in the null space. Thus X can be expressed as in (3.15). This
establishes Theorem 3.2.

ExampLE 3.3 Consider the equation

o1 1 2 —4
Ax=|1 2 3 4fx=:{a  ay a3 alx=| -8 |=y (3.16)
2020 0

This y clearly lies in the range space of A and X, = [0 —4 0 0] is a solution. A basis of the
null space of A was shown in (3.12). Thus the general solution of (3.16) can be expressed as

0 1 0
—4 1 2

X=X, +ain +om = 0 + o _ + a3 0 (3.17)
0 0 -1

for any real @ and a-.

In application, we will also encounter XA =y, where the m x n matrix A and the | x n
vector y are given, and the | x m vector X is to be solved. Applying Theorems 3.1 and 3.2 to
the transpose of the equation, we can readily obtain the following result.

Corollary 3.2

1. Givenanm x n matrix A, a solution X exists in XA = y, for any y, if and only if A has full column
rank.

2. Givenanm X nmatrix A andan 1 X 7 vectory, let X, beasolutionof XA = yandletk = m—p(A).
If k = O, the solution X,, is unique. If k > O, then forany o;, i = 1,2, ..., k. the vector

X=Xptan +- -+ aph

is a solution of XA = y. where n;A = 0 and the set {n,, ..., n;} is linearly independent.

In MATLARB, the solution of Ax = y can be obtained by typing A\y. Note the use of
backslash, which denotes matrix left division. For example, for the equation in (3.16), typing
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a={0 1 12;1234;202 0);y={-4;-8;0];
a\y

yields [0 -4 0 0] . The solution of XA = y can be obtained by typing ¥/A. Here we use
slash, which denotes matrix right division.

Determinant and inverse of square matrices The rank of a matrix is defined as the number
of linearly independent columns or rows. It can also be defined using the determinant. The

determinant of a I x 1 matrix is defined as itself. For n = 2,3, ..., the determinant of n x n
square matrix A = [a;;] is defined recursively as, for any chosen j,
det A = a;;Ci; (3.18)

where a;; denotes the entry at the ith row and jth column of A. Equation (3.18) is called
the Laplace expansion. The number c;; is the cofactor corresponding to a;; and equals
(=1)"*/ det M;j, where M;; is the (n — 1) x (n — 1) submatrix of A by deleting its ith row
and jth column. If A is diagonal or triangular, then det A equals the product of all diagonal
eatries.

The determinant of any r x r submatrix of A is called a minor of order r. Then the rank
can be defined as the largest order of all nonzero minors of A. In other words. if A has rank r,
then there is at least one nonzero minor of order r, and every minor of order larger than r is
zero. A square matrix is said to be nonsingular if its determinant is nonzero. Thus a nonsingular
square matrix has full rank and all its columns (rows) are linearly independent.

The inverse of a nonsingular square matrix A = [a;;] is denoted by A~ t. The inverse has
the property AA™' = A~'A = I and can be computed as

Adj A 1 , ;
=298 ) (3.19)
detA  detA
where ¢;; is the cofactor. If a matrix is singular, its inverse does not exist. If A is 2 x 2. then
we have
a ap - 1 an —dy2
A= = - (3.20)
a2 an apaxn —apax; | —an  dy

Thus the inverse of a 2 x 2 matrix is very simple: interchanging diagonal entries and changing
the sign of off-diagonal entries (without changing position) and dividing the resulting matrix
by the determinant of A. In general, using (3.19) to compute the inverse is complicated. If A is
triangular, it is simpler to compute its inverse by solving AA~" = L. Note that the inverse of a
triangular matrix is again triangular. The MATLAB function Znv computes the inverse of A.

Theorem 3.3
Consider AX = ¥y with A square.

1. If A is nonsingular, then the equation has a unique solution for every ¥ and the solution equals Aly.
In particular, the only solution of Ax = 0 is x = 0.

e o s s
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2. The homogeneous equation AX = 0 has nonzero solutions if and only if A is singular. The number
of linearly independent solutions equals the nullity of A.

3.4 Similarity Transformation

Consider an n x n matrix A. It maps R" into itself. If we associate with R” the orthonormal
basis {ij. 12, ..., i} in (3.8). then the ith column of A is the representation of Al; with re-
spect to the orthonormal basis. Now if we select a different set of basis {q;, q2. -.., qu}. then
the matrix A has a different representation A. It tumns out that the i th column of A is the representation
of Aq; with respect o the basis {q), qa, ..., qu}. This is illustrated by the example that follows.

ExampLE 3.4 Consider the matrix

32 -1
A=|{-21 0 (321)
£ 4 3 1
% Letb=[0 0 1]. Then we have
: -1 —4 -5
Ab=| 0], A’b=A@Ab)=| 2. ABb=A@A%)=]| 10
1 -3 -13

It can be verified that the following relation holds:
A’b = 17b — 15Ab + 5A%b (3.22)

Because the three vectors b, Ab, and A”b are linearly independent, they can be used as a basis.
We now compute the representation of A with respect to the basis. It is clear that

: 0

A(b) =[b Ab A%]| 1

:

0

’ A(Ab) = [b Ab A%b]| 0

1

17

: A(A%b) =[b Ab A2]] —15
5

; where the last equation is obtained from (3.22). Thus the representation of A with respect to
% the basis {b. Ab, A’b}is
00 17
A=1]1 0 —-15 (3.23)
0 1 5

g
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and if
A" = Bib + BrAb + - + B,A"'b

then the representation of A with respect to the basis {b, Ab, ..., A""'b}is
00 --- 0 8B
1 0 - 0 B
) 01 -« 0 B
A= .
00 -+ 0 fra
0’0 .. 1 B,

This matrix is said to be in a companion form.

Consider the equation

Ax =y

The square matrix A maps x in R" into y in R". With respect to the basis {q;, q2, ...

the equation becomes

AX =7

where X and y are the representations of x and y with respect to the basis {q), g2, ...

As discussed in (3.7), they are related by
x=Q% y=Qy
with <
Q=1Iq 92 -~ Gl
ann x n nonsingular matrix. Substituting these into (3.25) yields
AQx=Qy or Q'AQx=¥
Comparing this with (3.26) yields
A=Q7'AQ or A=0QAQ"

The preceding discussion can be extended to the general case. Let A be an n x n matrix. If
there exists an n x 1 vector b such that the n vectors b, Ab, ..., A"~!b are linearly independent

(3.24)

(3.25)
s Qn},

(3.26)
s Qn}-

3.27)

(3.28)

(3.29)

This is called the similarity transformation and A and A are said to be similar. We write

(3.29) as
AQ=QA -
or

Alg; @2 - @) =[Aq Aq - AQu]=[q @ - Q.JA

s
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This shows that the ith column of A is indeed the representation of Aq; with respect to the
basis {q;, @2, ..., qQn}-

3.5 Diagonal Form and Jordan Form

A square matrix A has different representations with respect to different sets of basis. In this
section, we introduce a set of basis so that the representation will be diagonal or block diagonal.

A real or complex number A is called an eigenvalue of the n x n real matrix A if there
exists a nonzero vector x such that AX = Ax. Any nonzero vector X satisfying AX = Ax is
called a (right) eigenvector of A associated with eigenvalue . In order to find the eigenvalue
of A, we write Ax = Ax = AIx as

(A—ADx =0 (3.30)

where I is the unit matrix of order . This is a homogeneous equation. If the matrix (A — AD) is
nonsingular, then the only solution of (3.30)isx = 0 (Thebrem 3.3). Thus in order for (3.30)
to have a nonzero solution x, the matrix (A — AI) must be singular or have determinant 0.
We define

AN = det(AI — A)

It is a monic polynomial of degree n with real coefficients and is called the characteristic
polynomial of A. A polynomial is called monic if its leading coefficient is 1. If 4 is a root of
the characteristic polynomial, then the determinant of (A — AI) is 0 and (3.30) has at least one
nonzero solution. Thus every root of A(A) is an eigenvalue of A. Because A()) has degree n,
the n x n matrix A has n eigenvalues (not necessarily all distinct).

‘We mention that the matrices

FO 0 0 —oy4 -y —0; -3 —oy’)
I 0 0 —a3 1 0 0 0
01 0 —a; 0 i 0 0

LO 0 1 —a 0 0 1 0

and their transposes

FO 1 0 0 —a; 1 0 07
0 0 1 0 —a 01 0
0 0 0 1 -3 0 0 1

L—ay —a3 —a; —a -y 0 0O 04

all have the following characteristic polynomial:
AR =2+ o +aod sk + oy

These matrices can easily be formed from the coefficients of A (i) and are called companion-
Jform matrices. The companion-form matrices will arise repeatedly later. The matrix in (3.24)
is in such a form.
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Eigenvalues of A are all distinct LetX;.i =1, 2, ..., n, be the eigenvalues of A and
be all distinct. Let q; be an eigenvector of A associated with 4;; that is, Aq; = *;q;. Then
the set of eigenvectors {q;. q3. ..., gy} is linearly independent and can be used as a basis.
Let A be the representation of A with respect to this basis. Then the first column of Ais the
representation of Aq; = A;q; with respectto {qi, q2, ..., g.}. From
A
0
Ag=raq=I[q @ - gl| 0
0
we conclude that the first column of Alis [, O --- OJ. The second column of A is the
representation of Aqa = A,qs with respect to {q;, q2, ..., Qu}, thatis, [0 4, 0 --- 0y.
Proceeding forward, we can establish
M 0 0 - O
0 X O 0
A=]0 0 i - 0 (3.31)
0 0 0 - A

This is a diagonal matrix. Thus we conclude that every matrix with distinct eigenvalues has
a diagonal matrix representation by using its eigenvectors as a basis. Different orderings of
eigenvectors will yield different diagonal matrices for the same A.

If we define

Q=[q @ - 9l (332)
then the matrix A equals
A=Q'AQ (3.33)

as derived in (3.29). Computing (3.33) by hand is not simple because of the need to compute
the inverse of Q. However, if we know A. then we can verify (3.33) by checking Q-\ AQ.

ExAMpPLE 3.5 Consider the matrix

0 00
A={1 0 2
011
Its characteristic polynomial is
A 0 0
AN =detA] —A) =det | =1 A =2
0 —-1 xA-1
=AM =1 —=2]=( = 2)(A+ DA

SR

i e SRR

3

i
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i
4
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Thus A has eigenvalues 2, —1, and 0. The eignevector associated with A = 2 is any nonzero
solution of

(A—ZI)q| = 1 -2 2 q =0
0 I -1
Thus q; = [0 1 1} is an eigenvector associated with A = 2. Note that the eigenvector is notv

unique. [0 o «] for any nonzero real & can also be chosen as an eigenvector. The eigenvector
associated with A = —1 is any nonzero solution of
1 00
A-(DDhg=|1 1 2|q=0
01 2
which yields g = [0 — 2 1] Similarly, the eigenvector associated with A = 0 can be
computed as g3 = [2 1 — []’. Thus the representation of A with respect to {q, q-, qs} is

2 0 0
A=|0 -1 0 (3.34)
0 0 0

It is a diagonal matrix with eigenvalues on the diagonal. This matrix can also be obtained by
computing

A=0Q7'AQ
with
0 0 27
Q={qqgl=(1 -2 1 (3.35)
11 -1

However, it is simpler to verify QA =AQor

o 0 2 2 0 0 0 0 0970 O 2
1 =2 1 0 -1 O0f{=(1 0 2 1 =2 1
1 I -1 0 0 0 01 1 1 1 -1

The result in this example can easily be obtained using MATLAB. Typing

=[0 0 0;1 0 2;01 1}; [g,di=eig(a)

yields
0 0 08186 2 0 0
g=1]0.7071 0.8%4  0.4082 d=10 -1 0
0.7071 —0.4472 —0.4082 0 0 0

where d is the diagonal matrix in (3.34). The matrix g is different from the Q in (3.35); but their
corresponding columns differ only by a constant. This is due to nonuniqueness of eigenvectors
and every column of g is normalized to have norm 1 in MATLAB. If we type eig (a) without
the left-hand-side argument, then MATLAB generates only the three eigenvalues 2, -1, 0.
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We mention that eigenvalues in MATLAB are not computed from the characteristic polynomial.
Computing the characteristic polynomial using the Laplace expansion and then computing its
roots are not numerically reliable, especially when there are repeated roots. Eigenvalues are
computed in MATLAB directly from the matrix by using similarity transformations. Once
all eigenvalues are computed, the characteristic polynomial equals [T(A — A;). In MATLAB,
typing r=eig(a) ;poly(r) yields the characteristic polynomial.

ExAMPLE 3.6 Consider the matrix

Its characteristic polynomial is (A + 1) (A2 —r‘4k+ 13). Thus A has eigenvalues —1, 243 ;. Note
that complex conjugate eigenvalues must appear in pairs because A has only real coefficients.
The eigenvectors associated with —1 and 2+3; are, respectively, [I 0 0) and{j —3+2; jl.
The eigenvector associated with A =2 —3jis[-j —3—2j = j]’, the complex conjugate
of the eigenvector associated with A = 2 + 3. Thus we have

1 j —j -1 0 0
Q=|0 —342j —-3-2j| and A=| 0 2+3j 0 (3.36)
0 j j 0 0 2-3j
The MATLARB function [q,d] =eig(a) yields
1 0.2582; ~0.2582;
g=|0 —0.7746+0.5164; —0.7746 —0.5164;
0 0.2582 —0.2582;
and
-1 0 0

d=| 0 243j 0
0 0 2-3j

All discussion in the preceding example applies here.

Complex eigenvalues Even though the data we encounter in practice are all real numbers,
complex numbers may arise when we compute eigenvalues and eigenvectors. To deal with this
problem, we must extend real linear spaces into complex linear spaces and permit alt scalars
such as «; in (3.4) 10 assume complex numbers. To see the reason, we consider

sz[ l i 1+J]V=0 (3~37)
1—-j 2

If we restrict v to real vectors, then (3.37) has no nonzero solution and the two columns of
A are linearly independent. However, if v is permitted to assume complex numbers, then
v =[-2 1~ jJ is a nonzero solution of (3.37). Thus the two columns of A are linearly
dependent and A has rank 1. This is the rank obtained in MATLAB. Therefore, whenever
complex eigenvalues arise, we consider complex linear spaces and complex scalars and
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transpose is replaced by complex-conjugate transpose. By so doing, all concepts and results
developed for real vectors and matrices can be applied to complex vectors and matrices.
Incidentally, the diagonal matrix with complex eigenvalues in (3.36) can be transformed into
a very useful real matrix as we will discuss in Section 4.3.1.

Eigenvalues of A are not all distinct An eigenvalue with multiplicity 2 or higher is called a
repeated eigenvalue. In contrast, an eigenvalue with multiplicity 1 is called a simple eigenvalue.
If A has only simple eigenvalues, it always has a diagonal-form representation. If A has repeated
eigenvalues, then it may not have a diagonal form representation. However, it has a block-
diagonal and triangular-form representation as we will discuss next.

Consider an n x n matrix A with eigenvalue A and multiplicity ». In other words, A has
only one distinct eigenvalue. To simplify the discussion, we assume n = 4. Suppose the matrix
(A — AD) has rank n — 1 = 3 or, equivalently, nullity ; then the equation

A-—ADg=0
has only one independent solution. Thus A has only one eigenvector associated with . We
need n — 1 = 3 more linearly independent vectors to form a basis for R*. The three vectors
q2, q3, qs will be chosen to have the properties (A — AI)?q; = 0, (A — A)*>q3 = 0, and
(A - AD*qs = 0.
A vector v is called a generalized eigenvector of grade n if
(A-AD"'v=0
and
A—-AD"lv#0
If n = 1, they reduce to (A — AI)v = 0 and v # 0 and v is an ordinary eigenvector. Forn = 4,
we define
V4=V
vi:i= (A —-ADvs= (A - ADv
vo = (A — ADv; = (A — AD?v
vi = (A = ADv; = (A — ADY’v
They are called a chain of generalized eigenvectors of length n = 4 and have the properties
(A=1Dv; =0, (A —AD?v; = 0, (A — AD)%v; = 0, and (A — AD)*vy4 = 0. These vectors,
as generated, are automatically linearly independent and can be used as a basis. From these
equations, we can readily obtain

Avy = Avy

Avy; =v| + Av,
Avy; = vy, + Av;
Avy = v3 + Avy
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Then the representation of A with respect to the basis {v,, v2, v3, v} is

A1 00
o ax 1o
I=!0 0 1 (3.38)
000 &

We verify this for the first and last columns. The first column of J is the representation of
Av, = Av, with respect to {vy, v, v1, v4}. which is [ 0 O 0). The last column of J is the
representation of Avy = v; + Av, with respect to {vy, ¥2, v3, v4}, which is [0 O 1 A]. This
verifies the representation in (3.38). The matrix J has eigenvalues on the diagonal and 1 on the
superdiagonal. If we reverse the order of the basis, then the 1’s will appear on the subdiagonal.
The matrix is called a Jordan block of order n = 4.

If (A — AI) has rank n - 2 or, equivalently, nullity 2, then the equation

(A—iDg=0

has two linearly independent solutions. Thus A has two linearly independent eigenvectors and
we need (n — 2) generalized eigenvectors. In this case, there exist two chains of generalized
eigenvectors {vy, va, ..., v} and {u;, u,, ..., w} with k + 1 = n. If v; and u; are linearly
independent, then the set of n vectors {vy, ..., Vg, Uy, ..., w}is linearly independent and can
be used as a basis. With respect to this basis, the representation of A is a block diagonal matrix

of form
A = diag(J,. J)
where J; and J; are, respectively, Jordan blocks of order k and I.

Now we discuss a specific example. Consider 2 5 x 5 matrix A with repeated eigenvalue A,
with multiplicity 4 and simple eigenvalue A,. Then there exists a nonsingular matrix Q such that

A=Q7'AQ
assumes one of the following forms
Pl 1 0 0 0- ~Aa L0 0 07
0 » 1 0 0 0 4 1 0 0
Al={0 0 & 1 0 Ar=|0 0 & 0 O
0 0 0 & O 0 0 0 i O
Lo 0 0 0 ad Lo 0 0 0 i
r.y 1 0 0 0- ri, 1 0 0 0-
0 A4 0 0 O 0 A 0 0 O
As=|l0 0 & 1t 0 Ag=1|o0 A 000
0 0 0 & O 0 0 0 A O
LO 0 0 0 x.d LO 0 0 0 apd
rar 0 0 0 0~
0 A 0 0 0
As=10 0 x» 0 0 ' (3.39)
0 0 0 A O
LO 0 0 0 xd
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The first matrix occurs when the nullity of (A — A;I) is 1. If the nulhtv is 2, then A has two
Jordan blocks associated with 4, ; it may assume the form in A—> orin A; If (A — A, I) has nullity
3, then A has three Jordan blocks associated with A as shown in A, Certainly, the positions
of the Jordan blocks can be changed by changing the order of the basis. If the nullity is 4, then
Aisa diagonal matrix as shown in A5 All these matrices are triangular and block diagonal
with Jordan blocks on the diagonal; they are said to be in Jordan form. A diagonal matrix is a
degenerated Jordan form: its Jordan blocks all have order 1. If A can be diagonalized. we can
use [g,dl=eig(a) to generate Q and A as shown in Examples 3.5 and 3.6. If A cannot be
diagonized, A is said to be defective and {q, d] =eig (a) will yield an incorrect solution. In
this case, we may use the MATLAB function {q, d] =jordan (a). However, jordan will
yield a correct result only if A has integers or ratios of small integers as its entries.

Jordan-form matrices are triangular and block diagonal and can be used to establish
many general properties of matrices. For example, because det(CD) = detCdetD and
detQdet Q™! = detI = 1, from A = QAQ™!, we have

detA = dethetAdetQ‘1 =detA

The determinant of A is the product of all diagonal entries or, equivalently, all eigenvalues of
A. Thus we have

det A = product of all eigenvalues of A

which implies that A is nonsingular if and only if it has no zero eigenvalue.
We discuss a useful property of Jordan blocks to conclude this section. Consider the
Jordan block in (3.38) with order 4. Then we have

01 0 0- 00 10
001 0 . oo o1
— iD= —‘I":
@=2D=15 5 0 1 T=2D"=105 90 o
L0 0 0 0l 000 0
0 0 0 17
looo o
—A,I~= ﬂ40
J=AD 00 0 0 (3.40)
Lo 0 0 0

and (J — AI)* = 0 for k > 4. This is called nilpotent.

3.6 Functions of a Square Matrix

This section studies functions of a square matrix. We use Jordan form extensively because
many properties of functions can almost be visualized in terms of Jordan form. We study first
polynomials and then general functions of a square matrix.

Polynomials of a square matrix Let A be a square matrix. If k is a positive integer. we
define

A¥:=AA- - A (kterms)
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and A® = 1. Let f(X) be a polynomial such as f(X) = A2 4+22%2 —60r (A +2)(4x - 3). Then
f(A) is defined as

FA)=A>+2A7—61 or f(A)=(A+2D@A -3D
If A is block diagonal, such as

A 0
a=[5 2]
where A and A; are square matrices of any order, then it is straightforward to verify
Ak 0 fAy 0
k 1 d = . 34
A [0 A’;] wd S@ [ 0 f(Az)] (4D

Consider the similarity transformatiggn A= Q 'AQorA = QAQ’l. Because
A* = (QAQH(QAQ™) -+~ (QAQ™) = QAQ™!
we have
fA)=QfA)NQ™" o fA)=Q'fAQ (3.42)

A monic polynomial is a polynomial with 1 as its leading coefficient. The minimal
polynomial of A is defined as the monic polynomial y (1) of least degree such that ¥ (A) = 0.
Note that the 0 is a zero matrix of the same order as A. A direct consequence of (3.42) is
that f(A) = 0if and only if f(A) = 0. Thus A and A or, more general, all similar matrices
have the same minimal polynomial. Computing the minimal polynomial directly from A is not
simple (see Problem 3.25); however, if the Jordan-form representation of A is available, the
minimal polynomial can be read out by inspection.

Let A; be an eigenvalue of A with multiplicity n;. That is, the characteristic polynomial
of A is

A =det(I-A) = n(k — )

Suppose the Jordan form of A is known. Associated with each eigenvalue, there may be one or
more Jordan blocks. The index of A;, denoted by 7;, is defined as the largest order of all Jordan
blocks associated with A;. Clearly we have 7; < n;. For example, the multiplicities of A, in all
five matrices in (3.39) are 4; their indices are, respectively, 4, 3, 2, 2, and 1. The multiplicities
and indices of A in all five matrices in (3.39) are all 1. Using the indices of all eigenvalues,
the minimal polynomial can be expressed as

yoo =JJo-"

withdegreei = Y 7; < ) n; = n = dimension of A. For example, the minimal polynomials
of the five matrices in (3.39) are

Yi=G-APh=x)  dr=0-2)( -k

Yi= (A=A A —A)  Ye=( A (h—A)

Ys = — AR —2)
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Their characteristic polynomials, however, all equal
AR = =2 —22)

We see that the minimal polynomial is a factor of the characteristic polynomial and has a degree
less than or equal to the degree of the characteristic polynomial. Clearly, if all eigenvalues of
A are distinct, then the minimal polynomial equals the characteristic polynomial.

Using the nilpotent property in (3.40), we can show that

v(A) =0

and that no polynomial of lesser degree meets the condition. Thus ¥ (1) as defined is the
minimal polynomial.

Theorem 3.4 (Cayley-Hamilton theorem)
Let

AV =detQI —A) = A" + o A" 4 b A Fay,
be the characteristic polynomial of A. Then

AA) =A"+ A" 4+t A+, =0 (3.43)

In words, a matrix satisfies its own characteristic polynomial. Because n; > n;, the
characteristic polynomial contains the minimal polynomial as a factor or A(X) = Y (A)h(R)
for some polynomial 2(X). Because ¥ (A) = 0, we have A(A) = Y (A)h(A) =0-h(A) = 0.
This establishes the theorem. The Cayley-Hamilton theorem implies that A" can be written as

a linear combination of {I. A, ..., A""'}. Multiplying (3.43) by A yields
AT b A A2+, A=0-A=0

which implies that A"*! can be written as a linear combination of {A, A?, .... A"}, which,
in turn, can be written as a linear combination of {I. A, ..., A""!}. Proceeding forward, we
conclude that, for any polynomial f (1), no matter how large its degree is, f(A) can always
be expressed as

f(A) =Bl + BA+- -+ B, A" (3.44)

for some B;. In other words, every polynomial of an # x n matrix A can be expressed as a linear
combination of {I,A. ..., A"}, If the minimal polynomial of A with degree # is available,
then every polynomial of A can be expressed as a linear combination of {I. A. ..., A"~1). This
is a better result. However, because 7 may not be available, we discuss in the following only
(3.44) with the understanding that all discussion applies to n.

One way to compute (3.44) is to use long division to express f (i) as

FR) =gMAaR) +hr}) (3.43)
where g(A) is the quotient and /1(X) is the remainder with degree less than n. Then we have

F(A) =q(A)A(A) + h(A) = q(A)0 + h(A) = h(A)



64

LINEAR ALGEBRA

Long division is not convenient to carry outif the degree of f (1) is much larger than the degree
of A(L). In this case, we may solve k(1) directly from (3.45). Let

h() = Bo + Bir + -+ froa”!

where the 7 unknowns f; are to be solved. If all n eigenvalues of A are distinct, these 8; can
be solved from the n equations

FOD) =qG)AM) +h() = h(ky)

forz: = 1,2, ..., n.If A has repeated eigenvalues, then (3.45) must be differentiated to yield
additional equations. This is stated as a theorem.

Theorem 3.5 !

We are given f(A) and an n x n matrix A with characteristic polynomial
m
AR =T =r)m
i=1

where n = 37| n;. Define
h() 1= Bo+ Bih+ -+ B A"

It is a polynomial of degree n — 1 with nn unknown coefficients. These n unknowns are to be solved
from the following set of n equations:

PO =m0 fori=01,...,n,—1 and i=1,2,...,m
where

d'fix)

D) =
S dx' i,

and RO (4;) is similarly defined. Then we have
f(A) = h(A)
and #1(}) is said to equal f(A) on the spectrum of A.

[0
-1 -2
In other words, given f(1) = A% compute f(A). The characteristic polynomial of A is
AR) =2+ 20+ 1= (A + )2 Let (1) = By + B1x. On the spectrum of A, we have
fD=h(=D: (=D =8 -8
f=D=HE=D: 100 (=D* =B
Thus we have 8 = ~100, fo = 1 + By = =99, h(X) = —99 — 1004, and

ExampPLE 3.7 Compute A'% with

]

o
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A'® = 8T+ B1A = —991 — 100A
1 : l - —
- 99 0 — 100 0 1 _ 199 100
0 1 -1 =2 100 101
Clearly A'® can also be obtained by multiplying A 100 times. However, it is simpler to use
Theorem 3.5.

Functions of a square matrix Let f(X) be any function, not necessarily a polynomial. One
way to define f(A) is to use Theorem 3.5. Let 2(}) be a polynomial of degree n — 1, where n
is the order of A. We solve the coefficients of A(X) by equating f(X) = h(A) on the spectrum
of A. Then f(A) is defined as h(A).

ExamPLE 3.8 Let
0 0 -2
A=|0 1 0
P10 3
Compute V. Or, equivalently, if f(X) = e whatis f(A})?

The characteristic polynomial of Ay is (A — 1)*(A — 2). Let 1(2) = Bo + Bir + B33
Then

f()y=nh(): e =p+p+p5
f(H=hr1): te' =B +28
O =h2): =By +2B +4p

Note that, in the second equation, the differentiation is with respect to A, not . Solving these
equations yields fp = —2re‘ + ¢, B = 3te' +2¢' — 2¢¥, and fp = e —e' —1e'. Thus we
have

A= h(A) = (=2te' + ) + (3te' +2e —2e7)A,
28—t 0 2e' —2e¥
+(e3'—e’—te’)A%= 0 ¢ 0
ell —e 0 262' —é

ExamPLE 3.9 Let

0 2 =2

Ar=1]0 1 0

1 -1 3
Compute A%, The characteristic polynomial of A, is (A — 1)2(k — 2), which is the same as
for A,. Hence we have the same 4(x) as in Example 3.8. Consequently, we have

2ef — M 2te! 2e' —2e”
oM = h(Ay) = 0 e’ 0

2 !

X —ef  —ref 2e% —¢f
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ExAMPLE 3.10 Consider the Jordan block of order 4:

M 10 o0
. 0 A 1 0
3 A=
0 0 A 1 (3.46)
E 0 0 0 X

Its characteristic polynomial is (A —A;)*. Although we can select 1(A) as o+ B, At Bar+BaA3,
it is computationally simpler to select h(X) as

SIS 2SN

R(L) = Bo + Bi(h — A1) + B2l — A + Bk — &y)°

This selection is permitted because /() has degree (n — 1) = 3 and n = 4 independent
unknowns. The condition f(A) = h(2) on the spectrum of A yields immediately

N N

Ko 3) (3
b= s, Bi=ron. p=Lgt g LR
: Thus we have
Z . 1" . 3
1 FA) = FAOI + f( l)(A x11)+f2ff')(A—A,I)1+ ! ( ‘)(A M3
Using the special forms of (A — 11 I)F as discussed in (3.40), we can readily obtain
FOo) Fo0/ fran2 fO0)/3!
2 0 fOD Fan/1t /2
A) = 3.47
4 0 0 fG) fO/ 347
0 0 0 fG)
If f(A) = e, then
: P P LT TR E LYY
: A 0 M rett t2eM /2! .
Tl o 0 oM tet! (3.48)
B 0 0 0 et

Because functions of A are defined through polynomials of A, Equations (3.41) and (3.42)
are applicable to functions.

ExaMpLE 3.11 Consider

Ay L0 0 0
0O » 1 0 0
A=70 0 x 0 O
0 0 0 A 1
0 0 0 0 A

f
!
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It is block diagonal and contains two Jordan blocks. If f(1) = e, then (3.41) and (3.48)

5 imply
~ Mt teht tze*”/ZE 0 0
4 0 & 1M 0 0
J M= 0 0 Pl 0 0
A 0 0 0 el et
E 0 0 0 0 &
4 I f(0) = (s — A)7!, then (3.41) and (3.47) imply
B 1 1 1 7
_ 0 0
E [‘(S—_M) (s—ipr (—n)?
i (s=A) (-2
b 1
3 sI=A)!' = 0 0 _— 0 0 (3.49)
3 (s —Ap)
0 0 0 ot
(s —A2) (s —A)"
0 0 0 0 L
> L (5 - A'?.) -

Using power series The function of A was defined using a polynomial of finite degree. We
now give an alternative definition by using an infinite power series. Suppose f(4) can be
expressed as the power series

fO) = Zm’

with the radius of convergence p. If all eigenvalues of A have magnitudes less than p, then
f(A) can be defined as

fA) =) BA (3.50)

Instead of proving the equivalence of this definition and the definition based on Theorem 3.5,
we use (3.50) to derive (3.47).

ExAMPLE 3.12 Consider the Jordan-form matrix A in (3.46). Let

f”( 1)

FRy=fO)+ FODA -+ A=)+

then

. . (n—1)
7R = S+ DA =D o4 B G et
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Because (A —MDE = 0for k > n = 4 as discussed in (3.40). the infinite series reduces
immediately to (3.47). Thus the two definitions lead to the same function of a matrix.

The most important function of A is the exponential function ¢*. Because the Taylor
series

o . . 2.2 At
14 :1+AI-1—7+---+ pr
converges for all finite 5. and 1, we have
1 aagy
M =T+1A+ §A2+"‘=Zﬁ’k“k (3.51)
k=0

i
This series involves only multiplications and additions and may converge rapidly: there-
fore it is suitable for computer computation. We list in the following the program in MATLAB
that computes (3.51) fort = I:

on E=zexpm2 (2]
(size(&;);

unct
= s
size(A));

i
zero
=eye(
k=1;

while norm(E+F-2,1) >0

Topy o

In the program, E denotes the partial sum and F is the next term to be added to E. The first line
defines the function. The next two lines initialize E and F. Let ¢, denote the kth term of (3.51)
with ¢ = 1. Then we have ¢, = (A/k)c; fork = 1,2..... Thus we have F = A xF/k. The
computation stops if the 1-norm of E + F — E, denoted by norm(E + F — E. 1), is rounded
to 0 in computers. Because the algorithm compares F and E, not F and 0, the algorithm uses
norm(E + F — E, 1) instead of norm(F,1). Note that norm(a.!l) is the l-norm discussed in
Section 3.2 and will be discussed again in Section 3.9. We see that the series can indeed be
programmed easily. To improve the computed result, the techniques of scaling and squaring can
be used. In MATLAB, the function expm?2 uses (3.51). The function e xomor expml, however,
uses the so-called Padé approximation. It yields comparable results as e xpm2 but requires only
about half the computing time. Thus expm is preferred to expr2. The function expm3 uses
Jordan form, but it will yield an incorrect solution if a matrix is not diagonalizable. If a closed-
form solution of e* is needed, we must use Theorem 3.5 or Jordan form to compute e,

We derive some important properties of ¢*' to conclude this section. Using (3.51), we
can readily verify the next two equalities

=1 (3.52)
= MieAn (3.53)
[M] = e (3.54)

Aty +ry
e )
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To show (3.54), we set £- = —t,. Then (3.53) and (3.52) imply

A0

edegmA = A0 = 0 g

which implies (3.54). Thus the inverse of %’ can be obtained by simply changing the sign of
t. Differentiating term by term of (3.51) yields

x

d Ar l k=1 Ak
— = t"TA
a’ 2 P

k=1

=A (i %:"A") = (i %:Uf) A

k=0 k=0

Thus we have

ie“’ — Al = oMA (3.55)
dt

This is an important equation. We mention that
e(A+B)r # 6,AreBr (3.56)

The equality holds only if A and B commute or AB = BA. This can be verified by direct

substitution of (3.51).
The Laplace transform of a function f(t) is defined as

£) = LIF )] = / " fetdi
1]

t* ‘
— ¢—k+D
L [k!} =5

Taking the Laplace transform of (3.51) yields

x< x
LeM] = ZS-(/H»DAk = ! Z(S—IA)k
k=0 =0

It can be shown that

Because the infinite series

x
DT =TT = (1 =TT
k=0

converges for Is~'A| < 1. we have
x
57! Z TTAK = s I +572A +53A2 4 -
k=0
=5 A -sT'A) = [0 -5 )] = 6T-A) (3.57)

and
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Lle*] = (s1-A)™! (3.58)

Although in the derivation of (3.57) we require s to be sufficiently large so that all eigenvalues
of s™'A have magnitudes less than 1, Equation (3.58) actually holds for all s except at the
eigenvalues of A. Equation (3.58) can also be established from (3.55). Because L[df (t)/dt] =
sL{f(1)] — f(0), applying the Laplace transform to (3.55) yields

sLeN] - € = AL[eM]
or

1= A)L[erM] =6 =1

which implies (3.58). f‘

3.7 Lyapunov Equation

Consider the equation

AM+MB=C (3.59)

where A and B are, respectively, 7 x 7 and m x m constant matrices. In order for the equation
to be meaningful, the matrices M and C must be of order n x m. The equation is called the
Lyapunov equation.

The equation can be written as a set of standard linear algebraic equations. To see this,
we assume n = 3 and m = 2 and write (3.59) explicitly as

an ap apa my mp LOVEE (V]
by b
ax axn ax my my |+ my mxn
by by
as asx dasn msz M3 ms3p my
Ci1 C12
=1 ¢
€31 €3
Multiplying them out and then equating the corresponding entries on both sides of the equality,
we obtain
ayn + by ap an b 0 0
ax axn + by an 0 by 0
asy ax ay + by 0 0 by
by 0 0 aj + by an as
0 by 0 a ay +bxn an

0 0 bz as ayn ay + by
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myy cn
may €21
x || (3.60)
mi2 Ci2
ma €22
msz €32

This is indeed a standard linear algebraic equation. The matrix on the preceding page is a
square matrix of ordern x m =3 x 2 = 6.

Let us define A(M) := AM + MB. Then the Lyapunov equation can be written as
AM) = C. It maps an nm-dimensional linear space into itself. A scalar 7 is called an
eigenvalue of A if there exists a nonzero M such that

AM) = M

Because A can be considered as a square matrix of order nm, it has nm eigenvalues n, for
k=1, 2, ..., nm.Ittums out

e =X+ ) fori=12 ...,n j=12 ....m

where A;,i =1, 2. ..., n,and u;, j =1, 2, ..., m, are, respectively, the eigenvalues of
A and B. In other words, the eigenvalues of A are all possible sums of the eigenvalues of A
and B.

We show intuitively why this is the case. Letu be an n x 1 right eigenvector of A associated
with A;; thatis, Au = A;n. Let v be a 1 x m left eigenvector of B associated with /4 that is,
vB = vu;. Applying A to the n x m matrix uv yields

A(uv) = Auv + uvB = Auv + uvu; = (A + wjjuy

Because both u and v are nonzero, so is the matrix uv. Thus (A; + u;) is an eigenvalue of A.

The determinant of a square matrix is the product of all its eigenvalues. Thus a matrix
is nonsingular if and only if it has no zero eigenvalue. If there are no i and j such that
Ai + p; = 0, then the square matrix in (3.60) is nonsingular and, for every C, there exists a
unique M satisfying the equation. In this case, the Lyapunov equation is said to be nonsingular.
If &; + p; = O for some i and j, then for a given C, solutions may or may not exist. If C lies
in the range space of A4, then solutions exist and are not unique. See Problem 3.32.

The MATLAB function m=1yap({a,b, -c) computes the solution of the Lyapunov
equation in (3.59).

3.8 Some Useful Formulas

This section discusses some formulas that will be needed later. Let A and B be m x n and
n x p constant matrices. Then we have

0(AB) < min(p(A), p(B)) (3.61)

where p denotes the rank. This can be argued as follows. Let p(B) = «. Then B has «
linearly independent rows. In AB, A operates on the rows of B. Thus the rows of AB are
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linear combinations of the rows of B. Thus AB has at most « linearly independent rows. In

AB, B operates on the columns of A. Thus if A has 8 linearly independent columns, then

AB has at most 8 linearly independent columns. This establishes (3.61). Consequently, if

A =B B:B; - -, then the rank of A is equal to or smaller than the smallest rank of B;.

) Let Abem x n and let C and D be any n x n and m x m nonsingular matrices. Then we
ave

p(AC) = p(A) = p(DA) (3.62)
In w_ords. the rank of a matrix will not change after pre- or postmultiplying by a nonsingular
matrix. To show (3.62), we define '
P = AC (3.63)
Because p(A) < min(m, n) and p(C) = n’ we have p(A) < p(C). Thus (3.61) implies

2(P) < min(p(A), p(C)) < p(A)

Next we write (3.63)as A = PC~!. Using the same argument, we have p(A) < p(P). Thus we
conclude p(P) = p(A). A consequence of (3.62) is that the rank of a matrix will not change
by elementary operations. Elementary operations are (1) multiplying a row or a column by a
nonzero number, (2) interchanging two rows or two columns, and (3) adding the product of
one row (column) and a number to another row (column). These operations are the same as
multiplying nonsingular matrices. See Reference [6, p. 542}.

Let Abem x nand B be n x m. Then we have

det(L, + AB) = det(I, + BA) (3.64)

where 1, is the unit matrix of order m. To show (3.64), let us define
Im A Im 0 -
0 I, -B I, B I,

NP — [Im +AB 0
B I,

We compute

and

Im -A
P =
Q [ 0 I+ BA]

stcau‘se N and Q are block triangular, their determinants equal the products of the determinant
of their block-diagonal matrices or

detN =detl, -detl, =1 =detQ
Likewise, we have
det(NP) = det(I,, + AB) det(QP) = det(1, + BA)

Because
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det(NP) = det Ndet P = det P
and
det(QP) = detQdetP = detP

we conclude det(I,, + AB) = det(I, + BA).
in N, Q, and P, if L. I, and B are replaced. respectively, by V51, /5L, and —B. then
we can readily obtain

s" det(sI,, — AB) = 5™ det(s], — BA) (3.65)
which implies, for n = m or for n x n square matrices A and B,
det(sI, — AB) = det(sI, — BA) (3.66)

They are useful formulas.

3.9 Quadratic Form and Positive Definiteness

An n x n real matrix M is said to be symmetric if its transpose equals itself. The scalar function
x'Mx, where x is an n x 1 real vector and M’ = M, is called a quadratic form. We show that
all eigenvalues of symmetric M are real.

The eigenvalues and eigenvectors of real matrices can be complex as shown in Example
3.6. Therefore we must allow X to assume complex numbers for the time being and consider the
scalar function x*Mx, where x* is the complex conjugate transpose of X. Taking the complex

conjugate transpose of x*MXx yields
(X*Mx)* = x*M"x = x*M'x = x"Mx

where we have used the fact that the complex conjugate transpose of a real M reduces to
simply the transpose. Thus X*MXx is real for any complex X. This assertion is not true if M
is not symmetric. Let A be an eigenvalue of M and v be its eigenvector: that is. Mv = Av.

Because
VMy = VAV = A(V'Y)
and because both v*My and v*v are real, the eigenvalue A must be real. This shows that all

eigenvalues of symmetric M are real. After establishing this fact, we can return our study to

exclusively real vector X.

We claim that every symmetric matrix can be diagonalized using a similarity transfor-
mation even it has repeated eigenvalue 4. To show this. we show that there is no generalized
eigenvector of grade 2 or higher. Suppose X is a generalized eigenvector of grade 2 or

(M- iDx=0 (3.67)
(M~ ADx # 0 (3.68)

Consider
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¥

[(M = 2Dx]'(M — ADx = x'(M’ — AI')(M — ADx = xX'(M — AD*x

which is nonzero according to (3.68) but is zero according to (3.67). This is a contradiction.
Therefore the Jordan form of M has no Jordan block of order 2. Similarly, we can show that
the Jordan form of M has no Jordan block of order 3 or higher. Thus we conclude that there
exists a nonsingular Q such that

M = QDQ™! (3.69)

where D is a diagonal matrix with real eigenvalues of M on the diagonal.
A square matrix A is called an orthogonal matrix if all columns of A are orthonormal.
Clearly A is nonsingular and we have
AA=X and A=A
which imply AA’ = AA~! = I = A’A. Thus the inverse of an orthogonal matrix equals its
transpose. Consider (3.69). Because IV = D and M’ = M, (3.69) equals its own transpose or
QDQ ' =[QDQ'T =[Q'I'DQ’

which implies Q~! = Q' and Q'Q = QQ’ = L. Thus Q is an orthogonal matrix; its columns
are orthonormalized eigenvectors of M. This is summarized as a theorem.

Theorem 3.6
For every real symmetric matrix M, there exists an orthogonal matrix Q such that
M=QDQ or D=QMQ

where D is a diagonal matrix with the eigenvalues of M, which are all real, on the diagonal.

A symmetric matrix M is said to be positive definite, denoted by M > 0, if x'Mx > 0 for
every nonzero X. It is positive semidefinite, denoted by M > 0, if x'Mx > 0 for every nonzero
x. If M > 0, then xMx = 0 if and only if x = 0. If M is positive semidefinite, then there
exists a nonzero x such that x'Mx = 0. This property will be used repeatedly later.

Theorem 3.7

A symmetric n X n matrix M is positive definite (positive semidefinite} if and only if any one of the
following conditions holds.

1. Every eigenvalue of M is positive (zero or positive).
2. All the leading principal minors of M are positive (all the principal minors of M are zero or positive).

3. There éxists an n X n nonsingular matrix N (an 7 X n singular matrix N or an m x n matrix N with
m < n)such that M = N'N.

Condition (1) can readily be proved by using Theorem 3.6. Next we consider Conditon (3). If
M = N'N, then

X' Mx = x'N'Nx = (Nx)'(Nx) = |[|[Nx|3 > 0
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for any X. If N is nonsingular, the only X to make Nx = 0 is x = 0. Thus M is positive definite. If N
is singular, there exists a nonzero X to make NX = 0. Thus M is positive semidefinite. For a proof of
Condition (2), see Reference [10].
We use an example to illustrate the principal minors and leading principal minors. Consider
my mp m3
M= my mpn my
m3 mz msz

Its principal minors are my, m22, M33,

mpy mp my m my m
det[ nom ] det[ 11 13]’ det[ 2 23]
ma ma m3i ms3 m3  mj3
and det M. Thus the principal minors are the determinants of all submatrices of M whose diagonals
coincide with the diagonal of M. The leading principal minors of M are

mpy omy

myy, det[ :l, and detM

mz mp
Thus the leading principal minors of M are the determinants of the submatrices of M obtained by deleting
the last k columns and last k rows fork = 2, 1, 0.

Theorem 3.8

1. Anm x n matrix H. with m > n, has rank n, if and only if the n x 7 matrix H'H has rank n or

det(H'H) # 0.

2. Anm x n matrix H. with m < n, has rank m, if and only if the m x m matrix HH' has rank m or
det(HH') # 0.

The symmetric matrix H'H is always positive semidefinite. It becomes positive definite if H'H is
nonsingular. We give a proof of this theorem. The argument in the proof will be used to establish the
main results in Chapter 6: therefore the proof is spelled out in detail.

Proof: Necessity: The condition p(H'H) = n implies p(H) = n. We show this by
contradiction. Suppose o(H'H) = n but p(H) < n. Then there exists a nonzero vector
v such that Hv = 0. which implies HHv = 0. This contradicts p(H'H) = n. Thus
p(H'H) = n implies p(H) = n.

Sufficiency: The condition p(H) = n implies p(H'H) = n. Suppose not, or
p(H'H) < n; then there exists a nonzero vector v such that H'Hv = 0, which implies
vH'Hv =0or

0 = vH'Hv = (Hv) (Hv) = ||Hv|}

Thus we have Hyv = 0. This contradicts the hypotheses that v # 0 and p(H) = n. Thus
p(H) = implies o(H'H) = n. This establishes the first part of Theorem 3.8. The second
part can be established similarly. Q.E.D.

We discuss the relationship between the eigenvalues of H'H and those of HH'. Because both H'H
and HH' are symmetric and positive semidefinite, their eigenvalues are real and nonnegative (zero or
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positive). If His m x n, then H'H has n eigenvalues and HH' has m eigenvalues. Let A = H and
B = H'. Then (3.63) becomes

det(sI,, — HH') = """ det(sI, — HH) (3.70

This implies that the characteristic polynomials of HH' and H'H differ only by s™~". Thus we
conclude that HH' and H'H have the same nonzero eigenvalues but may have different numbers of
zero eigenvalues. Furthermore. they have at most 1 := min(n, n) number of nonzero eigenvalues.

3.10 Singuiar-Vaiue Decomposition

P R WA e S

Let Hbe an m x n real matrix. Define M := H'H. Clearly M is n x n, symmetric, and semidefinite.
Thus all eigenvalues ot M are real and nonnegative (zero or positive). Let r be the number of its positive
eigenvalues. Then the eigenvalues of M = H'H can be arranged as

Afzk§2-~)»f'>0=)»r+1 == Ay
Letn := min{m, n). Then the set
Mzhazd>0=hyy ==k

is called the singular values of H. The singular values are usually arranged in descending order in
magnitude.

ExampPLE 3.13 Consider the 2 x 3 matrix
H -4 -1 2
- 2 05 -1

20 5 -10
M=HH= 5 125 =25
—-10 =25 5

We compute

and compute its characteristic polynomial as

det(A — M) = 2> — 26.251% = A%(A — 26.25)

Thus the eigenvalues of H'H are 26.25, 0, and 0, and the singular values of H are v/26.25 =

5.1235 and 0. Note that the number of singular values equals min (n, m).
In view of (3.70), we can also compute the singular values of H from the eigenvalues of
HH'. Indeed, we have

. , 21 —105
M:=HH =

-10.5 525
and
det(AI — M) = A% — 26.25% = A(A — 26.25)

Thus the eigenvalues of HH' are 26.25 and 0 and the singular values of H' are 5.1235 and
0. We see that the eigenvalues of H'H differ from those of HH' only in the number of zero
eigenvalues and the singular values of H equal the singular values of H'.

3.11 Norms of Matrices 77

For M = H'H. there exists, following Theorem 3.6, an orthogonal matrix Q such that
QHHQ=D=:§S (3.71)

where D is an n x n diagonal matrix with A,-z on the diagonal. The matrix $ is m x n with the
singular values 7; on the diagonal. Manipulation on (3.71) will lead eventially to the theorem
that follows.

Theorem 3.9 (Singular-vaiue decomposition)
Every m x n matrix H can be transformed into the form
H = RSQ’

with RR =RR = L,. Q'Q = QQ’ = I,. and S being m x n with the singular values of H on the
diagonal.

The columns of Q are orthonormalized eigenvectors of H'H and the columns of R
are orthonormalized eigenvectors of HH'. Once R, S. and Q are computed, the rank of H
equals the number of nonzero singular values. If the rank of H is r. the first r columns of
R are an orthonormal basis of the range space of H. The last (n — r) columns of Q are an
orthonormal basis of the null space of H. Although computing singular-value decomposition is
time consuming, it is very reliable and gives a quantitative measure of the rank. Thus itis used in
MATLAB to compute the rank. range space. and null space. In MATLAB, the singular values
of H can be obtained by typing s=svd (H). Typing (R, S,Q]=svd (H) yields the three
matrices in the theorem. Typing orth (H) and null (H) yields. respectively, orthonormal
bases of the range space and null space of H. The function null will be used repeatedly in
Chapter 7.

ExampLE 3.14 Consider the matrix in (3.11). We type

a={0112;1234;20207;
[r,s.,gl=svd(a)
which yield
70.3782 —0.3034 0.8729 [6.1568 0 0 0
r=|028877 -0.1468 -0.4364 s = 0 24686 0 0
L0.2627  0.9399  0.2182 0 0 0 0

r0.2295 0.7020 0.3434 —0.5802 7
0.3498 —0.2439 0.8384 0.3395
0.5793 0.4331 —0.3434 0.5802
L 0.6996 —0.4877 —0.2475 —0.4598 ]
Thus the singular values of the matrix A in (3.11) are 6.1568, 2.4686, and 0. The matrix has
two nonzero singular values. thus its rank is 2 and, consequently, its nullity is 4 — p(A) = 2.
The first two columns of r are the orthonormal basis in (3.13) and the last two columns of q
are the orthonormal basis in (3.14).




78 LINEAR ALGEBRA R Problems

r x p X2

3.11 Norms of Matrices

The concept of norms for vectors can be extended to matrices. This concept is needed in

Chapter S. Let A be an m x n matrix. The norm of A can be defined as ) Il =1
4 sl = 51
A 2
it = sup 12X _ gy 4 (3.72) R A
20 X[ = ~_ :\N\ 2 =3 4

where sup stands for supremum or the least upper bound. This norm is defined through the
norm of x and is therefore called an induced norm. For different ||x||, we have different [1A]].
For example, if the 1-norm ||x}}; is used, then

This magnitude gives

m
_ ) The sum of these two thi fA.
Al = mjax ‘(Z lay; f) = largest column absolute sum magnitudes gives the € nonn o
F\i=l norm of A.
where a;; is the i jth element of A. If the Euclidean norm |1x{]» is used, then (a) )]
X:
[lA{lz = largest singular value of A :
= (largest eigenvalue of A’A)!/?
. R . 24
If the infinite-norm [{x]| is used, then L Xl = 1
~ o X
|JA}]oe = max Z laij| | = largest row absolute sum S~ L0
S\G = S x
-4 =32 I~40 2 3~4_ 5
These norms are all different for the same A. For example,if 7 L as 2 27 ™ Ax
24
3 2
A= e
!: -1 0 ] This magnitude gives
. . the fA.
then J|All; = 3+ | — 1] = 4, [|All; = 3.7, and [|All = 3 +2 = 5, as shown in Fig. fomo

3.3. The MATLAB functions norm(a, 1), norm(a,2)=norm (a),andnorm(a, inf)

compute the three norms. ©
The norm of matrices has the following properties: Figure 3.3 Different norms of A
HAXI < HA[HIx]]
[IA +Bii < JIA]l + |IBJ| ,
2 1
IIABI} < |/All(1B =l ool
1 1
The reader should try first to solve all problems involving numerical numbers by hand and 33 Find h )
then verify the results using MATLAB or any software. . 31;1 two orthonormal vectors that span the same space as the two vectors in Problem
3.1 Consider Fig. 3.1. What is the representation of the vector x with respect to the basis 34 Consider an n x m matrix A with n > m. If all columns of A are orthonormal. then
{q1, 12}? What is the representation of q; with respect to {i;, q,}? A’A = 1,,. What can you say about AA? ’ ’
3.2 What are the 1-norm, 2-norm, and infinite-norm of the vectors 3.5 Find the ranks and nullities of the following matrices:
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3.6
3.7

3.8

39
3.10
311

312

3.13

010 4 1 -1 1 2 3 4
Aj=(0 00 Ay=1(3 2 0 A;=]|0 -1 -2 2
0 0 1 11 0 0 0 0 1

Find bases of the range spaces and null spaces of the matrices in Problem 3.5.

Consider the linear algebraic equation
2 -1 1

-3 3 [x=]0]=y

-1 2 1

4

It has three equations and two unknowns. Does a solution x exist in the equation? Is the
. . . L
solution unique? Does a solution existif y = {1 1 1]?

Find the general solution of

1 2 3 4 3
0 -1 =2 2|x=]2
0 0 0 1 1

How many parameters do you have?
Find the solution in Example 3.3 that has the smallest Euclidean norm.
Find the solution in Problem 3.8 that has the smallest Euclidean norm.
Consider the equation
x[n] = A"x[0] + A" 'buf0] + A" ?bu[l] + - - - + Abuln — 2] + bu[n — 1]

where A is an n x n matrix and bis an n x 1 column vector. Under what conditions on
A and b will there exist «[0], u[1], ..., u[n — 1] to meet the equation for any x[n] and
x[0]? [Hint: Write the equation in the form

ufn —1]
ufn — 2]
x[n] —A"x[0] =[b Ab --- A" 'b)
u{0]
Given

21 00 0 1
0210 0 - 2

= = b=
A 00 20 b 1 3
0 0 0 1 1 1

what are the representations of A with respect to the basis {b, Ab. A%b, Ab} and the
basis {b. Ab, A’b, A?b}, respectively? (Note that the representations are the same!)

Find Jordan-form representations of the following matrices:

3.14

3.15

3.16

3.17

Problems 81

I 4 10 0 1 0
Ay=10 2 0 A = 0o 0 1
00 3 -2 -4 -3
1 0 -1 0 4 3
A;=10 1 0 Ay=|0 20 16
00 2 0 -25 -20

Note that all except A; can be diagonalized.

Consider the companion-form matrix
—0p —y —03 —0y

l 0 0 0

0 0 1 0

Show that its characteristic polynomial is given by
AR =2+ o P+ adt +ash Fay

Show also that if A; is an eigenvalue of A or a solution of A(x) = 0, then [A} A7 A; 1]
is an eigenvector of A associated with A;.

Show that the Vandermonde determinant
Ao a3 A
AoAS A3 Al
AloAr A3 Mg

11 1 1

equals ﬂ1<‘<,-<4(‘m- — 4;). Thus we conclude that the matrix is nonsingular or, equiva-
lently, the eigenvectors are linearly independent if all eigenvalues are distinct.

Show that the companion-form matrix in Problem 3.14 is nonsingular if and only if
as # 0. Under this assumption. show that its inverse equals

0 1 0 0
o 0 0 1 0
- 0 0 0 1

—l/ay —ay/ay —axfay —as/ay

Consider
X AT AT?/2
A=]0 A AT
0 0 A

with A # O and T > 0. Show that [0 O 1} is a generalized eigenvector of grade 3 and
the three columns of
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3.18

319

3.20

321

3.22
3.23

3.24

ATE AT? 07
Q=| 0 AT O
0 0 1]
constitute a chain of generalized eigenvectors of length 3. Verify
A1 07
Q'AQ={0 1 1
0 0

Find the characteristic polynomials and the minimal polynomials of the following
matrices:

A, 1 0 O Wl A 1 0 07
0 A 1 0 0 A 1 0
0 0 & O 0 0 » O

Lo 0 0 Al Lo 0 0 Ad

a1 0 07 A 0 0 07
0 & 0 0 0 & 0 O
0 0 A& O 0 0 A& 0

Lo 0 0 Al L0 0 0 Al

Show that if A is an eigenvalue of A with eigenvector X, then f(}) is an eigenvalue of
f(A) with the same eigenvector X.

Show that an n x n matrix has the property A* = 0 for k > m if and only if A has
eigenvalues 0 with multiplicity n and index m or less. Such a matrix is called a nilpotent
matrix.

Given

b s
I
o o —
oo -
—_— o

find A%, A9 and eV,
Use two different methods to compute e’ for A| and A4 in Problem 3.13.

Show that functions of the same matrix commute; that is,

f(A)g(A) = g(A) f(A)

Consequently we have Ae?' = e A.
Let
A 000
C=|0 x» O
0 0 X

3.25

3.26

3.27
3.28
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Find a matrix B such that ¢ = C. Show that if A; = 0 for some i, then B does not exist.
Let

A1 0
C=(0 2 0
0 0 A
Find a B such that ¢® = C. Is it true that, for any nonsingular C, there exists a matrix B
such that e® = C?

Let
sI-A)'= —I——Adj (sT—A)
Als)
and let m(s) be the monic greatest common divisor of all entries of Adj (s — A). Verify

for the matrix A; in Problem 3.13 that the minimal polynominal of A equals A(s) /m(s).

Define
(sI-A)" = 1 [Ros"™' +Rys" 2 + -+ + Ry_2s + Rym1]
. A(S) n-2 n—1

where
AGs) i=det(sT —A) == 5" + 15"+ aps" 2 4o+t

and R; are constant matrices. This definition is valid because the degree in s of the adjoint
of (sI — A) is at most n — 1. Verify

tr(A
o = — ( 1Ro) Ry =1I
tr(ARl)
a2=——————2 R1=ARO+L‘(11=A+(¥11
tr(AR
a3=——(—3—2) R, = ARy + ool = A* + ;A + a3l
tr(AR, - R
Ay = —-%Tli) R,.., =AR, s+, I = A" + A"
+- oA+l
tr(AR, -
°"‘=”—('—n—ﬂ 0=AR,_; +a,l

where tr stands for the frace of a matrix and is defined as the sum of all its diagonal
entries. This process of computing «; and R; is called the Leverrier algorithm.

Use Problem 3.26 to prove the Cayley-Hamilton theorem.
Use Problem 3.26 to show

I-A)"'= [A™! 4 (s + @A™ 2 + (% +ays + @) A"

A(s)
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3.29

3.30

3.31

3.32

3.33

3.34

3.35

Food "N ]

Let all eigenvalues of A be distinct and let g; be a right eigenvector of A associated with
A;; thatis, Aq; = A;q;. Define Q = [q, q> - q,] and define

P1
. P2
P:=Q =

Pn
where p; is the ith row of P. Show that p; is a left eigenvector of A associated with A;;
that is, p;A = A;p;. !

Show that if all eigenvalues of A are distinct, then (sI - A)~! can be expressed as
1
-A)' = ——qiPi
GI-A)7'=3 —-ap
where ¢; and p, are right and left eigenvectors of A associated with A;.
Find the M to meet the Lyapunov equation in (3.59) with

(2] e el

What are the eigenvalues of the Lyapunov equation? Is the Lyapunov equation singular?
Is the solution unique?

Repeat Problem 3.31 for
0 1 3 3 }
= = C = C‘v =
A [—1 —2} B=1 1 {3} ; [—3
with two different C.

Check to see if the following matrices are positive definite or semidefinite:

2 3 2 0 0 -1 aja; ayax apds
310 0 0 0 aa; ara; araz
2 0 2 -1 0 2 aza; ayaz asaz

Compute the singular values of the following matrices:
-1 0 1 -1 2
2 -1 0 2 4

If A is symmetric, what is the relationship between its eigenvalues and singular values?
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3.36 Show

det|Li+| " |[biby - bd| =1+ aubn

m=1

3.37 Show (3.65).

3.38 Consider Ax =y, where A is m x n and has rank m. Is (A’A)"'A’y a solution? If not,
under what condition will it be a solution? Is A’(AA") "'y a solution?



Chapter

State-Space Solutfions
and Readlizations

4.1 Introduction

We showed in Chapter 2 that linear systems can be described by convohlnions gnd, if lux.nped,
by state-space equations. This chapter discusses how to find their so]ut.lons. fust we dlsc’uss
briefly how to compute solutions of the input-output description. There is no simple analytical
way of computing the convolution -

t
y) = /
T=1p

The easiest way is to compute it numerically on a digital computer. Before doing so, the
equation must be discretized. One way is to discretize it as
k
yka) =Y gtkA, mA)u(ma)A 4.1)
m=ko

where A is called the integration step size. This is basically the discrete convolution discussed
in (2.34). This discretization is the easiest but yields the least accurate result for the same
integration step size. For other integration methods, see, for example, ReAfererAlce\ [17].

For the linear time-invariant (LTI) case, we can also use $(s) = g(s)i(s) to compute
the solution. If a system is distributed, g(s) will not be a rational functior.l of 5. Ex?ept fgr
some special cases, it is simpler to compute the solution directly in @e time ‘domam as in
(4.1). If the system is lumped, £(s) will be a rational function of s. In this case, if the Lgplace
transform of u(¢) is also a rational function of s, then the solution can be obtained by tak.mg the
inverse Laplace transform of g(s)i(s). This method requires computing poles, carrying out

g, u(r)dr
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partial fraction expansion, and then using a Laplace transform table. These can be carried out
using the MATLAB functions roots and residue. However, when there are repeated poles,
the computation may become very sensitive to small changes in the data, including roundoff
errors; therefore computing solutions using the Laplace transform is not a viable method on
digital computers. A better method is to transform transfer functions into state-space equations
and then compute the solutions. This chapter discusses solutions of state equations, how to
transform transfer functions into state equations, and other related topics. We discuss first the
time-invariant case and then the time-varying case.

4.2 Solution of LTI State Equations
Consider the linear time-invariant (LTI) state-space equation
X(t) = Ax(t) + Bu(r) 4.2)
¥(t) = Cx(r) + Du(r) (4.3)

where A, B, C, and D are, respectively, n x n,n x p, ¢ x n, and g x p constant matrices.
The problem is to find the solution excited by the initial state x(0) and the input u(t). The
solution hinges on the exponential function of A studied in Section 3.6. In particular, we need
the property in (3.55) or

ieAt :AeA’ =eA'A
dt
to develop the solution. Premultiplying e~4* on both sides of (4.2) yields
eMR(1) — e M AX(1) = e MBu(r)
which implies
d
% (e™x(t)) = e A'Bu(r)
Its integration from O to ¢ yields
T
e"“}n{(r)[i=0 = / e A"Bu(r) dt
0

Thus we have

e Ax(1) — €°x(0) = / e A Bu(r) dt (4.4
0

Because the inverse of e~ is ¢A’ and e = I as discussed in (3.54) and (3.52), (4.4) implies
t

x(1) = e*x(0) + / A" Bu(r) dr 4.5
0

This is the solution of (4.2).

It is instructive to verify that (4.5) is the solution of (4.2). To verify this, we must show
that (4.5) satisfies (4.2) and the initial condition x(¢) = x(0) at r = 0. Indeed, at t = 0, (4.5)
reduces to
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x(0) = e*%%(0) = "x(0) = Ix(0) = x(0)

Thus (4.5) satisfies the initial condition. We need the equation

a [ e
—a—r/t; f(r,r)dr:/r; (Ef(t' r)) dr + f(r, 1), (4.6)
to show that (4.5) satisfies (4.2). Differentiating (4.5) and using (4.6), we obtain

: d ‘
X(0) = — [e“’x(O) +/ eA“"”Bu(r)dr:l
dt 0
t
= Ae*x(0) +/ A" TBu(r)dr + eATUBu(T)| _,
0 ; =

[f
=A (eA'X(O) +/ A Bu(r) dr) +e* Bu(r)
0

which becomes, after substituting (4.5),
X(t) = Ax(t) + Bu(r)
Thus (4.5)‘me.ets (4.2) and the initial condition x(0) and is the solution of (4.2).
Substituting (4.5) into (4.3) yields the solution of (4.3) as
t
y(t) = Ce*'x(0) + C/ A "IBua(r) dt + Du(t) 4.7
0

This Asolution @d (4.5) are computed directly in the time domain. We can also compute the
sgluuons by using the Laplace transform. Applying the Laplace transform to (4.2) and (4.3)
yields, as derived in (2.14) and (2.15),

X(s) = (sI — A)7'[x(0) + Bii(s)]

§(s) = C(sI — A)~![x(0) + Bia(s)] + Da(s)
ane %(s) and y(s) are computed algebraically, their inverse Laplace transforms yield the
time-domain solutions.

We now give some remarks concerning the computation of . We discussed in Section
3.6 three methods of computing functions of a matrix. They can all be used to compute e/

1. Using Theorem 3.5: First,ﬂcompute the eigenvalues of A; next, find a polynomial 4 (i) of
degree n — | that equals e* on the spectrum of A: then e* = h(A).

[ %]

- Using Jordan form of A: Let A = QAQ™!; then e = Qe;\‘Q". where A is in Jordan

form and eA* can readily be obtained by using (3.48).

3. Using the inﬁnite. power series in (3.51): Although the series will not. in general, yield a
closed-form solution, it is suitable for computer computation, as discussed following (3.51).

In addition, we can use (3.58) to compute e?’, that is,

N =L sI- A)! (4.8)

i
i
3

S e K Ll i it
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The inverse of (sI — A) is a function of A; therefore, again, we have many methods to compute

it

[

. Taking the inverse of (s — A).

. Using Theorem 3.5.

. Using (s1 — A)™! = Q(sT — A)~'Q~" and (3.49).

Using the infinite power series in (3.57).

. Using the Leverrier algorithm discussed in Problem 3.26.

n ok W

EXAMPLE 4.1 We use Methods 1 and 2 to compute (sI — A)~!, where

0 -1
A=
1 =2
Method 1: We use (3.20) to compute

1 17! 1 2 -1
cI—a) =] ° S —
-1 s+2 sT+2s +1 1 s

_[(er?.)/(sﬁul)3 —1/(5—&—1)2}
- 1/(s + 1)? 5/(s+)?

Method 2: The eigenvalues of A are —1, —1. Let A(x) = fo + fir. If h(}) equals f(A) :=
(s — »)~! on the spectrum of A, then

G+ =p-B
s+ =4

f(=D) =h(=1:
fi(=h=hr(=1):
Thus we have
A =+ D+ + D7+ 6+ D7
and
GI—A) " =hA) =+ D'+ 6+ D+ + DA

__l:(s+2)/(5+1)2 —1/(s+1):]
- 1/(s + 1) s/(s+)?

ExaMpLE 4.2 Consider the equation

o) = ° 'l}ww ol
X = | -2 b 1 u(t

1
x(1) =e”“x(0)+/ A IBu(r) dt
0

Its solution is

The matrix function ¢* is the inverse Laplace transform of (sI — A)~!, which was computed
in the preceding example. Thus we have
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s+2 -1
A=t G+ G+ _Td+ne —te™’
- 1 s - te™! (1-1t)e*

(s+1)? (s+)?
and

(14+1)e™ —te™! ]x(O) + [ - fot(t —)e " Dy(r)dr ]

"(’)=[ e (1=ne Jolt = (= Dle™u(r)de

We discuss a general property of the zero-input response e*'x(0). Consider the second
matrix in (3.39). Then we have

eMt reht 2eMt2 0

0 eL*” ter 0 0
AM=Ql 0 o0 eM! 0 o |Q!

0 0 0 eMt

0 0 0 0 M

Every entry of A’ and, consequently, of the zero-input response is a linear combination of terms
{eh", teh1, t2eh1t, M) These terms are dictated by the eigenvalues and their indices. In
general, if A has eigenvalue A; with index 71;, then every entry of e’ is a linear combination of

Ayt Mt ti,—lellt

€ te

Every such term is analytic in the sense that it is infinitely differentiable and can be expanded
in a Taylor series at every ¢. This is a nice property and will be used in Chapter 6.

If every eigenvalue, simple or repeated, of A has a negative real part, then every zero-
input response will approach zero as t — oo. If A has an eigenvalue, simple or repeated, with
a positive real part, then most zero-input responses will grow unbounded as t — oo. If A has
some eigenvalues with zero real part and all with index 1 and the remaining eigenvalues all
have negative real parts, then no zero-input response will grow unbounded. However, if the
index is 2 or higher, then some zero-input response may become unbounded. For example, if
A has eigenvalue 0 with index 2, then ¢*’ contains the terms {1, ¢}. If a zero-input response
contains the term ¢, then it will grow unbounded.

4.2.1 Discretization

Consider the continuous-time state equation
X(1) = Ax(t) + Bu(r) 4.9)
y(6) = Cx(t) + Du(r) (4.10)
If the set of equations is to be computed on a digital computer, it must be discretized. Because

x(t+T) —x(1)

x(1) = lim, T
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we can approximate (4.9) as
x(t +T) =x(t) + Ax(1)T + Bu(1)T (4.11)

If we compute x(s) and y(t) only att = kT fork =0, 1, ..., then (4.11) and (4.10) become

X((k+ DT) = (I+ TAX(KT) + TBu(kT)
y*T) = Cx(kT) + Du(kT)

This is a discrete-time state-space equation and can easily be computed on a digital computer.
This discretization is the easiest to carry out but yields the least accurate results for the same
T. We discuss next a different discretization.

If an input u(r) is generated by a digital computer followed by a digital-to-analog
converter, then u(r) will be piecewise constant. This situation often arises in computer control
of control systems. Let

u(t) = ukT) =: ulk] forkT <t < (k+1)T (4.12)

fork =0, 1, 2, .... This input changes values only at discrete-time instants. For this input,
the solution of (4.9) still equals (4.5). Computing (4.5) att = kT and t = (k + 1)T yields

kT
x[k] := x(kT) = **Tx(0) + / AT OBu(r) dv (4.13)
0
and
k+1T
x[k + 1] :=x((k + DT) = A®DTx(0) + / AEEDT-DBu(rydr  (4.14)
0
Equation (4.14) can be written as
kT
x[k+ 1] = &7 [eAka(O) + / eA(}‘T")Bu(r)dt:!
0
*k+1DT
+/ AMTHT-OBu(1) dr
kT

which becomes, after substituting (4.12) and (4.13) and introducing the new variable o :=
kT +T -1,

T
x[k + 1] = AT x[k] + ( / eAada) Bulk]
V]

Thus, if an input changes value only at discrete-time instants kT and if we compute only the
responses at ¢ = kT, then (4.9) and (4.10) become

X[k + 1] = A x[k] + Bulk] (4.15)
ylk] = Cyx[k] + Daulk] (4.19
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with
AT T
Ay=e B,,:(/ e'“dr)B C;=C D;=D 4.17)
0

This is a discrete-time state-space equation. Note that there is no approximation involved in
this derivation and (4.15) yields the exact solution of (4.9) at r = k7 if the input is piecewise
constant.

We discuss the computation of By. Using (3.51), we have

T 2
/ (I+AT+A2—-+~«- dr
) 2!

T2 T, TV,
=TI+‘2-!—A‘,+§A +FA + -
This power series can be computed recursively as in computing (3.51). If A is nonsingular,
then the series can be written as, using (3.51),

1 T, T,
AT TA+ A%+ AT+ 411 =AM -]
Thus we have
B, =A'(A; —~DB (i A is nonsingular) (4.18)

Using this formula, we can avoid computing an infinite series.
The MATLAB function [ad, bd]=c2d{a, b, T) transforms the continuous-time state
equation in (4.9) into the discrete-time state equation in (4.15).

4.2.2 Solution of Discrete-Time Equations

Consider the discrete-time state-space equation

x[k + 1] = Ax[k] + Bu(k]
(4.19)
y[k] = Cx[k] + Du(k]

where the subscript d has been dropped. It is understood that if the equation is obtained from
a continuous-time equation, then the four matrices must be computed from (4.17). The two
equations in (4.19) are algebraic equations. Once x[0] and ufk], k =0, 1, ..., are given, the
response can be computed recursively from the equations.

The MATLAB function ds t ep computes unit-step responses of discrete-time state-space
equations. It also computes unit-step responses of discrete transfer functions; internally, it first
transforms the transfer function into a discrete-time state-space equation by calling t£2ss,
which will be discussed later, and then uses dstep. The function d1sim, an acronym for
discrete linear simulation, computes responses excited by any input. The function step
computes unit-step responses of continuous-time state-space equations. Internally, it first uses
the function c24 to transform a continuous-time state equation into a discrete-time equation
and then carries out the computation. If the function step is applied to a continuous-time
transfer function, then it first uses t £2s's to transform the transfer function into a continuous-
time state equation and then discretizes it by using c2d and then uses dstep to compute the
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response. Similar remarks apply to 1sim, which computes responses of continuous-time state
equations or transfer functions excited by any input.
In order to discuss the general behavior of discrete-time state equations. we will develop

a general form of solutions. We compute
x[1] = Ax[0] + Bu[0]
x[2] = Ax[1] + Bu[1] = A*x{0} + ABu[0] + Bu[1]

Proceeding forward, we can readily obtain, for k > 0,
k-1

x[k] = A*x[0] + D A*~'~"Bu[m] (4.20)
m=0
k-1
ylk] = CA*x[0] + )~ CA*"'""Bu[m] + Du[k] 421
m=0

They are the discrete counterparts of (4.5) and (4.7). Their derivations are considerably simpler
than the continuous-time case.

We discuss a general property of the zero-input response A*x[0]. Suppose A has eigen-
value A with multiplicity 4 and eigenvalue A, with multiplicity 1 and suppose its Jordan form
is as shown in the second matrix in (3.39). In other words, A; has index 3 and A, has index 1.
Then we have

Mo kk-DA2 0 0

0 A kAt 0 0
A¥=Ql o0 o0 pL: 0 0 |Q7!

0 0 0 Moo

0 0 0 0 M

which implies that every entry of the zero-input response is a linear combination of {A’,‘. k)\‘l'“' ,
kz/\',‘_z. k'z‘}. These terms are dictated by the eigenvalues and their indices.

If every eigenvalue, simple or repeated. of A has magnitude less than 1, then every zero-
input response will approach zero as k — oo. If A has an eigenvalue, simple or repeated, with
magnitude larger than 1, then most zero-input responses will grow unbounded as k — 0. If A
has some eigenvalues with magnitude 1 and all with index 1 and the remaining eigenvalues all
have magnitudes less than 1, then no zero-input response will grow unbounded. However, if
the index is 2 or higher, then some zero-state response may become unbounded. For example,
if A has eigenvalue 1 with index 2, then A¥ contains the terms {1, k}. If a zero-input response
contains the term k, then it will grow unbounded as k — oc.

4.3 Equivalent State Equations

The example that follows provides a motivation for studying equivalent state equations.

ExaMpLE 4.3 Consider the network shown in Fig. 4.1. It consists of one capacitor, one
inductor, one resistor, and one voltage source. First we select the inductor current x; and
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capacitor voltage x; as state variables as shown. The voltage across the inductor is x; and
the current through the capacitor is x,. The voltage across the resistor is x,; thus its current is
x2/1 = x3. Clearly we have x| = x; + %, and #; + x3 —u = 0. Thus the network is described
by the following state equation:

[X]] _ [0 -1 X1 1
w] L1 —1][X2]+[0]u
y=1[0 1]x (4.22)

If, instead, the loop currents X1 and X, are chosen as state variables as shown, then the voltage
across the inductor is x and the voltage across the resistor is (¥; — £,) - 1. From the left-hand-
side loop, we have

u=f|+f| *fgf or 21 =—fl+f2+u

t
The voltage across the capacitor is the same as the one across the resistor, which is X — X;.
Thus the current through the capacitor is ¥; — %2, which equals x; or

X=X - S =—% +u
Thus the network is also described by the state equation
BN NEH
L= - |+ u
X2 -1 0 X2 1 (423)
y=[1 -1k

The state equations in (4.22) and (4.23) describe the same network; therefore they must be
closely related. In fact, they are equivalent as will be established shortly.

Consider the n-dimensional state equation

x(¢t) = Ax(¢) + Bu()
(4.24)
y(t) = Cx(t) + Du(s)

where A is an 7 X n constant matrix mapping an n-dimensional real space R” into itself. The
state X is a vector in R" for all #; thus the real space is also called the state space. The state
equation in (4.24) can be considered to be associated with the orthonormal basis in (3.8). Now
we study the effect on the equation by choosing a different basis.

Figure 4.1 Network with two different
sets of state variables.

e

Xy

tH

/B “: EIFE

+
u

X; X2
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Definition 4.1 Let P be an n x n real nonsingular matrix and let X = Px. Then the state
equation,

X(t) = AX(t) + Bu(r)
) ] (4.25)
y(t) = Cx(t) + Du(r)

where
A =PAP™! B=PB C=CP! D=D (4.26)

is said to be (algebraically) equivalent to (4.24) and X = Px is called an equivalence
transformation.

Equation (4.26) is obtained from (4.24) by substituting x(t) = P-ix(s) and k(1) =
P"i(t). In this substitution, we have changed, as in Equation (3.7), the basis vectors of the
state space from the orthonormal basis to the columns of P~! =: Q. Clearly A and A are similar
and A is simply a different representation of A. To be precise,letQ =P~  =[q, q» - q.].
Then the ith column of A is, as discussed in Section 3.4, the representation of Aq; with respect

to the basis {q;, q». ---, q,}. From the equation B=PBorB=P 'B= [q1q2 - q.]B,
we see that the ith column of B is the representation of the ith column of B with respect to the
basis {q;, q2. - --. Q.}. The matrix C is to be computed from CP~!. The matrix D, called the

direct transmission part between the input and output, has nothing to do with the state space
and is not affected by the equivalence transformation.
We show that (4.24) and (4.25) have the same set of eigenvalues and the same transfer
matrix. Indeed, we have, using det(P) det(P~!) = 1,
A(r) = det(AI — A) = det(APP™' — PAP™!) = det[P(AI — A)P™ 1]
= det(P)det(Al — A)det(P™!) = det0I — A) = A(X)
and
G(s) = C(s1 -~ A)"'B+D = CP'[P(s] - A)P~'|"'PB+ D
=CP'P(sI—A)"'P'PB+D =C(I—A)"'B+D =G(s)

Thus equivalent state equations have the same characteristic polynormnial and. consequently, the

same set of eigenvalues and same transfer matrix. In fact, all properties of (4.24) are preserved
or invariant under any equivalence transformation.

Consider again the network shown in Fig. 4.1, which can be described by (4.22) and (4.23).
We show that the two equations are equivalent. From Fig. 4.1, we have x; = x,. Because the
voltage across the resistor is xa, its current is x2/1 and equals X; — x>. Thus we have

MBI
HEESENEEIN

or
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Note that, for this P, its inverse ha i i
s , ppens to equal itself. It is straightforward to verif
and (’4;‘53) are related by the equivalence transformation in (4.236)‘ ey th “22
e MATLAB function [ab,bb,cb,db}:ssZss(a b,c,d,p) cam i
alence transformations. T e ot equie

Two state equaliOJ i
s are said to be Zero-state uiv 1 / T f
i 1 equi alent if they have the same transfer

D+CGI-A)"'B=D+CGI—A)"'B
This becomes, after substituting (3.57),
D+ CBs~! + CABs2 +CA’Bs3 +...=D +CBs~' + CABs 2 +CA

Thus we have the theorem that follows.
i
t

Theorem 4.1

Two linear time-invariant state i A.B, C D
equations {A, B, C, D} and i
or have the same transfer matrix if and onlyif D =D an}d (4B €. Dfare zerosise cualent

CA"B=CA"B m=0, 1,2, ...
Itis i i impli
e equatcil;;ii tthzli)t (a]gc:br;nc) equivalence implies zero-state equivalence. In order for two
0 be equivalent, they must have the same di i is i
1 N e dimension. This is, howev
case for zero-state €quivalence, as the next example shows. ot

ixzz«i:aLE 4.4 Consider the twp networks shown in Fig. 4.2. The capacitor is assumed to have

Cirlzun mn}c:ei:o- ; 5( S)uch ahneganve capacitance can be realized using an op-amp circuit. For the
g.4.2(a), we avey(t)=0.5-u(r)ory"(s)=05'( Thus i ction

05. To computy the e Y(©) ) -Su(s). Thus its transfer function is
nction of the network in Fig. 4 2(b initi

voltage across the capacitor to be ey of (o Tt

zero. Because of the symmetry of the f i
the caent il s ' : Y. Ty of the four resistors, half of
gh each resistor ori(t) = 0.5u(t), where i i
o . . s i(z) denotes the right upper
: SlsTc;lruZ i;l;r::‘r;:) S:tr:jeq;emly, Y(t) =i(t)-1 = 0.5u(r) and the transfer function alio eqizls
3. OrXs, or more precisely their state equati i

oy ] i quations, are zero-state equivalent.

A ;jliact can.also b.e verified by using Theorem 4.1. The network in Fig. 4.2(a) is gescribreld

y zero-dimensional state equation y(r) = 0.5u(t) or A = B = C=0andD =05.To

Figure 4.2 Two zero-state

t+ i
‘ ; + equivalent networks.
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(a) (b)
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develop a state equation for the network in Fig. 4.2(b), we assign the capacitor voltage as state
variable x with polarity shown. Its current is x flowing from the negative to positive polarity
because of the negative capacitance. If we assign the right upper resistor’s current as i (¢). then
the right lower resistor’s current is i — x, the left upper resistor’s current is u — i, and the left
lower resistor’s current is « — i + x. The total voltage around the upper right-hand loop is 0:

i-x—{u—i)=0 or i=05x+u)

which implies
y=1-i=i=05x+u)

The total voltage around the lower right-hand loop is O:
x+((—xX)—-(u—-i+x)=0
which implies
=2+x—u=x4+u+x—u=24
Thus the network in Fig. 4.2(b) is described by the one-dimensional state equation

x(1) = x(t)
¥(1) = 0.5x(r) + 0.5u(r)

with A =1, B =0, C =05 and D = 0.5. We see that D = D = 0.5 and CA"B =
CA"B =0form =0, 1. ....Thus the two equations are zero-state equivalent.

4.3.1 Canonical Forms

MATLAB contains the function [ab, bb,cb,db, Pl=canon{a,b,c,d, "type’ . If
type=companion, the function will generate an equivalent state equation with A in the
companion form in (3.24). This function works only if Q := [b; Ab; - Ay s
nonsingular, where by is the first column of B. This condition is the same as {A, b, } controllable,
as we will discuss in Chapter 6. The P that the function canor. generates equals Q ~!. See the
discussion in Section 3.4.

We discuss a different canonical form. Suppose A has two real eigenvalues and two
complex eigenvalues. Because A has only real coefficients, the two complex eigenvalues must
be complex conjugate. Let A1, A2, @ + jB, and @ — jB be the eigenvalues and q,, q2, ¢;. and
q4 be the corresponding eigenvectors. where A1, A2, &, 8, q,, and q; are all real and q4 equals
the complex conjugate of q3. Define Q = [q; q2 q; qs]. Then we have
A0 0 0
0 A 0 0
0 0 a+jB 0
0 0 0 a— jB
Note that Q and J can be obtained from [q, j]=eig(a) in MATLAB as shown in Examples
3.5 and 3.6. This form is useless in practice but can be transformed into a real matrix by the

J = =Q'AQ

following similarity transformation
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1 00 0774 0 0 0
S AL |01 0 0 0 % 0 0
Q= 00 1 1 [0 0 a+j8 O
00 j —jdJlo o 0 a-—jﬂj
10 0 0 A0 0 07
01 0 0 |_]0 % 0 0] <
0 0 05 —05/ 0 0 o« B|
0 0 05 05 0 0 -8 al

We see that this transformation transforms the complex eigenvalues on the diagonal into
a block with the real part of the eigenvalues on the diagonal and the imaginary part on
the off-diagonal. This new A-matrix is said to be in modal form. The MATLAB function
{ab,bb,cb,db, P]=canon(a,b,c.d, 'modal’) or canon(a,b,c,d) with no
type specified will yield an equivalent state equation with A in modal form. Note that there is
1o need to transform A into a diagonal form and then to a modal form. The two transformations
can be combined into one as

10 0 0

- < 01 0 0
P = =

Q=@ 6wl , 0.5,

0 0 05 05

= [q; q2 Re(q3) Im(q3)]

where Re and Im stand, respectively, for the real part and imaginary part and we have used in
the last equality the fact that q is the complex conjugate of q;. We give one more example. The
n}odal form of a matrix with real eigenvalue A; and two pairs of distinct complex conjugate
eigenvalues o; + jg;, fori = 1, 2, is

A 00 O

0 a B 0 O

A={0 -8 a 0 0 (4.28)
0 o0 0 o B
0 0 0 —,32 (24}

It is block diagonal and can be obtained by the similarity transformation

P™' = [q; Re(qz) Im(g:) Re(qs) Im(gy)]

whgre 41, 92, and g, are, respectively, eigenvectors associated with i, ety + jB;, and a3 + jBs.
This form is useful in state-space design.
4.3.2 Magnitude Scaling in Op-Amp Circuits

A§ di.scussed in Section 2.3.1, every LTI state equation can be implemented using an op-amp
circuit.! In actual op-amp circuits, all signals are limited by power supplies. If we use &=15-volt

1. This subsection may be skipped without loss of continuity.
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power supplies, then all signals are roughly limited to 13 volts. If any signal goes outside
the range, the circuit will saturate and will not behave as the state equation dictates. Therefore
saturation is an important issue in actual op-amp circuit implementation.

Consider an LTI state equation and suppose all signals must be limited to £ M. For linear
systems, if the input magnitude increases by «, so do the magnitudes of all state variables
and the output. Thus there must be a limit on input magnitude. Clearly it is desirable to have
the admissible input magnitude as large as possible. One way to achieve this is to use an
equivalence transformation so that

Ol < Iyl <M

for all i and for all ¢. The equivalence transformation, however, will not alter the relationship
between the input and output; therefore we can use the original state equation to find the input
range to achieve |y(¢)| < M. In addition, we can use the same transformation to amplify some
state variables to increase visibility or accuracy. This is illustrated in the next example.

ExaMmPLE 4.5 Consider the state equation

(o[-0 27 [0
1o 1] o1 ]"
y=[0.1 —1Jx

Suppose the input is a step function of various magnitude and the equation is to be implemented
using an op-amp circuit in which all signals must be limited to £10. First we use MATLAB
to find its unit-step response. We type

a=[-0.1 2;0 -11;b=[10;0.11;¢c={0.2 -1);d=0;
[v.x,t]=step(a,b,c,d};
plot(t,y,t,x)

which yields the plot in Fig. 4.3(a). We see that |x||mey = 100 > {V|max = 20 and
X2l << |y|max. The state variable x> is hardly visible and its largest magnitude is found
to be 0.1 by plotting it separately (not shown). From the plot, we see that if {«(r)] < 0.5, then
the output will not saturate but x; (¢) will.

Let us introduce new state variables as

- 20 - 20
X| = ——=X| =0,2X1 X2 =

100 0.1

With this transformation. the maximum magnitudes of x,(¢) and %> (¢) will equal |y|max. Thus
if y(r) does not saturate, neither will all the state variables %;. The transformation can be
expressed as X = Px with

p_[02 0 pi_[5 0
0 200 0 0.005

Then its equivalent state equation can readily be computed from (4.26) as

;_[-01 oom2), T2
Lo -l 20|

y=[1 —0.005]%

X> = 200.\'3
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Figure 4.3 Time responses.

[ts step responses due to u(r) = 0.5 are plotted in Fig. 4.3(b). We see that all signals lie inside
the range +10 and occupy the full scale. Thus the equivalence state equation is better for
op-amp circuit implementation or simulation.

The magnitude scaling is important in using op-amp circuits to implement or simulate
continuous-time systems. Although we discuss only step inputs, the idea is applicable to any
input. We meation that analog computers are essentially op-amp circuits. Before the advent of
digital computers, magnitude scaling in analog computer simulation was carried out by trial
and error. With the help of digital computer simulation, the magnitude scaling can now be
carried out easily.

4.4 Redalizations

Every linear time-invariant (LTI) system can be described by the input~output description
¥i5) = G(9)iacs)
and, if the system is lumped as well, by the state-space equation description

X(r) = Ax(r) + Bu(r)
: (4.29)
y(t) = Cx(1) + Du(r)

If the state equation is known, the transfer matrix can be computed as G(5) = C(sT-A)"'B+D.
The computed transfer matrix is unique. Now we study the converse problem, that is, to find a
state-space equation from a given transfer matrix. This is called the realization problem. This
terminology is justified by the fact that, by using the state equation, we can build an op-amp
circuit for the transfer matrix.

A transfer matrix G(s) is said to be realizable if there exists a finite-dimensional state
equation (4.29) or, simply, {A. B, C, D} such that

G(s) =CGI-A)"'B+D
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and {A, B, C, D} is called a realization of f;(s). An LTI distributed system can be described
by a transfer matrix, but not by a finite-dimensional state equation. Thus not every é(s) is
realizable. If C(s) is realizable, then it has infinitely many realizations, not necessarily of
the same dimension. Thus the realization problem is fairly complex. We studs here only the
realizability condition. The other issues will be studied in later chapters.

Theorem 4.2

A transfer matrix C(s) is realizable if and only if G(S) is a proper rational matrix.

We use (3.19) to write

Gyp(s) :=C(sI-A)"'B= 5 ClAd (51— A)1B (4.30)

1
det(sT —
If Ais n x n, then det (sI — A) has degree n. Every entry of Adj (s — A) is the determinant
of an (n — 1) x (n — 1) submatrix of (sI — A); thus it has at most degree (» — 1). Their linear
combinations again have at most degree (n — 1). Thus we conclude that C(sI — A)"'Bis a
strictly proper rational matrix. If D is a nonzero matrix, then C(sI — A)~'B + D is proper. This
shows that if G(s) is realizable, then it is a proper rational matrix. Note that we have

G(cc) =D

Next we show the converse; that is. if G(s) is a g x p proper rational matrix, then there
exists a realization. First we decompose G(s) as

G(s) = G(o0) + Gy () @.31)

where ij is the strictly proper part of C(s). Let
ds)=s5s"+a;8 '+ +a, s +a, (4.32)
be the least common denominator of all entries of (}Sp(s). Here we require d(s) to be monic;

that is, its leading coefficient is 1. Then G;p(s) can be expressed as

A 1 s
Gopls) = 75 NWI = Nis™' +Nos" 2+ +Nis +N ] (433)
5

1
oLl

where N; are ¢ x p constant matrices. Now we claim that the set of equations

-, -, - —ar I, -—a/l, 1,
I, 0 0 0 0
%= 0 L - 0 0 x+190 {u
(4.34)
0 0 I, 0 0

y=[N/ N ---N, N,]X+C(oo)u
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is arealization ofé(s). The matrix I, is the p x p unit matrix and every 0isa p x p zero matrix.
The A-matrix is said to be in block companion form; it consists of r rows and r columns of
p x p matrices; thus the A-matrix has order rp x rp. The B-matrix has order rp x p. Because
the C-matrix consists of r number of N;, each of order ¢ x p, the C-matrix has order q xrp.
The realization has dimension rp and is said to be in controllable canonical form.
We show that (4.34) is a realization of G(s) in (4.31) and (4.33). Let us define
Z,
2, .
Z:=|  |=(6I-A)"B (4.35)
z,
where Z; is p x p and Zis rp x p. Thensthe transfer matrix of (4.34) equals
¢
CI—A) B+ G(o0) = NZ; + NoZy + - - + N, Z, + G(c0) (4.36)
We write (4.35) as (s ~ A)Z =B or
sZ=AZ+B (4.37)

Using the shifting property of the companion form of A, from the second to the last block of
equations in (4.37), we can readily obtain

SZz=Zl, SZ3=Zz, RN SZ,=Z,-_.1
which implies
1 1 1
L =-2,, Ly=3L, -, L =-—=I
s s s
Substituting these into the first block of equations in (4.37) yields
SZI = ——aIZl — a2Z2 — = a,Z, +Ip
[0 %} o,
—-—(al+?+"'+s,_l)zl+1p
or, using (4.32),
o o, d(s)
<s+a1+—2+-~~+ ,_l)Zl = -,(jll =1
s s s
Thus we have
Sr—l 5’—2 1
Z,=—-I1, Z,=—I1, ..., Z,=—I
Tam T am? ds) *

Substituting these into (4.36) yields

CisI— A)"'B + G(oo) = %[N,s"‘ +Nas" 24 ...+ N,1+ G(oo0)

This equals C(x) in (4.31) and (4.33). This shows that (4.34) is a realization of é(s).
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ExaMPLE 4.6 Consider the proper rational matrix

4s — 10 3
6o=| P
s+ D +2) (s+2)2
b 3 (4.38)
_[2 0 " 25 + 1 s+2
1o o0 1 s+1

Qs+ D +2) (s+2)°

where we have decomposed G(s) into the sum of a constant matrix and a strictly proper rational
matrix G;,(s). The monic least common denominator of Gyp(s)isd(s) = (s +0.5) (s + )2 =
53 4+ 4.55> + 65 + 2. Thus we have

1 —6(s +2)* 3(s+2)(5+0.5)]
344552 +654+2] 056+2) (s+D(s+05)

_L(—6 32, [-2¢ 75 —24 3])
Tao\lo 1]’ 05 15]°T1 1 os

and a realization of (4.38) is

ésp(s) =

(45 0o : =6 0 -2 o]
) ) r1 0 7
0 -45 0 -6 0 =2 0 1
10 0 0 0 0 0 0 |[u
X = X4 0 0
0 1 0 0 0 0 H2
0 0
0 0 10 ) Lo o
0 0 0 1 0 OJ
yo| 3 24 75 24 3]X+[2 8:’[’”} (4.39)
Lo 1 05 15 1 05 0 =

This is a six-dimensional realization.

We discuss a special case of (4.31) and (4.34) in which p = 1. To save space, we assume
r = 4 and g = 2. However, the discussion applies to any positive integers r and ¢q. Consider
the 2 x 1 proper rational matrix

) l 1
G(s) = +
) [dz} s+ o8P+ ars? Fays +ag

] |:/31152 +ﬂ1253+/3135 +514] (4.40)
Ba15> + B2as® + Bass + Bas
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G‘u(-\')

()

Then its realization can be obtained directly from (4.34) as

—a) —ay —Q3 —oy 1
e b0 0 o | ol
0 I 0 o 0
o 0 1 0 0 (4.41)

_|Bu Bz Bz Bu d
y—[ﬂzx Bn Bz ;‘3:4}”_[(1:}“

This controllable-canonical-form realization can be read out from the coefficients of G(s) in
(4.40).

There are many ways to realize a proper transfer matrix. _For example, Problem 4.9
gives a different realization of (4.33) with dimension rq. Let G.;(s) be the ith column of
G(S and let u; be the ith component of the input vector u. Then y(s) = G(s)u(s) can be
expressed as

¥ = Gy ()it (5) + Goa()ita(s) + - = 1 (5) + Fea(s) + - -

as shown in Fig. 4. 4(a Thus we can realize each column of G(s) and then combine them to
yield a realization of G(s) Let G,, (5) be the ith row of G(s) and let y; be the ith component
of the output vector y. Then $(s) = G(s)u(s) can be expressed as

5(s) = Gy (5)ia(s)

as shown in Fig. f¥.4(b). Thus we can realize each row of G(s) and then combine them to obtain
a realization of G(s). Clearly we can also realize each entry of C(s) and then combine them
to obtain a realization of C(:). See Reference [6. pp. 158-160].

The MATLAB function {a,b,c,d]=tf2ss (num, den) generates the controllable-
canonical-form realization shown in (4.41) for any smgle input multiple-output transfer matrix
G(s). Inits employment, there is no need to decompose G(s) asin (4.31). But we must compute
its least common denominator, not necessarily monic. The next example will apply
each column of G(s) in (4.38) and then combine them to form a realization of G(s)

f2ssto

Figure 4.4 Realizations of G(s) by

G, 15) f————— columns and by rows.

Gr: (3) e

(b)

L. it dobbso

M Sl e i
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ExampLE 4.7 Consider the proper rational matrix in (4.38). Its first column is
4s — 10 (4s —10)(s +2) 457 — 25 — 20
A 2s + 2 2 :
Ga(s) = il =| FhEE o] 2t s

(2s + 1)(s +2)

257+ 5542 252+ 55 +2

Typing
ni={4 -2 -20;0 0 1);d:i=[2 5 2}; la,o,c,3.=tflss(nl,dl)
yields the following realization for the first column of C(s):

X =Ax; +b =2 L
= X U = X
i 141 1] 1 0 1 O Uy

C d -6 —12 2
Ya =0ixg + 1“[—[0 0‘5]\1+[0}”

Similarly, the function £t £2ss can generate the following realization for the second column

(4.42)

ofé(s):
X1:A3X3+bgll2={_4 ~4}x3+[1:|ul
1 0 0
16 o (4.43)
Yo = Caxs dnuv—’:l 1]xz+[0]u:
These two realizations can be combined as
)00 S0l 00 sl
Xz 0 A j|x» 0 by ||us
Y=Y +¥2=[C Clx+[d ds]u
or
=25 -1 0 0 10
‘= 1 0O 0 o0 - 00 "
0 0 -4 -4 0 1
0 0 1 0 00 (@44

_[-6 _1236\(+20u

Y=1lo o5 1 10 o
This is a different realization of the f;(s) in (4.38). This realization has dimension 4, two less
than the one in (4.39).

The two state equations in (4.39) and (4.44) are zero-state equivalent because they have
the same transter matrix. They are, however, not algebraically equivalent. More will be said
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in Chapter 7 regarding realizations. We mention that all discussion in this section, including
tf2ss, applies without any modification to the discrete-time case

4.5 Solution of Linear Time-Varying (LTV) Equations

Consider the linear time-varying (LTV) state equation
x(t) = A@)x(t) + B(r)u(r) (4.45)
y(1) = C(O)x(r) + D()u(r) (4.46)

It is assumed that, for every initial state {(to) and any input u(t), the state equation has a
unique solution. A sufficient condition forfsuch an assumption is that every entry of A(f) is a
continuous function of ¢. Before considering the general case, we first discuss the solutions of
X(1) = A(1)x(t) and the reasons why the approach taken in the time-invariant case cannot be
used here.

The solution of the time-invariant equation X = Ax can be extended from the scalar
equation ¥ = ax. The solution of ¥ = ax is x(t) = ¢*x(0) with d(¢?")/dt = ae® = e"a.
Similarly, the solution of X = Ax is x(¢) = e‘x(0) with

ieAr =AeA’ :eAIA
dt

where the commutative property is crucial. Note that, in general, we have AB # BA and
e(A+B) # AT Bt

The solution of the scalar time-varying equation x = a(¢)x due to x(0) is
x(1) = o5 ()
with
4 fratwde _ a(t)efo’ a0 _ efl;“(”‘“a(t)
t
Extending this to the matrix case becomes
x(t) = oAy o) (4.47)

with, using (3.51),

ey _yy /IA(r)dt +1 (/ A(r)dr> (/ A(s>ds) +--
0 2 1] 4]

This extension, however, is not valid because
d 1 I3 1 t
-—efo MO _ A + lA(t) / A(s)ds) + = (/ A(r)df) Al +---
dt 2 0 2 0

£ A(r)edo A0 (4.48)

Thus, in general, (4.47) is not a solution of X = A(#)x. In conclusion, we cannot extend the
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solution of scalar time-varying equations to the matrix case and must use a different approach
to develop the solution.
Consider

X = A(n)x (4.49)

where A is n x n with continuous functions of ¢ as its entries. Then for every initial state x; (o),
there exists a unique solution X, (t), fori =1, 2, ..., n. We can arrange these n solutions as
X =[x; x2 --- X,], a square matrix of order n. Because every x; satisfies (4.49), we have

X(1) = AOX() (4.50)

If X(#) is nonsingular or the n initial states are linearly independent, then X(z) is called a
fundamental matrix of (4.49). Because the initial states can arbitrarily be chosen, as long as
they are linearly independent, the fundamental matrix is not unique.

ExaMpLE 4.8 Consider the homogeneous equation
x(t) = 00 x(t) 5D
=1, o .
or
M =0 () =1x()

The solution of X, (t) = 0 for 1y = 0 is x;(r) = x,(0); the solution of %,(¢) = tx,(t) = 1x,(0)
is

x(t) = / 1x1(0)dT + x2(0) = 0.51°x; (0) + x2(0)
0

Thus we have

_[x©®
X0 = [xz(O)]

_ XI(O) _ 1 _ 1
0= [xz(O)] - [2] = X0 = [o.s:2 +2]

The two initial states are linearly independent; thus

1}
—
[ew)
[t
e
2
=
o)
Il
—
o
[
B4
[ %)
—

and

1 1 .
X = ':0.51‘2 0.5 + 2] (#32)

is a fundamental matrix.

A very important property of the fundamental matrix is that X(¢) is nonsingular for all ¢.
For example, X(¢) in (4.52) has determinant 0.5¢% + 2 — 0.5:2 = 2; thus it is nonsingular for
all r. We argue intuitively why this is the case. If X(¢) is singular at some ¢, then there exists
a nonzero vector v such that x(#;) := X(¢)v = 0, which, in turn, implies x(¢) := X{#)v = 0
for all 7, in particular, at = . This is a contradiction. Thus X(¢) is nonsingular for all 7.
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Definition 4.2 Let X (1) be any fundamental marrix of X = A(t)x. Then
(1, 1y) 1= X(HX ™ (1)

is called the state transition matrix of X = A(r)X. The state transition matrix is also the
unique solution of

3
Etb(z, to) = A()®(1, 1) (4.53)

with the initial condition ®(tg. t5) = L

Because X(t) is nonsingular for all ¢, its inverse is well defined. Equation (4.53) follows
directly from (4.50). From the deﬁnition,‘we have the following important properties of the
state transition matrix: t

O, 1) =1 (4.54)
7' (2, 10) = [(X(OX ™ (1)) ™! = X(1)X (1) = (s, 1) (4.55)
b, 10) = @U. 1) D (1. 1) (4.56)

for every ¢, 15, and ¢;.

EXaMPLE 4.9 Consider the homogeneous equation in Example 4.8. Its fundamental matrix
was computed as
1
xo=| 1, !
0.5 0.5t-+2
Its inverse is, using (3.20),
0.25r2+1 -0
X' = - >
—0.25+ 05

Thus the state transition matrix is given by

oy =] ! 1 0.25;5+1 -05
T l0se 0542 —0252 05

_{ 1 0
T LOSE —1)) 1}

It is straightforward to verify that this transition matrix satisfies (4.53) and has the three
properties listed in (4.54) through (4.56).

Now we claim that the solution of (4.45) excited by the initial state x(19) = Xp and the
input u(t) is given by

X(1) = ®(1, 19)Xp +/ (1, T)B(t)u(r) dt (4.57)
= ®(, 1) [xo +/ @ (15, T)B(1)u(7) dr:l (4.58)
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where ®(r, 7) is the state transition matrix of X = A(r)x. Equation (4.58) follows from (4.57)
by using ®(r, 1) = ®(1, 1) P (5. T). We show that (4.57) satisfies the initial condition and the
state equaton. At ¢ = fy. we have

o
x(19) = ®(ty. 1p)Xo +/ @(r. )B()u(r)dr =Ixg + 0 = x,

o

Thus (4.57) satisfies the initial condition. Using (4.53) and (4.6). we have

d 3 a [
—x(1) = —®(¢. 19)x0 + — | (. 7)B(r)u(r)dr
dt at ar Jy,

U
:A(t)d>(r.ro)x0+/ (a—[dm. r)B(r)) dt + ®(r, )B(r)uir)

o

= A()P®(. tp)Xg +/ AN)D(r. 1)B(t)u(r) dr + B(t)u(r)

f
= A(r) [(b(t, 10)Xg + /’ @(:. 7)B(1)u(t) dr] + B(H)u(r)
%
= A()x(1) + B(t)u(r)
Thus (4.57) is the solution. Substituting (4.57) into (4.46) yields
y(1) = C(6)®(r. t5)x9 + C(t) /[ $(r, v)B(t)u(r)dr + D(r)u(r) (4.59)
D)
If the input is identically zero, then Equation (4.57) reduces to
X(t) = ®(1. 1p)Xo

This is the zero-input response. Thus the state transition matrix governs the unforced propa-
gation of the state vector. If the initial state is zero. then (4.59) reduces to

t
yi) = C(t)/ ®(¢t. 7)B(t)u(r)dr + D()u(r)
n

t
=/ [C)®(r. v)B(r) + Dt — t)]u(r)dr (4.60)
0
This is the zero-state response. As discussed in (2.5), the zero-state response can be described by
’
y(r) =f G(r.t)u(r)dr (4.61)
fo

where G(r. 7) is the impulse response matrix and is the output at time t excited by an impulse
input applied at time 7. Comparing (4.60) and (4.61) yields
G(t. 1) =C)®(r, T)B() + D(1)8(t — 1)
=CHXOX HOB(T) + D1)8(r — 1) (4.62)

This relates the input—output and state-space descriptions.
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The solutions in (4.57) and (4.59) hinge on solving (4.49) or 4.53). IfA@D) 18 triangular

such as
2o _[an® 0 ] [x.(w]
[m) T lan® an®Lx®
. Cint
we can solve the scalar equation 5 (1) = an®x1() and then substitute 1t 1nto

%2(1) = an(Dx2() + ax (Hx (1)

i i »(1). This is
Because x; (t) has been solved, the preceding scalar.equatlon can be sc:l\t/z: fﬁ; Z;;l)mutauve
what we did in Example 4.8. If A(), such as A(r) diagonal or constant,

property ( [
At (/, A(;)dr) = (/ A(r)dr) A®)
to o

for all 5 and ¢, then the solution of (4.53) can be shown to be k
: - 1 [ 4.63
A(r)ydr ( . )
&1, 15) =€’ :Zﬁ</lo A(r)dt
k=0

For A(r) constant, (4.63) reduces to
¢, 0) =V =00 —1)

i i iti atrices is
and X (1) = €*'. Other than the preceding special cases, computing state transition m
generally difficult.

4.5.1 Discrete-Time Case

Consider the discrete-time state equation
xk+ 1= Afk)x[k] + B(klu(k] (4.64)
ylk] = ClkIx[k] + D{k]ulk] (4.65)
¢ equations and their solutions can be computed recursively once

The set consists of algebral : e e ovach
the initial state X{ko] and the input ufk), for k > ko, are given. The situatio

i i - i ¢ e' .. .
Sl e e st can define the discrete state transition matrix as the
i i i we
As in the continuous-time case,

solution of
&k + 1, kol = A[k1®[k, kol with ®[ko. kol =1
for k = ko, ko + 1 This is the discrete counterpart of (4.53) and its solution can be
or kK = Ko, Ko R
obtained directly as
.66
&k, ko) = Alk - Ak —-2]--- Alkol (4.66)

igni i inuous- and
for k > ko and ®[ko, ko] = 1. We discuss a significant difference betwe.en the ::;t:]r; N
, . can : ) :
discretc-t(i)me cases. Because the fundamental matrix in the continuous time ¢

TP

4.6 Equivalent Time-Varying Equations 1t

for all ¢, the state transition matrix ®(t, 7o) is defined for ¢ > 1y and ¢ < 1y and can govern the
propagation of the state vector in the positive-time and negative-time directions. In the discrete-
time case, the A-matrix can be singular; thus the inverse of ®[k, ko] may not be defined. Thus
D[k, ko] is defined only for k > ko and governs the propagation of the state vector in only the
positive-time direction. Therefore the discrete counterpart of (4.56) or

DLk, kol = P[k, ki ]®[41. ko]
holds only for k > k; > ko.

Using the discrete state transition matrix, we can express the solutions of (4.64) and (4.65)
as, for k > ko,

k-1
x(k] = ®(k. kolxo + _ @[k, m + 1]B[m]ulm]

m=ky
(4.67)
k-1
yIk] = Clk1®k, kolxo + C(k] ) ®(k, m + 1]Bm]ulm] + D{k]ulk]
m=kg
Their derivations are similar to those of (4.20) and (4.21) and will not be repeated.
If the initial state is zero, Equation (4.67) reduces to
k-1
vk] = Clk] Z ®[k.m + 1)B[mlu[m] + D[k]ufk] (4.68)

m=ko

for k > ko. This describes the zero-state response of (4.65). If we define ®[k, m] = 0 for
k < m, then (4.68) can be written as

k
vkl = ) (CKI®[k, m + 11B{m] + D[m]s[k ~ m]) u[m]

m=kg

where the impulse sequence §{k — m] equals 1 if k = m and 0 if ¥ # m. Comparing this with
the multivariable version of (2.34), we have

Glk,m] = CIKI®[k, m + 1]B{m} + D13k — m]

for k > m. This relates the impulse response sequence and the state equation and is the discrete
counterpart of (4.62).

4.6 Equivalent Time-Varying Equations

This section extends the equivalent state equations discussed in Section 4.3 to the time-varying
case. Consider the n-dimensional linear time-varying state equation

x=A(x+B(Hu

(4.69)
y=C(t)x +D(r)u
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Let P(¢) be an n x n matrix. It is assumed that P(r) is nonsingular and both P(r) and P(z) are
continuous for all . Let X = P(r)x. Then the state equation

X =A(X +B(Hu
) ) (4.70)
y=C@®)X +D(t)u
where
A =[POAQD) + PP 1)
B(:) = P()B(t)
C(r) = C()P~ (1)
D) = Dis)

is said to be (algebraically) equivalent to (4.69) and P(r) is called an (algebraic) equivalence
transformation.

Equation (4.70) is obtained from (4.69) by substituting ¥ = P(t)x and X = P(1)x +P(r)k.
Let X be a fundamental matrix of (4.69). Then we claim that

Xir) = P@)X(1) (4.71)

is a fundamental matrix of (4.70). By definition, X(t) = A(r)X(t) and X(r) is nonsingular for
all ¢. Because the rank of a matrix will not change by multiplying a nonsingular matrix, the
rpatriz( P(1)X(¢) is also nonsingular for all r. Now we show that P(7)X(r) satisfies the equation
X = A(t)x. Indeed, we have

d . , .
E[P(t)X(t)] =P)X() +P(OX() = P()X(1) + P()HA ()X (1)

= [P(t) + POAOIP{(OPOIX (1) = A[P()X(1)]

Thus P(#)X(r) is a fundamental matrix off{(t): A(t)i(t).

Theorem 4.3

Let A, be an arbitrary constant matrix. Then there exists an equivalence transformation that transforms
(4.69) into (4.70) with A(1) = A,,.

Proof: Let X(¢) be a fundamental matrix of X = A(¢)x. The differentiation of X~!(z)
X(r) = N yields
XX+ XK =0
which implies
X7 = =X OAOXOX (D) = —X" (1)A®) (4.72)

!}ecal_lse Al = A, is a constant matrix, X(t) = e is a fundamental matrix of
X = A(1)X = A,x. Following (4.71). we define

P(r) ;= X(OX ™' (1) = e*' X' (1) (4.73)
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and compute
A(r) = [P(OAW) + PP (1)
= [ XN DAW) + 8™ X7 (1) + eV X ()X (1)
which becomes, after substituting (4.72),
A(D) =AM X (DX(e™™ = A,
This establishes the theorem. Q.E.D.

If A, is chosen as a zero matrix, then P(t) = X~!(¢) and (4.70) reduces to
AN =0 Bo=X"'0Br) Co=CHX() Duy=D@) 74

The block diagrams of (4.69) with A(¢) # 0 and A(¢) = 0 are plotted in Fig. 4.5. The block
diagram with A(f) = 0 has no feedback and is considerably simpler. Every time-varying state
equation can be transformed into such a block diagram. However, in order to do so, we must
know its fundamental matrix.

The impulse response matrix of (4.69) is given in (4.62). The impulse response matrix of
(4.70) is, using (4.71) and (4.72),

G, 1) = COXWOX (1)B(r) + D)8 — 1)

Y D
7
u X X y
B f J C
7 7
A K
(a)
AN -
D
u . LN x | + 7
B / 2 C
7 7 7
+
(b)

Figure 4.5 Block daigrams with feedback and without feedback.
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- C(,)p—l(,)p(,)x(,)x-‘(r)P-‘(r)P(r)B(r) +D@)8 — 1)
= C(OXMOX()B() + DO — 1) =G T)

is i i 1 tion. The
Thus the impulse response matrix is invarnant under any equivalence transforma

property of the A-matrix, however, may not be preserved in equivalen:; tr.ansfon’nautonnsI . ;o;
, i to a constal
i formed, as shown in Theorem 4.5, 1t ; :
example, every A-matrix can be trans 3 o tine nvactant
i i t have any property of A(?). i
zero matrix. Clearly the zero matrix does no \ In s
case, equivalence transformations will preserve al'l propemes of ’the ongmal::latzasc: aton
Thus the equivalence transformation in the time-invariant case is not a specl

time-varying case.

Definition 4.3 A matrix P(t) is called qLyapunov transformation if P(¢) is no'nsing;z‘lsagr,
P(t)and P(t) are continuous, and P (1) and P~ (1) are boundedforallt. Equatmns.( .69)
and (4.70) are said to be Lyapunov equivalent if P(r) is a Lyapunov transformation.

. - . us

Itis clear that if P(¢) = P is a constant matrx, thenitisa Lyapu'nov transffor;na;o:. I:OV

the (algebraic) transformation in the time-invariant case 1fs a spfecmlt }c‘:ase T(;] ) (t)r:mi gdoes
i i i Lyapunov transformation, then .

transformation. If P(¢) is required to be a . ' ; 2 doss

not hold in general. In other words, not every nme'—varymg state éqgatlon .cf:z:(}))eii,yeg()dic

equivalent o a state equation with a constant A-matrix. However, this is true 1 p .

Periodic state equations Consider the linear time-varying state equation in (4.69). It is
assumed that
A+ T)=A()

Vi A(t) 1S pen()d C with per iod T. Let !
for all 1 and for some pOSltl € constant T. That 18, E |
a fundamental matrix ofx = A(t)x or X(f) = A(t)X(t) with X(()) llOllSlIlgUlal. Then we have

Xt +T)= A+ DX +T)=AOXt +T)
Thus X(t + T)isalsoa fundamental matrix. Furthermore, it can be expressed as
Xt +T) = X(OXHO)X(T) (4.75)

-1 : tant
This can be verified by direct substitution. Let us define Q = X (O)X(Z)T. It_ is a(;?n;i;
nonsingular matrix. For this Q there exists a constant matrix A such that e’ = Q (Pro

o
3.24). Thus (4.75) can be written as

Xt +T) = X(0)eT (4.76)
Define
PQ) = eMXTHD) @n
We show that P(¢) is periodic with period T: V
P+ T) = ACTDX (1 4 T) = e [ TX 7))
= AMXH() = P
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» Theorem 4.4

Consider (4.69) with A(t) = A(t + T) for all t and some T > 0. Let X(t) be a fundamental matrix

of X = A(f)X. Let A be the constant matrix computed from eA7 = X~1(0)X(T'). Then (4.69) is
Lyapunov equivalent to

x(1) = AX(1) + P()B()u(r)
y(6) = COP~ (OX(r) + D(r)u(r)
where P(1) = A X1 (2).

The matrix P(z) in (4.77) satisfies all conditions in Definition 4.3; thus it is a Lyapunov
transformation. The rest of the theorem follows directly from Theorem 4.3. The homogeneous
part of Theorem 4.4 is the theory of Floquet. It states that if =AMxandif A(t+T) = A(r)
for all ¢, then its fundamental matrix is of the form P~!(¢t)e*’, where P~!(¢) is a periodic
function. Furthermore, X = A(#)x is Lyapunov equivalent to X = AX.

4.7 Time-Varying Realizations

We studied in Section 4.4 the realization problem for linear time-invariant systems. In this

section, we study the corresponding problem for linear time-varying systems. The Laplace

transform cannot be used here; therefore we study the problem directly in the time domain.
Every linear time-varying system can be described by the input—output description

y() =/ G, u(r) dr

‘0

and, if the system is lumped as well, by the state equation

x(1) = A(Ox(r) + B(HHu(r)

4.78)
y(r) = C()x(2) + D()u(r)
If the state equation is available, the impulse response matrix can be computed from
G(, 1) = COXOX Y (1)B(r) + D@t — 1) fort >t (4.79)

where X(#) is a fundamental matrix of X = A(#)x. The converse problem is to find a state
equation from a given impulse response matrix. An impulse response matrix G(t, t) is said to
be realizable if there exists {A(¢), B(z), C(z), D(r)} to meet (4.79).

» Theorem 4.5
A g x p impulse response matrix G(z, 7) is realizable if and only if G(¢, ) can be decomposed as

G(t.t) = M()N(@) + D(1)8(t — 1) (4.80)

forall t > t, where M, N, and D are, respectively, ¢ X n,n x p, and ¢ x p matrices for some
integer 7.
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;_i Proof: If G(t, t) is realizable, there exists a realization that meets (4.79). Identifying
M(r) = C(1)X(r) and N(t) = X~ !(r)B(1) establishes the necessary part of the theorem.
If G(r. T) can be decomposed as in (4.80), then the 7-dimensional state equation
Xx(r) = N(r)u(r)
(4.81)
y(1) = M(0)x(1) + D(t)u(r)

is a realization. Indeed, a fundamental matrix of X = 0 - x is X(r) = I. Thus the impulse
response matrix of (4.81) is

MOI-T7IN(T) + D)8 — 1)
which equals G(z, t). This shows the sufficiency of the theorem. Q.E.D.

Although Theorem 4.5 can also be applied to time-invariant systems. the result is not
useful in practical implementation, as the next example illustrates.

ExamPLE 4.10 Consider g(t) = re* or
Alt—1)

glt,r)y=gr—t)y=(~1)e

It is straightforward to verify

AT
gt —1) = [ re*'l[ - }
4

3} Thus the two-dimensional time-varying state equation

j X(t) = 0 O}X+[_w—k[]u(t)
E MW=19 9 e

(4.82)
y () = [ e ]x(2)
is a realization of the impulse response g(1) = teh,
E The Laplace transform of the impulse response is
. I 1 1
: B =Ll = 55 = g R
;‘ Using (4.41), we can readily obtain
(0 = [2}' _kz}xu) + [ ) } u(r)
1o 0 (4.83)

y(r) =[0 1]x()

This LTI state equation is a different realization of the same impulse response. This realization
is clearly more desirable because it can readily be implemented using an op-amp circuit. The
@ implementation of (4.82) is much more difficult in practice.

PROB!

LEMS

A
B

4.2

43
44

4.6

4.7
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An oscillation can be generated by
X = 01 X
Tl-t oo
cosrt
Xx(1) = l: .
~sint
Use two different methods to find the unit-step response of

N ENNG)

y={2 3k

Show that its selution is

Sm']x(O)

Ccos?

Discretize the state equation in Problem 42 forT = land T = x.

Find the companion-form and modal-form equivalent equations of

-2 0 0 1
x=1] 1 0 1 [x+|0u

0o -2 =2 1
y={l —10}K

Find an equivalent state equation of the equation in Problem 4.4 so that all state variables
have their largest magnitudes roughly equal to the largest magnitude of the output. If
all signals are required to lie inside %10 volts and if the input is a step function with
magnitude a, what is the permissible largest a?

._[» 0 <+ by o 2
X = 0 il b u y=[c ¢lx

where the overbar denotes complex conjugate. Verify that the equation can be trans-
formed into

Consider

X=AX+bu y=¢x

o

io[o Retbre)]
Lok a+i Re(bicy

by using the transformation x = QX with

=i by
Q‘_[—wl 51]

0 - -
= [l] ¢; = [—-2Re(rbic))

Verify that the Jordan-form equation
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A1 00 OO by
0 x 1000 by
00 A 000 by
*=lo o0 i1 0|*|&]|"
0000 X 1 by
00000 A by
y=lci cz c5 01 & G3)x
can be transformed into
AL 0 b
x=|0 A L )‘(‘+ l:) u y=[¢ & &)X
0 0 A b
where A, b, and ¢; are defined in Problem 4.6 and I is the unit matrix of order 2. [Hint:
Change the order of the state variables from [x; x; x3 X3 x5 Xs]' to [x1 x4 x2 x5
x3 xg]’ and then apply the equivalence transformation x = QX with Q = diag(Q,
Q2,Q3).]
4.8 Are the two sets of state equations
21 2 1
x=]0 2 2|x|1]u y=[1-10]x i
0 01 0 i
and
2 1 1 1
x=10 2 (x| 1}u y=[1-10]x
0 0 -t 0

equivalent? Are they zero-state equivalent? -

4.9  Verify that the transfer matrix in (4.33) has the following realization:

—l, I, 0 - 0 N,
—al, 0 I, - 0 N
X = ClX + 1| u
—ar—llq o o0 --. Iq N,
—ad, 0 0 0 N,

y={I,00 ... 0kx
This is called the observable canonical form realization and has dimension rq. It is dual

to (4.34).

4.10 Consider the 1 x 2 proper rational matrix
1
st 48P +aps? +azs +ag

Ge)=1d, dil+

Problems 119

X [Bus® + Bus” + Baus + B Buas’ + Bns® + Baas + Bl

Show that its observable canonical form realization can be reduced from Problem 4.9 as

—a; 1 00 B B2
. a2 01 0 B P
X= X + u
—a3 0 0 1 Bt B
—a; 0 0 0 Bu Bx
y=[100 O)x+[d dlu
4.11 Find a realization for the proper rational matrix
2 2s -3
G(s): s+1 4+ D(s+2)
s—=2 s
s+1 §+2

4.12 Find a realization for each column of f}(s) in Problem 4.11 and then connect them,
as shown in Fig. 4.4(a), to obtain a realization of G(s). What is the dimension of this
realization? Compare this dimension with the one in Problem 4.11.

4.13 Find a realization for each row of C(s) iq Problem 4.11 and then connect them, as shown
in Fig. 4.4(b), to obtain a realization of G(s). What is the dimension of this realization?
Compare this dimension with the ones in Problems 4.11 and 4.12.

4.14 Find a realization for

&s) = —(125 +6) 225 +23
Tl 3s+34 35434
4.15 Consider the n-dimensional state equation
X = Ax + bu y=cx

Let g(s) be its transfer function. Show that g(s) has m zeros or, equivalently, the
numerator of Z(s) has degree m if and only if

cAb=0  fori=01,2,....n-m—2

and cA""™~'b 3 0. Or, equivalently, the difference between the degrees of the denom-
inator and numerator of g(s) is« =n — m if and only if

A 'b #£0 and cA'b=0

fori=0,1,2,....0 = 2.

4.16 Find fundamental matrices and state transition matrices for

)k—le
o
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4.17
4.18

4.19

4.20

4.21

4.22

4.23
4.24

4.25

4.26

and

Show a®(ty, 1)/t = — D (19, 1)A(L).

Given
ay(t) ap()
A =
® [azx(f) az:(f)}
show
det ®(r. 1) = exp;[/ (an(r) +axn(t)) df}
Let

D),(t, 10) d>1z(t,to)]

b1, 1) = IZ‘I’ZI(’" to) Dt t)

be the state transition matrix of

o [An@® Ap®)
x(r)—[ 0 Azz(t)]xm

Show that ®,(¢, 1) = 0 for all r and ty and that (3/3t)®,; (¢, to) = A;; P (1. 1), for
i=12

Find the state transition matrix of
5 —sint? 0 X
X =
0 —cost

Verify that X(t) = ¢ Ce® is the solution of

X = AX + XB X(0)=C

Show that if A(r) = A{A(1) — A(t)A,, then
A() = e A(0)e A

Show also that the eigenvalues of A(r) are independent of 1.

Find an equivalent time-invariant state equation of the equation in Problem 4.20.
Transform a time-invariant (A, B, C) into (0, B(r), C()) by a time-varying equivalence
transformation.

Find a time-varying realization and a time-invariant realization of the impulse response
glt) = r2eM.

Find a realization of g(¢, ) = sint(e~~") cos 7. Is it possible to find a time-invariant
state equation realization?

Stability

5.1 Introduction

Systems are designed to perform some tasks or to process signals. If a system is not stable, the
system may burn out, disintegrate, or saturate when a signal, no matter how small, is applied.
Therefore an unstable system is useless in practice and stability is a basic requirement for all
systems. In addition to stability, systems must meet other requirements, such as to track desired
signals and to suppress noise, to be really useful in practice.

The response of linear systems can always be decomposed as the zero-state response
and the zero-input response. It is customary to study the stabilities of these two responses
separately. We will introduce the BIBO (bounded-input bounded-output) stability for the zero-
state response and marginal and asymptotic stabilities for the zero-input response. We study
first the time-invariant case and then the time-varying case.

5.2 Input-Output Stability of LTI Systems

Consider a SISO linear time-invariant (LTI) system described by
t t
(1) :/ gt —u(t)ydr = / g(u(r —1)dr (5.
0 0

where g(1) is the impulse response or the output excited by an impulse input applied at t = 0.
Recall that in order to be describable by (5.1), the system must be linear, time-invariant, and
causal. In addition, the system must be initially relaxed at 7 = 0.
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=3

An input u(?) is said to be bounded if u(t) does not grow to positive or negative infinity

or, equivalently, there exists a constant 4, such that
ju(?)] < um < 00 forall: >0

A system is said to be BIBO stable (bounded-input bounded-output stable) if every bounded
input excites a bounded output. This stability is defined for the zero-state response and is
applicable only if the system is initially relaxed.

Theorem 5.1
A SISO system described by (5.1) is BIBO stable if and only if g(¢) is absolutely integrable in [0, 00), or

o
f lg{t)ldt < M < 00
0
for some constant M.

Proof: Firstwe show that if g(r) is absolutely integrable, then every bounded input excites
abounded output. Let u(r) be an arbitrary input with |u(1)| < u,, < oo forallt > 0. Then

ly(Hl = / g(u(r —1)dt
0

t
s/ (D)t — Dl dr
0

o
< u,,,/ lg(@)ldt < umM
0

Thus the output is bounded. Next we show intuitively that if g(t) is not absolutely
integrable, then the system is not BIBO stable. If g(#) is not absolutely integrable, then
there exists a #; such that

f
/ lg(t)ldt =00
0

Let us choose
- 1 ifg(x) =0
W =T =0 ) ifg(e) <0

Clearly u is bounded. However. the output excited by this input equals

y(ty) = / l gt —1)dr =f lg(t)ldt =00
0 0

which is not bounded. Thus the system is not BIBO stable. This completes the proof of
Theorem 5.1. Q.E.D.

A function that is absolutely integrable may not be bounded or may not approach zero as
t — c0. Indeed, consider the function defined by
n+(—-mnt forn—1/nd<t<n
n—(—-mn* forn<t<n+1/n’

fa@-m=

forn =2, 3, ...and plotted in Fig. 5.1. The area under each triangle is 1/n2. Thus the absolute
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Figure 5.1 Function.

+ }

ny n+1
L

]

integration of the function equals Y _no,(1/ n?) < cc. This function is absolutely integrable
but is not bounded and does not approach zero as t — oo.

» Theorem 5.2
If a system with impulse response g(¢) is BIBO stable, then, as 1 — 00:

1. The output excited by u(t) = a, for t > 0, approaches g(0) - a.
2. The output excited by u(¢) = sinw,t, fort > 0, approaches

18(jwo)] sin(wot+ XE(jw,))

where g(s) is the Laplace transform of g(¢) or
§(s) = /om g(r)e~ " dr (5.2)
’ Proof: Ifu(t) =aforallt >0, then (5.1) becomes
() = /;[g(t)u(t —1)dr = a/(;[ g(r)dr
which implies

y(r) - a/ g(r)dr =ag(0) ast — 00
0

where we have used (5.2) with s = 0. This establishes the first part of Theorem 5.2. If
u(t) = sin w,!, then (5.1) becomes

t
y@t) = f g(r)sinw,(t — t)dt
0
t
= / g(1) [sin wyt cOs w,T — COS Wyt sinw,t] d7
0

t t
= sinwat/ g(t) cosw,tdt — Cos a),,t/ g(r)sinw,tdt
0 0
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Thus we have, as 1 — oc,

e

¥{(t) — sinw,t /Ox g(r)cosw,tdt — cos woz/(; g{t)sinw,tdt (5.3)
If (1) is absolutely integrable, we can replace s by jw in (5.2) to yield
g(jwy = /Oxg(r)[cosa)r — jsinwrldt
The impulse response g(¢) is assumed implicitly to be real: thus we have

Re[g(jw)] =/ g(r)coswr dr
0

and ;

Im{g(jw)] = —/ g(t)sinwr dr
0

where Re and Im denote, respectively, the real part and imaginary part. Substituting these
into (5.3) yields

Y1) = sin w,r (Re[g(jwo)]) + cos wot (Im[§ (jw,)])
= [8(jwo)] sin(wot+ X&(jw,))
This completes the proof of Theorem 5.2. Q.E.D.

Theorem 5.2 is a basic result; filtering of signals is based essentially on this theorem.
Next we state the BIBO stability condition in terms of proper rational transfer functions.

Theorem 5.3
1:\ SISO system with proper rational transfer function £(s) is BIBO stable if and only if every pole of
&(s) has a negative real part or, equivalently, lies inside the left-half s-plane.
If §(s) has pole p; with multiplicity m;, then its partial fraction expansion contains the
factors
1 1 1
s—=p (s=p)P T (s = pom

Thus the inverse Laplace transform of §(s) or the impulse response contains the factors

ePt, rehit, ... pmilepit

Itis strgightforward to verify that every such term is absolutely integrable if and only if p, has
a negative real part. Using this fact, we can establish Theorem 5.3.

- ExamPLE 5.1 Consider the positive feedback system shown in Fig. 2.5(a). Its impulse response

was computed in (2.9) as

gy =Y a's(t—1i)

i=1

4
4
3
A
5
3
]
3
=

S SR e

2FHN

o

o
adk
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where the gain a can be positive or negative. The impulse is defined as the limit of the pulse
in Fig. 2.3 and can be considered to be positive. Thus we have

lg)l = lal's(t — i)
i=1

and

> e, i | if [a] > 1
I goldr =2 o _{|a|/<1-|a|><oc iflaj < 1

Thus we conclude that the positive feedback system in Fig. 2.5(a) is BIBO stable if and only
if the gain @ has a magnitude less than 1.
The transfer function of the system was computed in (2.12) as

It is an irrational function of s and Theorem 5.3 is not applicable. In this case, it is simpler to
use Theorem 5.1 to check its stability.

For multivariable systems, we have the following results.

Theorem 5.M1

A multivariable system with impulse response matrix G(t) = [£ij ()] is BIBO stable if and only if
every g;;(t) is absolutely integrable in [0, 00).

Theorem 5.M3

A multivariable system with proper rational transfer matrix @(:) = [gi;(s)] is BIBO stable if and only
if every pole of every &;;(s) has a negative real part.

We now discuss the BIBO stability of state equations. Consider

x(t) = Ax(t) + Bu(s)
(5.4)
y(1) = Cx(¢) + Du(r)

Its transfer matrix is
G(s) =CGs1—A)"'B+D

Thus Equation (5.4) or. to be more precise, the zero-state response of (5.4) is BIBO stable if
and only if every pole of G(s) hasa negative real part. Recall that every pole of every entry
of G(s) is called a pole of G(s).

We discuss the relationship between the poles of G(s) and the eigenvalues of A. Because
of

. 1 .
G(s) = mC[Adj(AI—A)]B-f-D (5.5)
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every pole of C(s) is an eigenvalue of A. Thus if every eigenvalue of A has a negative real
part, then every pole has a negative real part and (5.4) is BIBO stable. On the other hand,
because of possible cancellation in (5.5), not every eigenvalue is a pole. Thus, even if A has
some eigenvalues with zero or positive real part, (5.4) may still be BIBO stable, as the next
example shows.

ExaMpLE 5.2 Consider the network shown in Fig. 4.2(b). Its state equation was derived in
Example 4.4 as
() =x()+0-u(®) ¥{(#) = 0.5x(t) + 0.5u(r) (5.6)
The A-matrix is 1 and its eigenvalue is 1. It has a positive real part. The transfer function of
the equation is
{
26)=05(¢-1"1.04+05=0.5

The transfer function equals 0.5. It has no pole and no condition to meet. Thus (5.6) is BIBO
stable even though it has an eigenvalue with a positive real part. We mention that BIBO stability
does not say anything about the zero-input response, which will be discussed later.

5.2.1 Discrete-Time Case

Consider a discrete-time SISO system described by

k k
Ykl =Y glk —mlulm] =y _ glmlulk — m] 6.7

m=0 m=0

where g{k] is the impulse response sequence or the output sequence excited by an impulse
sequence applied at k = 0. Recall that in order to be describable by (5.7), the discrete-time
system must be linear, time-invariant, and causal. In addition, the system must be initially
relaxed at k = 0. -

An input sequence u[k] is said to be bounded if u{k] does not grow to positive or negative
infinity or there exists a constant ,, such that

lulkll <upm < 00 fork=0,1,2,...

A system is said to be BIBO stable (bounded-input bounded-output stable) if every bounded-
input sequence excites a bounded-output sequence. This stability is defined for the zero-state
response and is applicable only if the system is initially relaxed.

» Theorem5.D!}

A discrete-time SISO system described by (5.7) is BIBO stable if and only if g [k] is absolutely summable
in [0, 00) or

oo
D lglkll < M <
k=0

for some constant M.
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[ts proof is similar to the proof of Theorem 5.1 and will not be repeated. We give a discrete
counterpart of Theorem 5.2 in the following.

Theorem 5.D2

If a discrete-time system with impulse response sequence g[k] is BIBO stable, then, as k — oc:
1. The output excited by u[k] = a, for k > 0. approaches g(1) - a.
2. The output excited by u[k] = sin w,k, for k > 0, approaches

187 | sin(wok+ X2 (e/“))

where () is the z-transform of g[k] or

g =Y glmlc™ (5.8)
=0

Proof: If ulk] = a for all k > 0, then (5.7) becomes
k k
Yk} =) glmlulk ~m}=a’y_ glm]
0 k=0
which implies

(oo}
vkl > a) glml=ag(l) ask— oo
m=0
where we have used (5.8) with z = 1. This establishes the first part of Theorem 5.D2. If
ufk] = sin w,k, then (5.7) becomes

k
YK =) glmlsinw,(k — m]
m=0
k
= Z gIm](sin wyk cos w,m — cos w,k sin w,m)

m=0
k k
= sin W,k Z glmlcosw,m — cos w,k Z glm]sinw,m
m=0 m=0
Thus we have. as k — o0,
x< o
ylk}] — sinw,k Z glm]cos w,m — cos w,k Z glm]sinw,m 5.9)
m=0 m=0

If g[k] is absolutely summable, we can replace z by e/“ in (5.8) to yield

§(ej“’) = Zg[m]e‘j‘”"' = Zg[m][coswm — jsinwm]

m=0 m=0
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Thus (5.9) becomes
ylk] — sin w,k (Re[§(e/“*)]) + cos w k(Im[g(e/“*)])
= |2(e7%)| sin(wok+ X5(e/“°))
This completes the proof of Theorem 5.D2. Q.E.D.

Theorem 5.D2 is a basic result in digital signal processing. Next we state the BIBO
stability in terms of discrete proper rational transfer functions.

Theorem 5.D3
A discreteAIimﬂe SISO system with proper rational transfer function §(z) is BIBO stable if and only if
every pole of g(:) has a magnitude less than 1 or, equivalently, lies inside the unit circle on the z-plane.
If 2(z) has pole p; with multiplicity m,, then its partial fraction expansion contains the
factors
1 1 1
-pi (@=p)r T (T—pom

Thus the inverse z-transform of g(z) or the impulse response sequence contains the factors

pll_(7 kplk‘ B km:—lp{\'

Itis straightforward to verify that every such term is absolutely summable if and only if p; has
a magnitude less than 1. Using this fact, we can establish Theorem 5.D3.

In the continuous-time case, an absolutely integrable function £ (r), as shown in Fig. 5.1,
may not be bounded and may not approach zero as t — oc. In the discrete-time case, if g[k]
is abso]ut;ly summable, then it must be bounded and approach zero as ¥ — oo. However, the
converse 1s not true as the next example shows.

ExaMpLE 5.3 Consider a discrete-time LTI system with impulse response sequence g[k] =
[/k.fork =1,2,..., and g[0] = 0. We compute

R o

I R
s=Ylgmn=3 eyl
g‘g ;k tatztaT

=1+1+(1+1)+<1+---+l I LA
37\373) 75 /AN CREETY R

There are two terms, each is } or larger, in the first pair of parentheses; therefore their sum
. X . . .
1s larger than 5. There are four terms, each is é or larger, in the second pair of parentheses:

therefore their sum is larger than % Proceeding forward we conclude
S>1+ : + ! + : + o=
2T TyTIE
This impulse response sequence is bounded and approaches 0 as k — oo but is not absolutely
summable. Thus the discrete-time system is not BIBO stable according to Theorem 5.D1. The
transfer function of the system can be shown to equal

W vondidies,
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2@ =—In(1+:7YH

It is not a rational function of z and Theorem 5.D3 is not applicable.

For multivariable discrete-time systems, we have the following results.

Theorem 5.MD1

A MIMO discrete-time system with impulse response sequence matrix G[k] = [g,j [k]] is BIBO stable
if and only if every g;;[k] is absolutely summable.

Theorem 5.MD3

A MIMO discrete-time system with discrete proper rational transfer matrix é(:) = [g:,j (Z)] is BIBO
stable if and only if every pole of every g;;(z) has a magnitude less than 1.

We now discuss the BIBO stability of discrete-time state equations. Consider
x[k + 1] = Ax(k] + Bu[k]
(5.10)
y[k] = Cx[k] + Du(k]

Its discrete transfer matrix is
Gz =CEI-A)'B+D

Thus Equation (5.10) or, to be more precise, the zero-state response of (5.10) is BIBO stable
if and only if every pole of G(z) has a magnitude less than 1.

We discuss the relationship between the poles of G(z) and the eigenvalues of A. Because
of

1
G(:) = ————C[Adj(zI - A)]B+D
() T = A) (Adj( )]

every pole of G(z) is an eigenvalue of A. Thus if every eigenvalue of A has a negative real
part, then (5.10) is BIBO stable. On the other hand. even if A has some eigenvalues with zero
or positive real part. (5.10) may, as in the continuous-time case, still be BIBO stable.

5.3 Internal Stability

The BIBO stability is defined for the zero-state response. Now we study the stability of the
zero-input response or the response of

x(t) = Ax(1) (5.11)
excited by nonzero initial state X,. Clearly, the solution of (5.11) is
x(1) = eM'x, (5.12)
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Definition 5.1 The zero-input response of (5.4) or the equation X = AX is marginally
stable or stable in the sense of Lyapunov if every finite initial state x,, excites a bounded
response. It is asymptotically stable if every finite initial state excites a bounded response,
which, in addition, approaches 0 as t — oc.

. We mention that this definition is applicable only to linear systems. The definition that
is applicable to both linear and nonlinear systems must be defined using the concept of
equivalence states and can be found, for example, in Reference [6, pp. 401—403]. This text
studies only linear systems; therefore we use the simplified Definition 5.1.

Theorem 5.4
{

1. The equation X = AX is marginally stable if and only if all eigenvalues of A have zero or negative
real parts and those with zero real parts are simple roots of the minimal polynomial of A.

2. The equation X = AX is asymptotically stable if and only if all eigenvalues of A have negative real
parts.

We first mention that any (algebraic) equivalence transformation will not alter the stability
of a state equation. Consider X = Px, where P is a nonsingular matrix. Then X = Ax is
equivalent to X = AX = PAP~'z. Because P is nonsingular, if x is bounded, so is %; if x
approaches 0 as t — o0, so does X. Thus we may study the stability of A by using A. Note
that the eigenvalues of A and of A are the same as discussed in Section 4.3.

The response of X = A% excited by x(0) equals x(t) = e’_"x(O). It is clear that the
response is bounded if and only if every entry of e** is bounded for all ¢ > 0. If A is in Jordan
form, then e’ is of the form shown in (3.48). Using (3.48), we can show that if an eigenvalue
has a negative real part, then every entry of (3.48) is bounded and approaches 0 as 1 —> co.
If an eigenvalue has zero real part and has no Jordan block of order 2 or higher, then the
corresponding entry in (3.48) is a constant or is sinusoidal for all r and is, therefore, bounded.
This establishes the sufficiency of the first part of Theorem 5.4. If A has an eigenvalue with a
positive real part, then every entry in (3.48) will grow without bound. If A has an eigenvalue
with zero real part and its Jordan block has order 2 or higher, then (3.48) has at least one entry
that grows unbounded. This completes the proof of the first part. To be asymptotically stable,
every entry of (3.48) must approach zero as t — oo. Thus no eigenvalue with zero real part is
permitted. This establishes the second part of the theroem:.

i ExampLE 5.4 Consider
0 0 0
x=|0 0 0 |x
0 0 -1
Its characteristic polynomial is A(A) = A*(A + 1) and its mimimal polynomial is ¥ (1) =

A(_)» '-+- 1). The matrix has eigenvalues 0, 0, and —1. The eigenvlaue 0 is a simple root of the
4 minimal polynomial. Thus the equation is marginaily stable. The equation

5.3 Internal Stability 131

01 0
x=(0 0 0 |x
0 0 -1

is not marginally stable, however, because its minimal polynomial is AMA+1DandA =0is
not a simple root of the minimal polynomial.

As discussed earlier, every pole of the transfer matrix
G(5) =CGI—-A)'B+D

is an eigenvalue of A. Thus asymptotic stability implies BIBO stability. Note that asymptotic
stability is defined for the zero-input response, whereas BIBO stability is defined for the
zero-state response. The system in Example 5.2 has eigenvalue 1 and is not asymptoti-
cally stable; however, it is BIBO stable. Thus BIBO stability, in general, does not im-
ply asymptotic stability. We mention that marginal stability is useful only in the design
of oscillators. Other than oscillators, every physical system is designed to be asymptoti-
cally stable or BIBO stable with some additional conditions, as we will discuss in Chap-

ter 7.

5.3.1 Discrete-Time Case

This subsection studies the internal stability of discrete-time systems or the stability of
x[k + 1] = Ax[k] (5.13)
excited by nonzero initial state x,. The solution of (5.13) is, as derived in (4.20),
x[k] = A*x, (5.14)

Equation (5.13) is said to be marginally stable or stable in the sense of Lyapunov if every
finite initial state x, excites a bounded response. It is asymprotically stable if every finite
initial state excites a bounded response, which, in addition, approaches 0 as k — oo. These
definitions are identical to the continuous-time case.

Theorem 5.D4
1. The equation X[k + 1] = Ax[k] is marginally stable if and only if all eigenvalues of A have
magnitudes less than or equal to | and those equal to 1 are simple roots of the minimal potynomial of

A.

2. The equation X[k + 1] = Ax[k] is asymptotically stable if and only if all eigenvalues of A have
magnitudes less than 1.

As in the continuous-time case, any (algebraic) equivalence transformation will not alter
the stability of a state equation. Thus we can use Jordan form to establish the theorem. The
proof is similar to the continuous-time case and will not be repeated. Asymptotic stability
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implies BIBO stability but not the converse. We mention that marginal stability is useful only
in the design of discrete-time oscillators. Other than oscillators, every discrete-time physical
system is designed to be asymptotically stable or BIBO stable with some additional conditions,
as we will discuss in Chapter 7.

5.4 Lyapunov Theorem

This section introduces a different method of checking asymptotic stability of x = Ax. For
convenience. we call A stable if every eigenvalue of A has a negative real part.

Theorem 5.5

R . X, - . - . L) . .
All eigenvalues of A have negative real partsif and only if for any given positive definite symmetric
matrix N. the Lyapunov equation

AM+MA = N (5.15)

has a unique symmetric solution M and M is positive definite.

Corollary 5.5

All eigenvalues of an 7 x n matrix A have negative real parts if and only if for any givenm x n matrix
N with m < n and with the property

Z Z

NA
rank O := rank . =n (full column rank) (5.16)

IQAH—‘
where O is an nm x n matrix. the Lyapunov equation
A'M+MA = —-NN =: -N (5.17)

has a unique symmetric solution M and M is positive definite.

For any N, the matrix N in (5.17) is positive semidefinite (Theorem 3.7). Theorem 5.5
and its corollary are valid for any given N: therefore we shall use the simplest possible N.
Even so. using them to check stability of A is not simple. It is much simpler to compute,
using MATLAB, the eigenvalues of A and then check their real parts. Thus the importance
of Theorem 5.5 and its corollary is not in checking the stability of A but rather in studying
the stability of nonlinear systems. They are essential in using the so-called second method of
Lyapunov. We mention that Corollary 5.5 can be used to prove the Routh-Hurwitz test. See
Reference [6. pp. 417-419].

Proof of Theorem 5.5 Necessity: Equation (5.15) is a special case of (3.59) with A = A’
and B = A. Because A and A’ have the same set of eigenvalues, if A is stable, A has no
two eigenvalues such that A; + 4; = 0. Thus the Lyapunov equation is nonsingular and
has a unique solution M for any N. We claim that the solution can be expressed as
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x
M=/ eN'NeVdr (5.18)
0
Indeed, substituting (5.18) into (5.13) vields

20 x
AM+MA= / A'ed Ne dr + / A NeMA di
0 0

dt =0
=0—-N=-N (5.19)

¢ d , . ,
:/ —<€AINEA[) dt = eArNeAllx
0

where we have used the fact e* = 0 at+ = o for stable A. This shows that the M in
(5.18) is the solution. It is clear that if N is symmetric. so is M. Let us decompose N as
N = N'N, where N is nonsingular (Theorem 3.7) and consider

x Lo~ x _
x'Mx:/ x'eA'N'NeMx dr =/ [INe*x||3 dr (5.20)
[} Q

Because both N and e*' are nonsingular, for any nonzero x. the integrand of (5.20) is
positive for every ¢. Thus x'Mx is positive for any x # 0. This shows the positive
definiteness of M.

Sufficiency: We show that if N and M are positive definite, then A is stable. Let A be an
eigenvalue of A and v # 0 be a corresponding eigenvector: that is, Av = Av. Even though
A isareal matrix, its eigenvalue and eigenvector can be complex, as shown in Example 3.6.
Taking the complex-conjugate transpose of Av = Av yields v*A* = v*A’ = A."v", where
the asterisk denotes complex-conjugate transpose. Premultiplying v* and postmultiplying
v to (5.15) yields

—v*Nv = v*A'My + v"MAv
= (A" 4+ 2)v' My = 2Re(4)v*Mv (5.21)
Because v*Myv and v*Nv are. as discussed in Section 3.9, both real and positive, (5.21)

implies Re(x) < 0. This shows that every eigenvalue of A has a negative real part.
Q.E.D.

The proof of Corollary 5.5 follows the proof of Theorem 5.5 with some modification. We
discuss only where the proot of Theorem 5.5 is not applicable. Consider (5.20). Now Nismxn
with m < n and N = N'N is positive semidefinite. Even so. M in (5.18) can still be positive
definite if the integrand of (5.20) is not identically zero for all 1. Suppose the integrand of (5.20)
is identically zero or Ne’x = 0. Then its derivative with respect to ¢ yields NAex = 0.
Proceeding forward, we can obtain

4 eMx =0 (5.22)
NA"-!

This equation implies that, because of (5.16) and the nonsingularity of ¢*', the only x meeting
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(5.22) is 0. Thus the integrand of (5.20) cannot be identically zero for any x # 0. Thus M is
positive definite under the condition in (5.16). This shows the necessity of Corollary 5.5. Next
we consider (5.21) with N = N’N or!

2Re(A\)V'My = —v*N'Nv = —||Nv|}? (5.23)

We show that Nv is nonzero under (5.16). Because of Av = Av, we have A%v = AAv = A2y,
..., A"y = A""ly, Consider

N Nv Nv
NA NAv ANV
Y = . =
NA#-! NA™'y ANy

- ¢
If Nv = 0, the rightmost matrix is zero; the leftmost matrix, however, is nonzero under the
conditions of (5.16) and v # 0. This is a contradiction. Thus Nv is nonzero and (5.23) implies
Re(A)< 0. This completes the proof of Corollary 5.5.
In the proof of Theorem of 5.5, we have established the following result. For easy
reference, we state it as a theorem.

Theorem 5.6
If all eigenvalues of A have negative real parts, then the Lyapunov equation
AM+MA =-N

has a unique solution for every N, and the solution can be expressed as
o0
M= / eA'NeM' dt (5.24)
0

Because of the importance of this theorem, we give a different proof of the uniqueness
of the solution. Suppose there are two solutions M; and M. Then we have

AM -M)+M -M)A=0
which implies
e d_ .
1AM, - My) + (M, — Ma)Aled = E[e'* "M - Mpe] =0
Its integration from 0 to oo yields
(¥ (M1 — Mp)e]|” =0
or, using e** — 0 as 1 — oo,

0—-(M;—My)=0

1. Note that if x is a complex vector, then the Euclidean norm defined in Section 3.2 must be modified as ||x||3 = x"x,
where x* is the complex conjugate transpose of x.

I
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This shows the uniqueness of M. Although the solution can be expressed as in (5.24), the
integration is not used in computing the solution. Itis simpler to arrange the Lyapunov equation,
after some transformations, into a standard linear algebraic equation as in (3.60) and then solve
the equation. Note that even if A is not stable, a unique solution still exists if A has no two
eigenvalues such that &; + A; = 0. The solution, however, cannot be expressed as in (5.24);
the integration will diverge and is meaningless. If A is singular or, equivalently, has at least
one zero eigenvalue, then the Lyapunov equation is always singular and solutions may or may
not exist depending on whether or not N lies in the range space of the equation.

5.4.1 Discrete-Time Case

Before discussing the discrete counterpart of Theorems 5.5 and 5.6, we discuss the discrete
counterpart of the Lyapunov equation in (3.59). Consider

M-AMB=C (5.25)

where A and B are, respectively, n x n and m x m matrices, and M and C are n x m matrices.
As (3.60), Equation (5.25) can be expressed as Ym = ¢, where Y is an nm x nm matrix; m and
¢ are nm x 1 column vectors with the m columns of M and C stacked in order. Thus (5.25) is
essentially a set of linear algebraic equations. Let n; be an eigenvalue of Y or of (5.25). Then
we have

me=1-=-2iu; fori=1,2,....,n;j=1,2,....m

where A; and 4 are, respectively, the eigenvalues of A and B. This can be established intuitively
as follows. Let us define A(M) := M — AMB. Then (5.25) can be written as A(M) = C. A
scalar 7 is an eigenvalue of A if there exists a nonzero M such that A(M) = nM. Let u be
an n x 1 right eigenvector of A associated with A;; that is, Au = A;u. Let vbe a 1 x m left
eigenvector of B associated with p;; that is, vB = vu;. Applying A to the n x m nonzero
matrix uv yields

A(uv) =uv — AuvB = (1 — A pu)uy

Thus the eigenvalues of (5.25) are 1 — A;t;, for all i and ;. If there are no i and j such that
Aip; = L, then (5.25) is nonsingular and, for any C, a unique solution M exists in (5.25). If
Aipj = 1 for some i and j, then (5.25) is singular and, for a given C, solutions may or may
not exist. The situation here is similar to what was discussed in Section 3.7.

Theorem 5.D5

All eigenvalues of an n X n matrix A have magnitudes less than 1 if and only if for any given positive
definite symmetric matrix N or for N = N'N, where N is any given m x n matrix with m < n and
with the property in (5.16), the discrete Lyapunov equation

M—-AMA =N (5.26)

has a unique symmetric solution M and M is positive definite.
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We sketch briefly its proof for N > 0. If all eigenvalues of A and. consequently, of A’
have magnitudes less than 1, then we have |A;4;| < 1 for all { and j. Thus Air; # 1 and
(5.26) is nonsingular. Therefore, for anv N, a unique solution exists in (5.26). We claim that
the solution can be expressed as

M= Z(A')"’NA'” (5.27)

m=0

Because {};| < [ forall i, this infinite series converges and is well defined. Substituting (5.27)
into (5.26) yields

o x
Z(A')mNAm —A (Z(A/)MNAM> A
m=0 m=0)
x ¢ x
=N+ (A’)mNAm _ Z(A')mNAm =N

m=| m=!
Thus (5.27) is the solution. If N is symmetric. so is M. If N is positive definite, so is M. This
establishes the necessity. To show sufficiency. let A be an eigenvalue of A and v # 0 be a
corresponding eigenvector: that is, Av = iv. Then we have

v’ Ny = v*My — v'A'MAv
= V*My — A*V*Mvi = (1 — [A])v*My

Because both v*Nv and v*Myv are real and positive. we conclude (1 — |A]*) > Oor [A]* < 1.
This establishes the theorem for N > 0. The case N > 0 can similarly be established.

Theorem 5.D6
It all eigenvalues of A have magnitudes less than 1, then the discrete Lyapunov equation
M—-AMA=N

has a unique solution for every N, and the solution can be expressed as

X
M=) (A)"NA"
m=0

It is important to mention that even if A has one or more eigenvalues with magnitudes
larger than 1. a unique solution still exists in the discrete Lyapunov equation if ;4; # 1 for all
i and j. In this case. the solution cannot be expressed as in (5.27) but can be computed from
a set of linear algebraic equations.

Letus discuss the relationships between the continuous-time and discrete-time Lyapunov
equations. The stability condition for continuous-time systems is that all eigenvalues lie
inside the open left-half s-plane. The stability condition for discrete-time systems is that all
eigenvalues lie inside the unit circle on the z-plane. These conditions can be related by the
bilinear transformation

5= i = (5.28)
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which maps the left-half s-plane into the interior of the unit circle on the z-plane and vice
versa. To differentiate the continuous-time and discrete-time cases, we write

AM+MA = -N (5.29)
and
M, — A MA; = Ny (5.30)
Following (5.28). these two equations can be related by
A=@A+DT' A =D Ay =TI+ A)I-A)"

Substituting the right-hand-side equation into (5.30) and performing a simple manipulation,
we find

A'M,; +MyA = —0.5(1 —~ ANy (I — A)
Comparing this with (5.29) yields
A=A, +D7 A -1 M =M, N=05T-AONI—-4) (53]

These relate (5.29) and (5.30).

The MATLAB function 1yap computes the Lyapunov equation in (5.29) and dlvap
computes the discrete Lyapunov equation in (5.30). The function dlyap transforms (5.30)
into (5.29) by using (5.31) and then calls 1yap. The result yields M = M.

5.5 Stability of LTV Systems

Consider a SISO linear time-varying (LTV) system described by

t
(1) :/ glt.u(r)ydr (5.32)
3
The system is said to be BIBO stable if every bounded input excites a bounded output. The
condition for (5.32) to be BIBO stable is that there exists a finite constant M such that

1
/ lgtt. t)|dr < M < (5.33)
oy
forall r and o with t > 5. The proof in the time-invariant case applies here with only minor
modification.

For the multivariable case. (5.32) becomes

(9%}

r
y(1) =/ G u(rydr (5.34)
4]

The condition for (5.34) to be BIBO stable is that every entry of G(¢, t) meets the condition
in (5.33). For multivariable systems. we can also express the condition in terms of norms. Any
norm discussed in Section 3.11 can be used. However, the infinite-norm

[[ufls = max |u;| [|Gl|x = largest row absolute sum
i
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is probably the most convenient to use in stability study. For convenience, no subscript wiil
be attached to any norm. The necessary and sufficient condition for (5.34) to be BIBO stable
is that there exists a finite constant M such that

t
/ |G, T)lldt < M < o0
o

for all 7 and # with ¢ > 1.
The impulse response matrix of

x =A)x+B()u
(5.35)
y = C()x + D(t)u
is f
G(t, 1) = C(t)®(r, 1)B(r) + D(6)é(t — 1)
and the zero-state response is
¥ = / CH®(, HB(DU(T) d + D(Hu(r)

L]
Thus (5.35) or, more precisely, the zero-state response of (5.35) is BIBO stable if and only if
there exist constants M, and M, such that

D) < My < 00

and
t
/ |G, T)lfdt < My < o0
0

for all ¢ and 1y with t > . -

Next we study the stability of the zero-input response of (5.35). As in the time-invariant
case, we define the zero-input response of (5.35) or the equation X = A(f)x to be marginally
stable if every finite initial state excites a bounded response. Because the response is governed
by

x(t) = @1, 10)x(to} (5.36)

we conclude that the response is marginally stable if and only if there exists a finite constant
M such that

1@, )|l < M < 00 (5.37)

for all 7o and for all ¢ > t9. The equation X = A(r)x is asymptotically stable if the response
excited by every finite initial state is bounded and approaches zero as t — 0. The asymptotic
stability conditions are the boundedness condition in (5.37) and

@, 1)l = 0 ast — oc (5.38)

A great deal can be said regarding these definitions and conditions. Does the constant M in
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(5.37) depend on #,? What is the rate for the state transition matrix to approach 0 in (5.38)?
The interested reader is referred to References [4, 15].

A time-invariant equation X = Ax is asymptotically stable if all eigenvalues of A have
negative real parts. Is this also true for the time-varying case? The answer is negative as the
next example shows.

ExampLE 5.5 Consider the linear time-varying equation

-1 &
X = A(1)X = 5.39
X = A(n)x [ 0 “l}x (5.39)
The characteristic polynomial of A(t) is
A+l —e%
det(AI — A (1)) = det = 1?
et( () e[ 0 }\+1:| *+1

Thus A(#) has eigenvalues —1 and —1 for all . It can be verified directly that

0.5 — e“’)]

®(1,0) = [eo et

meets (4.53) and is therefore the state transition matrix of (5.39). See also Problem 4.16.
Because the (1,2)th entry of ® grows without bound, the equation is neither asymptotically
stable nor marginally stable. This example shows that even though the eigenvalues can be
defined for A(z) at every ¢, the concept of eigenvalues is not useful in the time-varying case.

All stability properties in the time-invariant case are invariant under any equivalence
transformation. In the time-varying case, this is so only for BIBO stability, because the
impulse response matrix is preserved. An equivalence transformation can transform, as shown
in Theorem 4.3, any x = A(#)x into X= A, X, where A, is any constant matrix; therefore, in the
time-varying case, marginal and asymptotic stabilities are not invariant under any equivalence
transformation.

Theorem 5.7

Marginal and asymptotic stabilities of X = A ()X are invariant under any Lyapunov transformation.

As discussed in Section 4.6, if P(r) and P(t) are continuous, and P(¢) is nonsingular
for all ¢, then X = P(r)x is an algebraic transformation. If, in addition, P(¢) and P~1(r) are
bounded for all 7, then X = P(¢)x is a Lyapun_ov transforma_tion. The fundamental matrix X(t)
of X = A(#)x and the fundamental matrix X(r) of X = A(r)X are related by, as derived in
4.71),

X(1) = P()X(r)
which implies
b, 1) = XX (1) = POXOX (P (1)
=P)®(, )P (1) (5.40)
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Because both P(¢) and P~!(r) are bounded, if ||®(r. v)|| is bounded, so is ||®(c. T)]]; if
[[@(r, T)}| = Oast — oc, sois [|®(r, 7)||. This establishes Theorem 5.7.

In the time-invariant case, asymptotic stability of zero-input responses always implies
BIBO stability of zero-state responses. This is not necessarily so in the time-varying case. A
time-varying equation is asymptotically stable if

@, )l — 0 ast —» oo (5.41)
for all 1, 1o with 1 > ¢,. It is BIBO stable if
t
/ HCH®(r, 1)B(1)|dt < 20 (5.42)
[

for all 1. 1y with 1 > 7. A function that approaches 0, as ¢ — oc, may not be absolutely
integrable. Thus asymptotic stability may not imply BIBO stability in the time-varying case.
However. if ||®(r. 7)]] decreases to zero rapidly. in particular, exponentially, and if C(r) and
B(t) are bounded for all 7, then asymptotic stability does imply BIBO stability. See References
[4, 6, 15].

5.1 Is the network shown in Fig. 5.2 BIBO stable? If not. find a bounded input that will
excite an unbounded output.

e Figure 5.2

/1

u 1H IF 77

5.2 Consider a system with an irrational transfer function g(s). Show that a necessary
condition for the system to be BIBO stable is that |¢(s)] is finite for all Re s > 0.

5.3 Isasystem withimpulse response g{r) = 1/(r+ 1) BIBO stable? How about g(¢) = ze™
for: > 07

5.4 Isasystem with transfer function g(s) = ¢~ /(s + 1) BIBO stable?

5.5 Show that the negative-feedback system shown in Fig. 2.5(b) is BIBO stable if and only
if the gain a has a magnitude less than 1. For @ = 1, find a bounded input r(z) that will
excite an unbounded output.

5.6  Considera system with transfer function 8(s) = (s —2)/(s+1). What are the steady-state
responses excited by u(r) = 3, for > 0, and by «(r) = sin 2¢, for ¢ > 0?

Co il

2 3]x—2u

5.7 Consider

X
y

5.9

5.10

5.12

513

5.14

5.15

5.16

Problems
Is it BIBO stable?

Consider a discrete-time system with impulse response sequence
glkl = k(0.8 fork >0
Is the system BIBO stable?

Is the state equation in Problem 5.7 marginally stable? Asymptotically stable?

Is the homogeneous state equation
-1 0 1
X = 0 0 0fx
000

marginally stable? Asymptotically stable?

Is the homogeneous state equation

-1 0 1
X = 0 0 1(x
0 0 0

marginally stable? Asymptotically stable?

Is the discrete-time homogeneous state equation

09 0 1
x[k+1] = 0 1 0 (x[k]
0 0 1

marginally stable? Asymptotically stable?

Is the discrete-time homogeneous state equation

09 0 1
Xk+10={ 0 1 1/|x]
00 1

marginally stable? Asymptotically stable?

Use Theorem 5.5 to show that all eigenvalues of

0 1
A‘[—0.5 —1}

have negative real parts.

141

Use Theorem 5.D5 to show that all eigenvalues of the A in Problem 5. 14 have magnitudes

less than 1.

For any distinct negative real A; and any nonzero real a;. show that the matrix
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5.17

5.18

5.19

5.20

5.21

5.22

5.23

2

aj a\as aas
20 Mtk AL+ A3
M=|— aray _ﬁ _ azas
Ayt A 2X, A+ A3
asa, azay _“a_g-
Tt M At 22,

is positive definite. [Hint: Use Corollary 5.5 and A=diag(A;, A2, A3).]

A real matrix M (not necessarily symmetric) is defined to be positive definite if xMx > 0
for any nonzero x. Is it true that the matrix M is positive definite if all eigenvalues of
M are real and positive or if all its leading principal minors are positive? If not, how do
you check its positive deﬁnitenef,s? (Hint: Try

0 ! 1 2 1 ]

-2 3 1.9 1
Show that al] eigenvalues of A have real parts less than —x < 0 if and only if, for any
given positive definite symmetric matrix N, the equation

A'M +MA +2uM = —N

has a unique symmetric solution M and M is positive definite.

Show that all eigenvalues of A have magnitudes less than p if and only if, for any given
positive definite symmetric matrix N, the equation

oM — A'MA = p°N
has a unique symmetric solution M and M is positive definite.

Is a system with impulse response g(t, 7) = e¢~2"=I*! fér + > r, BIBO stable? How
about g(f, T) = sint{e"“"") cos t?
Consider the time-varying equation
x=2tx+u y=e"x
Is the equation BIBO stable? Marginally stable? Asymptotically stable?
Show that the equation in Problem 5.21 can be transformed by using x = P(z)x, with
P(t) =e" into
i=0.-x+e " u y=%X

Is the equation BIBO stable? Marginally stable? Asymptotically stable? Is the transfor-
mation a Lyapunov transformation?

. -1 0 X
fl [P\

for 1o > 0, marginally stable? Asymptotically stable?

Is the homogeneous equation

Chapter

Controllability
and Observability

6.1 Intfroduction

This chapter introduces the concepts of controllability and observability. Controllability
deals with whether or not the state of a state-space equation can be controlled from the input,
and observability deals with whether or not the initial state can be observed from the output.
These concepts can be illustrated using the network shown in Fig. 6.1. The network has two
state variables. Let x; be the voltage across the capacitor with capacitance C;, fori = 1. 2.
The input « is a current source and the output y is the voltage shown. From the network. we
see that, because of the open circuit across y, the input has no effect on x> or cannot control
x3. The current passing through the 2-Q resistor always equals the current source u; therefore
the response excited by the initial state x; will not appear in y. Thus the initial state x; cannot
be observed from the output. Thus the equation describing the network cannot be controllable
and observable.

These concepts are essential in discussing the internal structure of linear systems. They
are also needed in studying control and filtering problems. We study first continuous-time

Figure 6.1 Network. 1Q [§9}
—AAA——
X2 —0
+ - T +
u o

(current
service)
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linear time-invariant (LTI) state equations and then discrete-time LTI state equations. Finally,
we study the time-varying case.

6.2 Controliability
Consider the n-dimensional p-input state equation
%X = Ax + Bu (6.1)

where A and B are, respectively, n x n and n x p real constant matrices. Because the output
does not play any role in controllability, we will disregard the output equation in this study.

Definition 6.1 The state equation (6.1) or the pair (A, B) is said to be controllabie if for
any initial state x(0) = xo and anyﬁnal’state X,, there exists an input that transfers Xp
to Xy in a finite time. Otherwise (6.1) or (A, B) is said to be uncontrollable.

This definition requires only that the input be capable of moving any state in the state
space to any other state in a finite time: what trajectory the state should take is not specified.
Furthermore, there is no constraint imposed on the input: its magnitude can be as large as
desired. We give an example to illustrate the concept.

EXaMPLE 6.1 Consider the network shown in Fig. 6.2(a). Its state variable x is the voltage
across the capacitor. If x(0) = 0, then x(¢) = 0 for all r > 0 no matter what input is applied.
This is due to the symmetry of the network, and the input has no effect on the voltage across
the capacitor. Thus the system or, more precisely, the state equation that describes the system
is not controllable.

Next we consider the network shown in Fig. 6.2(b). It has two state variables x) and
i x2 as shown. The input can transfer x; or x> to any value; but it cannot transfer v, and x2
i to any values. For example, if x;(0) = x,(0) = O, then no matter what input is applied,
. xi(r) always equals x(t) for all + > 0. Thus the equation that describes the network is not
controllable.

L1 Ll
-4

g -
- o BT

5
+
|

1Q 1Q

(a) (b)

Figure 6.2 Uncontrollable networks.
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Theorem 6.1

The tollowing statements are equivalent.

1. The n-dimensional pair (A, B) is controllable.
2. The n X n matrix
t 13
W (1) = / eAMBB N dr = / eATUBB e T dr (6.2)
0 0
is nonsingular for any t > 0.
3. The n x np controllability matrix
C=[BABA’B ... A"'B] (6.3)
has rank # (full row rank).
4. Then x (n 4 p) marix [A — AL B] has full row rank at every eigenvalue, A, of A.!
5. If. in addition. all eigenvalues of A have negative real parts. then the unique solution of

AW, + WA’ = -BB’ (6.4)

is positive definite. The solution is called the controllability Gramian and can be expressed as

x
W, = / e*" BB dr 6.5)
0

Proof: (1) <> (2): First we show the equivalence of the two forms in (6.2). Define
7 :=1t — 7. Then we have

. 0
/ eA(,._r)BB/eA’U«r) dr = / eAfBB/eA’i(_d{.)
T

=0 T=t

!
=/ ABB e TdT
=0

It becomes the first form of (6.2) after replacing 7 by 7. Because of the form of the
integrand, W, (r) is always positive semidefinite; it is positive definite if and only if it is
nonsingular. See Section 3.9.

First we show that if W.(¢) is nonsingular, then (6.1) is controllable. The response
of (6.1) at time ¢, was derived in (4.5) as

f
x(1) = e*x(0) -r-/ AN TUBu(t) dt (6.6)
0
We claim that for any X(0) = Xy and any x(¢;) = x,, the input

u(r) = —Be*' W) (M x - x] (6.7)

will transfer X to X, at time #,. Indeed. substituting (6.7) into (6.6) yields

1 If & is complex, then we must use complex numbers as scalars in checking the rank. See the discussion regarding
(3.37). S
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n ,
x(tl) - eA[, Xo — (/ eA(ll-—t)BB/eA (r,—r)dr> W:l(tl)[eA"Xo —_ xl]
0

= eMixg — W)W (1) xo — x1] = X3

This shows that if W, is nonsingular, then the pair (A, B) is controllable. We show the
converse by contradiction. Suppose the pair is controllable but W, (#;) is not positive
definite for some #;. Then there exists an n x 1 nonzero vector v such that

n )
VW ()Y = / veriTIBB A 1T vd
0

1 , 2
=/ [|B'e¥ =Ty "dr =0

L
which implies !
Bt Py=0 or veA'TIB=0 (6.8)

forall  in [0, ¢;]. If (6.1) is controllable, there exists an input that transfers the initial state
x(0) = e™*v to x(1;) = 0 and (6.6) becomes

1 )
0=v+ / AN-IBu(r) dr
0
Its premultiplication by v’ yields
]
0=vv+ f VA IBu(r) dr = |IvIP +0
0

which contradicts v 7 0. This establishes the equivalence of (1) and (2).

(2) « (3): Because every entry of eMB is, as discussed at the end of Section 4.2, an
analytical function of ¢, if W.(r) is nonsingular for some , then it is nonsingular for all ¢
in (—o0, o0). See Reference [6, p. 554]. Because of the equivalence of the two forms in
(6.2), (6.8) implies that W_(¢) is nonsingular if and only if there exists no n x 1 nonzero
vector v such that :

veAB=0  forall: (6.9)

Now we show that if W_(r) is nonsingular. then the controllability matrix C has full row
rank. Suppose C does not have full row rank, then there exists an n x 1 nonzero vector v
such that vVVC =0 or

VA'B=0 fork=0,1,2,....n—1

Because ¢*B can be expressed as a linear combination of {B. AB. ..., A""!B} (Theorem
3.5), we conclude v'eAB = 0. This contradicts the nonsingularity assumption of W.(t).
Thus Condition (2) implies Condition (3). To show the converse, suppose C has full row
rank but W (t) is singular. Then there exists a nonzero v such that (6.9) holds. Setting
t = 0, we have v'B = 0. Differentiating (6.9) and then setting 1 = 0, we have VAB = 0.
Proceeding forward yields vAB =0 fork =0.1.2,.... They can be arranged as

VB AB --- A" 'B]=v(C=0

6.2 Controllability 147

This contradicts the hypothesis that C has full row rank. This shows the equivalence of
(2) and (3).

(3) © (4): If C has full row rank, then the matrix [A — Al B] has full row rank at
every eigenvalue of A. If not, there exists an eigenvalue A; and a 1 x n vector q # 0 such
that

qA-1,1I Bl =0
which implies qA = A;q and gB = 0. Thus q is a left eigenvector of A. We compute
qA’ = (qA)A = (,9)A = Mg
Proceeding forward, we have qA* = k‘{q Thus we have
q(B AB --- A" 'B]=[qB x,gB --- A""!gB] =0

This contradicts the hypothesis that C has full row rank.

In order to show that p(C) < n implies p([A — Al B]) < n at some eigenvalue A,
of A, we need Theorems 6.2 and 6.6, which will be established later. Theorem 6.2 states
that controllability is invaraint under any equivalence transformation. Therefore we may
show p([A — AL B]) < n at some eigenvalue of A, where (A, B) is equivalent to (A, B).
Theorem 6.6 states that if the rank of C is less than n or p(C) = n — m, for some integer
m > 1, then there exists a nonsingular matrix P such that

Iy -1 _ Ac A12 B _ _ Bc
A = PAP _[0 Ae] B_PB._I:O]

where Az is m x m. Let A, be an eigenvalue of A; and q; be a corresponding 1 x m
nonzero left eigenvector or q;Az = A,q;. Then we have q;(Az — A;I) = 0. Now we form
the 1 x n vector q := [0 q;]. We compute

AC—}\.II All Bc:l -0

A—MIB]=[0 -
ql I Bl = (h][ 0 Aead 0

(6.10)
which implies p([f& — Al 1_3]) < n and, consequently, p({A — AI B}) < n at some
eigenvalue of A. This establishes the equivalence of (3) and (4).

(2) & (5):If Ais stable, then the unique solution of (6.4) can be expressed as in (6.5)
(Theorem 5.6). The Gramian W, is always positive semidefinite. It is positive definite if
and only if W, is nonsingular. This establishes the equivalence of (2) and (5). Q.E.D.

ExampLE 6.2 Consider the inverted pendulum studied in Example 2.8. Its state equation was
developed in (2.27). Suppose for a given pendulum, the equation becomes

01 00 0
00 -1 0 X+ 1
= u
00 0 1 0 6.11)
00 50 -2
y=[100 Ol
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We compute

0 1 0 2
C=[B AB A’B A’B] = Lo 2 0
0 -2 0 —10
-2 0 =10 0

This matrix can be shown to have rank 4; thus the system is controllable. Therefore. if x; = 6
deviates from zero slightly, we can find a control u to push it back to zero. In fact, a control
exists to bring x; = y, x3, and their derivatives back to zero. This is consistent with our
expertence of balancing a broom on our palm.

The MATLAB functions ctrb and gram will generate the controllability matrix and
controllability Gramian. Note that the controllability Gramian is not computed from (6.5); it is
obtained by solving a set of linear algebraic equations. Whether a state equation is controllable
can then be determined by computing the rank of the controflability matrix or Gramian by
using rank in MATLAB.

EXAMPLE 6.3 Consider the platform system shown in Fig. 6.3; it can be used to study
suspension systems of automobiles. The system consists of one platform; both ends of the
platform are supported on the ground by means of springs and dashpots, which provide
viscous friction. The mass of the platform is assumed to be zero: thus the movements of
the two spring systems are independent and half of the force is applied to each spring
system. The spring constants of both springs are assumed to be 1 and the viscous friction
coefficients are assumed to be 2 and | as shown. If the displacements of the two spring
systems from equilibrium are chosen as state variables x| and x, then we have x; + 2%, = u

and x; + X3 = w or
-05 0 0.5
X:l: 0 _I:IX—f—l:]jlu 6.12)

This state equation describes the system,

Now if the initial displacements are different from zero, and if no force is applied, the
platform will return to zero exponentially. In theory. it will take an infinite time for x; to equal
0 exactly. Now we pose the problem. If x;(0) = 10 and x2(0) = —1I, can we apply a force
to bring the platform to equilibrium in 2 seconds? The answer does not seem to be obvious
because the same force is applied to the two spring systems.

l 2u Figure 6.3 Platform system.
Xy l L R . Jl.r;
Damping Spring Damping Spring
coefficient constant coefficient constant

ki 1 1 !
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For Equation (6.12), we compute
0.5 -0.25
p((B AB])=p[ X _1] =2
Thus the equation is controllable and, for any x(0), there exists an input that transfers x(0) to
0 in 2 seconds or in any finite time. We compute (6.2) and (6.7) for this system at 1, = 2:

2 e-O.Sr 0 0.5 e—Ofr 0
e [ (7 L[ Jeso 7 2

0.2162 0.3167
0.3167 0.4908

and

—0.5(2—-1) 0 -1 0 10
() = —[0.5 1][€ o e_(z_”}w;la)[eo 8_2][_1}

= —58.82¢%%" +27.96¢"

for s in [0, 2]. This input force will transfer x(0) = [10 — 1) to [0 0] in 2 seconds as shown
in Fig. 6.4(a) in which the input is also plotted. It is obtained by using the MATLAB function
1sZx, an acronym for linear simulation. The largest magnitude of the input is about 45.

Figure 6.4(b) plots the input u, that transfers X(0) = [10 — 1]  to 0 in 4 seconds. We see
that the smaller the time interval, the larger the input magnitude. If no restriction is imposed on
the input, we can transfer x(0) to zero in an arbitrarily small time interval; however, the input
magnitude may become very large. If some restriction is imposed on the input magnitude, then
we cannot achieve the transfer as fast as desired. For example, if we require ju(t)| < 9. for
all 7, in Example 6.3, then we cannot transfer x(0) to 0 in less than 4 seconds. We remark that
the input u(z) in (6.7) is called the minimal energy control in the sense that for any other input
u(r) that achieves the same transfer, we have

1 1
/]ﬁ’(r)ﬁ(t) dr z/ u'(ryu(r) dt
i

0]
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' ' |
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' ' )
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' | '
R
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Figure 6.4 Transfer x(0) = [10 — 1] to [0 0]".
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Its proof can be found in Reference [6, pp. 556-558].

ExamMpLE 6.4 Consider again the platform system shown in Fig. 6.3. We now assume that the
viscous friction coefficients and spring constants of both spring systems all equal 1. Then the
state equation that describes the system becomes

=7 =]

1 -1
p<C>=p[1 _1]=1

and the state equation is not controllable. If x;(0) # x2(0), no input can transfer x(0) to zero
in a finite time. !

Clearly we have

6.2.1 Controllability Indices

LetAandBben x n andn x p constant matrices. We assume that B has rank p or full column
rank. If B does not have full column rank, there is a redundancy in inputs. For example, if
the second column of B equals the first column of B, then the effect of the second input
on the system can be generated from the first input. Thus the second input is redundant. In
conclusion, deleting linearly dependent columns of B and the corresponding inputs will not
affect the control of the system. Thus it is reasonable to assume that B has full column rank.

If (A, B) is controllable, its controllability matrix C has rank n and, consequently, n
linearly independent columns. Note that there are np columns in C; therefore it is possible to
find many sets of n linearly independent columns in C. We discuss in the following the most
important way of searching these columns; the search also happens to be most natural. Let b;
be the ith column of B. Then C can be written explicitly as ~

C=[b; -+ byiAb; --- Ab,: --- ‘A" by ... A"'b,] (6.13)

Let us search linearly independent columns of C from left to right. Because of the pattern of
C, if A’b,, depends on its left-hand-side (LHS) columns, then A**!b,, will also depend on its
LHS columns. It means that once a column associated with b,, becomes linearly dependent,
then all columns associated with b, thereafter are linearly dependent. Let i, be the number
of the linearly independent columns associated with b, in C. That is, the columns

b, Ab,., ..., A*""'b,,
are linearly independent in C and A#~*b,, are linearly dependent fori =0, 1, .. .. Itis clear
that if C has rank n, then

Bitpat ot pp,=n (6.14)

The set {121, 2, ..., u,) is called the controllability indices and

uo=max (uy, 42, ..., Wp)
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is called the controllability index of (A, B). Or, equivalently, if (A, B) is controilable, the
controllability index u is the least integer such that

p(C)=p(B AB --- A*"'B])=n (6.15)

Now we givearangeof . If g = py = .- = Wp, then n/p < p. If all w,,, except
one, equal 1, then u = n — (p — 1); this is the largest possible u. Let 7 be the degree of the
minimal polynomial of A. Then, by definition, there exist o; such that

A" = A"+ AT g
which implies that A"B can be written as a linear combination of {B,AB, ..., Aﬁ_lB}. Thus
we conclude
n/p < pu <min(@,n—-p+1) (6.16)

where p(B) = p. Because of (6.16), in checking controllability, it is unnecessary to check
the n x np matrix C. It is sufficient to check a matrix of lesser columns. Because the degree
of the minimal polynomial is generally not available—whereas the rank of B can readily be
computed—we can use the following corollary to check controllability. The second part of the
corollary follows Theorem 3.8.

Coroliary 6.1
The n-dimensional pair (A, B) is controllable if and only if the matrix
Ci—py1:=[B AB ... A" PB] (6.17)

where p(B) = p, has rank 7 or the n x n matrix C,_p4y C,:__pH is nonsingular.

EXAMPLE 6.5 Consider the satellite system studied in Fig. 2.13. Its linearized state equation
was developed in (2.29). From the equation, we can see that the control of the first four state
variables by the first two inputs and the control of the last two state variables by the last input
are decoupled; therefore we can consider only the following subequation of (2.29):

01 00 00
3.0 02 10

=lo 0 o 1|* |0 o|"
0 -2 00 0 1 (6.18)

_[r 000 x
Y=loo1 o0
where we have assumed, for simplicity, w, = m = r, = 1. The controilability matrix of (6.18)

is of order 4 x 8. If we use Corollary 6.1, then we can’ check its controllability by using the
following 4 x 6 matrix:

00 10 0 2
10 02 -1 0
B AB A’B] = 6.19
L ] 00 01 =2 0 6.19)
01 =20 0 -4
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It has rank 4. Thus (6.18) is controllable. From (6.19), we can readily verify that the control-
lability indices are 2 and 2, and the controllability index is 2.

Theorem 6.2
The controllability property is invariant under any equivalence transformation.
% Proof: Consider the pair (A, B) with controllability matrix
C=[B AB .-+ A""'B]

and its equivalent pair (A, B) with A = ?AP“ and B = PB, where P is a nonsingular
matrix. The coatroilability matrix of (A. B) is

C=[BAB --¢ A'B]

= [PB PAP"'PB ... PA""'P"!PB]
= [PB PAB .- PA""'B]
=P[B AB --- A" 'B]=PC (6.20)

Because P is nonsingular, we have p(C) = p(&) (see Equation (3.62)). This establishes
Theorem 6.2. Q.E.D.

Theorem 6.3

The set of the controllability indices of (A, B) is invariant under any equivalence transformation and
any reordering of the columns of B.

m} Proof: Let us define

Ge=[B AB -+ A*'B] (6.21)

Then we have, following the proof of Theorem 6.2,
o(C) = p(G)
for k = 0.1,2.... . Thus the set of controllability indices is invariant under any
equivalence transformation.
The rearrangement of the columns of B can be achieved by
B =BM

where M is a p x p nonsingular permutation matrix. It is straightforward to verify

Co:=[B AB ... A*"'B] = CdiagM. M..... M)

Because diag (M. M. ..., M) is nonsingular. we have p(@-) = p(G) fork =0.1.....
Thus the set of controllability indices is invariant under any reordering of the columns of
B. QE.D.

Because the set of the controllability indices is invariant under any equivalence transfor-
mation and any rearrangement of the inputs. it is an intrinsic property of the system that the
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state equation describes. The physical significance of the controllability index is not transparent
here; but it becomes obvious in the discrete-time case. As we will discuss in later chapters. the
controllability index can also be computed from transfer matrices and dictates the minimum
degree required to achieve pole placement and model matching.

6.3 Observability

The concept of observability is dual to that of controllability. Roughly speaking. controllability
studies the possibility of steering the state from the input; observability studies the possibility
of estimating the state from the output. These two concepts are defined under the assumption
that the state equation or. equivalently. all A, B, C. and D are known. Thus the problem of
observability is different from the problem of realization or identification, which is to determine
or estimate A. B. C. and D from the information collected at the input and output terminals.
Consider the #-dimensional p-input g-output state equation

X = Ax + Bu
(6.22)

y=Cx+Du

where A, B. C, and D are. respectively, n x n,n x p,q x n,and ¢ x p constant matrices.

Definition 6.01 The siate equation (6.22) is said to be observable if for any unknown
initial state x(0), there exists a finite ty > 0 such thar the knowledge of the input u and
the output y over [0. 1} suffices to determine uniquely the initial state X(0). Otherwise,
the equation is said to be unobservable.

EXAMPLE 6.6 Consider the network shown in Fig. 6.5. If the input is zero, no matter what the
initial voltage across the capacitor is, the output is identically zero because of the symmetry
of the four resistors. We know the input and output (both are identically zero), but we cannot
determine uniquely the initial state. Thus the network or. more precisely. the state equation
that describes the network is not observable.

ExaMPLE 6.7 Consider the network shown in Fig. 6.6(a). The network has two state variables:
the current x, through the inductor and the voltage x, across the capacitor. The input « is a

Figure 6.5 Unobservable network.
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Figure 6.6 Unobservable network.

!
current source. If u == 0, the network reduces to the one shown in Fig. 6.6(b). If x;(0) = a # 0
and x; = 0, then the output is identically zero. Any x(0) = [a 0] and u(t) = 0 yield the same
output y(t) = 0. Thus there is no way to determine the initial state [a 0] uniquely and the
equation that describes the network is not observable.

The response of (6.22) excited by the initial state x(0) and the input u(z) was derived in
(4.7) as

y(t) = Cer'x(0) + C / AUOBu(r) dr + Du(r) (6.23)
0

In the study of observability, the output y and the input u are assumed to be known; the inital
state x(0) is the only unknown. Thus we can write (6.23) as

Cer'x(0) = (1) (6.24)

where
¥t =y - C / AOBu(r)dr ~ Du(r)
0

is a known function. Thus the observability problem reduces to solving x(0) from (6.24). If
u = 0, then #(¢) reduces to the zero-input response Ce*'x(0). Thus Definition 6.01 can be
modified as follows: Equation (6.22) is observable if and only if the initial state x(0) can be
determined uniquely from its zero-input response over a finite time interval.

Next we discuss how to solve x(0) from (6.24). For a fixed ¢, Ce*’ is a g x n constant
matrix, and §(¢) is a ¢ x 1 constant vector. Thus (6.24) is a set of linear algebraic equations
with n unknowns. Because of the way it is developed, for every fixed ¢, y(¢) is in the range
space of CeA’ and solutions always exist in (6.24). The only question is whether the solution
is unique. If ¢ < n, as is the case in general, the ¢ x n matrix Ce’ has rank at most g and,
consequently, has nullity n — g or larger. Thus solutions are not unique (Theorem 3.2). In
conclusion, we cannot find a unique x(0) from (6.24) at an isolated ¢. In order to determine
x(0) uniquely from (6.24), we must use the knowledge of u(t) and y(z) over a nonzero time
interval as stated in the next theorem.

4
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Theorem 6.4

The state equation (6.22) is observable if and only if the n X n matrix
t
W, (1) = / AT CCertdr (6.25)
0

is nonsingular for any ¢ > 0.

Proof: We premultiply (6.24) by ¢A"C’ and then integrate it over [0, ;] to yield
( /0 ! eA"C'CeA’dt) x(0) = /; ! A1Cy(t) dt
If W, (#;) is nonsingular, then
x(0) = W, (1)) fo " e Cy(r) dr (6.26)

This yields a unique x(0). This shows that if W,(t), for any ¢ > 0, is nonsingular, then
(6.22) is observable. Next we show that if W,(z,) is singular or, equivalently, positive
semidefinite for all 1;, then (6.22) is not observable. If W, (1) is positive semidefinite,
there exists an n x | nonzero constant vector v such that

f
VW, (t)y =/ vVerTC'Cervdr
0

1 5
=/ ||Cer*v||"dr =0
0

which implies
Cer'v=0 (6.27)
forall ¢ in [0, n1]. If u = 0, then x,(0) = v # 0 and x,(0) = 0 both yield the same
y(r) = Ce*'x;(0) = 0

Two different initial states yield the same zero-input response; therefore we cannot
uniquely determine x(0). Thus (6.22) is not observable. This completes the proof of
Theorem 6.4. Q.E.D.

We see from this theorem that observability depends only on A and C. This can also be
deduced from Definition 6.01 by choosing u(r) = 0. Thus observability is a property of the
pair (A, C) and is independent of B and D. As in the controllability part, if W, () is nonsingular
for some ¢, then it is nonsingular for every ¢ and the initial state can be computed from {(6.26)
by using any nonzero time interval.

Theorem 6.5 (Theorem of duality)

The pair (A, B) is controilable if and only if the pair (A’, B} is observable.
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Proof: The pair (A, B) is controllable if and only if
!
W) = / A" BB Tdt
0

is nonsingular for any ¢. The pair (A’, B') is observable if and only if, by replacing A by
A’ and C by B’ in (6.25),

t
W,(t) = / eA"BBe?  dr
0

is nonsingular for any r. The two conditions are identical and the theorem follows.
QED.

. We list in the following the observabrfilily counterpart of Theorem 6.1. It can be proved
either directly or by applying the theorem of duality.

Theorem 6.01

The following statements are equivalent.

L. The n-dimensional pair (A, C) is observable.

2. The n X n matrix
!
W,(t) = / ATCCer dr (6.28)
0

is nonsingular for any ¢ > (.
3. The ng X n observability matrix
C

CA
0= : (6.29)

CAn—l

has rank 71 (full column rank). This matrix can be generated by calling cbsv in MATLAB.

1+

has full column rank at every eigenvalue, A, of A.

4. The (n 4+ ¢) X n matrix

5. If. in addition. all eigenvalues of A have negative real parts, then the unique solution of
AW, +WA =-CC (6.30)

is positive definite. The solution is called the observability Gramian and can be expressed as

oC
W,,:/ eNTC'Cetidr 6.31)
0
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6.3.1 Observability Indices

Let A and Cbe n x n and g x n constant matrices. We assume that C has rank ¢ (full row rank).
If C does not have full row rank, then the output at some output terminal can be expressed
as a linear combination of other outputs. Thus the output does not offer any new information
regarding the system and the terminal can be eliminated. By deleting the corresponding row.
the reduced C will then have full row rank.

If (A, C) is observable, its observability matrix O has rank » and, consequently, n linearly
independent rows. Let ¢; be the ith row of C. Let us search linearly independent rows of O in
order from top to bottom. Dual to the controllability part, if a row associated with ¢, becomes
linearly dependent on its upper rows, then all rows associated with ¢,, thereafter will also be
dependent. Let v, be the number of the linearly independent rows associated with ¢,,. It is
clear that if O has rank ». then

Vit bty =a {6.32)
The set {vi. va, ..., v} is called the observability indices and
v =max(vy, vz, ..., Vg) (6.33)

is called the observability index of (A, C). If (A, C) is observable, it is the least integer
such that

C
CA
)O(Ou) = CAZ =n
CAV-!
Dual to the controllability part, we have
n/g <v <min{n,n —q + 1) (6.34)

where p(C) = ¢ and n is the degree of the minimal polynomial of A.

Coroliary 6.01
The n-dimensional pair (A. C) is observable if and only if the matrix
C
CA
On—q+l = . (6.35)
CA™1

where p(C) = g, has rank 1 or the n X n matrix O;:—qﬂ O, _g+1 is nonsingular.

Theorem 6.02

The observability property is invariant under any equivalence transformation.
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Theorem 6.03

The set of the observability indices of (A, C) is invariant under any equivalence transformation and any
reordering of the rows of C.

Before concluding this section, we discuss a different way of solving (6.24). Differenti-
ating (6.24) repeatedly and setting ¢ = 0, we can obtain

C y(©)

¥(0)
x(0) =

CAv—l ( y(u—l)(o)
or

0,x(0) = y(O) (6.36)

where 7 (t) is the ith derivative of §(¢), and ¥(0) := [¥'(0) §©) --- F“V)7. Equation
(6.36) is a set of linear algebraic equations. Because of the way it is developed, ¥(0) must lie
in the range space of O,. Thus a solution x(0) exists in (6.36). If (A, C) is observable, then
0, has full column rank and, following Theorem 3.2, the solution is unique. Premultiplying
(6.36) by O, and then using Theorem 3.8, we can obtain the solution as

x(©0) =[0,0,]" 0[50 (6.37)

We mention that in order to obtain ¥(0), ¥(0), . . ., we need knowledge of ¥(¢) in the neigh-
borhood of r = 0. This is consistent with the earlier assertion that we need knowledge of y(r)
over a nonzero time interval in order to determine x(0) uniquely from (6.24). In conclusion,
the initial state can be computed using (6.26) or (6.37).

The output y(¢) measured in practice is often corrupted by high-frequency noise. Because

o differentiation will amplify high-frequency noise and

o integration will suppress or smooth high-frequency noise,

the result obtained from (6.36) or (6.37) may differ greatly from the actual initial state. Thus
(6.26) is preferable to (6.36) in computing initial states.

The physical significance of the observability index can be seen from (6.36). It is the
smallest integer in order to determine x(0) uniquely from (6.36) or (6.37). It also dictates the
minimum degree required to achieve pole placement and model matching, as we will discuss
in Chapter 9.

6.4 Canonical Decomposition

This section discusses canonical decomposition of state equations. This fundamental result will
be used to establish the relationship between the state-space description and the transfer-matrix
description. Consider
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x = Ax+ Bu
(6.38)
y =Cx+Du
Let X = Px, where P is a nonsingular matrix. Then the state equation
% = A% + Bu
_ _ (6.39)
y = Cx +Du

with A = PAP~!, B = PB, C = CP~', and D = D is equivalent to (6.38). All properties of
(6.38), including stability, controllability, and observability, are preserved in (6.39). We also
have

C=pPC O=o0p"!

Theorem 6.6
Consider the n-dimensional state equation in (6.38) with
p(C)=p((B AB --- A" 'B) =n <n
We form the n X n matrix _
Ph=(qr o Quer G

where the first nq columns are any 71 linearly independent columns of C, and the remaining columns
can arbitrarily be chosen as long as P is nonsingular. Then the equivalence transformation x = Pxor
x = P~ !X will transform (6.38) into

MEFEEIHERE

y=IC Cel[;i]wu

(6.40)

where Ac isn; x ny and z;xg is (n — ny) x (n — ny), and the n-dimensional subequation of (6.40),
X = Acke + B.u

_ 6.41)
y = C.X. +Du

is controllable and has the same transfer matrix as (6.38).

Proof: As discussed in Section 4.3, the transformation x = P~'X changes the basis
of the state space from the orthonormal basis in (3.8) to the columns of Q := P! or
{Qi, .--» Qu. ---- Gu}. The ith column of A is the representation of Aq; with respect
o {qi. - s Qnye <o oo q.}. Now the vector Agq;, fori =1, 2, ..., ny, are linearly
dependent on the set {q. ..., 4y, }; they are linearly independent of {Qn,+1, ---- qn}
Thus the matrix A has the form shown in (6.40). The columns of B are the representation
of the columns of B with respectto (qu, - -, Gny - -+ Gn). Now the columns of B depend
onlyon{qi, .... qn,}:thus B has the form shown in (6.40). We mention that if the n x p
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matrix B has rank p and if its columns are chosen as the first p columns of P~!, then the
upper part of B is the unit matrix of order p.

Let C be the controllability matrix of (6.40). Then we have p(C) = p(&) =n.. It
is straightforward to verify

s {BL AB, Al'B, A"'B,
Lo o 0 0 }
[q A"B, A'B,

Lo o 0 }

where C. is the controllability matrix of (A, B.). Because the columns of A 'B.. for
k > ny, are lineurly dependent on the columns of CL, the condition p(C) = n, lmp1185
p(C ) = n;. Thus the n-dimensiona] state equation in (6.41) is controllable.

Next we show that (6.41) has thé same transfer matrix as (6.38). Because (6.38) and
(6.40) have the same transfer matrix. we need to show only that (6.40) and (6.41) have
the same transfer matrix. By direct verification, we can show

[sx—Af -Ap 7 [GI=A)™ M .
0 ST — A = 0 (sT — AE)_] ] (6.42)

where
M=(GL-A)'ALGT— A

Thus the transfer matrix of (6.40) is

- I-A. ~Ap 17'[B

CCCE S c l: c

[ ][ 0 sI—AC—:I [O:I+D

= o [T-AY! M B
={C. C; - ¢
GRS

=C.(sT-A)7'B. +D
which is the transfer matrix of (6.41). This completes the proof of Theorem 6.6.  Q.E.D.

In the equivalence transformation X = Px, the n-dimensional state space is divided into
two subspaces. One is the n;-dimensional subspace that consists of all vectors of the form
(X, 0]': the other is the (n ~ n;)-dimensional subspace that consists of all vectors of the form
{0" X;])'. Because (6.41) is controllable, the input u can transfer X, from any state to any other
state. However, the input u cannot control X; because, as we can see from (6.40). u does not
affect Xz directly. nor indirectly through the state %.. By dropping the uncontrollable state
vector, we obtain a controllable state equation of lesser dimension that is zero-state equivalent
to the original equation.

EXAMPLE 6.8 Consider the three-dimensional state equation

1 1 0 0 1
Xx=|0 1t O|x+|1 Ofu y=[11I)x (6.43)
0 1 1 0 1
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The rank of B is 2; therefore we can use C» = [B AB].instead of C = [B AB A’B], to check
the controllability of (6.43) (Corollary 6.1). Because

ro 1 1 1
p(CGy=p(BABh)=p|1 0 1 0{=2<3
LO 1 1 1
the state equation in (6.43) is not controllable. Let us choose
ro 1 1t
P'=Q:=|1 00
LO I 0

The first two columns of Q are the first two linearly independent columns of C»: the last column
is chosen arbitrarily to make Q nonsingular. Let X = Px. We compute

01 077t 1 03ro 1 1
A=PAP'=[0 0 1}]}j0 1 Oof|1 0 O
L1 0 =1JL0 1t tJLo 1 0
10 ¢ 0]
O T R S
0 0 1
0 1 o 1 (1)(1)
B=PB=|0 0 1 0=
10 K
0 0
01 1
C=CP'=[111]{1 0 O0}=[12:1
010

Note that the | x 2 submatrix A71 of A and B are zero as expected The 2 x 1 submatrix
A happens to be zero; it could be nonzero. The upper part of B is a unit matrix because the
columns of B are the first two columns of Q. Thus (6.43) can be reduced to

o= Vel O v=p 2
*FhoooJY T o yEl

This equation is controllable and has the same transfer matrix as (6.43).

The MATLAB function ctrif transforms (6.38) into (6.40) except that the order of the
columns in P~! is reversed. Thus the resulting equation has the form

&2 L8]

Theorem 6.6 is established from the controllability matrix. In actual computation, it is unnec-
essary to form the controllability matrix. The result can be obtained by carrying out a sequence
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of similarity transformations to transform [B A] into a Hessenberg form. See Reference {6,
pp- 220-222]. This procedure is efficient and numerically stable and should be used in actual
computation.

Dual to Theorem 6.6, we have the following theorem for unobservable state equations.

Theorem 6.06
Consider the n-dimensional state equation in (6.38) with
C
CA
p(0)=p . =n<n
éA"_l
We form the n X n matrix
P1
P= pn;
pn

where the first 7, rows are any 1, linearly independent rows of O, and the remaining rows can be chosen
arbitrarily as long as P is nonsingular. Then the equivalence transformation X = Px will transform

(6.38) into
%] _[A 07[% . B,
%] LAn Asll% B )"
- %,
y = [C, 0] [x] +Du (6.44)

where A, is ns X ny and A is (n — na) x (n — n2), and the nz-dimensional subequation of (6.44),
);({, = A(.)_(o + ﬁ,,u
j = C,%, + Du

is observable and has the same transfer matrix as (6.38).

In the equivalence transformation X = Px, the n-dimensional state space is divided
into two subspaces. One is the n.-dimensional subspace that consists of all vectors of the
form [X, 0'Y’; the other is the (n — n,)-dimensional subspace consisting of all vectors of the
form [0" X]'. The state X, can be detected from the output. However, X; cannot be detected
from the output because, as we can see from (6.44), it is not connected to the output either
directly, or indirectly through the state %,.. By dropping the unobservable state vector, we obtain
an observable state equation of lesser dimension that is zero-state equivalent to the original
equation. The MATLAB function obsv £ is the counterpart of ctrbf. Combining Theorems
6.6 and 6.06, we have the following Kalman decomposition theorem.
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» Theorem 6.7

Every state-space equation can be transformed, by an equivalence transformation, into the following
canonical form

ico Aca 0 A 13 0 ’-‘co Eco

X5 Ay A An Ay X5 B

. = - - + u

?fga 0 0 ééo _0 Xzo 0 (6.45)
Xz 0 0 As AsdLxs 0

y=[Cc 0 Cz 01X +Du

where the vector X, is controllable and observable, X5 is controllable but not observable, Xcp 1S
observable but not controllable. and X;; is neither controllable nor observable. Furthermore, the state
equation is zero-state equivalent to the controllable and observable state equation
Xeo = Acaica + B.ou
(6.46)

y= C.oXco + Du
and has the transfer matrix

G(S) = Ccu(SI - Aco)—lﬁco +D

This theorem can be illustrated symbolically as shown in Fig. 6.7. The equation is first
decomposed, using Theorem 6.6, into controilable and uncontrollable subequations. We then
decompose each subequation, using Theorem 6.06, into observable and unobservable parts.
From the figure, we see that only the controllable and observable part is connected to both
the input and output terminals. Thus the transfer matrix describes only this part of the system.
This is the reason that the transfer-function description and the state-space description are not
necessarily equivalent. For example, if any A-matrix other than A, has an eigenvalue with a

Figure 6.7 Kalman decomposition.

co
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positive real part. then some state variable may grow without bound and the system may burn
out. This phenomenon, however, cannot be detected from the transfer matrix.

The MATLAB function mir.real, an acronym for minimal realization, can reduce any
state equation to (6.46). The reason for calling it minimal realization will be given in the next
chapter.

ExaMmPLE 6.9 Consider the network shown in Fig. 6.8(a). Because the input is a current source,
responses due to the initial conditions in Cy and L, will not appear at the output. Thus the state
variables associated with C| and L, are not observable: whether or not they are controllable
is immaterial in subsequent discussion. Similarly, the state variabie associated with L5 is not
controllable. Because of the symmetry of the four 1-$2 resistors. the state variable associated
with C- is neither controllable nor observable. By dropping the state variables that are either
uncontrollable or unobservable, the network in Fig. 6.8(a) can be reduced to the one in Fig.
6.8(b). The current in each branch is «/2; thus the output y equals 2 - (/2) or v = . Thus
the transter function of the network in Fig. 6.8(a) is g(s) = 1.
If we assign state variables as shown, then the network can be described by

0 05 0 0 0.5
]t o 0o o 0
*“lo o —os o |[*F"] o |"

0 0 0 -1 0

y=[000 l]x+u

Because the equation is already of the form shown in (6.40). it can be reduced to the following
controllable state equation

. 0 -05 0.5

X, = ) 0 Xe + 0 u

v=1[0 0]x. +u

The output is independent of x,: thus the equation can be further reduced to v = u. This is
what we will obtain by using the MATLAB function minreal.

6.5 Conditions in Jordan-Form Equations

Controllability and observability are invariant under any equivalence transformation. If a state
equation is transtormed into Jordan form. then the controllability and observability conditions
become very simple and can often be checked by inspection. Consider the state equation

x =Jx+Bx

(6.47)
y = Cx
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Figure 6.8 Networks.

where J is in Jordan form. To simplify discussion, we assume that J has only two distinct
eigenvalues & and 4; and can be written as

J =diag (J,. 1)

where J; consists of all Jordan blocks associated with X1 and J> consists of all Jordan blocks
associated with i-. Again to simplify discussion. we assume that J, has three Jordan blocks
and J- has two Jordan blocks or

Jy = diag (Jy11. Jiz. J13)

The row of B corresponding to the last row of J;; is denoted by by;;. The column of C
corresponding to the first column of J;; is denoted by cy,;.

J> = diag (J21. J»)

Theorem 6.8

1. The state equation in (6.47) is controllable if and only if the three row vectors {b;;. byj2. byy3} are
linearly independent and the two row vectors {b;2;. bj22} are linearly independent.

2. The state equation in (6.47) is observable if and only it the three colurmin vectors {c,-; 1 Cri2, Cr13)
are linearly independent and the two column vectors {sz] . szg} are linearly independent.

We discuss first the implications of this theorem. If a state equation is in Jordan form,
then the controllability of the state variables associated with one eigenvalue can be checked
independently from those associated with different eigenvalues. The controllability of the state
variables associated with the same eigenvalue depends only on the rows of B corresponding
to the last row of all Jordan blocks associated with the eigenvalue. All other rows of B play no
role in determining the controllability. Similar remarks apply to the observability part except
that the columns of C corresponding to the first column of ail Jordan blocks determine the
observability. We use an example to illustrate the use of Theorem 6.8.
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EXAMPLE 6.10 Consider the Jordan-form state equation

1 0 0 0 0 0 00 0

O 4 0 0 0 0 O 1 00

0 0 »% 0 0 0 O 010
X:000k1000x+111u

0 0 0 0 A 1 0 123

0 0 0 0 0 X 1 010 (6.48)
0 0 0 0 0 0 X 111
1120021

y=[10120 1 L|x

10230020

The matrix J has two distinct eigenvalues A, and A2. There are three Jordan blocks, with order
2,1, and 1, associated with A;. The rows of B corresponding to the last row of the three Jordan
blocks are [100], [0 1 0], and [1 1 1]. The three rows are linearly independent. There is only
one Jordan block, with order 3, associated with A,. The row of B corresponding to the last row
of the Jordan block is [1 1 1], which is nonzero and is therefore linearly independent. Thus we
conclude that the state equation in (6.48) is controllable.

The conditions for (6.48) to be observable are that the three columns {1117, [212},and
[0 2 3Y are linearly independent (they are) and the one column [0 0 0)' is linearly independent
(it is not). Therefore the state equation is not observable.

Before proving Theorm 6.8, we draw 2 block diagram to show how the conditions in the
theorem arise. The inverse of (sI —J) is of the form shown in (3.49), whose entries consist
of only 1/(s — A;)*. Using (3.49), we can draw a block diagram for (6.48) as shown in Fig.
6.9. Each chain of blocks corresponds to one Jordan block in the equation. Because (6.48) has
four Jordan blocks, the figure has four chains. The output of each block can be assigned as a
state variable as shown in Fig. 6.10. Letus consider the last chain in Fig. 6.9. If by = 0, the
state variable xp; is not connected to the input and is not controllable no matter what values
by and byay assume. On the other hand, if byy; is nonzero, then all state variables in the
chain are controllable. If there are two or more chains associated with the same eigenvalue,
then we require the linear independence of the first gain vectors of those chains. The chains
associated with different eigenvalues can be checked separately. All discussion applies to the
observability part except that the column vector Cfij plays the role of the row vector byij.

Proof of Theorem 6.8 We prove the theorem by using the condition that the matrix
[A —sI Blor[sI— A B]has full row rank at every eigenvalue of A. In order not to be
overwhelmed by notation, we assume [s1—~J B]tobe of the form

s — At -1 0 0 0 0 0 b
0 s — A -1 0 0 0 0 ban
0 0 s — A 0 0 0 0 b
0 0 0 s—x -1 0 0 b2 (6.49)
0 0 0 0 s—=M 0 0 b1z
0 0 0 0 0 s—x -1 by
0 0 0 0 0 0 s—Xiy bm
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Figure 6.9 Block diagram of (6.48).
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Figure 6.10 Internal structure of 1/(s — Ai).

The Jordan-form matrix J has two distinct eigenvalues A and A». There are two Jordan
blocks associated with A and one associated with 4. If s = A1, (6.49) becomes

0 -1 0 0 0 0 0 bu
00 -10 0 0 0 bu
o 0 0 0 O 0 0 b
0 0 0 0 -1 0 0 bii2 (6.50)
0 0 0o 0 O 0 0 bia
LO 0 0 0 0 Ar—AX -1 b
0 0 0o 0 O 0 Ar—Xxy by
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The rank of the matrix will not change by elementary column operations. We add the
product of the second column of (6.50) by by, to the last block column. Repeating the
process for the third and fifth columns, we can obtain

ro -1 o0 o 0 0 0 0 7
0 0 -1 0 0 0 0 0
00 0 0 0 0 0 by
0 0 0 0 -1 0 0 0
00 0 00 0 0 b
0 0 0 0 0 & —hx -1 bi-

LO 0 0 0 O 0 Ay =242 by

Because &) and %, are distinct, A, — 2 is nonzero. We add the product of the seventh
column and —by3; /(A — &2) to the last tolumn and then use the sixth column to eliminate
its right-hand-side entries to yield

o -1 0 0 0 0 0 01
0 0 -1 0 0 0 0 0

00 0 0 0 0 0 by

00 0 0 -1 0 0 0 (6.51)
00 0 0 0 0 0 by

000 0 0 0 A~ O 0

LO O 0 0 0 0 a—i 0 J

!t is clear that the matrix in (6.51) has full row rank if and only if b;;; and by > are linearly
independent. Proceeding similarly for each eigenvalue, we can establish Theorem 6.8.
Q.ED.

Consider an n-dimensional Jordan-form state equation with p inputs and ¢ outputs. If
there are m, with i > p, Jordan blocks associated with the same eigenvalue, then m number
of | x p row vectors can never be linearly independent and the state equation can never be
controllable. Thus a necessary condition for the state equation to be controllable is m < p.
Similarly, a necessary condition for the state equation to be observable is m < q. For the
single-input or single-output case. we then have the following corollaries.

Corollary 6.8

A single-input Jordan-form state equation is controllable if and only if there is only one Jordan block
associated with each distinct eigenvalue and every entry of B corresponding to the last row of each Jordan
block is ditferent from zero.

Corollary 6.08

A single-output Jordan-form state equation is observable if and only if there is only one Jordan block
associated with each distinct eigenvalue and every entry of C corresponding to the first column of each
Jordan block is different from zero.
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ExaMpLE 6.11 Consider the state equation

010 0 10
(oo o ]
X= 14
0000 0 (6.52)
000 -2 1
v=1100 2

There are two Jordan blocks. one with order 3 and associated with eigenvalue O. the other with
order 1 and associated with eigenvalue —2. The entry of B corresponding to the last row of
the first Jordan block is zero: thus the state equation is not controllable. The two entries of C
corresponding to the first column of both Jordan blocks are difterent from zero: thus the state
equation is observable.

6.6 Discrete-Time State Equations

Consider the n-dimensional p-input g-output state equation
x[k + 1] = Ax[Kk] + Bu(k]
ylk] = Cx[k]

where A, B, and C are. respectively, n x n.n x p.and ¢ x n real constant matrices.

Definition 6.D1 The discrete-time state equation (6.53) or the pair (A. B is said to be
controllable if for any initial state X(0) = Xy and any final state X, there exists an input
sequence of finite length that transfers X to X;. Otherwise the equation or (A, B) is
said to be uncontrollable.

Theorem 6.D1

The tollowing statements are equivalent:

1. The n-dimensional pair (A. B) is controllable.
2. The n X n matnx
n=-1
Woeln = 1= ) (A)"BB(A)" (6.34)
m=0
is nonsingular.
3. The n x np controllubility marrix

C,=[B AB A°B --- A" 'B] (6.

w
v

has rank # (full row rank). The matrix can be generated by calling =t rs in MATLAB.
4. The n x (n + p) matrix [A — AL B] has full row rank at every eigenvalue, A, of A.

. If. in addition. all eigenvatues of A have magnitudes less than 1. then the unique solution of

w
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W, — AW, A" = BB’ (6.56)

is positive definite. The solution is called the discrete controllability Gramian and can be obtained by
using the MATLAB function dgram. The discrete Gramian can be expressed as
>0
Wi =) A"BB'(A)" (6.57)
m=0
The solution of (6.53) at k = n was derived in (4.20) as

n—1

x[n] = A"X[0] + > A"""""Bu[m]

m=0
{
which can be written as i
uln — 1]
uln — 2}
X[n] - A"X[0] = [B AB --- A"'B]| . (6.58)
u[0]

It follows from Theorem 3.1 that for any x[0] and x[n], an input sequence exists if and only
if the controllability matrix has full row rank. This shows the equivalence of (1) and (3). The
matrix Wy.[n — 1] can be written as
B!
B’'A’
Wy n—1]1=[B AB ... A"!B] :
B,( A/)n—l
The equivalence of (2) and (3) then follows Theorem 3.8. Note that W [m] is always positive
semidefinite. If it is nonsingular or, equivalently, positive definite, then (6.53) is controllable.
The proof of the equivalence of (3) and (4) is identical to the continuous-time case. Condition
(5) follows Condition (2) and Theorem 5.D6. We see that establishing Theorem 6.D1 is
considerably simpler than establishing Theorem 6.1.

There is one important difference between the continuous- and discrete-time cases. If a
continuous-time state equation is controllable, the input can transfer any state to any ‘othc.:r
state in any nonzero time interval, no matter how small. If a discrete-time state equation is
controllable, an input sequence of length n can transfer any state to any other state. If we
compute the controllability index u as defined in (6.15), then the transfer can be achieved
using an input sequence of length . If an input sequence is shorter than , it is not possible
to transfer any state to any other state.

Definition 6.D2 The discrete-time state equation (6.53) or the pair (A, C) is said to be
observable if for any unknown initial state X{0), there exists a finite integer k; > 0 such
that the knowledge of the input sequence u[k) and output sequence y[k) fromk =010
ky suffices to determine uniquely the initial state X[0]. Otherwise, the equation is said
fo be unobservable.
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P Theorem 6.DO1

The following statements are equivalent:

1. The n-dimensional pair (A, C) is observable.
2. The n X n matrix

n-—-1
Waoln ~ 11 =) (A)"C'CA™ (659

m=0
is nonsingular or, equivalently, positive definite.
3. The nq X n observability matrix

C

CA
O = . (6.60)

CAn—l

has rank 7 (full column rank). The matrix can be generated by calling obsv in MATLAB.

3]

has full column rank at every eigenvalue, A, of A.

4. The (n + q) X n matrix

S. If, in addition, all eigenvalues of A have magnitudes less than 1, then the unique solution of

Wy, ~ A/Wd,,A =CC (6.61)
is positive definite. The solution is called the discrete observability Gramian and can be expressed as
- -
Wao = ) (A)"C'CA™ (662)
m==0

This can be proved directly or indirectly using the duality theorem. We mention that all
other properties—such as controllability and observability indices, Kalman decomposition,
and Jordan-form controllability and observability conditions—discussed for the continuous-
time case apply to the discrete-time case without any modification. The controllability index
and observability index, however, have simple interpretations in the discrete-time case. The
controllability index is the shortest input sequence that can transfer any state to any other state.
The observability index is the shortest input and output sequences needed to determine the
initial state uniquely.

6.6.1 Controllability to the Origin and Reachability
In the literature, there are three different controllability definitions:

1. Transfer any state to any other state as adopted in Definition 6.D1.
2. Transfer any state to the zero state, called controllability to the origin.



172

CONTROLLABILITY AND OBSERVABILITY

3. Transfer the zero state to any state, called controllability from the origin or, more often,
reachabiliry.

In the continuous-time case, because e is nonsingular, the three definitions are equiva-
lent. In the discrete-time case, if A is nonsingular, the three definitions are again equivalent.
But if A is singular. then (1) and (3) are equivalent, but not (2) and (3). The equivalence of (1)
and (3) can easily be seen from (6.58). We use examples to discuss the difference between (2)
and (3). Consider

010 0
xk+1]=]0 0 1 |x[k]+ |0 |ulk] (6.63)
0 00 0

Its controllability matrix has rank 0 and the gquation is not controllable as defined in (1) or not
reachable as defined in (3). The matrix A has the form shown in (3.40) and has the property
A% = 0 for k > 3. Thus we have

x[3] = A¥x(0] =0

for any initial state x[0]. Thus every state propagates to the zero state whether or not an input
sequence is applied. Thus the equation is controllable to the origin. A differentexample follows.

Consider
X+ 1) = [; (ﬂ (k] + [—Ol}u[k] (6.64)
Its controllability matrix
o ]
0 0
has rank 1 and the equation is not reachable. However, for any x[0] = « and x2[0] = =B,

the input u[0] = 2e + B transfers x[0] to x[1] = 0. Thus the equation is controllable to the
origin. Note that the A-matrices in (6.63) and (6. 64) are both singular. The definition adopted
in Definition 6.D1 encompasses the other two definitions and makes the discussion simple.
For a thorough discussion of the three definitions, see Reference [4].

6.7 Controllability After Sampling

Consider a continuous-time state equation
%(t) = Ax(1) + Bu(r) (6.65)
If the input is piecewise constant or
ulk) ;= ukT) = ult) forkT <t < (k+ DT
then the equation can be described, as developed in (4.17), by

%[k + 1] = AX[k] + Bulk] (6.66)

=}
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T
A=eV B = (/ e*d:) B =: MB (6.67)
VO

The questionis: If (6.65) is controllable, will its sampled equation in (6.66) be controllable? This
problem is important in designing so-called dead-beat sampled-data systems and in computer
control of continuous-time systems. The answer to the question depends on the sampling peried
T and the location of the eigenvalues of A. Let 4; and ; be. respectively, the eigenvalues of
A and A. We use Re and Im to denote the real part and imaginary part. Then we have the
following theorem.

with

Theorem 6.9

Suppose (6.65) is controllable. A sufficient condition for its discretized equation in (6.66). with sampling
period 7. to be controllable is that [ImfA; — A;)| # 2am/T form = 1,2..... whenever
Re[A; — 4;] = O. For the single-input case. the condition is necessary as well.

First we remark on the conditions. If A has only real eigenvalues. then the discretized
equation with any sampling period T > O is always controliable. Suppose A has complex
conjugate eigenvalues « = j3. If the sampling period T does not equal any integer multiple of
7/ 8, then the discretized state equation is controllable. If T = m /8 for some integer m. then
the discretized equation may not be Lontrollable The reason is as follows. Because A = ¢*7 . if
A; is an eigenvalue of A. then &; := e™7 is an eigenvalue of A (Problem 3.19). If T = m= /8.
the two distinct eigenvalues 7., = @+ jf and A> = a — jB of A become a repeated eigenvalue
—e?T or ¢®T of A. This will cause the discretized equation to be uncontrollable. as we will
see in the proof. We show Theorem 6.9 by assuming A to be in Jordan form. This is permitted
because controllability is invariant under any equivalence transformation.

Proof of Theorem 6.9 To simplify the discussion, we assume A to be of the form

A 10 0 0 O
0 » 1 0
0 0 A 0 0
0 0 0 & O
0 0 0 0 4
0 0 0 0 0 A

In other words, A has two distinct eigenvalues A; and X». There are two Jordan blocks.

one with order 3 and one with order 1, associated with A; and only one Jordan block of
order 2 associated with ~>. Using (3.48), we have

(=]

A =diagiAn. Ap. Ay = (6.68)

—_0 OO

A= dillgir-\u. zi[} .&3[)

e T TeT T2MT/2 0 0 0
0 e TenT 0 0 0
0 0 et 0 0 0
i oo 0 0 Ml g 0 (6.69)
0 0 0 0 emT Tl
0 0 0 0 0 sty
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This is not in Jordan form. Because we will use Theorem 6.8, which is also applicable to
the discrete-time case without any modification, to prove Theorem 6.9, we must transform
A in (6.69) into Jordan form. It turns out that the Jordan form of A equals the one in (6.68)
if A; is replaced by ; := e~T (Problem 3.17). In other words, there exists a nonsingular
triangular matrix P such that the transformation X = Px will transform (6.66) into

%[k + 1] = PAP~'X[k] + PMBu[k] (6.70)

with PAP~! in the Jordan form in (6.68) with A; replaced by ;. Now we are ready to
establish Theorem 6.9.

First we show that M in (6.67) is nonsingular. If A is of the form shown in (6.68),
then M is block diagonal and triangular. Its diagonal entry is of form

) ot (T — 1)/ ifA #0
mii ._/g dt [ £ 20 (6.71)

Let &; = o; + jB;i. The only way for m;; = Oisa; = O and B;T = 27m. In this case,
— jBi is also an eigenvalue and the theorem requires that 28, T # 27 m. Thus we conclude
m;; # 0 and M is nonsingular and triangular.

If A is of the form shown in (6.68), then it is controllable if and only if the third
and fourth rows of B are linearly independent and the last row of B is nonzero (Theorem
6.8). Under the condition in Theorem 6.9, the two eigenvalues A; = ¢*7 and , = ¢*27
of A are distinct. Thus (6.70) is controllable if and only if the third and fourth rows of
PMB are linearly independent and the last row of PMB is nonzero. Because P and M
are both triangular and nonsingular, PMB and B have the same properties on the linear
independence of their rows. This shows the sufficiency of the theorem. If the condition
in Theorem 6.9 is not met, then A; = A,. In this case, (6.70) is controllable if the third,
fourth, and last rows of PMB are linearly independent. This is still possible if B has three
or more columns. Thus the condition is not necessary. In the single-input case, if Xl = Xz,
then (6.70) has two or more Jordan blocks associated with the same eigenvalue and (6.70)
is, following Corollary 6.8, not controllable. This establishes the theorem. Q.ED.

In the proof of Theorem 6.9, we have essentially established the theorem that follows.

Theorem 6.10

If a continuous-time linear time-invariant state equation is not controllable, then its discretized state
equation, with any sampling period, is not controllable.

This theorem is intuitively obvious. If a state equation is not controllable using any input,
it is certainly not controllable using only piecewise constant input.

ExaMPLE 6.12 Consider the system shown in Fig. 6.11. Its input is sampled every T seconds
and then kept constant using a hold circuit. The transfer function of the system is given as
s+2 _ s+2

= , - (6.72)
S+3s2+Ts+5  +DE+H1+ 2D +1-42)

8(s) =
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+3
x 42
T —+
u(r) ulk] s+2 v 1
=1 Hold {— >
G+DE+1+2)6+1-25) 3 21 a3
2 L)
X T2
T-3
Figure 6.11  System with piecewise constant input.
Using (4.41), we can readily obtain the state equation
-3 -7 -5 1
x=|1 0 0 |x+|0|u
0 1 o 0 (6.73)
y=[01 2

to describe the system. It is a controllable-form realization and is clearly controllable. The
eigenvalues of A are —1, —1 = ;2 and are plotted in Fig. 6.11. The three eigenvalues have
the same real part; their differences in imaginary parts are 2 and 4. Thus the discretized state
equation is controllable if and only if

27m 2xm

=mm and T # =0.57m

T #

form =1, 2, .... The second condition includes the first condition. Thus we conclude that
the discretized equation of (6.73) is controllable if and only if T # 0.5mm for any positive
integer m.

We use MATLAB to check the result form = | or T = 0.57. Typing

a=[-3 -7 -5;1 0 0;0 1 0);b=01;0:0];
[ad,bd]=c2d(a,b,pi/2)

yields the discretized state equation as

—0.1039  0.2079  0.5197 —0.1039
X(k+11=| -0.1390 —0.4158 —0.5197 | k[k]+ | 0.1039 ulk]  (6.74)
0.1039  0.2079 03118 0.1376

Its controllability matrix can be obtained by typing ctrb (ad, ba), which yields

—0.1039  0.1039 —0.0045
G = 0.1039 —-0.1039  0.0045
0.1376  0.0539  0.0059

Its first two rows are clearly linearly dependent. Thus C, does not have full row rank
and (6.74) is not controllable as predicted by Theorem 6.9. We mention that if we type
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rank{ctrb(ad, nd)), the result is 3 and (6.74) is controllable. This is incorrect and is due
to roundoff errors. We see once again that the rank is very sensitive to roundoff errors.

What has been discussed is also applicable to the observability part. In other words. under
the conditions in Theorem 6.9, if a continuous-time state equation is observable, its discretized
equation is also observable.

6.8 LTV State Equations

Consider the n-dimensional p-input g-output state equation

x=A(x +B(Hu 6.75)

y= C(f)x

The state equation is said to be controllable at #, if there exists a finite f; > fo such that for any
x(to) = Xo and any x;. there exists an input that transfers X, to x; at time 1,. Otherwise the state
equation is uncontrollable at #,. In the time-invariant case, if a state equation is controllable,
then it is controllable at every fo and for every f; > fo; thus there is no need to specity 7 and
1;. In the time-varying case, the specification of #p and ¢# is crucial.

Theorem 6.11

The n-dimensional pair (A(¢). B(¢)) is controllable at time fo if and only if there exists a finite 1} > fo
such that the n X n matrix

I
Wty 1)) = / &(r. OB(OB (1)@ (1, 1) dT (6.76)

o

where @ (t, T) is the state transition matrix of X = A(#)X. is nonsingular.

'_> Proof: We first show that if W, (f, t;) is nonsingular, then (6.75) is controllable. The
response of (6.75) at t; was computed in (4.57) as

"
x(11) = ®(t, 19)xo +/ ®(n, 1)Bl(t)u(r)dr (6.77)
o

We claim that the input
u(t) = —B'(1)®' (1. )W (0. 1)@ (11, 10)%0 = X1] (6.78)
will transfer X, at time ¢ to X; at time 7;. Indeed, substituting (6.78) into (6.77) vields

4l
X(t1) = ®(t1, to)Xo —/ &, 1)B(1)B' (1) ®' (1. 1) d7

1o
- W, 1) [ @ (11, 10)%0 — X1]
= ®(11. 19)Xg — Wi, )W (29, 1)[ (11, 10)X0 — X1] = X4

6.8 LTV State Equations 177

Thus the equation is controllable at £. We show the converse by contradiction. Suppose
(6.75) is controllable at 7, but W,.(1y, 1) is singular or, positive semidefinite. for all 1, > r.
Then there exists an n x 1 nonzero constant vector v such that

n
VW (tg. 1))V = / V&, T)B(T)B(D)®' (1. 1)vdr

o
n
= / [IB'(r)® (1, T)v||"dt =0
o
which implies
B(0)®'(/;.1)v=0 or v, 1)B(r)=0 (6.79)

for all T in [f. 1,]. If (6.75) is controllable, there exists an input that transfers the initial
state Xg = P (70. 1;)v at 1p to x(1;) = 0. Then (6.77) becomes

f
0=&0.10)P0. 1)V + / @, )B(t)utr)dr (6.80)
L}

Its premultiplication by v yields
n

0=vv+ v'/ &t O)B(Du(r)dr = ||v||" + 0
o

This contradicts the hypothesis v # 0. Thus if (A(r), B(¢)) is controllable at rg. W_.(19. 1,)
must be nonsingular for some finite #; > #,. This establishes Theorem 6.11. Q.E.D.

In order to apply Theorem 6.11, we need knowledge of the state transition matrix. which.
however, may not be available. Therefore it is desirable to develop a controllability condition
without involving @(s. 7). This is possible if we have additional conditions on A(r) and B(r).
Recall that we have assumed A(r) and B(z) to be continuous. Now we require them to be
(n — 1) times continuously differentiable. Define M () = B(t). We then define recursively a
sequence of n x p matrices M,,(r) as )

M, (1) == ~AOM,, (1) + %Mm(t) (6.81)
form =0, 1. ..., n— 1. Clearly. we have
&(1:. B(t) = ®(12. 1)M(1)
for any fixed r>. Using
;;4)(@. 1y = —®(r2. A1)

(Problem 4.17), we compute

3 3 d
Z (@12 OB(1)] = —[ (12, )IB(t) + D (12, 1) = B(1)
or ar dt

d
=& O [-AMo(r) + EMO(I)] = ®(. )M (1)
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Proceeding forward, we have
——; ®(r2, HB(1) = (12, HMn (1) (6.82)
t”l

form = 0,1,2,.... The following theorem is sufficient but not necessary for (6.75) to be
controllable.

» Theorem 6.12
Let A(f) and B(¢) be n — 1 times continuousty differentiable. Then the n-dimensional pair (A(¢), B(¢))
is controllable at #g if there exists a finite #; > fo such that

rank [Mo () My(t)) -+ M)l =n (6.83)

E Proof: We show that if (6.83) holds, ‘hen W.(fo, 1) is nonsingular for all t > ;. Suppose
/ not, that is, W.(to, t) is singular or positive semidefinite for some , > ¢. Then there

exists an n x 1 nonzero constant vector v such that

t
VW (ty, L)V = /zv’<1>(t3,r)B(r)B’(r)‘b’(rg,r)vdr

0

=f2 1B/ (1)@ (t2, DIVI[PdT =0

0
which implies
B ()®'(t, t)v=0 or V&t 0)B(D) = 0 (6.84)
for all T in [fg, t2]. Its differentiations with respect to T yield, as derived in (6.82),
V&, M (r) =0
form =0,1,2,...,n—1,and all 7 in [fo, £}, in particular, at t;. They can be arranged as
V& (ty, 1)[Mo(t) Mi(n) -+ Maoa(t)] =90 (6.85)

Because ®(r,, 1;) is nonsingular, v'®(t2, 1) is nonzero. Thus (6.85) f:onuaqicts (6.83).
Therefore, under the condition in (6.83), W (f, 12), for any f = 1, 18 nonsingular and
(A(1), B(1)) is, following Theorem 6.11, controllable at fo. Q.E.D.

ExXAMPLE 6.13 Consider

t -1 0 0
x=10 —t t|x+[1]u (6.86)
0 0 ¢ 1
We have Mg = [0 1 1]’ and compute
d 1
M, = —A()Mg + EMO = 0

il
-

d
= - —M
M; A(I)M1+dt 1
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The determinant of the matrix

1 —t
0 12
-t -1

0
[MoM;, Mzl = | I
1

is £ + 1, which is nonzero for all ¢. Thus the state equation in (6.86) is controllable at every ¢.

. I 0 1
=[o e[l

. 1 0 ¢’ .
<[} e[ 4] -

Equation (6.87) is a time-invariant equation and is controllable according to Corollary 6.8.
Equation (6.88) is a time-varying equation; the two entries of its B-matrix are nonzero for all
¢ and one might be tempted to conclude that (6.88) is controllable. Let us check this by using
Theorem 6.11. Its state transition matrix is

e 0
*@¢, 1) = [ 0 ez(:-r)]

(1, DB(r) = [e(; ezf_,)] [ :2] = { :]

t 3 t Z’d t 3,d
wc('Ov')=/ [ew,][e" e¥ldt = l:‘/;ge ' f’ge r:l

o L€ f,oe3’dt Ji e%dr
_ [22'(1 —1) ¥ —zo)]

Nt —1g) e¥(t — 1)

ExAMPLE 6.14 Consider

and

and

We compute

0

Its determinant is identically zero for all #; and . Thus (6.88) is not controllable at any #y. From
this example, we see that, in applying a theorem, every condition should be checked carefully;
otherwise, we might obtain an erroneous conclusion.

We now discuss the observability part. The linear time-varying state equation in (6.75)
is observable at g if there exists a finite #; such that for any state x(#y) = Xo, the knowledge
of the input and output over the time interval (1, #;] suffices to determine uniquely the initial
state Xo. Otherwise, the state equation is said to be unobservable at f,.

Theorem 6.011

The pair (A(z), C(r)) is observable at time f if and only if there exists a finite #; > ty such that the
n X n matrix
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y
Wo(to,t,):/ ®'(7, 1) C'(DC(T) (7, 1) d7 (6.89)

o

where (¢, ) is the state transition matrix of X = A(£)X, is nonsingular.

» Theorem 6.012

Let A(r) and C(¢) be n — | times continuously differentiable. Then the n-dimensional pair (A (1), C(r))
is observable at tg if there exists a finite #; > fp such that

No(t)
Ny(n)
rank i =n (6.90)
¢
Nn—l(’l)
where
d
N,,,H(t):Nm(t)A(t)-{—E;N,,,(t) m=01,...,n—1
with

Ny = C@)

We mention that the duality theorem in Theorem 6.5 for time-invariant systems is not
applicable to time-varying systems. It must be modified. See Problems 6.22 and 6.23.

Is the state equation

0 1 0 1
x=| 0 0 1 |x+]|0ju
-1 -3 -3 0
y=[12 1k
controllable? Observable?
6.2 Is the state equation
01 0 01
x=|0 0 1 |x+|1! Ofu
0 2 -1 00
y=1[(10 1)

controllable? Observable?

6.3 Isit true that the rank of [B AB .- A"~!'B] equals the rank of [AB A’B .- A"B}?
If not, under what conditon will it be true?

6.4 Show that the state equation

6.5

6.6

6.7

6.8

6.9
6.10

6.11

6.12
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‘= An Ap X+ Bil,
T A An 0

is controllable if and only if the pair (A2, Azy) is controllable.

Find a state equation to describe the network shown in Fig. 6.1, and then check its
controllability and observability.

Find the controllability index and observability index of the state equations in Problems
6.1 and 6.2.

What is the controllability index of the state equation
x=Ax+Iu
where I is the unit matrix?

Reduce the state equation

. -1 4 1
x=l: 4 _l]x-i—[l}u y=[11]x

to a controllable one. Is the reduced equation observable?

Reduce the state equation in Problem 6.5 to a controllable and observable equation.

Reduce the state equation
A 10 0 O 0
0 » 1 0 O l
x=]0 0 X 0 O {x+]|0|u
0 0 0 X 1 0
0 0 0 0 A 1
y=[011101}x
to a controllable and observable equation.
Consider the n-dimensional state equation
x = Ax + Bu
y = Cx+Du

The rank of its controllability matrix is assumedtobe n) < n.LetQy beann xn) matrix
whose columns are any n; linearly independent columas of the controllability matrix.
Let P, be an n; x n matrix such that P;Q, = I,,,, where 1,, is the unit matrix of order
ny. Show that the following n,-dimensional state equation
x; = PJAQ;X, + P;Bu
y = CQX; + Du
is controllable and has the same transfer matrix as the original state equation.

In Problem 6.11, the reduction procedure reduces to solving for Py in P,Q; = L. How
do you solve P,?
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6.13 Develop a similar statement as in Problem 6.11 for an unobservable state equation.

6.14 s the Jordan-form state equation controllable and observable?

r2 100000 210
0200000 2 11
0020000 111

x={0 0 0 2 0 0 O|x+ 3 2 1u
0000110 1 01
000O0O0T10 1 01

Lo 0 0000 1 100

2 21 3 -1 11

y={1112 /00 0fx

101 1 1 1 10

6.15 Is it possible to find a set of b;; and a set of ¢;; such that the state equation
"1 1 0 0 O by bp2
01000 by by
x=|0 0 1 1 O{x+|by b |u
00010 by ba
L0 0 0 0 1 bs; bsy
(e €12 €13 € €5
y=1\|ca ¢n €3 €24 C25
Lot e 61 €3 C3s
is controllable? Observable?
6.16 Consider the state equation
M0 0 0 0 b
0 o B O O by
X = 0 -—ﬂ1 [* 3] 0 0 X+ blz u
0 0 0 o B by
0 0 0 ——ﬂz ay bzz
y=lec1 cu cn2 cu cxzl

It is the modal form discussed in (4.28). It has one real eigenvalue and two pairs of
complex conjugate eigenvalues. It is assumed that they are distinct. Show that the state
equation is controllable if and only if by # 0; b1 # 0 or by #0fori =1,2.1tis

observable if and only if ¢; # 0; ¢i1 # O orciz # Ofori =1,2.

6.17 Find two- and three-dimensional state equations to describe the network shown in Fig.

6.12. Discuss their controllability and observability.

6.18 Check controllability and observability of the state equation obtained in Problem 2.19.

Can you give a physical interpretation directly from the network?
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Figure 6.12 , ;1
\IF +
+1
~ 8
3] -}
6.19 Consider the continuous-time state equation in Problem 4.2 and its discretized equa-

6.20

6.21

6.22

6.23

tions in Problem 4.3 with sampling period T = 1 and r. Discuss controllability and
observability of the discretized equations.

Check controllability and observability of
x=[g :]x+|:?]u y=[0 1)x
Check controllability and observability of
x=[8 _Ol:lx+|:el_,}u y=[0 e']x

Show that (A(r), B(#)) is controllable at £ if and only if (—A'(z), B'(¢)) is observable at
1.

For time-invariant systems, show that (A, B) is controllable if and only if (—A, B) is
controllable. Is this true for time-varying systems?





