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Interface Fluctuations and Couplings in the
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We consider a Ginzburg-Landau equation in the interval [ —¢7%,¢7%], £>0,
x 2 1, with Neumann boundary conditions, perturbed by an additive white noise
of strength \/E We prove that if the initial datum is close to an “instanton” then,
in the limit ¢ - 0%, the solution stays close to some instanton for times that may
grow as fast as any inverse power of ¢, as long as “the center of the instanton is
far from the endpoints of the interval”. We prove that the center of the instanton,
suitably normalized, converges Lo a Brownian motion. Moreover, given any two
initial data, each one close to an instanton, we construct a coupling of the corre-
sponding processes so that in the limit ¢ - 0% the time of success of the coupling
(suitably normalized) converges in law to the first encounter of two Brownian
paths starting from the centers of the instantons that approximate the initial data.

KEY WORDS: Stochastic PDEs; Interface dynamics; invariance principle;
coupling of infinite dimensional processes.

1. INTRODUCTION

In this paper we study the Ginzburg-Landau equation perturbed by an
additive white noise « of strength \/8_ ,

om 18*m
= _ V' .
FraaE i (m)+./¢ca (L.1)
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where ¢ > 0 is a small parameter that eventually goes to 0 and V(m), me R,
is a symmetric double well potential, with minima at m = + 1. We consider
this equation in the interval J, ,=[ —¢~",¢ "], k=1 with Neumann
boundary conditions (N.b.c.).

We call pure phases the two constant functions m(x)= +1, xe 7, ,
and we study the interface dynamics, that is the evolution of profiles that
are close to the two pure phases to the left and to the right of some point,
say xg. The deterministic Ginzburg-Landau equation (ie., setting ¢ =0 in
(1.1) and considering the equation in the whole R) has a stationary solu-
tion m(x)=tanh x, xR that we call “instanton”, The solution # is a
wavefront with speed 0, that connects the two pure phases. The set of all
the translates of  is stable, that is if the initial datum is close to m(x — x,),
for some “center” x,, then the solution of the deterministic Ginzburg—
Landau converges to an instanton with center x; close to x,.

Here we prove a similar stability result for the stochastic Ginzburg—
Landau equation, showing that the solution of (1.1) with initial condition
close to the restriction of some instanton to J, ., remains close to the set
of translate of m(x — x,), for times of the order of any inverse power of ¢,
and that its center, suitably normalized, converges to a Brownian motion.

Our motivation for studying this problem comes from the physics of
the spinodal decomposition. This is the phenomenon that appears in a
quenching experiment. In a quenching experiment a system is in thermo-
dynamic equilibrium with a reservoir whose temperature is suddenly varied
from above to below the critical temperature of the system. This process is
in general so fast that we may suppose the state of the system unchanged
at the end of the cooling, but no longer in equilibrium with the reservoir.
The state is still stationary, but unstable, What happens next is called
“phase separation”. At a very early stage the interaction with the environ-
ment (usually modeled by a small random perturbation) is dominant
because the system without perturbations would stay in its initial station-
ary state. As soon as the state changes, the deterministic forces internal to
the system take over and drive it quickly away from the initial unstable
equilibrium, see De Masi ez al.®® and references therein for a mathematical
analysis of the phenomenon. In general equilibrium is not yet reached at
this stage, at least when the system is spatially extended. In each subregion,
in fact, the state will approach a stable thermodynamic phase, but since
several ones are equally accessible (as the temperature is below its critical
value) there is no reason why the equilibria of far away regions should be
coincide. The typical picture is thus a collection of phases with interfaces
in between and the next regime of phase separation describes the competition
between phases. For nonconservative evolutions (that we consider here) the
larger clusters grow at the expenses of the smaller ones and typically the
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interfaces move by mean curvature. Once the clusters become very large
(i.e., the curvature very small) this process becomes extremely slow and
new effects arisg, in particular stochastic forces may again be dominant. As
a matter of fact there are examples involving deterministic evolutions where
the phase separation even stops and the system fails to reach the true equi-
librium, being stuck in some locally stable but spurious equilibrium, see
Friesecke and McLeod.(14) These effects are more frequent in one dimen-
sion, therefore our equation is a good model for studying these problems.

Fusco and Hale,"'> and Carr and Pego,® have studied the deter-
ministic Ginzburg-Landau equation in the finite interval 7, with
Neumann b.c. and with initial datum close to the two pure phases to the
right and to the left of some point x, respectively. They prove that the solu-
tion relaxes in a short time to an almost stationary state which represents
a front connecting the two stable phases, m= + 1. This front is very close
to the “instanton” m, (x} = ri(x — Xo) restricted to the finite interval (In the
literature it is usual to call instanton the space derivative m’ of nz). As
already mentioned the front which has been formed in , , is not truly
stationary, in fact it moves but extremely slowly, with speed x~e~%, ¢ a
positive “slowly varying” factor, ¢/ the distance of the center from the
boundary of 7, ,. During this motion the front keeps almost the same
shape.

If we take into account the stochastic term, the picture initially does
not change much: except for small deviations we still have a short relaxa-
tion time and the formation of a profile very close to a front. However,
under the action of the noise, the front moves at times dramatically shorter
than in the deterministic case. At times #,=1¢7% 0<a<1/3, t>0, the
shape is still the same but the center x, has moved by % \/a and on this
scale it is a Brownian motion.® At times ¢7,= =t¢!, >0, the displace-
ment is now finite and the motion of the center converges as e > 0% to a
Brownian motion b,, as shown by Brassesco ef al'® when x=1. The
motion is still Brownian also at times t,=t¢"'7?, >0, y > 0 small enough,
as shown by Funaki,'® in a somewhat different setup. At much longer
times the picture may in principle change, for instance the system could
pick up some drift, as it happens when the potential V is nonsymmetric, as
shown by Brassesco and Buttd.!® In this paper we prove that in the sym-
metric case there is no drift for times that grow as any inverse power of &
roughly speaking we prove that the process m, is close to i, ., /;4, (in the
sense that the sup norm of the difference vanishes as ¢ — 0") with b, a
Brownian motion with diffusion D =3/4. Convergence is proved by
suitably scaling space and times and before “extinction”, i.c., when one of
the two phases disappears and only one remains. Many problems are left
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out of our analysis as for instance a precise estimate of the extinction time.
We have only estimates on the first time ¢ when one of the two phases
shrinks to cover 7, , except an interval of size proportional to ¢! close to
one of the endpoints of 7, .. We show that as ¢ —» 0%, 7 has the same law
as a stopping time defined in terms of b,. We could improve (with a lot of
work) the result till intervals of the order of cloge™", with ¢>0 large
enough. But for a critical value of ¢ the Fusco-Hale drift should become
dominant with the minority phase shrinking deterministically still extinc-
tion. Since the time (after ) when all this happens should be significantly
smaller than 7 itself, ¢ would become a good estimate for the extinction
time. The one phase regime, however, is not yet the true equilibrium, as,
at much longer times, tunnelling phenomena become important, see Faris
and Lasinio,"" and Cassandro er 4l for the analysis of these aspects
in finite volumes and, respectively, in intervals that grow logarithmically
with ¢,

The convergence to a one-dimensional process described by a simple
Brownian motion holds in a much stronger sense than one might suspect
from this presentation. In fact by extending the work of Mueller,!”), to the
present case (his stable point being replaced by our one-dimensional
manifold of equilibria, i.e., the translates of the instanton) we construct, in
the limit as ¢ » 0*, a coupling of two processes starting from two different
data, m and m’, where the time of success of the coupling (i.c., when m, and
m, become almost everywhere equal) has the same law as the first encounter
of two independent Brownian motions in d=1 that start from the centers
of the instantons associated to m and m’. We refer to the next section for
the precise statements. In Section 2, we prove some properties of the deter-
ministic equation. In Section 3, we extend the results to the case with noise.
In Section 4, we prove convergence to the Brownian motion and in Section 5
we construct the coupling which proves the loss of memory of the initial
datum. A brief outline of the main ideas of the proof is given in Section 3
after the proof of Theorem 1.

1.1. Definitions and Main Results

We consider the Ginzburg-Landau one-dimensional stochastic partial
differential equation

om 1&%*m
a_zziﬁ—[mtm]h/ga, 120,  xed,, =[—e"e7"]

m(x, 0) =my(x)
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with Neumann boundary conditions (N.b.c.). The noise a=a{x, 1) is a
standard space-time white noise (see Walsh*) for a precise definition) and
¢ is a small positive parameter that will eventually go to zero. Let us denote
by H!? the Green operator for the heat equation with N.b.c. in 7, ., and
by H'¥(x, y) the corresponding kernel. The standard way to give a precise
meaning to (1.2) is to consider the integral equation that results of formally
applying H'® on both sides of (1.2). For a given continuous function m,
defined in 7, , and satisfying N.b.c., we then get

”

t
m,=H(,*”m0—J ds H® (m>=m)+ /e Z,, 120, we,, (13)

4

where Z{.x) is the Gaussian process defined by the stochastic integral in
the sense of Walsh.!'?)

Z,(x)ijl ds | dya(s, y) H® (x, v) (1.4)
0

1—s
Fex

The process Z,(x) can be seen to be continuous in both variables
[ Walsh!?], and its follows as in Faris Lasinio" that (1.3) has a unique
continuous solution m,, which we will call the Ginzburg-Landau process.

Since we are interested in studying the evolution of m, when the initial
datum is close to an instanton, and to use the stability of the instanton
under the dynamics in the whole line, it will be convenient in the sequel to
consider the integrals in R instead of 7, . as in Ref. 5. To this end, given
a continuous function f defined in 7, ,, call [ it extension to R given by
successive reflections around (2rn+1)e %, neZ, and define the space of
functions so obtained

C, (R)Y={f: fe CYR), fis invariant by reflections
around the points (2n+ 1) e ™", ne Z}

Consider then
!
m,:H,mo—f dsH,_(m>—m)+ /e Z,, 120, xeR (L5
0

where H, is the heat operator in R, and the last term Z, is really the exten-
sion to R of the process Z, defined by (1.4). As it follows for instance from
Doering,'® Eq. (1.5) has a unique continuous solution m, if the initial
datum my is bounded and continuous. We set

me=: T mg; Je Z) 120 (1.6)
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for the solution m, of (1.5). As proved by Brassesco et al.®) in Prop. 2.3,
given my defined in 7, , and satisfying N.b.c., m, is a solution of (1.3) if and
only if its extension to R, #1, solves (1.5), with initial condition and noise
being the respective extensions of m, and Z,. In case mge C, (R), by an
abuse of notation we will also refer to T, (my; \/g Z) as the Ginzburg—
Landau process (in 7, , with N.b.c.). We thus have two ways of repre-
senting the same process, one in 7, , with H{” and the other in R with H,
and we will switch from one to the other according to which one is more
convenient in the specific application.

We leave for a while the discussion on the Ginzburg-Landau process
turning to the deterministic case, ie., ¢ =0, and the Eq. (1.2) considered in
R; we denote by T, (m)=T, m,0) the corresponding flow. Since
m(x)=tanh (x) verifies the identity

1 d*m L dV{m)

1 1
- = V' ) V/ __ 7 V - _ = 2 - 4
2 a2 (m); (m) g (m) 5m +4m, m(el[R;)

it is a stationary point of the flow, namely m =T ,(m) for any ¢ > 0. The
function r(x) is what we call “instanton” and 0 is “its center”. Its translate
by x,€ R,

m, (X) =m(x — xo), xeR (1.8)

is also stationary and will be called “instanton centered at x,” (thus
m=m,), Fife and McLeod,">!* have proved that the manifold

M= (i, xoe RY = CUR) (1.9)

xo,

is locally attractive under the deterministic flow T,(-). More precisely, let
-] denote the sup norm in R, and, for ¢ =0, define

Ms={me C*R): dist(m, #)= inf m—m, || <6} (1.10)

xge R

Then, there exists 6* >0 and a real valued function {(m) defined on .#;.,
such that

lim T, (m)=riy,,, for all me ;. (1.11)

t— 4+

in sup norm and exponentially fast. Thus .#;. is foliated by the sub-
manifolds (transversal to .#):

Vs = Ame My {(m) = xo} (1.12)
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which are space translated of each other. {(m) will be called the “true
center” of m e #s«. In practice it will be more convenient to work with an
approximate center, the “linear center”, but for expository reasons in this
section we refer to the true center.

When we restrict to 7, , we evidently loose the notion of instanton
and the reader may ask why to consider 7, , instead of the whole R. The
reason is technical, the price would be having to deal with an unbounded
process. Essentially the same problems arise in intervals which grow
exponentially with ¢ ~!, hence the restriction to 7, .. With the choice of the
Neumann boundary conditions in 7, , we have the advantage of recovering
to some extent the instanton structure present in R, as proved by Carr and
Pego,‘® and Fusco and Hale,"'’ and explained in the introduction, see also
the introduction in Brassesco et al® The choice of Neumann boundary
conditions is important here, periodic b.c., for instance, would give rise to
two fronts while Dirichlet b.c. would force the unstable m =0 phase at the
boundary with extra complications that our choice of N.b.c. avoids.

Our analysis will extensively exploit the stability properties of the
instantons and in this respect we will take great advantage of the represen-
tation (1.5) where the only memory of the boundary conditions is in the
“small perturbation” \ﬁ Z, and in the initial state. The Eq. (1.5} is thus
well suited for a perturbative analysis of data close to instantons. However
even if me C, (R) is very close to an instanton in 4, ., it is not close to
any instanton in the sup norm in R. We overcome this point by using
barrier lemmas that allow to modify the function away from 7, , without
changing too much evolution in 7, .. The modified function can then be
taken in a neighborhood of .# and we can adapt the results of Fife and
McLeod about the convergence to an instanton. The noise will counteract
this trend by preventing the orbit from getting too close to the instanton
and the process will live in a small neighborhood of .#, whose size
depends on the strength of the noise and vanishes as ¢— 0%, see
Theorem 1 later. At the same time, however, these small deviations caused
by the noise have the important effect of changing the center of the deter-
ministic evolution. Their cumulative effect will be in the end responsible for
the Brownian motion on .# that describes the limit process, see Theorem 2
later.

As explained before, the first step was to modify the functions in
C, «(R), outside , , so that they are in a small neighborhood of an instan-
ton. With this in mind, given me C%R), we define m®>*=m when
m¢ C, (R) setting in the other case

m(x) for |x|<e™*

_ _ . (1.13)
m( e ™) for xze&~" respectively x < —e¢

m*""(x)i{

—K
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We then define

X if m*"ev,

1.14
2e7F otherwise ( )

cs’"(m):{

Given m, a solution of (1.5) we set
(=" (m,) (1.15)
and for any 0 </ <1 we define the stopping time
Tk, £) =inf{r = 0: |{5(m,)| =" —Le 7"} (1.16)

and the stopped process {#,} 50,

A

mtimt/\rea CtiCtArﬁa Tairs(’ca /)

where a A b stands for the minimum between a and b.

Finally we denote by P? the probability on the space where the noise
\/z; o, and consequently all the processes we consider, are constructed.
E* denotes the corresponding expectation.

Theorem 1. There is de(0, §*/2], 6* asin (1.11), and for any x > 1,
h>0,ae(0,1/4) and £ €(0, 1) there are ¢ > 0 and p > 0 so that the following
holds. Let mge s and |{>"(my)| <e~*—¢e~", and m, as in (1.6). Then

P((m,)" " € My YVt < (log ), (m,)> " € Mop-Vte[(loge), e™" A 1,])
>1—ce (1.17)

Our next result states that before being stopped the process ¢, con-
verges as ¢ > 0" to a Brownian motion with diffusion coefficient D = 3/4.

Theorem 2 (Convergence to Brownian Motion). In the same contest
as in Theorem 1, given any R, €[ — o0, + o0] we suppose that the initial
data my is such that

lim &"?[ £(e7"—¢e~ )= (my)] =R

-0t

Then for any t* >0 the process %%({,-s—1, — {%*(mq)) converges weakly on
C([0, t*]) to a Brownian motion with diffusion coefficient D, starting from
0 and stopped at R .

Theorem 1 thus states that the Ginzburg-Landau process is locally
attracted by the manifold .# (when the center is sufficiently far from the
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endpoints of 7, ) and Theorem 2 that it performs a Brownian motion
on .#. We also have sharper results, see Proposition 4 and Corollary 1, on
the small deviations of the process transversally to /.

Our last result refers to couplings:

Theorem 3 (Couplings). Let m, and my be in C, ., let both verify
the assumptions of Theorem 2 with respectively R, and R’, and, calling
Xo= {(myg), xo=C_(myg), suppose

lim &"(xq—xp) =: r*

e—0%

Then there is a realization on the same space of the two Ginzburg-Landau
processes m, and m, that start from m, and, respectively my so that, if

o=inf{1: m,=m} (1.18)

then &"*'c converges in law to the distribution of a variable S defined as
follows. Let b, and b, be independent Brownians with diffusion D starting
from 0 and stopped respectively at R, and R’,. Then S is the first time
when b, — b,=r*, provided S occurs before any of the Brownians is stopped,
in that case S= -+ 0.

2. THE DETERMINISTIC FLOW

As proved by Fife and McLeod, T,(m), m € 4., is attracted by #,
see (1.11), so that it is eventually very close to an instanton. (This will also
be true with large probability when the noise is present, if ¢>0 is small
enough.) The flow T, is thus well approximated (after a relaxation time) by
its linearization around an instanton. It is then possible, sece Theorem §
later, to estimate the true center {(m) in terms of the (easier to handle)
“linear center &(m)”, defined as the center of the instanton that attracts the
linearized flow, a condition equivalent to that in Definition 1. These are the
main issues discussed in this section.

If me CUR) then m(x, t)=T{m)(x), t>0, is in C¥R), it is differen-
tiable with respect to 7, see Fife and McLeod,""® and it satisfies the
Ginzburg-Landau equation

2
a—n;(x,t)+m(x,t)—m(x, 1?3 (2.1)

860/11/1-3
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The instantons 7, , X, € R, are stationary solutions of (2.1). The linearized
flow around i, is the linear semigroup g, ., on C°%R) whose generator L,,
acts on /e CHR) as

2

5 (%) + [1=3r,(x)*] flx) (22)

r | —
D

onf(X) =

X

Denote by ) (x) the derivative w.r.t. x of m,(x). From (1.7), L, m,, =0,
(for any x, € R). Denoting by ¢ -, - > the scalar product in L*(R) we set for
any xpeR,

g =3 (i, > =1 (23)

xg 2 mxoa

so 0 is an eigenvalue of L, , and s} is the corresponding unitary eigen-
vector in L*R). The operator L, has a spectral gap:

Theorem 4. There are « and ¢ positive so that for any f'e C°(R) and
xR

s, LS — Aty [ P T Sce ™ || f = (g, S A || (24)

A proof of Theorem 4 in a L? setting may be found in Ref, 12, the
proof with sup-norms is similar to that in Section 4 of Ref. § and it is omitted.

We will exploit Theorem 4 by observing that m(x, ¢t) = T, (m)(x) solves
for ¢t > 0 the equation:

=Ly (m—1i,) =3, (m—n, )’ —(m—m,)>  (25)

We next define the “linear center” of a function '€ C°(R). This notion was
introduced by Brassesco et al.,®> where it was called simply “center”.

Definition 1. The point x,€ R is a linear center of me C%R) if
(il m— 1> =0 (2.6)
Existence and uniqueness of the linear center are stated in the next

lemma. The proof, being essentially the same as that of Brassesco et al.,’
[Prop. 3.2] is omitted:
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Lemma 1. There is d,>0 so that any me M, has a unique linear
center £(m). Moreover there is ¢, >0 so that if me CR), y,e R and

||m—n‘1y0||=:5<(50 2.7)

then the linear center x, of m is such that

3, _ .
|xo — Yo| < c¢od; xo_[yo—z <my0a (m—my0)>H <cpd®  (28)

Let m and m be in 4y, x, and X, their respective linear centers and
lm — || < dy. Then

- Co . - -
|xo—Fo| <= [, m—101 )| <o lm— | (2.9)
2 0

In the sequel we take (for notational simplicity) d, <1 and J,<J*,
0* as in (1.11), so that if me Ms, both &(m) and {(m) are well defined.
Theorem 5 is the main result in this section.

Theorem 5. There are §>0, ¢>0 and 8,¢€(0, §y], so that for any
me Ms

|E(m) — C(m)| < cLlm — g 103{ [m —’flf(m)” } ]2 (2.10)
Moreover T (m)e 4s, for all >0 and, setting &, =&(T(m)),

||Tl(m)—rﬁ{(m)” gc ”m—njlf(m)” e_ﬁts (211)
||Tr(m) - mé,” <¢ ||m - ’ﬁg(m)” C"_ﬁt

sup |, —E(m)| < ||m“m¢(m)||,
=20 (212)

20

The relevant parameter in Theorem S is thus ||m —#ik,, |, which
controls the difference between the linear and the true center, see (2.10),
and the convergence of T,(m) to the instanton, see the first relation in
(2.11}. We start by proving that the first relation in (2.11) follows from the
second one and (2.10), we will then complete the proof of Theorem 5 after
a preliminary lemma, Lemma 2.
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Proof of the first inequality in (2.11). Since m' <1,
772, — 112, || < 10 — Yol
hence, by the second inequality in (2.11),
1T () = Pagm | < 1L(m) = &, | + ¢ lm — sy || €=
Recalling that {(m)={(T,(m)) and &,=&(T,(m)), by (2.10),
|8(m) — &, =18(T(m)) — &(T(m))]
S [N T(m) = iger oyl log { 1M — gz, omy |l } 12

which using again the second inequality in (2.11) completes the proof of
the first one. 0O

Lemma 2. There is ¢, >0 so that for any A€(0,1], x,eR and
ve C(R) such that [[v] <1 and (i, v) =0 the following holds. Let

m=nm, + A, ¢, =max{1, (log 1)} (2.13)
and ¢, o as in Theorem 4, Then for all 0 <1<,
IT,(m)—rr‘zxol Lce i+, A% (2.14)

Proof. Let u,=T(m)—m, , ug=Av. By (2.5) and Theorem 4 there is
¢; >0 so that

t
Jid < ce™ A+ [ dsClug I+ ) (2.15)

Call T the first time such that ||u ;| =2cA, and suppose that T<¢,. Then
by (2.15)

2eA KA+ ot ([2¢A1*+[2¢A73)

which does not hold when A is small enough, say A< 4,, 4,€(0, 1].

But (2.14) follows from (2.15) when Ae (4, 1], since [lu,|| is bounded
for all s20, by the maximum principle. For 1< A,, we have seen that
T>1, 50 ||lu,l <2ci for all r<¢,. With this bound on the right-hand side
of (2.15) we obtain (2.14), completing the proof of the Lemma. O
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Proof of Theorem 5. We use the same notation as in Lemmas 1
and 2. We take ¢, >0 (other conditions on ¢, will be specified later) so
that for any A€(0,J,]

sup [ce ™A+ ¢,4%]1<dy,  Jpas in Lemma 1 (2.16)

1<

Let meM 5 and call xo=¢&(m). If m= i, , then the theorem follows since
m, is stationary for T,. By writing

[l — 1,

we can apply Lemma 2 with A=|[m—m,| and, by Lemma 1, (2.14) and
(2.16), the linear center &(T,(m)) is well defined for 1< ¢;, and, setting
m* =T, (m) there is a constant ¢, >0 so that,

f
|Em*) — xo S o Im* — i, || < o[ Alog 212 (2.17)
We will prove that there is a constant ¢; > 0 so that

[E(m*) — L(m™)| < o3 ||[m* — Brge, || (2.18)

Proof of (2.10). Since {(m)={ T/ (m)), {(m)={(m*). Then by (2.18)
and {2.17)

[{0m) — xo| < ca[ Alog A)* + c5 [|m™* — Mgyl
Recalling that m’ < 1 and using the inequalities in (2.17)
[m* ~ Mgy | < lm* =g || + ([ — Pgms, |
<(l+co) [m* —m |l

1
Qiﬂu log 41 (2.19)

0

(2.10) is proved, conditioned on the validity of (2.18).

Proof of (2.18). We further specify J, by requiring that for all
A€(0,0,]

(1+ o) ce ™l +c A%,] <6, (2.20)
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By (2.19) and (2.14), (2.20) implies
lm* —m || <0y, where x* =¢&(m*) (2.21)

thus enforcing the initial conditions also at time 7.
We define 7 so that 7 <1, (where A, is defined later) and also that

e (1l +co) <} (2.22)

We require that J; is such that for all Ae(0, ;]
_ 2q A
(I4+c)ce ™A+ 4 r]gi (2.23)

Let m© =m* x© = x* =T (@) xO=Emh)
ho=(Itco)lce™ A+, 2,1, A=lm—rgll,  |m* =m0l <4

and

A=(L+cg)ce ™A+ ¢ A57]
By iteration we then define for n>1
MO LT, (m®),  CDEEm™),  d,=(1+ o) ee Ay + 27
We have from (2.23)

17 @) = ity | < Ay <27 "0

and since |x™ —x"" Y| < ¢y |TA>m" = V) — 1 w-1| by (2.14)

n
[x—x@I< Y 1,<24,

i=1
Since x™ — {(m®) as n— + oo this proves (2.18) (recall that m* =m),

Proof of (2.12) and of the second inequality in (2.11). The second
inequality in (2.11) has been previously proved at the times nz. For
te(nt, (n+1) 1) we have:

|T(m) Mg |l < T ,(m)—m, ml + ||I’71x(n)—n7l¢,||

N

1T (m) ~ i gon [| + |5 =

<(1+co) [T(m) — el
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In the last inequality we have used Lemma 1. The second inequality in
(2.11) then follows from Lemma 2.
To prove (2.12) we write

(&, — &m)| <|E,—L(m)| + 1L(m) — E(m)] (2.24)

The last term is bounded using (2.10). For the other one observe that by
(2.9) for any 1 =0
€, = Lm) | = 1&(mg) — Syl
S ||”7l¢, = My I
<co 1, — T(m)|| + ¢o 1Py — T(m)| (2.25)

which by {2.11) proves the first inequality in (2.12). The second one follows
from the first one and (2.11), and the proof of Theorem 5 is finished. [

3. THE STOCHASTIC FLOW

In this section we prove Theorem | and some of the key estimates that
will be used in Sections 4 and 5 to prove the other theorems of Section 1.
We start with Proposition 1 where we derive the basic bounds on the
Gaussian process Z,. The proposition is proved in Ref. 5 for «=1. Its
extension to x > 1 is not difficult and for completeness we report it in the
Appendix.

Proposition 1. Let wx>1, ¢>0 Z, as defined in (14), and
T(m, \/Z Z) the solution of (1.5) starting from m. Then there are positive
constants by and b, such that, if we set ¢, = (log ¢) and

B, ,={ sup |/eZ|l<e?7) (3.1)

0<I<t,
the, for any p> 0 and >0,
P"(c@p e)?l—boe—bl llogej—le—2" (32)

and for all me C%R) with |m| <1+1072 any S>1, and any &> 0 small
enough,

P sup | Tm; /e Z)| <2, | Tslm; /e Z)| <141072) 22— Shge =
o0gi<S
si= (3.3)
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Note that (3.3) implies that, for any N >0, the process remains

uniformly bounded up to times ¢~V with probability close to 1 exponen-

tially in e,

Let me CYR), set m,=T,(m; \/EZ), t20, then, for any x,eR,
u, =m,~m, solved the following integral version of the Ginzburg-Landau
stochastic equation (also considered in Ref. 5)

t
U= Gt | 5 gm a3l +11) 4 /5 2, (34)
The operator g, , was defined in the beginning of Section 2 and
! —2
Zon=Zi= | ds g [(372,-1) Z,) (35)
Z, x, 18 also given by the stochastic integral (see Ref. 5)

Z,,x0=j0 dSL dy g . (x p)als, ) (3.6)

&K

where

810X P)E 2 (Grms X Y HAJETTV - 8r g (X, 4J T+ 2677 — )
jez (3.7)

and g, (-, ) stands for the kernel corresponding to the operator g, . An
estimate analogous to that given by Proposition 1 follows for Z, , .

Proposition 2. Let Z, x, as before. Then there are positive constant by
and b, such that, if we set 1, = (log ¢)? and

By oy =1 sup Ve 2, ll<e 7

0<1<1t,
then, for any p >0 and ¢> 0,
P By, 5) 2 L —boe ™" (3.8)

Proof. 1t is a consequence of (3.2), (3.5) and (A.30). O
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Recall from Lemma 1 that &(m) is the linear center of m (see (2.6)),
and that there is o so that if me .4 then {(m) is uniquely defined. In
analogy with (1.14), given any « > 1, we set

E(m® ") if m&*e /%50
0 otherwise

fe"‘(M)i{ (39)

and, given any /€(0,1) and d e (0, d,],
M, s={me CAR):m>" e My, |E5"(m)| <e " —re~'} (310

By (2.10), Theorem 1 follows from the analogous statement with the true
center replaced by the linear center. Theorem 1 will then be a consequence
of the following Proposition.

Proposition 3. There is §,(0, J;] (d, as in Theorem $5) so that the
following holds. Let ae(0, 1/2), £€(0,1), k=1, de(0,d,] and p e (0, a/2).
Then there are positive constants b,, 6, and ¢ so that for any &> 0 small
enough and for any meM; ,,;, if m,=T(m; \/EZ), {'={(—¢ec(dv
e'279), and 1,=(log ¢)?,

Pim,e M: , sforallt<t,m,eM , jna)21—boe ™" (3.11)

Proof. Let m be as in the statement and consider first the case
me Ms.. We study m, =T (m; \/g Z) as a perturbation of m?=T(m). Let

X =é(m)’ uoimo_rﬁxa Dt=||m —m(1)||’
0 : ! 0 t (312)
&=8my),  EY=E&(m))
By Theorem 5 there is a constant ¢ =c¢(d,) so that for all 1> 0
lm? — o] < ce ™7, |E9— xol < e (3.13)

Next, we write the integral equation for m,—m? in terms of the operator
g1, », Recalling that V'(m,) — V'(m?) = (m,—m))[3(m})* — 1 + 3m3 ~3m3 ]
+ 3m%m, ~m?)* + (m, —m?)*, we obtain

t
mt_m(): —J ds 8i—s, xo[(ms_mg) 3(m2_mx0)(mg+mx0)
0

+3m(m,—m0) + (m,—m)*] +&'22Z,
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where Z",,xo was defined in (3.5). By (2.12) [m} —n, |l <|ugl. Then, by
(3.12) and (A.30) we get that in %, . % (which, by (3.8), has probability
greater than 1 —hye~%%""),

4
D,<cs fo ds{|[ul]| Dy + D? + D3} 427 (3.14)

for some positive constant ¢;. By (3.13) and (3.3), D, <4 for all 1<e?
with probability exponentially (in e~?) close to 1. By (3.14) and the
Gronwall’s Lemma, in %, , ., intersected with the set in (3.3), we have

D, < ec,(nugu +100) 1,1/2—p

Calling #* = p(cy(||ludll +100)) =" |log¢|, for any ¢>0 small enough we
have that

sup D, <g'?—» (3.15)

<t

By (3.13) there is be (0, 1/2 —2p), so that calling yo = &(m?), for any ¢ >0
small enough,

% — i, || <& (3.16)

Then
12,0 — i1y, || &' 2P 4 6% < 26" (3.17)

Hence for ¢ > 0 small enough the linear center x* = &(m,.) of m,. exists and
by Lemma 1 [x* — y,] < cy2¢” Then

|x* —xo| S |x* — yol + [ yo—Xo| Sc+cp2e°<i ¢! (3.18)

where c¢ is the constant in the second inequality in (3.13). Thus by (3.17)
and (3.18) mue M: , 5, £1={—¢c’ and J = 2",
Moreover, recalling that m' <1,

710 = Fu | S || M — iy, ||+ 1172, — el S (1 4¢0) 26° (3.19)

We next consider m,éT,(m,*;\/c-Z). We call m?=T/(m,) and
D, = |lm,—m?||. Again in %, 6 xy (3.14) holds in this setup, but now, by
(3.19), |udll<(1+co)2¢”. Hence, by considering a=inf{/>0: D,>
ce2=7}, it follows from (3.14) that o >, for some convenient ¢ < oo s0
that D — 1< ce'?=7 for all 1<1,.
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By the same argument used earlier we then complete the proof of
the Proposition under the additional assumption that me .#; and con-
sider next the case me M5, , ;0 C, (R) with d€(0,5,/(1 +¢4)], ¢ as in
Lemma 1. Then m**e.#; and |£5%(m)| <e —/¢! and hence (3.11)
holds for T,(m®*, ﬁZ). Let %, , be the set in (3.1). Then there are con-
stants ¢’ and V positive so that setting L, =&~ — V1,

sup sup |7,(m; \/gZ) — T(m">" \/;Z)l Lée " (3.20)

oIt |xI<L,

(3.20) is proved in Proposition 5.3 of Ref. 5 (Barrier Lemma) for x = 1, but
the proof is also valid for k>1. Let next xe[L,,e™*] (the proof for
xe[ —&7", —L,], is similar). Since m®* e .#; with |E(m®*)| <e " —te~ !,
using (2.8) and recalling that #i(x) = tanh (x), we have, for any ¢ > 0 small
enough,

sup |m£”‘(x)—1|<(1+C0)5+26~(z84_m)

lx—e X <3V,

Then, since m(x)=m*"(x) for any xe[L,,e "] and o <J /(1 +¢,) with
d, < 1, there is a constant ¢ (0, 1) so that, for any ¢ > 0 small enough,

sup Im(x)—1|<¢ (3.21)

|x —e ¥l <2V,
Recalling that me C, ,(R), we define 1 e C(R) as

m(x) if |x—e7"| <2V,
A(x)=dme™ =2Vt  if x<e *—2V1, (3.22)
m{e "+ 2V1,) if xze “+2V1,

Using again the Barrier Lemma there is ¢ >0 so that in %, ,

sup  sup |Tdm;Je Z)— T Je Z)| <ce™™  (323)

O0i<t, Li<x<e™ ¥

Since m(-) =1 is stable (see the proof of Lemma A.2 in the Appendix ) there
is a constant ¢ >0 so that in %, , for any 1€[0, ]

1T Je Z)— 1| < cle™" +£27] (3.24)

By (3.20), (3.23), and (3.24) there is ¢>0 so that (T(m; /¢ Z))** is in
M for all t<t, and in A 2-. at time 1.
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It remains to control the position of the center. From (3.20), (3.11),
and (3.24), there is a constant ¢ >0 so that

(T Am; /e Z)) = Tm=*; Je Z)| <cd (3.25)

By choosing d,¢ (0, d,/(1 4 ¢,)] so small that ¢d, <d,, dy as in Lemma 1
we conclude that, for any d (0, d,],

IE(Tm; Je Z))>*) = ET{m, /2 Z))| < cpcd (3.26)

Since |E(T (m>"; \/8- Z))| <e *—¢g" '/ similar conclusion (with ¢’
replaced by £’ —¢&(cqcd)) holds for E((T (m; \/5 Z))>*), and Proposition 3
is proved. 0O

Proof of Theorem 1. By iterating (3.11) and recalling that by (2.10)
the true and the linear centers are close we conclude the proof of
Theorem 1. [J

3.1. Main Ideas of the Proofs

The proof of Theorem 1 is a (simple) perturbative argument that
relates T,(m; \/E Z) and T,(m); convergence to a Brownian motion is a
quite different game, its proof much more delicate.

When times are scaled as ¢ ~'z, 7 in a compact of R, the argument used
in Ref. 5 applies. It is based on the bound

I T /& Z) = T\ (1i1gumy; /e Z)] < ce' =2 (327)
which holds if me M, , ,1»-. and ¢>0 a suitable constant. The bound
follows easily from the integral representation (3.4) using the estimates of
Section 2. The idea then is to split the time into intervals of length 7, (a dif-
ferent value of 7, is actually used in Ref. 5) and to replace at the beginning
of each interval the true process by the one which starts from the instanton
with the same linear center. One can see that if @ is small the sum of all
errors, bounded using (3.27), vanishes when ¢ — 0% so that we can con-
sider a process that at each interval starts from an instanton. Then except
for the (negligible) influence of the boundaries, the increments of the linear
center are mutually independent and convergence to a Brownian motion is
easily proved.

If times are proportional to ¢=", & large, the sum of the errors is no
longer negligible and this approach fails even though the bound (3.27) is
optimal. We find a way out exploiting the fact that we can prove a much



Interface Fluctuations and Couplings in the D=1 Ginzburg—Landau Equation with Noise 45

better bound (that goes even like ¢,&” for any given »n) provided we con-
struct the two processes in a more refined way than taking just the same
noise in the whole interval [0, 7,]. But the most important point is that we
only compare the processes modulo translations. We can then conclude
that after a time delay ¢, the two processes, suitably shifted, are in law very
close to each other. The successive increments of the linear centers are inde-
pendent of the shift (except for the influence of the boundary, controlled by
using the Barrier Lemma) so that they are in law very close to each other.

The crucial bound involving ¢,e" is proved later, see Proposition 4
and Corollary 1; its application to the convergence to a Brownian motion
in Section 4.

To investigate the process modulo translation, ie., the deviations
transversal to .# (neglecting the localization along .#), it is convenient to
introduce a function D (m, m*) which is a substitute for a distance between
m and m*,

Definition 2. Let fe C(R), ¢>0, x and ye R, we set
I/1.= sup |/(x); 7, /Ax)=f(x+p) I/ lle, s =l7eSMle  (3.28)

|x] < &= 1110
For m and m* in C(R), we then define D (m, m*) by

infre[R{lrl v ||Txom—1x6‘+rm*||e}
D (m, m*)= it mo*, (m*)>"eMn-a (3.29)
1 otherwise

Xo =& (m), xF=E5"(m*) (see (3.9) for notation) and a v b stands for the
maximum between a and b.

In general D,(m, m*)+# D (m*, m). By its definition for any de (0, 1),
D.(m, m*) < if and only if m**, (m*)>* € #,»-. and there is # such that
0= (xf—xo)| <8 and m —7,m*|., <0

We next prove a contraction property of the evolution with respect
to D,.

Proposition 4. Let x>=1, Z7¢(0,1), ae(0,1/2), n=1, b>0 and
ye (0, 1/2 — a). Then there are p > 0 and ¢ > 0 such that for all 0 <e <1 the
following holds. For all pairs m and m* € C(R) so that D,(m, m*) <e&°, we
can construct the processes m, and m}, solutions of (1.1) with initial data
m and m* respectively in the same probability space and such that, if we
set 7, = (loge)?, then

PAD(m, p, mi) <) 21 —ce™ " (3.30)
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Proof. Notion: for simplicity we consider the case n=1. Let
Xo = E5"(m), xEF=EER(m*), 4=xF—xy, A=e279 §=¢b,

u(x)=[m(x)—m(x)],  u(x)=[m*(x) —riu(x)] (3.31)
By assumption there is #, |# — 4| <, so that (recall that m' <1)
o —t,ull,, 5, < 26 (3.32)

We divide the proof into several steps.

Step 1. Construction of the coupling. Starting from a white noise
process «, consider the processes Z, and 2 1, x, @8 defined in (1.4) and (3.5),
(or (3.6)) respectively.

Next, take a second white noise & independent of « and set

¢
Z,*(x)ﬁfo dsjdz Vit s gt te 10,20 sy HO (2, 2+ A) als, 2)

4
+j0 dsjdy 1ty — gt ae- 10 ye o H (s, ) (3.33)

(1, denotes the characteristic function of the set A4). It is easy to check (by
comparing covariances) that the process ZF¥ and Z, have the same law.
Using them, we construct the Ginzburg-Landau processes by setting

m=T(m; Je Z), mt=T(m* Je Z*%) (3.34)
Define
v =m =y, Vo =0, Uy = mf— i, U= U (3.35)

We also call v{*" = (m,)*" —m, and ul"" = (mF) " — Mgy
Step 2. The good sets. Let pe(0, a/2), e>0, ¢>0 and

B, ={ sup {1Z, |+ ZF 5} <™,

[((ESEGN
sup {0 + lul® ||} < et (3.36)
O<r<y,
. __ o= 1/100
BP={ sup ||Z,—1,ZH|,, .<e™* "}, (3.37)
0y,

BO={ sup |Z,,—7t42

O0<t<t.

Fagllspe<e™ ") (3.38)
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where Z, x, 18 given by (3.5), and Zﬁjxg is given by (3.5}, with Z}¥ (given by
(3.33)) in the place of Z, and x} in the place of x,. That is,

~ 4 —
fa =2 dsgio, gl (A2~ 1) 28] (339)
We will prove that there is ¢ >0 so that
P(B, yzl—ce™", B, =B BDBY (3.40)

Since D (m, m*)<e® <1, both m and m* are in .#,12-.. Then by (3.8) and
the proof of Proposition 3 there is a constant ¢ so that

PABD) > —ce™” (3.41)

A similar bound holds for the probability of 8¢, i=2, 3. (See Lemma A.5
of the Appendix and recall that p < 1/2).

Step 3. Bounds close to the center. Let ye(0,1/2—a) and b>0,
je(y, 1)2—a) and M a positive integer such that b+7< M(1/2 —a). It
follows that there exists g4 so that for ¢ <g,

[r.e'2 1M < de” (3.42)
We will prove that there are ¢ and p positive so that for ¢ <¢,, in the
set 4, .,

sup [v,(x) — T 4u,(x)] < cde” (3.43)
[ — xpl <~ V10 _ pgp-1/20

Proof of (3.43). We set
d(x)=v{x)—1,4u,lx) (3.44)

For x, y and A in R and >0
GuxpenX+h yth)y=g, (X, p), m(x—h)y=m, ,(x) (345)

hence, for any function f e C*R),

[y gt 4, 9y g(9) f9) = [ dy o5, 2 g(9) Ta f) - (3:46)
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Writing the integral equation (3.4) for v, and u, (the former with g, ., the
latter with g, ,.) we get

dt: [gt,xov—rdgt, x(‘)"u] + J;) dS(gz—s, onsds) +\/E[ZAI, xo_TAZA;’:xa‘] (347)

where
Ag= =3, [v,+ 7 0u,] — [02 4 (140,)° + 0,7 4u,] (3.48)

For any k=0,.., M we define

Bi= {yi|y—xol <e V10— ke=120} (3.49)
Dy, = sup |d(x)] (3.50)
xe By

We next prove that there are ¢, >0, ¢, >0 and for any # there is ¢, >0 so
that in 4, ,

el2—a .
Dk,,<c15{1 +—} +62J dse'79D;_y s+ che” (3.51)

Jrltel

To prove (3.51) we first notice that by (3.36) and (3.40) there is ¢ >0 so
that in 4, ,

sup |14, |, x, <ce'?~* (3.52)

[

& Xg

Furthermore from (3.38) and (3.40) it follows that for any » there is ¢, so
that

SUP /e 112, 5y = TaZ¥ il sy e < Crt” (3.53)

By (3.45),
(gt, xOU)(X) - (TA &, xa‘u)(x)

= [ghxo(vﬂt'?u)] +J‘dy Tﬂu(y)[gt,xo(-x9 y)—gt,xo(xs y_A +77)]
(3.54)
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We then use (3.32), that ||u|| <2¢'2~¢ and (A.31) to conclude that for any
k=0,.,. M

81/2—11
sup Ig,,xov(x)—rdg,,x;u(x)lsclé[l + 7 ] (3.55)

xe By

Furthermore by Theorem 4 and the Appendix, see (A.30) and (A.32), for
any n there is ¢, >0 so that for all k=0,.., M

sup Supj dy gt,xo(xa y)<co, sup sup J dy gl,xo(x’ yy<c,e”
120 xeR“R t>0 xeB, “R\By_; (3.56)

so (3.51) follows from (3.47), (3.52), (3.53), (3.55), and (3.56).
By Theorem 4

I8, x0ll <ce™, gy, xgull<ce™™ (3.57)

By (3.47), (3.57), and (3.52) we have that, in the set 4, ,
L
Dy, S2ce™ %+ ¢y J dse'?=aD 1 s+,
0

Therefore by iterating (3.51) we get

te 5 _ 12—a
[C281/2—a]kj dSl"'jk ldsk01§<1+8_>
0 0 \/g

fe SM -1
+ [cze”z“']M“f ds, J dsp Do, s, + Cat”
0 0

M
Dy, <2ce %+ Y,
k=1

By the choice of M and since Dg,, <&'>~“ we conclude the proof of
Step 3.

Step 4. Bounds away from the center. We prove that there are c,
p and &, positive so that if &> ¢, and the processes m, and m* are in 4, >
then

o mﬂsup o [0dx) —1u(x)]| < ce A, for all ¢<1,
V10 e V20 ¢ e — g < 26
g G Slx—xl < (358)

We set

Fong= g =110 _ pfp—1/20

860/11/1-4
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and consider the case x —xy€ [, 5 267 "/1°]. The analysis of the other
interval involved in the sup in (3.58) is similar and omitted. Given V' >0
we define

m(x) for x—xpe(r, po—Vt,, 2°—1/10+ V1)
mt(x)=<1 for x—xo€{(—00,r, ,0—2V1,) (3.59)
U(2e 04 2V1,, 4 00)}

and complete the definition of m™ in the missing intervals by linear inter-
polation. m™* is defined similarly with m replaced by m* and x, by x&.
We set

mr=TAm*, Je Z), i} =T0n* /e Z*)

We choose V in (3.59) as the parameter entering in the Barrier Lemma
(Ref. 5, Prop. 5.3). Then there is ¢ >0 so that in %A’” for all £<¢,,

sup |m(x)—mS(x)] <ce™* (3.60)
x—xg€[re m 26~ 1107

The same bound holds for m *(x)— 1, (x) when x, is replaced by x§. We
define

vF=mF—1, uf=m}—1 (3.61)

It is not difficult to prove the following a priori bound for v;* and u;}': for
p <a there is ¢ >0 so that

loF <2e,  uF| <2k, forall 1<t (3.62)

We consider next the versions of v, and u* given by the corresponding
solutions of the equations:

13
vf =T H G+ [ ds eI, (=307 P =0 + e

!
ur = e Hud +L ds e~ =9H, (—3uF)?—(ur))+ /e V*
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where

t
V,()c)ij0 dsf dy e 2'=9H® (x, y)als, y)

Tex

4
Vix)= J-o ds J dz 1{|z+A~x0*|<4e*'/‘0;z+Ae%,K}€_'_SH£8_)s(x, z4+Ad)als, z)

t
Fds [yt s en e IH (x ) d(s 3) (363)

for « and & as in Step 1. We call

dr = sup (v —tqut)

x — xg€{re, 1, 26~ V10

From (3.62), we get that there is a constant ¢’ >0 such that
t
dr <e 2+ A f dse =0 4 Jo |V, =1,V E]ly  (364)
0

But V,—1,V ¥ is a Gaussian process, and it is not difficult to see that the
proof of (3.40) is still valid for a set like (3.37) with [V, -7V}, .,
instead of |Z,—t5Z}|, , . Then by (3.64) there is ¢ >0 so that

&, X,

dr <ce 4, forall <1, (3.65)

Since

+

v, —Tqu, =0} —T )+ (m,—m Y=t {m}—m}

t

from (3.65) and (3.60), we get that

sup lo(x)— T u(x) Scle ™ A4+e~), forall t<t, (3.66)

x— Xg€(re, m, 28~ 1726y

Step 5. Conclusion. By (3.43) and (3.58) there are ¢ and &, so that
if £ <g, and the processes m, and m* € 4, ,, then

sup  [m,(x) — 1mi(x)|
|x— xg] <2¢ -1/20

= sup |0, (x} =1 4u,(x)| < de” (3.67)
lx—x0|<25"/'°
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We then observe that from Lemma 1 it follows that in 4, ,,

|&5%(m, ) — x| < ce' ¢
so that from (3.67) it follows that
I, = T4 s, e < 08 (3.68)
By Lemma 1
€5 (m3) — &% (m )| < o [<Migesm,)s (M) =T 4(mE)>" 5] (3.69)

By (3.68) and the exponential decay at infinity of 1, , there is ¢>0 so
that

&5 (m3¥) — &5 (m,,) — 4| < ¢ o¢7 (3.70)
Since 7>y, we have thus proven that in 4, » with p small enough,
I, — 7 amille eoxim,) <067, &5 "(mE) =& (m,) — 4| <de”  (3.71)

Proposition 4 is proved. [

As a corollary of the previous proposition we have a fast decay trans-
versally to .#, as we are going to see. We define

¥: C(R) — C(R) such that y(m)(x) =m®>"(x + &5 *(m)) (3.72)

Note that we omit in the expression of i the explicit dependence on ¢
and k.

Corollary 1. Let x>1, £€(0,1), ae(0,1/2), mm*eM; , .r-a.
Then we can construct m, and m}, solutions of (1.5) with initial datum m,
and m* respectively, in the same probability space (but with different
noises), and such that, for any positive integer N there are ¢ >0, and p >0
so that

Py —y*ll,<e™) =1 —ce " (3.73)
where we set

y=y(m,) Y =yg(m
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Proof. Let ye(0,1/2—a), n>1, m, and m} constructed as in
Proposition 4. By iterating (3.30) » times we get (for a constant ¢ possibly
different from that in (3.30))

PAD (m,, m¥) <e' %) > 1 —ce (3.74)

Then, by the comment after Definition 2, there is # such that (recall
g27a<1)

Pe(l’? _Al ggn}” ”mlg_rqm;:”e, Xg Sgny) 2 l - Ce—‘e»P (375)
where 4 =x§ — x4, with xo =¢&(m} ") and x§ = &((m})>"). We note that

I — v *ll, = llm,, — T amill,,

<lm,—t,mk +||T,,_Am§‘;—m§':||e,x6, (3.76)

Ile, x
In the Appendix, see Lemma A.3, we prove the following property of the
Ginzburg-Landau process. For any J >0, a€(0, 1/2) there is a constant
¢ >0 so that for any ¢ small enough

P€< sup sup W'”(x);nte(y)l>5>$e““sz (3.77)
x|, Iyl <e™* xX#y lx_y|
lx—yl<1

Applying the previous inequality to m}, we obtain

it i)

P ( sup sup iz

Ixl, Iyl <e=* x#y |x—y
[x—=yl<lyn—4l

* v\ _
<P ( sup sup lmtﬁ(x) "’;78(J/)| > —A) _1/2>

Xl Iyi<e ™ xwy [x—
lx—yl<1

e—ch—att (3.78)

By (3.75), (3.76), and (3.78), and choosing n such that &™* <&" we then
derive (3.73). Corollary 1 is proved. [

Remark. Corollary 1 proves that two processes that start from
different data become almost equal modulo translations, with probability
going to 1 as ¢ > 07 as fast as in (3.73). We improve this result in the next
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proposition in the sense that we have a similar statement without transla-
tions. The price we pay is twofold. The processes must start from data with
linear centers close to each other and, more importantly, the rate of
convergence is not as fast as before. In particular it is not fast enough for
what needed in Section 4, where we prove Theorem 2. In that case we use
Corollary 1 as we can reduce the analysis to events invariant under transla-
tions, This is no longer possible when proving Theorem 3, where however
we need only convergence in probability, without bounds on the rate of
convergence: for this Proposition 5 next will suffice.

Proposition 5. Let ae(0,1/2), b=1—a, ye(0,1/2—a), m and M
both in M:® 1n-a and

Kt €

lm—mll <& |54 (m) — &> (m)| <& (3.79)

Then we can construct the Ginzburg-Landau processes {m,},., and
{,} 5 starting respectively from m and # in the same probability space
and so that

lim Pe(ll(m,,)*" — (7, )™ < e*7, |85 (m,,) — &5 (m,,)| <e®*7) =1 (3.80)

Proof. We set §=¢® and 1 =¢'2"2

We consider first the case when m and r are not in C, (R). Let
xo=¢(m), o= &(m) and 1f=¢%,, ¢ >0 will be specified later. Let {e{”} .,
be an orthonormal basis of L*( 7, ,), such that e{® = \/E i, on I, ., D,
the normalization constant, (D, —» D=3/4 as ¢ > 07). Set

Fr@dae=[ defx)ge.  figelXZ,) (381

Let {b,(1)} ;50 be a family of standard independent Brownian motions, and
consider the Gaussian process

200= [ abs) |

&

dy 812, (% ¥y ef(y) + R(x)  (3.82)

where

R)=T [(dbs) [ dyeld, (npefly)  (383)

jz2
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and g' _ was defined in (3.7). By comparing covariances, it is easy to

t—8, X

check that Z“’o has the same law of the process Z, x, defined in (3.6). We
will construct another Gaussian process Z¢% with the same law. Consider,

X

for y, that will be conveniently chosen later the process

. [bol2) if 1e¢[0,1]

bl(l)_{bl(”—)ﬁ) if 21 (384)
where

t=inf{1>0: [5,(1) — bo(1)] = yo} (3.85)

The process b,(1) is a Brownian motion, independent of {b/(D)} ;5.
Finally, let

A ’~
280 = [ dhys) [ dy gl (x p) P+ R (386)
0 Tex

Write the integral equations (3.4) for m, and #1, as in the statement of the
proposition, using the Gaussian processes Z{') and Z{?) respectively.
Then,

m‘t_mt:g‘l,xo(m '—I’h) "[0 ds gt—s,xo(AxO[vs] _Axo[us])

+Je f d(by — bo)(s) f g ey (38

where A, [/1=3m, [+ [> v,=m,—m, u,=m,—m,. We multiply
both s1des by m, and integrate over R. We get, in {7 <1}}:

il (= 1i1)y = — i, ) — jds<mx,(Ax0[vs] A [01)

/e [ b= bo)(s)ay e (388)

where

af(y)=<gely (o p) mi>

=), (M (x, y+4je ™)+l (x, 4je ™" + 267" — p))

JeZ
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Choosing now y, = {#, nﬁ)(\/g (a,, e, )", from the definition of 7
we then get

(g my =ity = = [ ds i A [0,] =5 [w ] (389)

By standard results on Brownian motions and since lim, _, g+<{@,,€{?),
=,/ D, there is ¢ > 0 so that

wm, ,m
P r<giF) 21 —CMZ 1 —cgl—a—12-af2

etk

By choosing ¢ <1 —2a,
lim P{r<t¥)=1 (3.90)

g—- 0t
The set

% = {sup (lloll + llu,Il) < 25}

1<t

has, by Propositions 3, probability that goes to 1 as ¢ - 0%, There is ¢, >0
so that in 4

Sup ”mt_mt” <c26 (391)

osr<z
Let 7e(y, 1/2—a), then in {r<t}} N % and for all ¢> 0 small enough

[y, m,— )| < 66" (3.92)
By Lemma 1 there is ¢; > 0 so that in the same set

1&(m,) — &0m,)| < c306” (3.93)

Finally, using the integral Eq. (3.4) in the time interval [z, ¢}¥], by (3.91)
and (3.92), there is ¢, >0 so that in {t<1}} n¥

|E(m,2) — £ )| < €467 (3.94)

We next consider the time interval [ ¢}, ¢,]. Let x*= &(m,x). We set, for
any te[0,7,], f,=(1 —¢&9) ¢,

* = 5 * = > =
V¥ =My — P, Ul =Wy — Wiy (3.95)
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We write (3.4) for v, and u, relatively to #,.. Setting 4, = x*— (i),
i e (0 —U3) =81, ol e — 170,0)
=&, xs (M — T4, M4)

+ [ dy D e, y— 4,) = g1, el )1 Ae(p) - (3.96)

Then Theorem 4 (3.94) and (A.31) imply that there are ¢5 and c¢ so that

lim P(llgs, (v —ul)l < cse™ %+ cgde’) =1 (3.97)

Using (3.97) and the integral equations for v}* and u}, we get, for some
constant ¢4,

lim Po(| 0¥ —ul]| < cr067) = 1 (3.98)
e—0+

By (3.98), using Lemma 1, we have also, for some constant cg,

lim PX(|E(m,) = Em,)| <esde”) =1 (399)

and so, since 7>y, by (3.98) and (3.99) we finally obtain

lil’(r)l+ Plm,,—m, | <d¢, |&(m,)—E0m, )| <de)=1  (3.100)

This proves the proposition for m, #1 ¢ C, ,(R). By using conveniently the
Barrier Lemma, one easily extends the result to the general case. We omit
the details. 3

When proving Theorem 3 we will consider the case when at some time
T we have two data, my and #iz, both in C, (R) and in M% , .i2-a, and
such that &>%(my) =£>"(r,), see the end of Section 5. This case is not
directly covered by Proposition 5, but we will see in the following lemma
that if we construct with the same noise the two processes then after a time
t, they will verify with great probability the conditions of Proposition 5.

Lemma 3. Let m and m both in M, . ac(0,1/4), with
Xo=E&5"(m)=&E5"(m) and let p (0, a). Then for any w e(2a, 1/2) and any
¢ small enough, in 4%, , . the following estimate holds:

T (m, /e Z)— T, (0, \J¢ Z)|| <&'=
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Proof. Writing the integral equation (34) around i, for the two
processes one obtains an equation for the difference like (3.47) but with the
same center and noises. Then the estimate follows easily. [

We conclude the section with two lemmas consequence of general
properties of the Ginzburg-Landau process. For any a e(0, 1/2) and any
¢ € M,n-a, let us denote by Ej the expectation with respect to the
Ginzburg-Landau process starting from ¢. We indicate with m, the coor-
dinate map on C(R . ; C(R)) and let &, =&>"“(m,). We also recall that (m)
is defined in (3.72).

Lemma 4. For any ¢, s>0,
EGlEymyl€:1]1=0 (3.101)

Proof. Consider the symmetry transformation 2. C(R)— C(R)
defined by (#4)(x)= — ¢(—x). We want first to prove that starting from
m the laws of W(m,) and #(Y(m,)) are identical. In fact for any m e A, 1-.,
we have that T ,(m, \/8_ Z2)=AT (Am, \/E RZ) for all t = 0. Since m= %m,
for any bounded functional F on C(R,; C(R)), EL[f1=E.[#F]. By
choosing F= f(y(m,)) with f any bounded continuous function in R we
prove that claimed, that is that the law of y(m,) and #(Y(m,)) are the
same. Therefore

Bl EymylE1) = 2 EGl Efny[ €1+ Eymy[ €] (3.102)

On the other hand, by symmetry, if &(m)=0 then E2[&,]=—E% [E,].
The lemma is proved. O

Lemma 5. Let ae(0, 1/4) and m e #,1n-. such that £(m)=0. Then
lim E5[(er)"'¢&2]=D, D=34 (3.103)
e— 0t ¢

Proof. Given p e (0,a) let 9, be the nice set where supo ¢, <, IV/e 2ol

<e'2~P By (2.8), for small ¢, in this set m + \/E Z,, o has a unique linear
center £Z and furthermore

16243 (i 4+ Je 2, o) Scole27)? (3.104)

On the other hand, looking at the integral version (3.4) of the Ginzburg-
Landau equation, since m is orthogonal to m', one easily obtains that,
in Z,,

lm, — (i + /e 2, o)l < 1,622 (3.105)



Interface Fluctuations and Couplings in the D=1 Ginzburg~Landau Equation with Noise 59

and then, by Lemma 1,
&, — &7 Scot,e' ™2 (3.106)

In the proof of Theorem 6 we will use the following consequence of (3.106);
in 9, one has

&~ & <cot e ™ (3.107)

where &, = &(T,(m, /¢ Z)).
Since P%(Z,) converge to 1 as e > 0" faster than any power of ¢, from
(3.104) and (3.100),

lim EG[(er,) ™" €)= lim EGL(er) ™" 3R, Je 2,007 (3.108)

But one easily computes
ES[(e1,) "V IKH, e 2, 00|21 = [Krit, e |2 (3.109)

where e{® is defined in the proof of Proposition 5 (here it is considered as
an element of C, (R)). The Lemma follows from (3.108) and (3.109) since
lim,_ o (7, ey =1//D=/4/3. O

4. CONVERGENCE TO A BROWNIAN MOTION

In this section we prove that the linear center £(m,), suitably nor-
malized, converges to a Brownian motion.
Let ae(0,1/2), k=1, >0, and

= {yeC(R): & () =0}; o a=F O Myp-a (4.1)
As in the previous section, set 7, =(log¢)® We consider an auxiliary
Markov chain (x,, ¢,),en With state space R x Z. We denote by Pfxm.,,")
its transition probabilities, given by:

P?xn,;/;")((xn-kls lpn+1)=(~xna l//n))=1 if l//n¢‘%’;:,a

If instead ¥, € &, , we define,

T(Wns /e Z)  0=E5%(m,)
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Then, for any given B and A Borel sets in R and C%R) respectively
Pl u ) ((nits Wni)€BxA)= P(x,+0eB tym, €A)
We next introduce some stopping times: for » >0 we set
°(ry=inf{neN: |x,| >r} (4.2)
and for e>0 and a€ (0, 1/2)
loa=inf{neN:y, ¢, } (4.3)

Finally, the stopping time s, (), ¢>0, k=1, (>0 is defined on
(RxX, JVxC(R,,R), ie. the product of the Markov chain and the
Ginzburg-Landau process:

Se, () =inf{ne N:|x, — &% (m, ) + I ,(x) — 7, My, [l >} (4.4)

The seminorm |- |, is defined in (3.28). In these definitions the stopping
times are set equal to + oo if the sets on the right hand side are empty.

In the next proposition we indeed construct the original Ginzburg-
Landau process and the auxiliary Markov chain in the same probability
space, and prove lower bounds on s, ({) thus showing that the two
processes are close to each other.

Proposition 6. Let /e€(0,1), ae(0,1/2), k=1, h>0, ¢>0. Then
there is ¢>0 so that the following holds. Let ¢>0, me CYR) with
ms’KG%lﬂra,

xo=E(mM®%),  Yolx) =m""(x + xo), |xol <e™*—7e7! (4.5)

Then we can construct the Ginzburg-Landau process m, (that starts from m)
and the Markov chain (that starts from (xg, ¥,)) in the same probability
space so that

Pis, () 2% —te Y ne Mt 2 21 —cet (4.6)

Proof. The proof follows by applying iteratively Corollary 1 together
with (2.9) and Proposition 4. O

We next study the Markov chain (x,, ¥,) and prove convergence to
a Brownian motion. We set z,=0 and for n > 1

AL Il B (4.7)
e,
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We then define

: X,—X
Z,=Y o= 2 (4.8)
i=0 &l,

and given N (eventually we let N =N(¢) and N(g) » + «)

X(t)= Z, t=n/N (4.9)

.
NG
We finally extend X{(r) to re R by linear interpolation.

Theorem 6. Let h>0, x,e R, ae(0, 1/4) and y,€ 4, ,. Let P be the
law on C(R,) of the process X{(t) induced via (4.9) with N=[¢""] by
the Markov chain that starts from (xg, ,). Then P? converges weakly
on the compacts to P as ¢ > 0%, where P is the law of a Brownian motion
starting from 0 with diffusion equal to 3/4.

Proof.  Without loss of generality we may restrict to 7e [0, 1]. Tight-
ness on C([0, 1]) follows from the existence of ¢ >0 for which

Eé(sup N2)<cN (4.10)

n<N
[Es( [Zn3 - an]2 [an - Zm]z) < C(l’l3 —m )25
forall 1<n <n,<nz;<N (4.11)
see Billingsley.?
We first prove (4.10) and (4.11), then a martingale relation for the
limit laws that will identify the law P of the theorem.
We call #,, ne N, the o-algebra generated by the coordinates (x;, ¥;),

0<i<n, of the Markov chain and denote by E:, neN, the conditional
expectation given %, (sometimes we write more explicitly [Efx,,, u,))- We set

yl,nil}zi(:n+l)’ FT,nilEf;(Yl,n+l) fOf I’l>0 and }’T,—liYI,O
(4.12)

We then have for n>1

Zn=r;k,n—2+M:r—l+Mn (413)
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where
ri,= Y rt. n> -1 (4.14)
i=—1
M= Y [no—rtial n>l M§=0 (4.15)
-
My=S [z—paa] sl My=0 (4.16)

i=1

Observe that M} and M, are &%,-martingales. The usual semimartingale
representation for Z, in terms of the compensators y, ; and M, is not
useful in the present context: the time delay in the definition of the compen-
sators yf,; allows in fact to exploit the relaxation properties of the
Ginzburg-Landau process stated in Corollary 1.

The semimartingale representation of M?Z is

M2=F2,,,_1+N,,, nx1 (4.17)
n

I, ,= Z V2,1 Y2, 0= Enl(Zn 41 _V1,n)2), nz0 (4.18)
i=0

where we set No=0 and for n > 1

N,=2 Z (zi=vui [z =71, -]+ Z [(Zi_yl,i—l)z_yz,i—l]
i=1

1gj<ign (419)
is a %, martingale. For (M *)? we have
(M:,")2=1—'5k,n—1+N;+N;: (4.20)
F{ni Z yzia yzniﬂifn((})l,n+l—ytn)2)’ n>0 (421)
i=0
n—1
No= 3 [ —2E)? =030, nz1, No=0 (4.22)
i=0

N,=2 Z [yl,i_yik,i—l][yl,j_yik,j—l], n>1,

1<j<ign

N/=Ni=0 (423)

where N; and NV, are %,-martingales.
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Proof of tightness. By (4.13)

1 E%(sup Z2) < EX(sup (M¥_,)%)+ EX(sup (M,)?) + 2N? sup ((y},)?)

n<N n<N n<N nsiN
Using Doob’s inequality we then get

LE(sup Z2%) < sup EF2N*(y} ,)> + 4Ny, , +4Ny%,) (4.24)

n<N n<N
We set N=N(e)=[£~"], then we obtain

E*( sup Z2)<16N(e) sup EAN(e)yE,)*+yantvin) (4.25)

n<Ne) n < N(e)

Since the chain is stopped once it is not in Z; , it follows that if ¢, ¢ Z; ,
then y¥ , =7, ,=7%,=0 so that (4.10) holds if there is ¢>0 so that

sup Efy ) (Me) 7o)+ 720+ v30) <c
VeTsa

We will prove next the following stronger inequalities that will be needed
later:

sup Efy o (N(£)* (7} 0)?) <

Weﬁl”e,a
sup [Efy yy(y2,0) <€
Ve,
lim0 sup Efo‘w)(y§0)=0 (4.26)
70y e,

We will prove (4.26) later.

To prove (4.11) we use the same argument after conditioning on %, .
We call (x,,,,) the state of the chain at time »n,, n=n;—n, and
n=n,—n,. Then

IEB([Zn3 _2n2]2 [an—an])

< swp Ei([Z—Z 1P E((Zsy— Z0 1)
(an‘ ¥ny)

< sup Ef, ,\(Z7) sup Ef ,\(Z3) (4.27)
VeEXya VeEXe a
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and using (4.26) we have, for a suitable constant ¢’ >0,

sup E%, ,(Z2) sup Ef ,\(Z3)

VEX, q YeZya

<167 sup [Ef, ./,)(”(VT,O)Z + 92,0t 73 0)
Y EXs o

X sup [Efo,,,,)(ﬁ()’ﬁo)z'*‘yz,o"‘yio)
VEX q

<c'(ny—ny)? (4.28)

having used (4.26). Equation (4.11) and tightness are proved provided that
(4.26) holds.

Let P be a limit law on C([0, 1]) of {P?},.,. By Levy’s characteriza-
tion theorem it will be sufficient to prove that the coordinate process X(z)
in C([0,1]) is a square integral P-martingale and that X(¢)*— 3¢/4 is also
a P-martingale.

By (4.13) and (4.21)-(4.23) and Doob’s inequality we get

1
~— sup Ef 0 ( sup (Z,—M,)%)
N(b‘) Vo€ % a © o) n < N(e)

1 1
<— sup B3, (N(e)2y¥o)+—— sup E% , (¥ me 4.29
N(e) %EEI;J (0,%)( (€)*7%0) Ne) woe&l?e'a (©, .p,,)( Fme) | )

Observe that

1
—_— Ee s < s E¢ ¥ 4.30
Ne) w:ggl;,a (, wo)( 3 ) -//eueg_a 0, (73 0) ( )

so that from (4.29), (4.30) and the first and third inequality in (4.26) we get

1
lim — sup E% ,,( sup (Z,—M,)*)=0 431
g—0% N(é‘) |/loe£8,a ©O-vo ngj\gzs) ) ) ( )

which proves that X(¢) is a P-martingale.
By (4.17)

;L 2_
An—N(E)(Z,, Iy ny) (4.32)
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differs from a P*martingale by the term [Z Z_ M?] which by (4.29)
vanishes in L' as ¢ » 0*. Thus the proof that X(¢) 31/4 is a P-martingale
follows from

3
li —=||= .
i s Eou (0 5|3 )=0
which, by Proposition 6, is implied by
im  sup |7, w)——’ = (4.34)
e—>0*t Ve a

Proof of (4.26) and (4.34). First of all we recall the notation ,=
T,y \/g Z) LetyeZ, ,wecal ¥=y,=T,(; \/8_ Z) and we denote by
x the center of ¥, ie. y =&>"(W); we finally let &(x) = ¥(x +y). By (4.12)

T o) =Ey(y1,0(¥)) (4.35)

By Lemma 4, yfo(m)=0 so that y} () =¥ o() — 7§ o). We apply
Corollary 1 so that we can construct the processes starting from  and m
in such a way that for any ¢ > 0 there is ¢ >0 so that ||y, — V||, <&? with
probability larger than 1 —ce?. (, = T, (m; \/s— Z)). Thus

[7¥o(¥) <ce?+ sup sup  [E5(E5=(4,)) — ES(E5 (4,))l  (4.36)
G beXe a d—Plle<e?

y (3.71) with 4=0 and d=¢7 we get |yf ()| <ce? (for a suitable
constant ¢ > 0). The first inequality in (4.26) is thus proved.
In order to prove the second and third inequalities in (4.26), we first
observe that by symmetry y, o(72) =0, so that by (3.107)

71, o(¥)| < ct,e'2—2 (4.37)

which vanishes as ¢ - 0% by the assumption a < 1/4. By (4.18)

V2, 0(¢)=_E8 &* K(lpze )—Vl 0(1//)

By the previous bound the last term vanishes as ¢ » 0% (uniformly on %, ,)
while the first term on the right-hand side converges to 3/4 by Lemma 5.
We have thus proved both the second inequality in (4.26) and (4.34}. The
third inequality in (4.26) follows from (4.21), (4.36), and (4.37).

The proof of the theorem is complete. O

860/11/1-5
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We next relate the convergence results proved for the auxiliary
Markov chain to the Ginzburg-Landau process.

Proof of Theorem 2. We use the same notation as in Theorem 6 and
Proposition 6. We fix the initial position x, in the Markov chain so that
e"?x4 =r, (which is independent of ) with |rg] <&™**#2 We consider the
Markov and the Ginzburg-Landau process whose initial state is related to
that of the Markov chain as in Proposition 6. We call T,,(r), r € R, the suf-
fix M standing for Markov, the first time when the coordinate process X{(¢)
(that we here suppose starting from r,) reaches r. The analogous variable
in the Ginzburg-Landau process is denoted by T (r). Let £*€ (0, 1) and
let Z€(0,£%), call r¥=gh2[¢=*—¢*¢~1], so that (at least for ¢ >0 small
enough) |ry| <rk Then, by Proposition 6 with ¢ as earlier, for any ¢ >0
there is ¢ > 0 so that

PATp(ry— ") S Tou(r}) S Ty(r¥+¢7)) = 1 —ce? (4.38)

Similar statement holds for —r}

For any r the law of T,(r) converges as ¢ > 0" to the law of the
stopping time at +r for the limit Brownian motion b, (starting from r;)
because the stopping time for the limit process is almost surely continuous,
see Billingsley.® Moreover the probability of |T,,(r + ) — Ty(r)| > {5 and
{ positive, vanishes as § —» 0", hence by (4.38) the law of the stopping time
at ¢"?[¢~* —/*¢~!] in the Ginzburg-Landau process converges to the law
of the stopping time for the limit Brownian motion at

. B2 p—r _ pa—17 _
al_‘fgh{e [e 2e”! ] —ro}

This together with Theorem 6 proves Theorem 2. [

5. ASYMPTOTIC COUPLING

In this section we prove Theorem 3. By Theorem 2 and Proposition 5
we only need, as we will explain later, the following theorem.

Theorem 7. Let m, m*e C, (R) (eventually depending on &) such
that |lm||, |m*|| <3/2 and ||m —m*|| <e***. Then, we can construct a pair
of Ginzburg-Landau processes m, and m¥, starting from m and m* respec-
tively, in the same probability space, and so that, if

n=inf{t>0: |m,—m*|| =0}
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(n is defined to be infinity if the set above is empty), for any a < 1

lir(r)l+ P np>e*)=0 (5.1)

Proof. The proof uses the coupling and the ideas introduced by
Mueller'”) to prove Theorem 1, but since ¥’ is not monotonic an extra
argument is needed to conclude (5.1). Recall that in fact, we do not prove,
as in Ref. 17 that # is finite with probability !.

Consider the pair (m,, m¥) introduced in Ref 17, which satisfies

om, _18°m,
ot 2 ox?

* 24, %
o, =1a%— Vim) +/e[(1 = (Im,—m¥| A 1)) a,

—V'iim)+. /¢ a,

(5.2)

+(m,—mF A 1) a,]

for «, and «, two independent space-time white noises, and with initial
conditions

my=m, m(’)“zm* (53)

Consider the case m = m*. The general case follows from this one as in
Ref. 17. If we write the equation for the difference m,—m} and
approximate the coefficients of the noise by Lipschitz functions as in
Ref. 17, we can conclude, from Shiga''® [ Thm. 2.3], that m,>m* VxeR,
t=0. Let & be the filtration generated by «, and «, up to time 7. Next,
integrate (5.2) from 0 to r and over the interval 7, . =[ —¢7", ¢7*]. Set

U= [ dx(mlx)—mpx) (5:4)

T

Proceedings as in Ref. 17, we obtain for U the equation

U(z)=U(0)+fo'ds Us)— [ ds [ dx (myx —m¥(x1) + M) (53)

0 Fex
where M, is a martingale with respect to &, with compensator

Imy(x) —mF(x)| A 1
—mXx)| A l)

(MY(1)=2 j(: ds L_ dx 5 (56)

o 1+l —|mx)
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Since
KWW o[ delimfz)—mr) A 1)
dt T
_ |m(x)—m}(x)|
=] T =TV 57
we have that
d(M>(1)
- Ult) D(1)
for some adapted process D(¢) satisfying
D)>— (5.8)
2 o =T v 1 |
Take
o(1) = ds Dis) (59)

It is not difficult to see that Lemma 3.3 of Ref. 17 also holds in our case
and, for each fixed &, ¢(o0)=co. Then, we can define the time changed
process

X(t)=Ule~'(1)) (5.10)

which satisfies

‘ X
X(t) = U(0)+f0 dsﬁ

for some Brownian motion B(s) and non-positive adapted process C(s).
Applying Ito’s formula with the function f(x) = 2x'?, we have that, as long
as X(1) =0,

+f' ds C(s)+f'dB(s) X'2(s)
0 0

Y1) =2 J/X(1) (5.11)

satisfics

B co(2Cs) 1 ¥s)
Y(1)=2 U(0)+fods<y(s) zY(s)+z(p'(¢—‘(s))>+B(’) (5.12)
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Now, let us prove (5.1). From (5.11) and the definition of the time change,
for any positive y

Pi(n> y)y< PAy>p(y)) (5.13)
where
y=inf{r>0: Y(z) =0}

Now, take a <1 as in the statement. From (5.13) we can write, for any
given positive a,

P> &%) S Py > (&%), ple*) > a) + Py > p(&®), p(e*) < a)
< Piy>a)+ Pip(e*)<a)

Using (5.8) and the a priori bound on the sup-norm of m, and m} (see
(3.3)), if we take a=¢”, for any f>1 +a, it is not difficult to prove that
this last probability goes to zero as ¢ — 0, and so, to prove (5.1) we only
need to show that

lim Pi(y<eéf)=1 (5.14)

g0t
for some f as earlier. Recall equation (5.11) for Y and consider
r=inf {#: B(1)+ 2 /U(0)=0o0r B(t)+ 2,/ U(0) =¢ |log ¢}

and the set S

Sﬁ{w'(q)-‘(s))z Vsssﬂ}

™

Let
E=SA{B(x)+2./U0)=0} n{r<ef}
We shall prove that for all ¢ small enough
Ec{y<e} (5.15)

Define the stopping time

t—inf{S' () }
o 2Y(s)  29'(@ 7 '(s)
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Take we E and suppose by contradiction that, for this @, Y(¢)>0 for all
t < 7. Then, equation (5.12) holds for ¥(r) for any <7, and so, for the w
we are considering,

Y(1)< B(t)+2 ./ U(0) Vi<ignr (5.16)

If 7 < 1,4 the evaluation of the previous expression at 7 yields ¥(7) < B(z) +
2,/ U(0)=0, which is a contradiction. Then 7 > t, and since we E> S,

@'le ) ¢

Y = =
o)=Y~ Yirg)

which implies
Vg 52
2
and this contradicts (5.16) for small ¢, from the definition of z, which
finishes the proof of (5.15). To conclude, we only have to show that we

can take f>1+a such that P(E)— 1 as ¢— 0. But, if we recall that
U(0) < 262, we obtain

PH(B(z) +2 /T(0) = 0) = 108 = 2,/U(0)

¢ [log ¢
>¢9|log¢9|—2 2¢ ! s 50
& |log ¢
Also, taking f <2, it follows that
i Pty =1
To finish, let us prove
El_i.rf,l+ PYS)=1 (5.17)
First recall that by Proposition 1 for any f <2
lim P* <;>1Vs<£/’>=l
a0+ lm,—mX| v1 4
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so, from (5.8) and (5.9),

lim P? <q)(s) > ? Vs < a”) =1

e—>07%

and then

lim P* (q)—‘(s)<4—SVs<eﬂ>=l (5.18)
€

g0t

Recalling ¢’ = D, from (5.8) and the Proposition 1
lim P* <(p'(t)>§vf<4aﬂ-l>=1 (5.19)
e—0%

for any f>0. Finally, (5.18) and (5.19) imply (5.17), and the theorem is
proved. O

Proof of Theorem 3. The coupling is constructed as follows. The two
processes m, and m) are independent of each other till the first time T,
when &% (my =5 (m'y). Let a e (0, 1/4), then with probability going to 1
as £ —> 0%, both (m,)*" and (m})*" are in .#,1»-., we can thus suppose that
such a condition is verified. By Lemma 3 at time T=T, +, with great
probability we are in the hypothesis of Proposition 5. We construct the
processes in the time interval [T, 7+¢,] using Proposition 5 with
b=1-—w, we(2a,1/2), so that (3.80) is verified and we can suppose that
the processes at time 7+ ¢, are in the set which appears on its lefi-hand
side. We can thus apply again Proposition 5 with b=1—w + ¥ and iterate
this procedure N> 1 times. Then calling S =7+ Nt,:

()% — (i) | < gVt My

with probability going to 1 as ¢ » 07", Since by assumption m and m’ are
both in C, (R) the above holds as well for the sup norm (without the
cutoff (g, x)).

We can then apply Theorem 7 to conclude that if N is large enough
there is a coupling before T+ (N + 1), with probability going to 1 as
e— 07 (recall that ¢, = (log £)?). Thus the time of coupling differs from the
time of first encounter of the linear centers by a term bounded by
(N + 1) |log &|% The law of first encounter of the linear centers converges to
that of the Brownians to which the linear centers converge, by Theorem 6.
As the difference between true and linear centers vanishes in the limit, (see
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the proof of Theorem 2 and the end of Section 4) we then obtain the proof
of Theorem 3. [

APPENDIX

In this appendix we prove Proposition 1, the inequalities (3.40) and
(3.77) and some properties of the semigroup, g, ., defined at the beginning
of Section 2. We start with the proof of Proposition 1, more precisely in
lemma A.1 next we prove (3.2).

Lemma A.l. Let Z,(x) be the process defined in Section 1. There are
positive constants b, and b, so that for all p >0 and ¢>0,

P sup [l\/e Z,| > &2 — p) S boe~tillosel e (A1)

[((ESEA

Proof. The process Z, is a Gaussian centered process, with bounded
and continuous paths a.e. Define

D,={(x,t):x€T,,;0<t<1,}

HZIl = sup Z[x),

(x,1)e D,

g2= sup ETZ/[(x)?] (A2)

&
(x,t)e D,

Using the explicit form of the covariance of Z,, see for instance Walsh,®”
it is not difficult to prove that there exists a constant C,, independent of
& such that

E[Z(x)*1<Cie”+Cy /1 (A.3)
what yields
o2<C. /1, (A4)

for some C independent of e. Then, we can apply the following inequality,
which follows through a symmetry argument from Adler,") [ Thm. 2.1]: for
any A> E°|||Z]|

(A= E°1ZI])?

P
207

P sup | Z,] >A)<4exp{ (A.5)

O0sI<t,
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To give an upper bound to E* |||Z]|, we use Corollary 4.15 of Ref. 1: there
exists a universal constant K such that

ENIZII<K [ dar/log N r) (A6)

where N (r) is the minimal number of balls of radius r needed to cover D,
with respect to the metric

d((x, 1), (,5)) = VEUZ (x) — Z(»))*] (A7)

It can be proved that there are positive constants &k, and k, such that,

E(Zx)—Zy)*]) <k, |x—y| Vx, yeRand Vt,5e R, (A8)
E((Z{x)—Z{x))*1<ky /|15 Vx, yeRand Ve, 5, |7l < 1, [Is]| <1
(A9)

(see for example Walsh,?®, Prop. 4.2). From (A.8) and (A.9) it is easy to
check that there is a constant ¢ such that

N(r)<max{l, c [logg|? ¢~"r =3} (A.10)
By (A.6) and (A.10) it follows that there is a constant K’ such that
E®|||Z|| <K'loge~tx+D (A.11)

Using (A.4) and (A.1l), from inequality (A.6) with A=¢"7 we finally

obtain

(e ?—K'logeg=tx+1))2
2C log €]

P sup || Z,>e"P)<4exp [—

0,

J (A.12)

The bound (A.12), which is valid for ¢ small enough, implies the estimate

(3.2) for some constants b, and b,. The estimate can be then extended to

any ¢€ (0, 1] simply by modifying conveniently the values of b, and b,.
a

Lemma A.2. Let me C%R), lm| <1+107% Then there are con-
stants ¢, and ¢, so that, for any ¢ >0 small enough,

P sup (| Tm; /e Z)|<2, sup |Tdm; /e Z)|<1+1072)

o<t <12,

>1—cpe= %! (A.13)
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Proof. A Comparison Theorem holds for the stochastic Ginzburg—
Landau equation, see Ref. 5, Prop. 5.1. So, if |m] <14 1072, then
m; <T(m; /e Z)<m?  P-as. (A.14)
where mT =T, ( (1 + 10‘2);\/52). It is then sufficient to prove (A.13)
with T,(m; \/s_Z) replaced by mt. We define 6u . (x, 1) =m*(x) F 1. Then
#.(x, 1) solve the equations

du, 10%,

PP +2ut = Fuih —ud +./ea (A.15)

i.e. the integral equations
t
uy(x,t)=e *Hu,(-0) +£) dsfdy e U=OH, _(x—y)

X[ F33 —ul 1 5) +/8 V, (A.16)

where H, is the heat kernel (1.5), e " *H,u ,(0)= +e~*10~% and
t
Vix)= [ dsdy s, y) e X IH_(x, ) (A1)
0

(note that e *H®(x—yp) is the Green function for the operator
9,—(1/2) 82+ 21d). By arguing as in the proof of Lemma A.l, it is easy to
prove that for any 4 > 0 there are constants %, and %, such that

P sup /2 V.| >b) <hoe e (A.18)

02

Let T=inf {r>0: |lu (-, )] =2(107%+ b)}. We will prove that there exists
b and g, such that for all ¢ <¢,

1072
P osup lmf <2, lmEl <1+

o<, 4

SP(T22t,, sup |l/eV,I<b) (A.19)

0121,
and

PAT22,, sup /e VI<b)=P( sup /e ViI<b)  (A20)

0<r<2s 0<<2,
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Clearly, by definition of T and u,, supg<,<,, ImF| <2 is implied by
T2 2t, if b is small enough. Moreover, in the set

{T>2, sup |z V) <b}

0<1<2t,

from (A.16) we get
lu (-, )l <e 21072+ 12(1072+5)2 +8(10 72+ b)>+b  (A21)

Now there exists 4> 0 and by >0 such that, for any e<e¢y and b< by,
(A21) implies [lu,(-, )] <107%/4 and hence |m}| <1+ 10~%/4, which
implies (A.19). To prove (A.20) we note that if sup, <, <2, [[f V., < b and
T < 2t, then

2000724 by =llu (-, I <1072+ 12(1072 +5)> + 8(10 "2+ b)> + b
(A.22)

which gives a contradiction if, for example, b <1072 Then, for b=
by A 1072, both (A.19) and (A.20) holds. To obtain (A.13), repeat the
argument for the interval [¢,, 21,1, with T,(+1+ 107%/4); \/g Z) instead
of T{+(1+1072%); \/EZ), and take e <égy and co=hy and ¢, =h,. O

Proof of Proposition 1. Lemma A.1 proves (3.2). To prove (3.3) we
fix s >1t, and iterate the estimate (A.13) &k times where k=s/t,. 0O

In the next lemma we prove (3.77).

Lemma A3. Let meC%R), m,=T,(m, \/EZ). For any 0>0,
ae (0, 1/2) there is a constant ¢ > 0 so that for all ¢ small enough

Pe ( sup sup Im,e(x)——m:(y)|> 5> < e—c(52 (A23)
xl, iyl <e* I xaély X [x =yl
x—y|l<

Proof. We first prove an analogous estimate for the Gaussian process
\/E Z. We use Theorem 2.1 of Ref. 1 applied to the Gaussian process

Z,(x) =2
Gux, y)=/e —l(l’;)_ y‘;‘” (A24)

By arguing as in the proof of Lemma A.1 we have, for § > E°[G,],

8 —E’[G,])?
P¥  sup sup |G(x, )| >d)<4 exp[ —#} (A.25)
|x|>|yl<'-”"I X#ly . 20'2
x—yl<
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where

G,= sup sup G, y),

Il Iyl se ®  x#y

lx—yi<t

62= sup sup  E°[Gx, y)*] (A.26)
Xl Iyise™  x#y
lx—yl<1

Using Corollary 4.15 of Ref. 1 as in Lemma A.l one easily proves that
E”[nggc,\/g for some ¢, >0. From (A.8) with a<1/2, we obtain
02 < cqe for some constant ¢, > 0. Then by (A.25) we recover an estimate
like (A.23) for the noise \/EZ. To prove (A.23) we use the integral form
(1.5) of the Ginzburg-Landau equation and write

m,t(x)—m,,(y)=H1m,c_1(X)—Hlmh_l(y)
i
+j ds_[dy [Hi_{x—z)—H,_J{y-—=2)]
0
X [m,ﬁlﬂ—mfrlﬂ](:)+Ge(x, yy|lx—»*  (A27)

We consider the intersection of the sets where sup, o, |m,|| <2 and where
the noise satisfies the bound like (A.23) with ¢’ to be fixed. In this set we
have

Im (x)—m (W) <2 |x—py|+cs|x—pl+0" |x—y|* (A.28)

for any x # y such that |x|, |y|<e ™ and |x— y| <. For 6 > 2(2 + ¢5) and
0 < /2, (A.23) follows easily. Changing ¢ we get (A.23) forall 6>0. O

Lemma Ad4. Let xoeR and let g, . (x, y) be the fundamental solu-
tion of the equation d,u= L, u. Then, there exist positive constants ¢y, ¢,
and ¢, such that the following holds.

g,5(%¥)=20  forany x,yeR (A.29)
sup sup [ dy g, (x, ¥) <co, (A.30)
120 xeR R
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sup f Ay |81, x(% ¥ +d) = g 5 Y S €1 —= (A.31)
xeR \/_

- — 2
sup sup f dy g, (%, y) S c,ee 17N,

1<, xe By "R\By

B,={lx—xol<r}, ri>r (A.32)
Proof. From (3.45) we can restrict ourselves to the case x,=0.
From the Feynman-Kac formula (A.29) follows. Equation (A.30)

follows from Theorem 4. To prove (A.31) we use the following integral
equations:

gy = Hix y)+ [ ds [de H_(x=2[1=307()] gz ) (A33)
We define

fudy=sup [ dylgix. y) = gdx v +d)|

xeR

From (A.38) we then have
d t
fld) < e 7“2 jo ds fud) (A.34)

From (A.34) the inequality (A.31) follows immediately for (0, 1]. For
t>1 we use the semigroup property getting that f(d) < ¢, fi{d) with ¢, as
in (A.30). (A.32) is based on the estimate

2
e )2
e~ (x—=x)y2

gdx, y) <
A%y 2nt

which follows easily from the Feynman-Kac formula. O

Lemma AS. Consider the set #Y, i=2,3, defined in (3.37) and
(3.38). Then, there are ¢, and ¢, positive constants such that

P(BP)21—coe™ %" i=2,3 (A.35)
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Proof. Recall equations (3.5) for Z, and (3.39) for Z ¥, in terms of Z,
and Z*. Using (3.46), we obtain

t
Zynallg = Zim T ZE | ds g (3~ V2= TaZing)

t
= *
___Z,—‘L'AZ, +f0 ds gt—s,xolly—xolsZe"/‘O

_TAZ?fxé‘)

1, %y

x (3%, — 1)(Z
! )
+f0 ds 81— gLy 201031y = 1N Zy 5~ TaZ )
=Z,~1,ZF+ A\(x, 1)+ As(x, ). (A.36)

We will prove next that

g 1f50 PSSy}
P sup |Z,—1,ZF|>e™® 7)< cpe”
osI<y,
|x — xg| < 2e~ 1110

(A.37)

The bound (A.35) for i=2 follows immediately from this inequality.
Moreover, from (A.37) and (A.34), we can estimate

o —1/100
p? <sup 1 AL(X, )]y e > >

1<t 3

_ - 1/100
Ke™*¢
<P"‘< sup |Z, —t4Z}]| > ——
0<r<t, te
Ix—xolsZe"/10

Scge™ e (A.38)

Also, for 4, from (A.32), we obtain

—1/100
e
P8<sup ||c12(x,t)l|Xo,e>——3 )gPe( sup |Z,—t,4Z¥|>e"1?)
1<t 0<t<1t,
X€ Ty x

Cpre=12
<b0€ bre
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Then, let us prove (A.37), to conclude the proof of the lemma. Recall that

‘ZI—TAZI*| <

4
L) d‘ngY(l{ye%.K}er—)s(x, PV = Uy —sgicae 1, y v e,y
xHE (x+4, y+4d)) oy, s)

t
+ _[0 d;SJ.dy 1{|y—xf)'|>487”10§y€fe,x} H(tels(-x'i"Aa J’) a—(ya S)

= Ill(x$ [), + ,12(x7 [),

Both 7, and 7, are centered Gaussian processes, for which estimates like
{A.8) and (A.9) are valid. Moreover, recalling that

HOx, p)y= ) (Hlx, y+4je™ )+ H[x, 4je "+ 27" — p)),

jeZ

it is not difficult to prove that

. e 1/16
(0)7= sup E(I(x, 1)) <e ™
o<r<y,
1x — xy SZEE' 1710

Then, proceeding as in the proof of Lemmas A.l, (A.37) follows. O
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