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We consider a class of stochastic evolution models for particles diffusing on a lattice and interacting by
creation-annihilation processes. The particle number at each site is unbounded. We prove that in the
macroscopic (continuum) limit the particle density satisfies a reaction-diffusion PDE, and that micro-
scopic fluctuations around the average are described by a generalized Ornstein-Uhlenbeck process, for
which the covariance kernel is explicitely exhibited.
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Introduction

In recent years considerable attention has been devoted to the derivation of reaction-
diffusion (r.d.) equations from discrete particle models with stochastic dynamics
[1,2,3,7,8,11,12,17]. Reaction-diffusion equations arise in different fields of
science, and may describe very different phenomena, such as chemical reactions,
population dynamics, economic processes, etc. The stochastic evolution of point
particles with local interaction can be, in general no more than a rough caricature
of the ‘physical’ or ‘real’ evolution. Nevertheless it appears that the collective
behavior that is relevant in the macroscopic continuum limit (‘hydrodynamic’,
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‘kinetic’, or other) depends only on very general features of the evolution, and the
stochastic evolution models give actually a very good account of the physical
phenomena.

Perhaps the most natural models leading to r.d. equations are those in which
particles perform independent identically distributed random walks on a lattice,
and are subject to some local interaction producing particle creation or annihilation.
The continuum limit in which the r.d. equation holds is obtained as the lattice
constant £ goes to 0, and the random walk is speeded up by a factor ¢ °, as in the
usual diffusive scaling, while the creation and annihilation rates are kept constant.
Models of this type have been studied in recent years by several authors (see
[1,2,3,11] and references therein). In the present paper we consider essentially the
same model as in the paper [3]. It can be described as follows. On the lattice Z
particles perform independent random walks. The jump times are independently
distributed with Poisson distribution of intensity & *, where £ -0 is the parameter
that controls the macroscopic continuum limit. In addition, at each site x € Z particles
are created and destroyed with rates ¢, (7,(x)}), g_(n,(x)), depending on the occupa-
tion numbers 7,(x). For simplicity it is assumed that the functions ¢q,, g_ are
nonnegative polynomials in the occupation number, such that the degree of the
annihilation rate g_ is larger than that of the creation rate g,. A condition of this
type is needed to ensure that the average occupation number is bounded. (For large
particle densities annihilation will dominate over creation.)

In the paper [3] it was proved that as £ - 0 the process approximates, in a suitable
sense, the solution of the r.d. equation
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p.(r)=V'(p(r))

where V'(u) is a function depending on g., g_. In the present paper we give another
proof of this result, and in addition we study the space-time behavior of the
fluctuation field. The main difference with [3] is that we consider here processes
defined on a periodic lattice Z, with £ ~ sites. We prove that the limiting fluctuation
field is a generalized Ornstein-Uhlenbeck process, and that the covariance kernel
is given by the solution of a linear equation with coefficients depending on the
particle density p,(r).

Though the process that we consider here is intuitively simple, one has to face
the technical difficulty that there is no a priori bound on the occupation numbers
7.(x). This gives serious trouble in dealing with fluctuations, in spite of the fact
that the average values are bounded for all times. So the program sketched in [3],
to push the methods developed there to obtain the fluctuation theory, is apparently
very hard to carry out, if one looks for results valid for any finite time interval.

In the present paper we use a new technical tool, a class of suitable correlation
functions called the v-functions, which, roughly speaking measure the distance of
the distribution from an independent Poisson distribution. The v-functions, together
with an iteration scheme, have been used in [10] for a model in which the occupation
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numbers are bounded. We modify the iteration procedure to deal with unbounded
occupation numbers.

The idea consists in proving propagation of chaos in the following way. The
evolution is decomposed into steps, each step corresponding to a time interval long
enough for the random motion to smooth out the initial data, and at the same time
so short that the occupation numbers n,(x) cannot grow very much, with overwhelm-
ing probability. On such intermediate time scale we can prove that if the v-functions
are initially small, they stay small, i.e. the distribution remains close to an indepen-
dent Poisson distribution, provided that one throws away a ‘bad set’ at each step.
One then gets control on the whole process by proving that the total probability of
the ‘bad sets’ goes to 0 fast enough as £ » 0.

A similar use of the v-functions for a related class of models with no a priori
bound is made in the paper [5].

For particle evolution models in which the particle number is preserved the
nonequilibrium fluctuation theory has been carried out only in a few examples, as
the symmetric zero range [13] and the weakly asymmetric exclusion process [10].
The main ingredient is the proof of the following principle, first understood and
proven in equilibrium situations by Brox and Rost [4]: the fluctuation fields of
nonconserved quantities change on a time scale much faster than the conserved
ones. The principle can hold in the ‘kinetic’-limit also for models with no conservation
laws, as it was proved, for instance in the papers [7, 8] for a bounded spin model.
Our proof is modelled on that of [7, 8], with due account with the fact that we have
to deal with unbounded variables. The essential feature in the proof is that the
interaction changes the occupation numbers at a very slow rate with respect to
diffusion, which conserves the particle number, and drives the system towards local
equilibrium. One can say that on the time scale that is relevant for the principle the
particle number is preserved.

In a recent paper, using different techniques, Dittrich [12] could prove convergence
of the fluctuation field to the limiting O.U. process for small times and bounded
volumes, in a particular model, the main feature of which is that only annihilation
of particles takes place. This allows simple upper bounds on the correlation functions.

The paper is organized as follows: in Section 2 we state our results, the proofs
are given in Section 3 and 4.

2. Definitions and results

The configuration space is X, =N?", with Z, =Z (mod 2K +1), where Z is the set
of the integers and K =[& °] ([ -] denotes integer part). A point of X, is a periodic
sequence n={n(x),xeZ,.}, n(x)eN is the occupation number at the site xeZ,.

The symbol £ will denote fixed configurations, independent of ¢ with finite support
E = E(§¢)={x: £(x)>0}. The cardinality of &, or total particle number is denoted
by |¢]|=Y «cz, £(x). Sometimes it is convenient to consider ¢ not as a function over
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Z, but as a collection of particles, that is, as a collection of sites x€Z, with
multiplicity &(x) (i.e. X, is identified with (U, ((Z,)*)s, where (-)g denotes sym-
metrization). One can then speak of subsets of & which are again elements of X,,
and the meaning of notation like x € & ¢'< £ is clear.

As in paper [3] an important tool in dealing with the dynamics are the polynomials
Q(¢, 1) defined by the relation

Q&)= HE Qex(n(x)), QB,n)=1, neX,, (2.1a)

where
Qu(nm)=n(n—-1)---(n—k+1), nmkeN, n=k (2.1b)
The dynamics is defined via its generator. Given £ >0 we define the operator
L =¢?L,+ L (2.2a)
which acts on the cylinder functions g on X, as follows:

Log(m) =3 n(x)[g(n™*" ) +g(n™""")—2g(n)], (2.2b)

Log(n) =X A{Qu.(n(x)[g(n™") —g(n)]

+Qu (n(x)g(n™ ) g1}, (2.2¢)
where k., k_ are nonegative integers, k, <k_, and
n(y) ify=x, x+£1,
T ) ={n(x) -1 if y=x (2.3a)
n(x)+1 ify=x=1,
= {10 (2:3b)

That is, our choice is g, = Qi , 4 = Q. . We could as well take a linear combination
of Q, k=0,...,k, (k=0,...,k_ ) for g, (q_), the proofs will be the same, except
for heavier notation. The evolution is defined for any initial measure. We shall prove
that if the initial measure is suitably close to a Poisson measure, the measure that
describes the system at a later time is also close to a Poisson measure. Observe that
the class of Poisson measures is invariant under the dynamics with generator L,
(by Doob’s theorem, since L, corresponds to independent random walks).
The path space is denoted by

2= 2([0, ), X,) (2.4a)
and a path (or trajectory) in {2 by
n={n}i=0, MmeX. (2.4b)

For any & &, |¢]=|&|=n, mi(&> &) =e* M'(& &) denotes the ‘free’ transition
probability, corresponding to independent random walks. If wj(x—>y), x, ye Z", is
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the usual single particle transition probability for the random walk, 7{(£- ¢') can
be written as

7rf(§~>§')=<ﬂ wf(x%y(X))) (2.5)
xeé& S
where (- )s denotes symmetrization, more precisely average with equal weights over
all possible choices of the one-to-one maps x - y(x) between £ and £'.

Note that for £ small enough,

mi(x—>y)<2e/VT. (2.6)
For any initial measure v we consider the function

fi(€|v)=E(Q(& ), (2.7)

where E, denotes expectation with respect to the measure on path space correspond-
ing to the initial measure ». In particular for an atomic initial measure v =8, we

write f,(¢|7n).

Given a function p:Z.—R we define the ‘centered’ polynomials (see (2.1))

V(g mp)= T Q& D T plx). (2.8)
f=¥3 xet\¢

The centering functions which we consider are solutions of the discrete integral

equation

p(x;8)=Y wi(x->y)g(y)

+J‘ ds Y mi_(x=>y)(p,(y; ) —py(y; 8)") (2.9)
0 y
where g:Z,—R., is the initial data.

Given an initial measure » and a solution p, of (2.9), the functions

v.(& p|v)=E(V(& 5 0) (2.10)

(hereafter to be called v-functions) give a measure of how far the distribution of
7, is from the independent Poisson distribution with parameter p,. We are interested
in the v-functions for » =36, and centered around the solution p,(x; 1) of (2.9)
with initial data g(x) = n(x), for a ‘typical’ n € X,. They will be denoted by v,(£] 7).

The initial data of the limiting partial differential equation and the initial family
of measures are related as follows.

Definition 2.1. The initial data of the limiting (continuous) problem is a bounded
function py(r) e C*(R), po(r)=0, reR.

Let H(r) be a C™ function with values in [0, 1] with support in (=1, 1) and such
that H(r)=1 for re[-1+a,1—a], 0<a<1. The function pi’(r)= po(r)H(&’r)
can be extended to a periodic C*-function with period £ The initial family of
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measures {u”, € > 0} is a family of probability measures on X, such that E, -(n,(x)) =

p6(x)=pi(ex), and, for some positive function ¢ and any fixed k=1,

< c(k)el /21, (2.11)

sup ’v()(fa p(?)l,u‘e)
£:lgl=k

In what follows p; will denote the solution of (2.9) with initial data p§ and u?
the evolution of the initial measure x” associated to the Markov process generated
by L". We also write v,(£] %) for v,(& pi ).

Next we define the density field and the density fluctuation field.

Definition 2.2. For ¢ € #(R) (the Schwartz space of rapidly decreasing functions),
we define for any ¢ =0 the density field

X;(¢)=¢ ¥ b(ex)n,(x). | (2.12)

We consider X;(), t =0, ¢ € #(R), as a stochastic process on P([0, ), ¥'(R))
with the distribution induced by the process {7,, t =0} for initial measure u” of
Definition 2.1.

The fluctuation field Y;(¢), t =0, ¢ € F(R), is the stochastic process on 2 ([0, ),
F'(R)) defined by

Yi(¢)=Ve L d(ex)[m(x)~ E (i (x))]. (2.13)
We denote by P° the law of the fluctuation field in @([0, c0), F'(R)).

Observe that if t =0 by the law of large numbers we have

lim XZ(¢)=I dr ¢ (r)po(r) (2.14)

-0

and the fluctuation for small ¢ is known to be Gaussian with §-like correlations.
The results of the present paper can be summarized in the following two theorems,
which hold under the hypotheses on the initial measure u, and the initial datum
po listed in Definition 2.1 and 2.2.

Theorem 1. Let {u*, e >0} be as in Definition 2.1. Then for any ¢ € &,
lim Xf(¢)=J dro(r)p(r 1) (2.15)
&0
where p(-, ) is the solution of the following reaction-diffusion equation
dp=10:p— V'(p),
(2.16)
p(r5 0) :pO(r),

where V'(p) = p*-—p*+. Moreover if v,(..,, denotes the product of Poisson measures
with parameters p(ex, t), x € Z, then the difference p; ~v,..,, tends to 0 as ¢ >0, in
any metric corresponding to weak convergence on X.,.



C. Boldrighini et al. / Fluctuations in reaction-diffusion 7

By (2.15) we mean that the distribution of X°(-) converges weakly in
([0, ), $(R)) to the degenerate law with support on the right-hand side of (2.15).

A similar statement was made in Corollary 1.3 of [3]. A simplified version of the
proof (which corrects some infinite volume estimates of [3]), is given in [9].

Theorem 1 follows from Lemma 1 below. A short sketch of the proof is given at
the end of this section.

Our main result is the following:

Theorem 2, The law P* of the fluctuation field converges weakly to the law of the mean
zero generalized Ornstein- Uhlenbeck process with covariance kernel C¥,(r', r) given
by the solution of the equation

3,C¥ L (r, r)=302CH  (r, r)= V'(p(r, t+5)C¥,(r', 1), (2.17a)
CH(r,ry=C(r,r+8(r—rp(r1), (2.17b)
where C,(r', r) satisfies the equation
3. C(r', 1) =3(8;C,+7.C) = [ V'(p(r, )+ V'(p(r', NIC,(r', )
+8(r—r)2[k,p(r, ) —(k_—1)p(r, )] (2.18)
with initial condition Cy(r', r) =0. Here V" is the derivative of V', given in the statement

of Theorem 1 and p is the solution of (2.16).

The proof of Theorem 2 is given in Section 3. For the proof we need to control
the v-functions, which is done by the following fundamental lemma.

Lemma 1. Let {u*, € >0} be as in Definition 2.1. Then for any T=0, and k> 2,
lime™" sup sup|v(£|u®)|=0 (2.19)

£->0 0<1=T |¢g|=k

and moreover there is a constant ¢(T) such that

Sup, lo (€] u )| <c(T)e. (2.20)

The proof of Lemma 1 is technically complicated, and will be given in Section 4.

Proof of Theorem 1. It is not hard to prove that in our hypotheses the solution of
the discrete equation (2.9) with initial data g = p§ computed at the lattice point
[e7'r], p([e7'r]), p5) converges, as & - 0, uniformly in any compact set of re R,
to the unique solution of (2.16). Theorem 1 then follows from inequality (2.20) of
Lemma 1. O

3. Proof of Theorem 2

In this section we assume Lemma 1 and we prove the Gaussian structure of the
fluctuation field.
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We follow closely the proofs given in [13] where the Holley and Stroock theory
[14, 15, 16], for generalized Ornstein-Uhlenbeck processes is used.
Theorem 2 is a consequence of the following three statements.

S1. The family Y ={Y[(¢), t=0, ¢ € (R)} is tight in D([0, ), ¥ (R)) and any
limiting point has support in C°([0, ), #'(R)).

S2. Any limiting point Y of Y* satisfies the following ‘martingale equation’. For any
¢ e F(R) and any Fe C;(R),

t

F(Y,(¢)) —J ds F'(Y(¢)) YV(A«/))—J ds F'(Y.(¢ )3l B | (3.1)

¢

is a martingale with respect to the canonical filtration in C°([0, ), #'(R)).
In (3.1), F' and F”" denote the first and the second derivative of the function F,
while the operators A, and B, are given by

(Ad)(r) =102 — V'(p(r, s))(r), (3.2a)
Vip)=k.p* =k p*, (3.2b)
liB,@llzzj dr{g'(r)’p(r, s)+¢(r)’Lp(r, s)+p(r, s)*1}, (3.3)

and p is the solution of (2.16).

S3. The law of Y, (ie., the law of the limiting process at t =0) is Gaussian with
covariance kernel C¥(r, r') given by (2.17b) for t=0. [

Statement S3 is an imediate consequence of the properties of the initial measure
1 °. Statements S1 and S2 can be proven as follows.
First notice that the expression

f

F(Yf(¢))—j ds [LF(Y(¢))+30,F(Y{(¢))] (3.4)

0

is a martingale. In (3.4) L* is the generator defined by (2.2), and 9, is the derivative
computed by taking into account only the dependence on s through the average

values.
We have L°F =& *L,F+ L5F hence

e 2L F(Y ($)) = £ 23 In (O)LF( Y ()™

x

+F(Y{($)™ ) -2F(Y(4))], (3.58)
LoF(Y{(6) =LAk (n ()N F(Y($)"") = F(Y{(¢))]

+ Qu (n (NIF(YS(0)™) = F(YI(INTL (3.5b)
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where F(Y%(¢)“*™") and F(Y:($)*") are computed as follows. First observe that

F(Y(¢)™)

_F (\/z S blen)(m() — ()

+Vel(ex)(n(x) —1—(n(x)))
+d(e(x+1)(n(x ) +1~(n(x= 1)>)])
=F(Y{(¢)+Ve F(Yi(d))p(e(x£1))—d(ex)]
+3eF" (Yo d(e(x 1)) — dp(ex)]

+Ri(e, x, 5) (3.6)

where (-) denotes averaging. Notice that

=

e L ()R (g, x,5)| < e e L d(e(x 1)) — d(ex) ] ni(x)

=& L [¢'(ex)'n.(x) (3.7)

and by Theorem 1 the right-hand side of (3.7) goes to zero as £ - 0.
From (3.5a) and (3.6) it follows that

e "LoF(Y())

=F(Y{)Wel e [3d(e(x+1))+id(e(x—1))— ¢ (ex)]n,(x)
+F(Y($)eYie {[de(x+1))—d(ex)]

+p(e(x~1)) = d(ex)]*n,(x)

+e 21T [Ri(e, x, 5)+ Ry (e, X, $)]m.(x). (3.8)

Therefore using (3.7) and the fact that ¢ € #(R), we have

e "LoF(Y($)) = F(Y($)Ve L ¢ (ex)n.(x)
+3F'(Y{(¢)e T ¢'(ex)n,(x)+ Ry (¢) (3.92)

where

lim R,(e)=0. (3.9b)

-0
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Next we compute

F(Yif(ci))(”’):F(\/g 2 d(ey)[n(y)—(n,(y)]

VyEX

+Ve ¢ (ex)[n(x)£1 —<m(x)>])

=F(Y{d)EF(Y(P))Ve p(ex)
HIF(Y{($))ed(ex)*+ Ri(g, X, 5) (3.10a)

where by Lemma 1,

Ve

Y Qu.(n(x))R3 (e, x, 5) £ 2 ¢(ex)’Qu.(m(x))| > 0. (3.10b)

Moreover we have that

F(Y(P))=—F (Y (p)We X ¢p(ex)E-((e *Lo+ Ls)n,(x)). (3.11)
Therefore from (3.4), (3.5), (3.9), (3.10) and (3.11) we get that
F(Yf(¢))—f dsF’(Yf((ﬁ))Yf(&(ﬁ)‘J ds3F'(Y(¢))vi(s, )+ R, (3.12)

is a martingale and

lim R, =0, (3.13)
m

Yils, ¢) =Y G¢")+Z(), (3.14)
ZUp)=e T ¢(ex)[Qu,(n(x) = Ef( Qi (m:(x)))

—(Qi (n:(x)) = E+(Qx (n(x))))], (3.15)
Yals, @)=r X ¢'(ex)’n(x)+ & ¥ d(ex)’[ Qi (1.(x)) + Qu_(m,(x))].
(3.16)

From Lemma 1 it follows that (cf. (3.3))

lim y3(s, ¢) =j dr[¢'(r)’p(r, 8)°+ ¢(r)(p(r, )" +p(r, 5))]

g—>0
=||B.a|> (3.17)

From the above calculations we expect that the term y{(s, ¢} defined in (3.14) is
close to Y. (A,p) (cf. (3.1) and (3.2)). The problem here is Z:(¢): this is the
fluctuation field of a quantity which is not a density field. Using arguments introduced
in [13] (see also in [7] and [10]), we show that it is close to a density fluctuation
field in the following sense.
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Proposition 3.1. For any choice of ¢ € #(R), t, such that 1,> 0, the following holds:

lim lim sup E(( J [Zi(cb)—Yi(—V”(pi(-))¢)]ds>>=0- (3.18)

T>0 e»0 0<r<ty e’T
We postpone the proof of Proposition 3.1 to the end of this section. We first prove
that from (3.12) and (3.18) statements S1 and S2 follow easily.

Proof of S1. We have to prove tightness in the space Z([0,0), ¥'(R)). To this
purpose, following Theorem 2.3 of [13], we observe the following. Although the
functions F(r)=r and F(r)=r" are not bounded, it is easy to see that relation
(3.12) holds, i.e. the quantities

t

Mi(¢)= Yf(¢)—J vi(s, ) ds+Ri(1) (3.19)

0
and

t

Nf(d))EMf((b)z—f ¥5(s, @) ds+ R5(t) (3.20)
4]
are martingales. The functions y;(s, ¢), i=1,2, are defined in (3.14) and (3.16)
while R; (1), i=1, 2, are easily recovered from the calculations and goto 0 as £ > 0.
Then, as stated in Theorem 2.3 of [13], and proven in [18], in order to prove S1
we only need to prove the following relations. For any ¢ € $(R), and 1,>0,

(i)  sup sup E.(Y;(¢)*) <o, (3.21)

e 0<t<iyy

sup sup E&-(y{(1,¢))<o, i=1,2, (3.22)

£ 0<t<1y

(ii) there is some 8(t,, ¢, €) such that lim,_,8(¢,, ¢, €)=0 and

lim P* ( sup |Yi(d)— Y5 (@)= 68(10, o, s)) =0. (3.23)
e->0 o=<t'st,

Equations (3.21) and (3.22) are easy consequences of Lemma 1 and Proposition
3.1, and (3.23) follows from the fact that the probability that there is more than one
jump in a small time interval goes to zero faster than the length of the interval.
(This is the main estimate in the proof of the existence of the process, cf. Notes to
Chapter 4 of [9].) O

Proof of S2. Once (3.18) is established the fact that any limiting point Y or Y*
satisfies the martingale equation (3.1) is easy, we refer to [6] for details. O

Proof of Proposition 3.1. This partis also standard and is similar to the corresponding
proof in Theorem 0.4 of [13] and Theorem 4 in [7]. Therefore we only sketch the
various steps.
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The first step is to rewrite the fluctuation field Z; as a sum of fluctuation fields
for the single site V-functions V. (n(x), p;(x)), defined as follows (cf. (2.8)):

k k
Vi(n,u)=% Qz(n)u“(—l)k’([).
=0
The field for k =1 cancels Y; (- V"(p,(-))¢), and using Proposition A.1 of Appendix

A, we find
Wid)=Z{(d)= Y (=V(p/(-))¢)

=Ve Y ¢(ex) kZ alpr(x))

X(Vi(m(x),pi(x)) = E;«(Vi(m,(x), pi(x)))) (3.24)

where the ¢,’s are polynomially bounded functions. In (3.24) the expected value
E; (Vi(n(x), p{(x)) is a v-function with |¢| = k= 2. Hence, by Lemma 1, it is O(¢)
and gives no contribution to the limit (3.18). Therefore in order to achieve the proof
of (3.18) we have to estimate the following function A, (k, k'), k, k'e{2,..., k_},

o) 2T +1 1 eSTHI-s
A, (k') =~ J ds— f ds'e Y d(ex) T b(e2)
e T/, e T J, - .
X EL (Vi (x), pi(x)) Vie(neo o(2), piao(2))). (3.25)
We can write the expectation in (3.25) as
E; [ Vi(n(x), pi (X)) E (Vi mi(2), pivsl2)) | m,)] (3.26)
Using the integration by parts formula ((A.18), in Appendix A) for the expectation
inside (3.26), we obtain

E;’( Vk'(n.\'+x’(z), Pf+\(2)) ’ 77~)
=Y 7l €(2)> EVV(E, 05 pI)+0(e77) (3.27)
o
where £(z) denotes by abuse of notation the configuration at the site z and y is a

positive number less than 1. The term O(e°~7) in the right-hand side of (3.27) gives
a vanishing contribution, and, using (3.26) and (3.27) we get

e T+t 2T+r1—5
e;zT J’/ Ssle J‘O ds’sx§¢(ex)¢(gz)§ﬂ§,(§(2)_)§,)

XEL (Vi(ny(x), pi(x) V(& my5p0)) | >0, (3.28)

If k'=|¢|=k, the sum for &= ¢'(x), i.e. for the configurations & which are made
of k copies of x, is bounded by (cf. (2.6)),

e~T+1 e-T+t—s
JTJ sngf fz 7z > x)$(ex) (o)

TR A 1 [T 1  const.
=const. £ — J' ds— J ds'—=-= . (3.29)
e T ), (
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For x £ £, observe that Vi(n,(x), p) V(£ m,; p) = V(E(X) U &, n; p?) and |£(x) L
£|> 2. Therefore since by Lemma 1, |[E%«( Vi(n,(x), pS(x)) V(&, n,; p9))| =0o(e), it
follows

e L m&(z)~> &) plex)p(ez) EL(Vilmy(x), pi(x) V£, ;5 p5))]| 0.

x,z; ¢
Finally if &' = &'(x) U & with 0<|¢"|<|¢’|, then
Vk(ns(x)’ Pz) V(g’, MNss P:)

k+&'(x)

= V(& n,,p5) X alpi(x)) Vi(n(x), ps(x)),

and

£ 2 L wo(E(z)=> &) d(ex)p(e2)E L (Vi(n(x), pi(x)) V(E", n,; p7))

x,z &
Sconst.%é lb(e2)]| b (ex)).

Performing the integration as abave (cf. (3.29)) relation (3.18) follows. [

4. Proof of Lemma 1

The proof of the fundamental Lemma 1 will be made in several steps. It is essentially
based on a control of the behavior of the system for a short time 7= ¢®, 8> 0. In
this section A° will denote the measure on the path space (2, T is a fixed time and
ty=kr,0<k<[T/7].

The first step is a simple lemma.

Lemma 4.1. For any choice of y€ (0, B), and of the positive integers n,, p, one can
find a set ;= 0,(y)< 2, A*(£2,)>1—¢” such that for n ={n,},=0€ £, the following
inequalities hold for ¢ small enough:

sup p,(x; 1, ) <e”7, (4.1a)
t=0

max sup f,(£]m,)<e ™, (4.1b)
le]l=n te[0,7]

where p,(x; m,.) is the solution of (2.9) for with initial data ,_.

Proof. By a result of [3] we know that

max fi(¢|u")<é(n, T), 0st<T, (4.2)
[el=n

so that by the Chebyshev inequality (of power m),

A (n,>e 5)<c'(m, T)e™"
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for { <vy and any m=0. Taking m > (4+p)/{ and setting

n= {1_7: max max 7, (x)< 8;}

k={T/7] xeZ,
one has
AT(2)> 1= (4.3)

whence (4.1a) follows by the maximum principle for the solution of (2.9) with initial
data 7, .
By formula (2.2) of [3],

SiElmy) zg 7 (> £)0Q(&, m,)
+J' d5§ mi-s (£~ fl)E(LGQ(fl, m)lmk)-
0 £

By the previous result the first term on the right-hand side is bounded by & *" for
7 € £. For the other term we have

L ds§ 7 (6> E)E(LcQ(&), no)|m,)

SJ ds Y @i, (€= E)|E(LcQ(&1, m)|m)|= R(£).

0 31

Using again (4.2} and the Chebyshev inequality for some power N >0, we have for
¢ small enough A“(R(£)> 1)< £?™c¢'(n, N), and the result follows by taking N large
enough and 2, =0 n{max,.;-, R(£&)<1}. [

Proposition 4.1. On the same set (), for any n<smn, and any 8§ <8=
(1/(2k —1))(3—4B), the following inequalities hold for € small enough:

max |v,(¢[n, )| <", r<t<27, (4.4)
l&l=n

forall k=0,...,[T/7].

Proof. The basic tool in the proof is the iteration formula for the v-functions ((A.18)
of Appendix A):

v, (€] m,) =§ 7HE> EDV(E, s M)

+f ds'S 7 (£ &)
0 3}

k

x Y Y el&(x), pelx | ) oe(E(x, )| m,)  (45)

x€& h=—k_+1

where £(x, h) is obtained by adding to £ h—1 ‘copies’ of x (actually subtracting if
h—1<0).
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We substitute for v,.(&(x,, h)|n,) in the right-hand side of (4.5) its expression
given by the same (4.5) and iterate the procedure N times, obtaining

UX(§|7’1A):I§0 Ci(s, &)+ Rn.i(s, €) (4.6)

where C(s, &), Ry .\ (s, £€) denote the Ith integral obtained in the iteration and the
Nth residual term. We shall prove that for any positive integer N,

max |Rn (1, §)| < cy(n, N)e P YCHAn/NIN <t <2, (4.7)
[&l=n

N
max Y, |Ci(1, &) <c(n, N)e® ", r<t<2r (4.8)
|€l=n (=0

Proof of (4.7). Inequality (4.7) follows immediately from (4.1b) and formula
(4.5), which imply (on the good set £2,)

|Rn (1, &)| < const. BN Y 2kFn/ NN,

Proof of (4.8). We have from (4.5),

0 0 0

o1, g>=j ds, J dsy -+ - f s, L (6 6)

X % Z* Ch, x W.f,-.v:(fl(xly h)~ &) -

x1€8, hy £

X ¥ hZ* Ch_, b3 WE,,,*S,(gl—l(xlfl, hi_)~> &)
X126 -1 &

DYDY Ch, Z W:,(fl(xl, h) = &) V&, MNis "’hk), (4.9)
xj€g hy &1

where the notation Z:’: , 1=<i=1—1, denotes that we exclude the term corresponding
to the case in which all particles are at x; and disappear, i.e. &(x;, h;)) =@, or
hi—1+|&_1(x;,_(, h,_;)| =0 (they are included in the term C;), and we dropped the
arguments of the functions ¢, for shortness.

The coefficients ¢,(m, u) have the following properties as shown in Proposition
A.2 of Appendix A:

¢,(m,u)=0 unless m=m(h)

where

(h) {1, h=1,
m =
max(2, —h+1), h=0.

That is, particles can disappear at x only if there are at least two particles, and no
more particles can disappear than there are at x before interaction.
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It is convenient to rewrite the integration function in expression (4.9) by inverting
the sums

k

Lat(é-e) L X a

& xc& h=—-k_+1

k

=Y X La(E-xEx)=m(h) € (x)le,
x€Z, h=—k +1 &
where y denotes the indicator function and ¥* denotes as before that we exclude
the case —h+1=|¢|.

Using (A.9) for the coefficients ¢, and Lemma 4.1, we find that the contribution
of the sum in expression (4.9) for fixed choices of the interaction times s,, ..., s,
of the interaction sites x,,..., x;, and of the ‘generation numbers’ h,,... A, is
bounded by

const. & " Lxl&(x)= ml)”’f—x.(f* &)
&
X;X(fz(x)z m2)77'f,~x3(§1(x1, h)>&) -
XY x(&E(x)=m)arl_ (& (X, b)) = &)
&

x Y o (&lx, )~ §l+1)]v(§/+1 s Miys U:A)|‘ (4.10)

&4t

For each interaction time s; the configuration before interaction can be decomposed
as & = {x;}™ U &}, and the configuration arising after interaction as £ = {x,}” L £/,
where {x}” is the configuration made of m copies of x, and p;=m;+ h;—1 is the
number of the particles at x; after interaction. If we fix the subset ¢'"' < & that goes

into {x,}™ the first sum in expression (4.10) reduces to

7Trp~s,(§(“_’){xl}ml)§ i J(EE > &)

The next transition probability ¢ _.({x;}71U &= &), where & ={x,}"™ U &5, is a
sum of products of transition probabilities for all possible choices of the subset of
{x,}" and of the subset &|,< & that go into {x,}™. Let &2 denote the subset of
£\¢'" that go into &},, and set £),=&\&yp, n = |§12]< m,. By summing over ¢12, 75
we obtain the composition of the corresponding transition probabilities (7’s), so
that the contribution of the first two sums in expression (4.10), for fixed choices of
£V £? and n, is

7l (E > ™M) m (87 > {2 (X > )

X Y wi JE(EVUE) S EN T ({x )T S €D)

”oem
2,62

where &' =&\ &7
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One then goes on, specifying for each interaction site x; the ‘birthplace’ of the
particles that go into {x;}"™, and ends up by specifying the birthplace of the final
particles &,,. As a result expression (4.10), is split into a finite sum of terms, each
term corresponding to a different choice of the numbers of the bonds connecting
the interaction and the final sites. The total number of terms is bounded by some
combinatorial factor depending on [, |£|, and on the generation numbers h;. Since
(Proposition A.1) V(& n; n)=0if £(x)=1 for some x, and moreover

[(él+1)/2]
|V(& m; m)| = const. (max n(x)> ,

xe¢
it follows that each term of the sum 1s bounded by
const, g YKITUMIDEDE (& X, X0 ) (4.11)

where I' denotes the sum of transition probabilities (7’s), and M = £, is the
number of the final particles.

The term I" can be represented by a graph with vertices at the points (t, x), x€ ¢
(initial vertices), (O, z), z € &, (final vertices), and (s;, x;), i=1, ..., [ (interaction
vertices). Each bond {(s, x), (s', x)}, s> s’ corresponds to a factor 7;_ (x> x'), the
usual random walk transition probability.

Since the number of bonds connecting any pair of vertices of the graph is specified
the function I” in expression (4.11) is a function of the positions x, ..., X;, z{,..., Z,
of the interaction and of the final vertices. The main point in the proof of (4.7) is
the estimate of the sum

A(sy,...,8)= ¥ YL s E XX 2y, 2. (4.12)

XgeeraX] TgeesZy

In Appendix B we prove, using graph techniques that

J ds; - - J' I 1ds,A,(s], ..., s)<const. g’€lgh (4.13)
o 0
where & = (1/(2k_))(;—4B).

The final result is obtained by summing up the contributions of all graphs with
given h,, ..., h; (which is a finite number). Since no more than k_ particles can be
produced at each interaction, M =& ,|=<|¢&|+ Ik_, therefore inequality (4.13) and
(4.11) implies that expression (4.9) is bounded by

const. LG glB—2k—7)

(We take of course B8 and vy such that §> 8> 2k_vy.) Summing from /=0 up to
I= N we get inequality (4.8).

The proposition now follows by taking N so large that B>d8n/N+
vy(2k_+n/N). O

Before going to the proof of Lemma 1 we need a result on the smoothing properties
of the free dynamics (with generator L,;) which produces the fact that the various



18 C. Boldrighini et al. / Fluctuations in reaction-diffusion

P, (x; 1, ) are close to p;(x), where p7(x) is the solution of (2.9) with initial data
po(x)=E, (n¢(x)) (cf. Definition 2.2). This of course will be true only on a large
set and when ¢ is a bit larger than t, for the smoothing property to apply.

From now on we always intend that 6§ = (1/(2k_))(3—48) and B8 and y such that
2k_y< B <6

Propesition 4.2. If 8’ is chosen as in Proposition 4.1, then for any choice of 8" < §'— 3
and of p>0 one can find a set {2,, A" (£2,) > 1— " such that for n € (2,

sup max |pr‘1k(x; ﬂ:k)“Pf(x)|<85”- (4.14)

f=t=T  x

forallk=0,1,... [T/7]

Proof. We first estimate
Ao(t, x) = p,(x; mo) — pr(x).

Since both p,_, (x; 1,.) and p;(x) are solutions of (2.9) we have

Ao(t, x) =Z T (x=>y)N0(y)

+ j ds ¥ i (x=>y) 3 an(pi(n) (Aol ), (4.15)

¢

k. I = N
ah(p)=(h )pk* _(h )p -,

and n=n—En.

Let my,=max, E(ny(x)). By the maximum principle p;(x)<max(m,, 1), and in
0, (cf. Lemma 4.1) the integration function in (4.15) does not exceed in absolute
value Mye ™, M,= K,(max(my,, 1)), where K, is an absolute constant. Hence
for t=s,= &% < ¢” the integral in (4.15) is bounded by M,e® -,

To estimate the first term

where

Fo=Y W.so(x_’}’)ﬁo(Y)
we take the 2 Nth moment

E. ()= Y Il#7(x=>y)E,. (H ﬁ()(yi))' (4.16)

The product [],_, 7o(x) coincides with V(¢ no; En,) if all particles of ¢ are at
different sites. If some sites coincide, the expected value of the product of 7, does
not have to be small, and we have to rely, as usual, on the fact that the probability
of having coincidences is small. The relation between products of 7 and V-functions
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is given by the following formula, obtained after simple algebraic manipulations.
If g:Z, >R, is a nonnegative function, and n(x) = n(x)—g(x),

[ n(0)= % _d(& €5 e)VIEE i 8) (4.17)

xe&

where éis the subset of the elements of £ that are repeated more than once, and d
has the properties

1€
d(£0;2)=1, 0<d(&¢;g)=d(¢) (max g(x)) :

We use this and insert (4.17) into (4.16), for g(x) = E(no(x)) = p5(x). Observe that
in performing the sum over ¢ for a fixed value of |£]|=r, we can extract at least
[3(r+1)] factors £/, (cf. (2.6)), and we find

ETN < camiN ™ (4.18)

)

where 8*=min(8',3-38') and cy is an absolute constant. By the Chebyshev
inequality p. (|To|> £®"¥)<e”"?forany £ >0, N large enough and & small enough.
Hence for any §, < 8* max,|44(so, x)| <™, on the proper set.

Clearly by (4.14) Ay(t, x) is continuous in . Let f =sup{t = s,: max,|4,(t, x)[< 1}.
Until time Z, |44(¢, x)| is bounded by the solution of the integral equation

1

y()=e"+ M, I ds y(s)

i.e. y(t) =% exp(My(t —s,)). Hence for & small enough = s,+ (8, log ¢ ')/ M,> T,
and we find

max|4y(t, x)| < e’e™T, sy=t=<T, (4.19)

which implies

max sup p,(x|no) < my+e® exp(M,T) =m,. (4.20)

x 1250
We then repeat the procedure for
At x)= pr-r,\(x; mk) _pz—tkﬂl(x; Me—1)-
For k=1, we have, in analogy with (4.15),

A(t, x) :Z Wf—rl(x —)y)(nt,(y) —le(y; 7]0))

+ I ds Z i (x>y) hgl an(ps(y; o)A, (s, y))" (4.21)

1

Using (4.20), for t=1t,+sy, the integral on the right-hand side is bounded
by M, with M, = K,((max(m,, 1))*-. To estimate the other term, denoted by
J,, observe that, by (4.17), we have

E, Hg (n,(x) = pi,(x; M) = géé d(& &5 p, (-3 M) v, (E\E'| o).
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Using Proposition 4.1, and repeating the arguments that lead to (4.18), we find, for
My in the good set {2,

nO(J)N<C8N6*m%N

By the Chebyshev inequality, we get, as above, that on the proper set

max|4,(t, x)|<e®rexp(M,T), t,+s,<t<T,

and we can take M, < K,(max(m,, 1))*.

In repeating the procedure for 4,, ..., we have only to check that the constants
m; (and hence M,= K,(max(m;, 1))*) are bounded. Setting m,=m; —m,, b=
max(1, m;) we find the recursive inequality

m,+1 = m +e IA”
where A=¢~i7,

Let j,=max{j: m; < my}. Then, for j<j,, m, < a;, where a; is the solution of the
recursive equation

@1 =a+e" B, B=AmEm
with a,=0. Hence j,=const. e "> Te ? if ¢ is small enough.
We get finally

'pt o (X3 n’A) P (x)|< Z IAk(t x) ,<K2T€K Toe,~B

where K,, K; are absolute constants. Proposition 4.2 then follows, maybe by
redefining p. [J

Proof of Lemma 1. Let 7, € 2, 2,= . We have, by Propositions 4.1 and 4.2, for

Loy S TS biyo,

|E., V(& n.; p7)l

= Y E, VE s pi— 5| TT (%) = pimy (x5 1)
e xea\E

= Z fUr—xA(f'lmk)l H I(Pf(x)—P.r:k(X;nrk)l
&g xeENg'

< (¥ + &) (4.22)

Since V(& m,; pf)isin L' and A°(2°) < &”, if p is chosen large enough we get from
(4.22) and the Chebyshev inequality, maybe by redefining 8",

sup én}lax |v, (€] m) < e®™. (4.23)

P<i=T

For t=<&” (4.23) is obtained in the same way as in Proposition 4.1.
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Let ko=[2/8"]+1. By (4.23) |v,(¢|u.)|=0(e) for |& = k,. Observe that, since

8" <% ko> 5. Take £ such that |£] = k, — 1. By iterating the recursive integral equation
for the v-functions, we find, by the properties of the initial measure u°,

o (€] po)l < e+

J‘ dS Z wffs(g—) gl)

0 &

k

x ¥ X al(&lx), pix))oe(ér, ) fpe) |
x €& h=—k_+1
The sum for h>1 gives o(¢) by the definition of k.. For h =0 we get an integral
of v,(£'| . ) with || = ko —2, which is bounded by const ev1e*0™*" = o(¢). Similarly
the integral of the term with h=—1is O(g'"* 3?)=0(¢). The terms for h < —1
are nonzero only if &(x,)=3, and the corresponding integral is bounded by
const.(e' "™+ & [Live(1/1) dt) = o(e).
We get therefore, for y, = max,|v,(£|u”)| the inequality

t

¥: <o0(e)+const. J v, ds, (4.24)
0

which implies v,(¢| . ) = o(e). We can then repeat exactly the above arguments for

ko—2, with kq—1 playing the role of k,, and the result follows for |£|= 3.

For |¢| =2 the only change is that the integral of the term with h = —1 is now
O(e), which gives, in general v,(¢|u.) = O(e). For |¢| =1, the integration by parts
formula allows us to reduce the estimate to the one for |£] =2. We omit the details.

Lemma 1 is proved. [

Appendix A: Some algebra

For £¢€Z, we denote by E(£)={x: £(x)> 0} the support of &

Proposition A.1 (Properties of the V-functions). The following properties hold.
(i) (Factorization). For any function p:Z .- R, we have

V(& p)= l;lm Vg(x)(‘fl(x), P(x)) (A1)
with
Vi(n, u)= i Q,(n)u""(—l)k'(ll(>, k,neN, ueR. (A.2)

(ii) V(& m; m)=0 if &(x)=1 for some x, and in general

[(lgl+1)/2)
oo ~

V(¢ n;, < t. a
| V(& m; m)|<cons <x’l‘5<’§>"(x)
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i) Viln, ) Vo (m, )= 3 6k, m; ) V,(n, ) (A4)
with
e, (k, m; )| = e(k, m)(max((ul, 1)<, (A5)

Proof. Property (i) holds for a single site and in general it can be proven by iteration.
The first assertion of (ii) follows immediately from property (i). It follows also
that the second assertion is a consequence of the following inequality

| Vi(n, n)| < const. nt** 1721, (A.6)

The proof of (A.6) goes as follows. Clearly there are coefficients d,(/) for which
-1
Q[(n): Z dh(l)n17h’ dl'):l’ (A'7)
h=0

and substituting into (A.2) for u=n, inverting the summation order (with the
convention d,(I)=0 for h=1),

k—1 k k
Vi(n, n)= hz::() EO n""h(—l)"”<l) d,(1). (A.8)

It is easy to see that d,(l) is 2 polynomial in [ of degree at most 2k, hence it can

be written as a linear combination of Q,(I), r=0,...,2h, with coeflicients c,(h).

Substituting into (A.8) we see that the coefficient of n*~" is

2h k ) k 2h r
£ £ o0 (1) =X e (o) -t

=0

x=1

and is zero if 2h < k, which proves assertion (ii).
To prove assertion (iii) observe that the relation

min(k,m k
Qk(n)Qm(n): .go )(j><';l>j!ok+m~j(n) (Ag)

holds for m =0, and is proved in general by iteration, using the recursion relation
nQ,(n) = Qr(n)+kQ.(n). It follows that

k m k o )
Vel ) Vp(myu)= 5 ¥ (A)(;”)(—u)k*m-frfzo,l(n)oh(u)

J1=0 =0 \J1

3y 3 (,k) ('") S D
J1=0 j2=0 \J1 J2
X3 (’;)(J;)nojlﬁr,(n). (A.10)
To transform the right-hand side of (A.10) into a linear combination of V-functions,

we introduce a linear mapping % of the vector space spanned by the polynomials
(in n) Q. into the vector space of the usual polynomials in zeR, by setting
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F(Qy) =z* Clearly % is a vector space isomorphism. A simple check shows that
F(Vi(n,u))=(z—u)* Applying & to the right-hand side of (A.10), and writing z*
as (z—u-+u)* one finds

) i(f‘)(?)(—l)“'"ﬂ‘fz
21=0 j2=0 \J1/ \J2

L

Transforming back by %! one finds that (A.4) holds with

- NN (i
clkmiu)= Y ¥ (f‘)(’.")(-l)“'"-’n“’zz(")(h)u(h & 2’>uk+m'-r. O
=0 =0 \j1i/ \J2 AN VAN r

Proposition A.2. For any solution of (2.9) p,, and any measure v such that f,(£|v) <o
for any & the following relation holds

k

d _
Et_v:(‘fa p1|V)= ZE AXU,(f, pl|v)+ Z Z c,,(§(x), Pr)vz(f(x'h), P:|V) (A12)

x€& h=—k_+1

where A, is the discrete Laplacian
A SO =3(f(E)+f(E)-21(8),

£(y) ify#x x+1,
£ (y)=4 &(x)~1 ify=x,
Exx1)+1 ify=x=*1,

and
me,(myu)= Y , m(m—1)---(m—r)
rjtj—r=
7))
r J r J
—So(ur—ut), m-1+h=0, (A.12)
cp(mu)=0, m—-1+h<0 (A.12")

((5y=0 for n>k or n<0).

Proof. We have

4 -4 (1) )
Sulepln =1 (g,u';gf,(f IDEDE L o)

2| d
20 AE) T

dp,
+IEY) Y —@ Il m(y)}

xeg” d yen™\{x}
= Eu(‘LO’ V(é:, U P,)'*“LG’V(@ U P:)) (A13)
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with

‘Lo’ V(E m; p)

=Y (—1)"5"{(14)0(5’, 7)) 11 pi(x)

xe&”
+Q(&,m) Y Apdx) ] p,(y)}, (A.14)
xc¢” yve&"\{x}

‘L’ V(E m; p1)

-3 (—1)*"’{LGQ<5', m 11 px)

+OWE ) X (pH () =pt () I )p,(y>}. (A.14)

yegndx

One can easily show that

LOQ(§: 77) = Z,g AxQ(§7 7))

and that

Eu(‘LO’ V(§, s P:)) = Z.S Axvl(g’ P:| V)-

For the second term observe that

LGQ(f,U): ) Q(f(x)a"l)LGQf(x)(”fl(x))

xc E(£)

= X Q& MENHQk(n(x)) Q-1 (n(x))

xe E(&)

= Qi ((x)Qecoy(n(x) =1} (A.15)

where ¢, is the restriction of £ to E(£)\{x}. Therefore

LV(En;p)= Y V(& m p) Ls Ve (n(x), p(x)) (A.16)

xeE
with

‘L' Vin(n, u)

13

(’”)(—1)’"*P{Lgop(n>u'"*"
o\p

I

P

+Q,(n)(m—p)u™ " (ut—u*)}

ISR

<r:) (-1)" "L Q,(mMu™ " ~mV,,_,(n, w)(uke—u*-). (A7)
0

il

p
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25
Using relations (A.9) and (A.15) one finds

LoQi(n)= k{Qh(n)Qk—l(")‘ Qk,(n)Qk~1(n -1)}
=3 (M) ke k=)@t

_ Zj‘ (k—j—l) k(k=1) - (k=) Quus_—1-{n).

Substituting into the first term of the second line of (A.17) and applying the mapping
% introduced in the proof of Proposition A.1, we get a first term

k+ m

X <k+> 2 ¥ (m>(—1)'"”u'"”p(p~1)-~(p—r)2”"
r=0 \ ¥ p=0\D

k+ k+ . dr+1 .

r:o< r )Z dz"™! (z=w)

k+
L (k;)(’T) uTmm—1) - (m=r)(z—u)" Y

and a corresponding term

k

-3 (k__1><k'> u -Tmm-1)- - (m=-r)(z—u)"""""Y,
rj=0 r J

Transforming back by % ' and substituting into (A.17) we find

Il

k

Lo Valnu)= %

h=—k_+1
which implies the result. [

me,(m, u) Vo (n, u)

Remark A.1. As a consequence of Proposition A.2 the following ‘integration by
parts’ formula holds.

v, (€, Ps|V) :E m (€= &) vol &1, pol v)

s k
+J‘ ds'Yy i (€~&) L L al&lx), pelxi|n,))
0 & xjcé h=—k_+1

X Us’(fl(xl)a ps'i V)

(A.18)
where v is any initial measure and p, is a solution of (2.9).
Appendix B: Proof of (4.13)

The term I" in (4.12) can be represented by a graph with vertices at the points
(1, x), x € £ (initial vertices), (O, y), y € &, (final vertices), and (s;, x;),i=1,...,1
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(interaction vertices). Each bond {(s, x), (s, x")}, s> s’ corresponds to a factor
mo_g¢(x=>x"). s—s' is the ‘length’ of the bond. A bond is incoming (outgoing) at
(s, x) if the other endpoint (s’, x’) has a higher (lower) time coordinate s’.

The number of the incoming bonds, m, and of the outgoing bonds, p, at an
interaction vertex depend on the interaction parameter h, and we distinguish vertices
of the following types:

h=1, m=1, p=1 (type (0)),
h>1, m=1, p=h (type (i) creation),
h=0, m=2, p=1 (type (ii) destruction of 1 particle),

h=-1, m=—-h+1, p=0 (type (iii) destruction of —h+1 particles).

The interaction vertices are graphically represented in Figure 1. A typical graph is
shown in Figure 2.

(o) (i) (i) (iii)

Fig. 1.

Since the initial vertices are kept fixed, we shall always consider that we have as
many distinct initial vertices as there are particles in £ even though the positions
of the particles may coincide (in which case one may think of drawing them on the
graph as ‘close’ points).

Clearly the sum (4.12) decomposes into a product of factors corresponding to
the connected subgraphs. Hence it is enough to consider any connected graphs (i.e.
graphs for which any two vertices can be connected by a sequence of bonds belonging
to the graph).

The estimate is done in two steps. The first step consists in eliminating the vertices
of type (0), and then the vertices of type (ii) and (iii}, which prescribe multiplicities
m; > 1. The sum (4.12) is then estimated by a corresponding sum which involves a
simpler (‘reduced’) graph I" which has an interaction vertices only a subset of the
vertices of type (i) of I The final step is the estimate of the contribution of the
reduced graph.

Step 1. Reduced graphs. We first sum expression (4.12) over the positions of the
vertices of type (o). If (s, x) is such a vertex, h=1 and &(x, h) = £(x). Summing
over x we obtain by the composition rule

Lo x)mi (x> x0) =7 (x> x).
x

— sk
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\ s=t
1

S7

Sg

s=0

Fig. 2. A graph.

Here (s, x) =(s;, x;) for some i, and 0sj<i<k<lI+1 (for j=0, so=1, x,€ & and
forj=1+1—s.,,=0, x,;.( € &,,).- The result is then expressed as a sum over vertices
of a new graph which is obtained from I' by canceling the vertex (s, x) and sub-
stituting the two bonds {(s;, x;), (s, x)} and {(s, x), (s, x,)} with the single bond
{(s;, x;), (sk, X1}

Next we estimate the sum over the positions of the vertices of type (ii) (k; =0:
two incoming and one outgoing bond). Let (s*, x*) be the one with lowest value
of 5. We estimate the factor 7;_,+(x; > x*) corresponding to the incoming bond of
minimal length (to one of the two if they have equal length) by 2¢/+/s,—s*. The
product of the two #’s that is left is summed over x* using the composition rule.
The graph is modified by removing the bond {(s;, x;), (s*, x*)} and joining the two
bonds at (s*, x*) that survive into a single one, as before. The vertex at the other
end (s;, x;) of a bond that is canceled can be either an initial vertex, or a vertex of
type (i) or (ii). In the first case by canceling the bond we cancel a particle from the
initial configuration & If it is a vertex of type (i), and by canceling the bond it
becomes of type (0), we get rid of it by summing over the position x; as described
before. If (s;, x;) has more than two cutgoing bonds it remains a vertex of type (i)
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with one less outgoing bond. Finally if (s;, x;) is a vertex of type (ii) then it becomes
a vertex of type (iii). We then repeat the procedure for the vertices of type (ii) that
are left (in the modified graph), in order of increasing s, each time modifying the
graph as described.

Finally we consider the vertices of type (iii) in the graph thus obtained. Let (§, £)
be the one with lowest s value. We estimate the factor corresponding to one of the
bonds with minimal length by 2&/vs; —§, and estimate the sum over the vertex
position X of the remaining product of 7’s by 1. The graph is modified by canceling
all the bonds going into (8, £). Each time that a bond is canceled the vertex at the
other end is treated as described in the discussion for vertices of type (ii) above.
We then proceed with the vertices of type (iii) that are left in order of increasing s.

The net result is given by the following inequality:

1

!, -
A, s =(2e)0 ] oA sh) (B.1)
J=1 = i

i J

with

AlsY,. .., s0)= ) Y ) ¥ Ft‘x'{ VVVVVV G (E5xV, X0z, 2) (B.2)
XY ¥y 2y
where [, is the total number of vertices of type (ii) and (iii), {s,-,}};, are their time
coordinates, s, , —s; is the length of the bonds corresponding to the # factors that
have been estimated, I, is the number of vertices of type (i) that survived, {(x}, s")}’=,
are their coordinates, and z,, ..., z, are the positions of the final vertices.
Figure 3 shows the reduced graph I" corresponding to the graph I" of Figure 2.
Step 2. Estimate of reduced graphs. The following inequality holds:

A(sT, . st)= e/ yptlem (B.3)

Proof of (B.3). We divide the bonds of I into three types: the type I bonds are
the bonds of length t (noninteracting particles), the type II bonds are the bonds
connecting interaction vertices to final vertices, and the type III bonds are those
connecting initial and interaction vertices.

In estimating the contribution of I” a crucial role is played by the fact that all
final vertices have at least two incoming bonds, otherwise the V functions are zero.
The final vertices are also divided into two types. The type (a) vertices with I-bonds
only, the type (b) vertices with at least one 1I-bond.

I" is not necessarily connected if I' is connected. Clearly the sum in (B.3)
decomposes into a product of factors corresponding to the connected components.
Therefore we carry out the estimate only for connected graphs I

Since each III-bond has its own distinct initial vertex, either I' has a single
(a)-vertex or it has no (a)-vertex. Let k denote the number of I-bonds in I

Case A: a single (a)-vertex. Let z denote its position. We write (2¢/v1)* ! for
the product of k —1— 7 factors, and sum over z the 7 that is left, i.e. the contribution
of the graph is bounded by (2¢/v1)*"".
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s=t

S3

5=0

Fig. 3. The reduced graph corresponding to the graph of Figure 2.

Case B: no (a)-vertex. We estimate each 1-bond by 2¢/+/t, obtaining a factor
(2e//1)*. The sum over positions of all interaction and final vertices of the 7 factors
corresponding to I1- and I1I-bonds is clearly bounded by 1.

Inequality (B.3) is proved.

Proof of (4.13). We set s;=s5;,,j=1,...,/,, and §5;=s;,- By inequalities (B.1)
and (B.3),

J dsl---J ‘dsHJ' Cds Ay, .., 8)
0 0 0

£

< )[(§’+1)/2J 1 '[, JS,Z s 1
< const.{ — e | ds;--- ds,_; ds || —.
N 0 0 0 - V1§ —sil

(B.4)

We extend the integration up to time ¢ in all variables. By integrating first over the
variables s!, we get factors 2(§}>+ (¢ — §,)"/?) < 4v/1. Performing the integration over
the remaining ! — I, variables, we obtain that the right-hand side of (B.4), for 1< P,
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is bounded by

&
const. t' <—

Vi

Since |&|+ 1, k_=|¢|, because no more than k_ particles can disappear at each
interaction, we see that expression (B.5) is bounded by the right-hand side of
inequality (4.13). O

[g1+1)/2]+1,
) = const. €

BIE(I*B/Z)([(\f'\+1)/2]+ll)' (BS)
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