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Abstract This paper is a follow-up of the work initiated in (Arab J Math, 2014), where
we investigated the hydrodynamic limit of symmetric independent random walkers with
birth at the origin and death at the rightmost occupied site. Here we obtain two further
results: first we characterize the stationary states on the hydrodynamic time scale as a family
of linear macroscopic profiles parameterized by their mass. Then we prove that beyond
hydrodynamics there exists a longer time scale where the evolution becomes random. On
such a super-hydrodynamic scale the particle system is at each time close to the stationary
state with same mass and the mass fluctuates performing a Brownian motion reflected at the
origin.

1 Introduction

In this paper we continue the analysis of the stochastic process introduced in [3]. This is
a particle process in the interval A, := [0, '] N Z, e~! a positive integer. The space of
particles configurations is NA¢, & = EX))xen, € NA¢ and the component £(x) € N is
interpreted as the number of particles at site x. The generator of the Markov process is
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L=L"+L,+L, (1.1

(dependence on € is not made explicit). L is the generator of the independent random walks
process with reflecting boundary conditions,

1

1 e —1
Lf@ =5 2 E0[fED) - fO]+Ex+D[FEH - O] (12
x=
where £¥Y denotes the configuration obtained from & by removing one particle from site x
and putting it at site y. The operator Lj describes the action of creating a particle at the origin
atrate €j, j > O:

Lpf€) = je[fED) — f®]. £7() =80 + L. (1.3)
Instead L, removes particles:
Laf (€)= je[fE) = fE)], £ () =8 — Lizg, 1.4

namely a particle is taken out from the edge R of the configuration &:

Rg:max{y:S(y)>0} (1.5)

L,f() = 0if Re does not exist, i.e. if £ = 0. The removal mechanism is therefore of
topological nature, since the determination of the rightmost occupied site requires a knowl-
edge of the entire configuration. Topological interactions appears in field as diverse as crowd
dynamics [7] or swarm dynamics [1].

The independent random walkers process {£”}, i.e. the process with generator L? and
reflecting boundary conditions at 0 and € ~!, can be thought as the evolution of an “isolated”
system. The invariant measure for this process (when the total number n of particles is given)
is a product of uniform distributions, i.e. each of the n particles occupy each of the e ! +1 sites
with probability 1/(e ~' 4 1). Moreover each particle equilibrates on times € ~2¢ (convergence
being exponentially fast in € ~2f).

The hydrodynamic limit for such an isolated system describes the behavior of the parti-
cles when € — 0: the total number of particles is taken proportional to € ~!, times are scaled
by €2 while space is scaled down by € (so that the macroscopic space is [0, 1] C R). It
is well known [10] that the limit behavior (under suitable conditions on the initial con-
figuration) is then given by the linear heat equation on [0, 1] with Neumann boundary
conditions
ap  19%p ap ap
ar  20r2’ arlo  or
whose solution is p;(r) = GI™ x po(r) = [ G (r, r")po(r')dr’ where GI"™(r, r'),
r,r’ € [0, 1], is the Green function of the heat Eq. (1.6) with Neumann boundary
conditions:

1:0 (1.6)

o= (r=r"?/2t
V2wt

the points 7, being the images of ' € [0, 1] under repeated reflections of the interval [0, 1] to
its right and left, namely r; belongs to the set {2n + 7', 2n —r’, n € Z}. The solution of (1.6)
converges as t — oo exponentially fast to the uniform distribution. Thus the hydrodynamic
behavior given by (1.6) truly describes the behavior of the particles not only on times of
order €2 (on which (1.6) is derived) but at all times as well: there is only one time scale

G (r, r'y = ZG;(V, ). Girr') = (L.7)
k

@ Springer



Super-Hydrodynamic Limit

in the isolated system. Our system is instead “open”, namely in contact with “the outside”,
with particles created and killed and, as a consequence there will be, after hydrodynamics, a
second time scale.

The type of open systems most studied in the literature is that with “density reservoirs” [8]
which impose an average density o, and p_ at the boundary sites (respectively 0 and 1)
via creation and annihilation of particles at both sides. By suitably defining such birth-death
processes, a system of independent walkers reaches a stationary measure which is a product of
Poisson distributions with average density which interpolates linearly the boundary densities
P+, see [5] for the finite size correction and also [9] where the result is proved for a class of
zero range processes. In this case the hydrodynamic equation reads

2
%f = %gjf pO) = py, p(l) = p- (1.8)
and the stationary profile is given by the linear profile in [0, 1] which interpolates between
p+. Again, also in the 1 — oo limit, there is complete agreement between the hydrodynamic
equations and the particles process. The system has still only one time scale.

The density reservoirs creates a non-equilibrium state with a current flowing through the
system. By the continuity equation such macroscopic current is given by —% g—‘: and in the
stationary solution of Eq. (1.8) one recovers Fick’s law

1dp  pt —p-

2 or 2
At the microscopic level, the current generated by the density reservoirs is the difference
between the average number of particles crossing a bond (x, x 4+ 1) from the left and the
average number of particles crossing it from the right. Thus it is equal to
E[E(x0)] — E[§(x + D] o Pr =P

2 - 2
(denoting here by E expectation with respect to the stationary measure and recalling that
a particle jumps from x to x + 1 and viceversa at rate 1/2). Thus the micro-current is
proportional to €.

Another option to create a non-equilibrium state in an open system is to consider “current
reservoirs” (see also [11-14]). They are constructed in such a way to get directly a current
€j just by throwing in particles from the left at rate €j and removing them from the right at
same rate, without fixing the densities at the boundaries. This is obtained by the action of L,
in (1.3) and L, in (1.4), which is to add from the left and respectively remove from the right
particles at rate €j. As a result, the “current reservoirs” directly impose a current €.

To better appreciate the role of current reservoirs in a non-equilibrium context it is useful
to draw a parallelism with the problem of fixing a macroscopic quantity in equilibrium, for
instance the magnetization in the Ising model. In that case one has two possibilities: either one
introduces an external magnetic field which selects a macroscopic state with the desired mag-
netization or one can choose from the very beginning to restrict the statistical average to the
microscopic configurations compatible with the desired magnetization (canonical ensemble).
In a similar manner, to impose a given current in non-equilibrium system satisfying Fourier
law, we can either fix the densities at the boundary (using density reservoirs) or, alternatively,
restrict the system evolution to those trajectories with a prescribed current. This is precisely
what the current reservoirs do.

In [3] the hydrodynamic limit of a system of symmetric independent walkers with current
reservoirs, namely the process with generator (1.1), has been studied. The result established
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in that paper is the existence and continuity of the macroscopic profile when the microscopic
process is started from a sufficiently nice initial configuration. The hydrodynamic scaling
limit is characterized as the separating elements of upper and lower barriers (we give in Sect.
2 a brief account of the results in [3]).

In the present paper we further investigate the macroscopic properties of the system. As
a first result we compute the stationary macroscopic profiles in the hydrodynamic limit. We
prove they are given by linear functions with slope —2 j. Since here the boundary densities
are not fixed we are in a situation with infinitely many such profiles. The one that is selected
by the system is dictated by the total mass, which is a conserved quantity on the time scale
€~ 2¢. However, on a longer time scale over which fluctuations of the total mass are allowed,
there is not anymore a privileged profile and indeed the system will explore different profiles.
Fluctuations of the total mass will occur on a super-hydrodynamic time scale. More precisely
the super-hydrodynamic scaling is obtained by taking € — 0 when the initial number of
particles is taken proportional to € !, times are scaled by € ~3 while space is scaled down by
€. We prove that given any ¢ > 0 the particle system at time € ~3¢ is close to the the linear
profile with slope —2j and same rescaled mass; as ¢ varies the latter performs a Brownian
motion reflected at the origin.

While in this paper we deal with independent random walkers we conjecture the phenom-
enon of the existence of a super-hydrodynamic scale in interacting particle systems coupled
to current reservoirs to be quite universal. More precisely we claim the same phenomenon is
to be expected for all systems (exclusion walkers, zero-range process, inclusion walkers, ...)
which in the hydrodynamic limit scale to the free boundary problem given by

ai_lazp

3 —Eﬁ"‘jDO_jDR(t) (1~9)

where R(t) is the macroscopic counterpart of the edge introduced in (1.5), Doy denotes a
Dirac delta at the origin corresponding to creation of particles, D g denotes a Dirac delta at
R(t) corresponding to removal of the rightmost particles. This free boundary problem will
be studied in [4] (see also [6,16]). The two-time scales observed in our system is reminiscent
of what is found in the context of processes with a localized schock, see for instance [2]. The
peculiar and maybe surprising aspect of the super-hydrodynamic limit is the fact that on the
time scale € 3¢ the system show persistent randomness, while on the hydrodynamic scale
€72t the system follows a deterministic evolution.

The paper is organized as follows. In Sect. 2, after recalling the concept of partial order
in the sense of mass transport and the construction of barriers introduced in [3], we state
our main results: Theorem 2.3 which states that the hydrodynamic stationary profiles are
the linear ones; Theorem 2.4 describing the profiles that in the course of time are attracted
to the linear ones; Theorem 2.5 dealing with the super-hydrodynamic limit. In Sect. 3 we
prove Theorem 2.3: we need to perform a separate analysis for the case with a non-trivial
edge (R(oc0) := R < 1) and the case where the support of the stationary linear profile
coincides with [0, 1] (R = 1). In Sect. 4 we prove the remaining results. The convergence to
linear profiles (Theorem 2.4) is obtained by introducing a coupling between two processes
and showing that the number of discrepancies vanishes on the hydrodynamic scale; the
evolution of profiles on the hydrodynamic time scale is proved by exploiting the convergence
of the law of the mass density to the law of a Brownian motion on R™ reflected at the
origin.
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Super-Hydrodynamic Limit

2 Definitions and Main Results

We consider initial configurations that approximate a macroscopic profile in the following
sense. We first define the local empirical averages of a configuration £ € N”¢ and of a profile
p € L®([0, 1], R4) as follows. Given any integer £ and x € [0, e ' — 0+ 1], the empirical
averages are
1x+£—1 q e(x+0)
A= > E0 wd A= [ pwar @y
y=x

€X

Definition 2.1 (Assumptions on the initial conditions.) We suppose pinit € C([0, 1], Ry)
and, if it exists, we call R(0) = min{r : pinit(r') = 0 Vr’ € [r, 1]}, the “edge” of pini. We
fix b < 1 suitably close to 1 and @ > 0 suitably small, we then denote by £ the integer part
of € % and suppose that for any € > 0 the initial configuration £ verifies

max Ag(x, &) — Ay (x, pini)| < €. (2.2)
xe[0,e1—¢41]

We suppose moreover that, if pjyi; has an edge R(0), then

leR: — R(0)| < €° (2.3)
with Rg defined in (1.5). We shall denote by PS(E) the law of the process with generator L
given in (1.1) supported at time O by a configuration & as above.

Hydrodynamic Limit

The following Theorem has been proved in [3].

Theorem 2.1 (Existence of hydrodynamic limit) Let pinit and & be as in Definition 2.1. Then
there exists a function p;(r) > 0,t > 0, r € [0, 1], equal to pini; at time t = 0, continuous
in (r, t) and such that for all T > 0, ¢ > 0 and t € [0, T] the following holds

lim PO[ max feFe(ei£eay) — Flex pl <] = 24)
where
1 1
F(r:u)z/uo’)drc Fi6) =3 €0 . 2.5)

’ y=x

In particular for all smooth ¢ and for all ¢ > 0 one has

1
lim P \eZsefz,u)«p(x)— / p)p(rydr| <¢ | =1.
x 0

In [3] we have also proved that the limit profile p, can be identified as the separating
element between barriers, with the barriers defined as solutions of discrete free boundary
problems. To explain this result, calling Dg the Dirac delta at O, we preliminary define the
sets

U = [u =cDp+p:c>0, peL™(0, 1],R+)}

Us = {u =cDyp+p: /p > j8, ¢>0, pe L>¥(0, 1],R+)} (2.6)
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and the cut-and-paste operator K® : s — U
1
KPu=jsDo+1, o gorys R / w(rydr = js . 2.7)
RY

Definition 2.2 (Barriers) Givenu € L*°([0, 1], R;) with f u > 0 we define, for all § small

enough so that u € Uy, the “barriers” S(‘S B (u), n € N, as follows: we set Séa’i) (1) = u,
and, forn > 1,

8,— 3,
S\ w) = KOGI™ 5 87 () 2.8)

(5 +) (u) = Gneum " K(B)S((ﬁ Jrl))s ()

where GI“™(r, '), r,r’ € [0, 1], ¢ > 0 is the Green function of the linear heat equation on

[0, 1] with Neumann boundary conditions defined in (1.7).

The functions S,(l‘f;‘i) are obtained by alternating the map G§*'™ (i.e. the heat kernel) and
the cut and paste map K ) (which takes out a mass j§ from the right and put it back at the

origin, the macroscopic counterpart of Ly+L,). It can be easily seen that, unlike the true

(5 +)

process (§;);>0, the evolutions Sy(f;’ conserve the total mass, that S, maps Us into L*°

while S,Eg’_) has a singular component (j§ Do) plus a L™ component.

The evolutions S,%’i) define barriers in the sense of the following partial order.

Definition 2.3 (Partial order) For u and v in the set U/ we define

u<v iff F(r;u) < F(r;v) forallr € [0, 1]. 2.9
where F(r; -) is defined in (2.5).
In [3] we have proved the following Theorem.

Theorem 2.2 (Hydrodynamic limit via barriers) Let p; be the function of Theorem 2.1. Then

pr s the unique separating element between the barriers {S,ES (pinit)} and {S(‘S +) (Pinit) },
namely for any t > 0, any r € [0, 1] and any n € N:

2—n _ o—n
S (i) < pr < ST (otie) (2.10)

in the sense of (2.9). Furthermore the lower bound is a non decreasing function of n, the
upper bound a non increasing function of n and

lim sup [F(r: 8% (i) — F(ri p)| =0 @11

=09 1¢10,1]

Stationary Profiles in the Hydrodynamic Time Scale

Our first result will be a full characterization of the stationary macroscopic states in the
hydrodynamic limit, that is all pjpj; such that p; = pin;; for all # > 0, p; as in Theorem 2.1.

Definition 2.4 (Linear profiles) We denote by M “the manifold” of density profiles whose
elements are either of the form (i) p(r) = —2j(r — R)1,<g, R € (0, 1); or (ii) p(r) =

@ Springer
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—2jr + ¢, ¢ > 2j. They are conveniently parameterized as ,o(M), M > 0, where M is

defined so that: |

/p(M)(r)dr =M, 0@ =0 (2.12)
0
In particular case (i) corresponds to M < j and case (ii) to M > j.

Theorem 2.3 (Stationary profiles) If pinit € M then p; = pinit for all t > 0, thus all profiles
in M are stationary.

We shall next prove that any stationary profile is in M and that M is “stable”:

1
Theorem 2.4 (Convergence to the stationary profiles) If [ pinic(r)dr = M then p; — pM)
0

in the sense that
lim sup |F(r;p) — F(r; p(M))‘ —0 2.13)

1=00 ,.c10.1]

Super-Hydrodynamic Limit
As a consequence of (2.13) and if & and pipj; are as in Definition 2.1 then for any ¢ > 0

Jim lim PO[ max JeF(xi ) = Flew oMz c] =0 @14
where M = F(0; pinit). (2.14) shows convergence in the hydrodynamic time scale to the
invariant profiles of the limit evolution, which means that we first take the limit ¢ — 0 and
then the limit t+ — oo. The true long time behavior of the particle system requires instead
the study of the process &2, where 7e — 00 as € — 0. If in this limit we obtain something
different than (2.14) then we say that there are other scales than the hydrodynamical one,
that we call super-hydrodynamic.

Theorem 2.5 (Super-hydrodynamic limit) Let £ ©) be a sequence such that €|£©€| — m > 0
ase — 0. Let te be an increasing, divergent sequence, then the process §.-2, hastwo regimes:

e Subcritical. Suppose et. — 0, then

lim P(e)[ max |e€Fe(x; &2, ) — F(ex; p™M| < ;] =1 (2.15)
e—~0 5L vepo.e 1 ‘

e Critical. Let tc = te™! then

lim PO| max |eF.(x;E3) — Flex; pM™ ) < | =1 (2.16)
& cel0.e1] e\ Se3r 5 P = = .

where M(E) = e|“§( | converges in law as € — 0 to Bj,, where (B;);>0, Bo = m, is the
Brownian motion on R+ reflected at the origin.

Thus on a first time scale, i.e. the subcritical regime, the process behaves deterministically,
it is attracted by the manifold M and equilibrates to one of the invariant profiles for the limit
evolution, the one with the same mass. However on longer times of the order €3¢ it starts
moving stochastically on the manifold M where it performs a Brownian motion. The reason
is pretty simple because the total number |&;| of particles at time # performs a symmetric
random walk reflected at the origin:
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Theorem 2.6 (Distribution of the particles’ number) |&| = Z;:O & (x) has the law of a
continuous time random walk on N which jumps with equal probability by +1 after an
exponential time of parameter 2 j€, the jumps leading to —1 being suppressed.

3 Stationary Macroscopic Profiles

In this section we shall study the fixed point of Séa’_) (see Definition 2.2) and their limits as
8 — 0. We will show that the stationary profiles are linear in this limit.

3.1 TheCase R < 1

We first analyze the case when the total mass is less than j that yields profiles with support
in [0, R]with R < 1.

Theorem 3.1 Forany R € (0, 1) and any § > 0 small enough there is a unique, continuous
function p > 0, hereafter called “stationary profile”, with support in [0, R], R < 1, and
such that

87 (jsDo + p) = j8Do + p 3.1)

Moreover p is an increasing function of R.

Proof By (2.8)
(©))

)
G

S(gﬁ’i)(u) = jéDo+ G5 *u - lrgox), X =R

If u is a fixed point of S;‘S’_), ie. Sa('s’_) (u) = u, thenu = jéDgy + p with the support of
p = G5 x u being the interval [0, x]. As we look for solutions with support in [0, R] we
must take x = R and thus get for p the equation

R
p(r) = j8G5*™(0,r) +/dr’G§e“m(r/, rp@’), rel0,R] (3.2)
0

The last condition in (2.7) (with x — R) becomes:

1 R
/dr’/erge“m(r’, rp@r) + jdDo(r)] = jé (3.3)
R 0

However (3.3) is not an extra condition as it is automatically satisfied if p satisfies (3.2):
R

1
/ ar’ / drGR™ (!, 1)p(r) + j8Do(r)]
R 0

1 R R R
:/dr//ergeum(r’,r)[p(r)+j5D0(r)] —/dr’/erge“m(r/,r)[p(r) + j8Do(r)]
0 0
R

0 0
R
=Jjé+ / o= / o
0 0
The proof of the theorem is then a consequence of the following lemma. O
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Lemma 3.2 Call

8. ') = 1y peio, RIGE"™(r, 1), g05 = g3 % -+ % 8§, (n times) (34)
Then the series
. 0 .
J‘Szg(n+1)3(0, ry=:p(r), rel0,R] 3.5)
n>0

is uniformly convergent in r and §. Moreover the function p defined by (3.5) is the unique
solution of (3.2), it is continuous in [0, R] and increasing in R.

Proof To prove convergence we observe that there is a positive constant a such that

sup /ggNa(r, rNdr' <1—a, NseN: §(Ns—1) <1 <8N;s (3.6)
rel0,R]

(a can be taken as the sup of the probability that a Brownian motion on R which starts at
r € [0, R]isin (R, 1) at time 6 N5). We have

0 / c
g,s(r,r') < ——, forall n
né /*8

n
Then
Ns
Jjé Zg?”+1)5(0’ ry<c
n=0

It follows from (3.6) that

gfl)s(r, < (1 —a)f! supgg(m+N8)(r//, rY, n=kNs+m, k>1,0<m<N;s (3.7)
r//

with gg(m+N5)(r/’, r’) < ¢”. Thus
P8 D 80 <js D D U —a) T <
n>Nj; k>1 m<Ns

Continuity of p follows from (3.5); by (3.4) gg is an increasing function of R, hence using
the representation (3.5) also p increases with R. ]

In the sequel we shall often use the following expression of the Green function in terms of
Brownian motion, see for instance [15] for details. Let P, be the law of the Brownian motion
(Bys)s>0 on R which starts from r € [0, R], then

/g,%(r, rdr' = P, I:Bng el*, Bis¢ J* k< n] (3.8)
1

where I = [a, a’] is an interval in [0, R], J = [R, 1] and I* and J* are images of I and J,
the images of x € [0, 1] being the set {2n 4+ x,2n — x,n € Z}.

Theorem 3.3 Let p ) := j8Dg + p, p as in Theorem 3.1, then

lim o2 () =2j(R=1), r€l0,R] 3.9)
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Proof The proof is in two steps: in the first one we prove that the series in (3.5) converges
as § — 0 (it is, approximately, a Riemann sum of an integral) while in the second step we
recognize the limit to be the linear function in (3.9). We proceed by proving lower and upper
bounds which in the limit § — 0 will coincide.

Lower bound. Let I = [a,a’] C [0, R], then by (3.8)

a

/g?(r, rdr' = P, [Bz €{la,a'U[—d', —al}, sup|By| < R], t=n8  (3.10)
J s<t
Thus denoting by GPir (r, r’) the Green function of the heat equation u, = %urr in[—R, R]
with Dirichlet boundary conditions u(£R) = 0:

PO () = j8 3 (GR350, + GBIy 150, =) @3.11)
n>0

The right hand side is the Riemann sum of the corresponding integral and due to the uniform
convergence of the series proved earlier we have

o0
liminf p@ () > j / (GP“(O, r) + GPIr(0, —r)) dt (3.12)
§—0

0

Let v(s, r) be the resolvent of the heat equation with Dirichlet boundary conditions in

[—R, R], then v verifies the resolvent equation lv,, + Do = sv. Hence the integral
q 7 g
o

f GP“(O, r)y = v(0,r) := vo(r) is the weak solution of the problem %vrr + Do =0,
0
v(£R) = 0, namely vo(r) = R — |r|,r € [-R, R]. Then, from (3.12),

liminf p® 7 (r) > 2jvo(r) = 2j (R — |r]) (3.13)
§—0

this proves that the lower bound agrees with (3.9).
Upper bound. We first observe that there are positive constants « and S so that for all § small
enough:

P()[sup |B,| > 5‘/2—“] <P (3.14)

<6

and get from (3.8) with Rs := R + §1/2—«

a

/ o (r, rdr' < Pr[Bms € {la,d'1U[—d’, —al}), |Bs| < Rs,s < na] +ne P

a

(3.15)
We use (3.15) forn < 82 and get, recalling (3.7),

872
. . —2a -
,0(6’7)(}’) < ]6( 2 [G]()nli{e)sa (0’ }") + Gzliﬁéa(o, —r)] =+ 2674e7/~% ) + C(l — a)5 ]+j6D0
n=0

(3.16)

where GPIRs ig the Green function with Dirichlet boundary conditions in [—Rg, Rs] and ¢
is a suitable constant. By letting 6 — 0 we recover the lower bound, we omit the details. O

@ Springer



Super-Hydrodynamic Limit

3.2 The Case R =1

The analysis so far covers cases where the limit profile is a piecewise linear function with
slope —2j in [0, R], R < 1, and equal to O in [R, 1]. The mass is therefore ij, hence the
analysis does not apply to cases where the mass is > j. As we shall see a posteriori this
corresponds to stationary solutions for the (6, —) evolution having support of the form [0, R],
with R = 1 — AS8. We are going to prove that the analogue of Theorem 3.1 holds as well

when R =1 — A§, A > 0 and § small enough.

Equations (3.2)—(3.5) hold unchanged but (3.6) needs a new proof. Calling P, the law of

the Brownian motion B, on R which starts from re€ [0, R], we have:
/ggNé(r, rydr' = P, [B,,g ¢ n=1, ., N(;]
where J = [1 — A§, 1] and J* is the union of all reflections of J.

Lemma 3.4 Forany A > 0O there is a > 0 so that for any § small enough

/g((s)Nﬁ("’ rdr' <1 —a, forallr €[0,1 — AS]

Proof By (3.17)

/ggNa(r,r’)dr’:Pr[B,,,;¢J*, n:l,...,N,;]gPr[Bm;géJ, n=1,...

Ns
= PIX =0l X:=> lp,e
n=1

Let i
pe =P [X = k], M,-:Zpkk’, i=0,1,2
k>1

(3.17)

(3.18)

,Na]

(3.19)

(3.20)

so that P.[X = 0] = 1 — My. Hence, by (3.19), we can take for a in (3.18) any lower bound

for M. We are going to show that
M My
M[) > >
2Q2My + My) — 6M>
We have
My > > pik* = ko D pik
k=ko k=ko
We choose kg to be the smallest integer so that

2M; 2M,
— <ko<—-+1
My M,y

Then

M, M,
koz Pk = z kpy = My — E kPkZMl—ka >
k<ko k<ko k>ko

(3.21)
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Thus

M, M?
Moz ppzs— >
= 2ko ~ 22M> + M)

(3.21) is thus proved.

We have
No o o= (r=r)?/28n)
M= p—r 2mén '
thus
= F Z n71/2 F\/; > Cy
n=Ns/2

where ¢ and C; are constant independent of r and § (recall that N &~ §~1). An analogous
proof yields My < C,, C; a constant independent of r and §. Moreover

(r—_p"\2 o
Mp=Mi+ 3 dr’/dr” ==}/ @bm)  =('=")?/23n2)
ez iz

1<ny<ny<Nj 7

As before we can prove (details are omitted) that M, < Cs3, a constant independent of r and
8.
Since P[X = 0] = 1 — My the above together with (3.19) proves the lemma with

2
_ G
6C3
O
After (3.6) the proof of Theorem 3.1 extends unchanged to the present case, so that the

conclusions of Theorem 3.1 hold as well when R = 1 — A§. The analogue of Theorem 3.3
is:

Theorem 3.5 Denoting by p®=) the “stationary profile” when R = 1 — A8, then for all
rel0,1)

(3.22)

|~

lim p® 2 () =2j(1 =)+ p(1), p(1) =

Proof The main difference with Theorem 3.3 is that now we have to deal with an interval
[R, 1] which depends on § and which shrinks to zero as § — 0. We can however set the
problem in such a way that the interval is the whole [0, 1] for all §. To this end we introduce
another map Ta(s’f) which, for a special choice of the parameters, will have the same fixed

points as S§5’_). Given a non negative function v we set
77 () = j6Dg — v + GI™ % u (3.23)
If u is a fixed point, Ta(s’_) (u) = u, then ¥ := G§*"™ x u satisfies

Y= GIU™ % [j8Dy — v + ] (3.24)
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Super-Hydrodynamic Limit

where, as before, G7*"™ is the Green function of the linear heat equation in [0, 1] with
Neumann boundary conditions.
It is readily seen that if p = ,0(8’_) = p(‘s'_)lrgg[l_AM] and

v(r) == Lrepi—as,11G5"" * [j8 Do + p1(r) (3.25)

then
if] 0,1 —Aé
yy = PO el ] (3.26)
v(r) ifr e [1 — Aé, 1]
solves (3.24).
On the other hand (3.24) can be solved by iteration getting, analogously to (3.5),
1
V() =D (jOGIm (. 0) — / neun () (3.27)

nz0 1-A3

but again we need a proof that the series is convergent. The Green function converges expo-
nentially:
IG™ ™M (i, 'y — 1| <ce™™, ¢>0, b>0 (3.28)

Moreover, by its definition, see (3.3),

/ v(r)dr = jé (3.29)
1-As
Then |
J8GH™ (r, 0) — / Gs"™ (r, ()| < /e
1-A5
so that the series (3.27) converges exponentially uniformly in §. O

Let us now add a superscript (§, —) to ¥ and v to underline their dependence on §. We
shall first prove that (%) is equicontinuous:

Lemma 3.6 For any € > 0 there is a« > 0 so that for all §
sup [y ) =y @) <€ (3.30)

lr—r'l<a

Proof By (3.28) given any € > 0 there is 7 > 0 so that
1

> 1jeGm (. 0) — / G s (] < € (3.31)
n:nd>T 1—AS

It is well known that for any ¢ > 0 and T > O there is « > 0 so that

sup sup sup |Gy, 7)) — G ) < ¢
2T |r—r'|<a r"

By bounding G*™(r, ') < % we get forall |r — 7| <«
_ _ jSC —1 .
WO ) =G0 <2e +4 Z — +6 T2jb¢
né<t m
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By choosing ¢ = ¢/T and t = €2 we then have the right hand side bounded proportionally
to € and the lemma is proved.
By (3.31) and the lemma we have that for any € and for all § small enough:

PO = 8 Y (Gl 0) = GiE 1) < € 332
n
so that
o0
;E}I}) I/f(a’i)(l’) = w(r) = /{G?eum(rv 0) - G?eum(n l)} (333)
0

which proves that p®7)(r) converges to ¥ (r) for all r < 1. As in the previous case with
R < 1 fixed, the right hand side is identified to be a weak solution of the equation

Y"+jDy—jD1 =0 (3.34)

on R symmetric under all reflections of [0, 1]. To determine the solution we need another
condition, we are going to prove that at the right endpoint

Ay() = (3.35)
Indeed,

1

1
js = / VO (rdr = A5® (1) + /[v“H(r)—v“**)(l)]dr

1-A$ 1-AS
Recalling (3.26), v& 2 () = v @), r € (1 — A8, 1), hence

1j8 — ASYy (D < A8 sup [y — O]
1-As<r<i1

By (3.30) in the limit as § — 0 we then obtain (3.35). The weak solution of (3.34) with the
condition (3.35) is the function on the right hand side of (3.22). ]

3.3 Stationarity of the Linear Profiles

Proof of Theorem 2.3 To underline the choice of the initial datum we denote the limit profile
pr of Theorem 2.1 by p; = S; (pinit). We fix T > 0 and have by Theorem 2.2

lim ’F(r; S (pMyy — F(r; 27 (oM =0, forall r € [0, 1] (3.36)
n—oo

Denote by p(™2 ">~ the stationary profile for the evolution S,(TTM’_) which converges to
pM) then

|Frs ST 0) — P 5027 (000
< IS8T () = s (M) (3.37)
Since G;*"™ is a contraction in L as well as K @) (see Lemma (7.3) in [3]) we have

IS27 D (p2 ")) — ST (D) | < [ pT2 ) — pMD (3.38)
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which, from Theorems 3.3 and 3.5, vanishes as n — 00. Since sﬁfzf"")(p@f”»f)) =
(r27",-)
p :

lim ’F(r; ST (pDy) _ F (e p(rz—n,_)))’ =0, forallre[0,1]  (3.39)

n—o00
which by (3.36) concludes the proof because, as already observed,
lim 'F(r; o™y _ F(r: p<f2‘"~—>)‘ —0, forallr e [0, 1] (3.40)
n—00

[m}

4 Super-Hydrodynamic Limit

The main result in this section is a proof of a loss of memory of the initial conditions on
long hydrodynamic times. This result will be obtained by introducing couplings and to this
end it will be convenient to label the particles. We shall then conclude the section by using
the loss of memory result to prove convergence to linear stationary profiles and control the
super-hydrodynamic limit.

Definition 4.1 (Labeled configurations) A labeled configuration is a pair (x, /) where [ is
a finite subset of N and x a map from / to [0, € ~']: I are the labels and x the positions of the
labeled particles. We shall also write x = {x;, i € I}. To any labeled configuration (x, /)
we associate the unlabeled configuration &, ;:

E () =D 1y, (4.1)
iel
We shall couple the evolution starting from (x,, /o) and (Xo’ Jo) where I = {1, ...,n}

and Jo = (1,...,n+m), n > 0, m > 0. The coupled process will be a jump Markov
process on a state space S which is the family of all (x, I, y, J, N) suchthat I C J, J \ [
has cardinality <m and N=max{i € J}. B

The coupled process starts from (x, /o, Yor Jo, n + m) and it is completely defined once
we specify the possible jumps and their intensities starting from any element (x, I, y, J, N)
in the state space S. To this end we introduce the set B

I::{ieI:xi:yi}

and call (x’, I’,y’, J/, N') the elements after the jump. The jumps are of four types:

— Single random walk jumps. They are independent random walk jumps involving the
restricted configurations (x, 7 \ I=) and (y, J \ I=). For any of these jumps it will be
I'"=1,J" =J, N = N. The jumps indexed by i € I\ I- are such that y’ = y and
x} = x; for j # i, while x; — x; £ 1 with intensity 1/2 and x/ = x; £ 1 if this is in

[0, €711, otherwise x{ = x;. Analogously the jumps indexed by i € J \ I— are such that

x" = x and y;. = yj for j i, while y; — y; & 1 with intensity 1/2 and y; = y; £ L if

this is in [0, € ~!], otherwise ylf = y;. We denote by £, the Markov generator describing

the single random walk jumps. It is given by:

Lifay=> %{(f@**,p = ) Yoy + (£E70) = £ 1) 1201

iel\I-

+ Z % {(f@’ XH) - f X)) L (f(L Xi’f) — fx, X)) l{yi#O}}

ieJ\I=
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where x> is the positions configuration obtained from x by replacing x; with x; & 1. We
have omitted to underline the dependence of f on I, J, N since they remain unchanged
under the action of L.

— Double random walk jumps. They are indexed by i € I— and also for these jumps I’ = I,
J'=J,N = N.Foreachi € I_,x; — x| = x; £ 1 and y; — x/, with intensity 1/2 if
xi £1 € [0, €], otherwise the jump is suppressed; all the other positions are unchanged.
Let £, be the Markov generator describing the double random walk jumps, then it is given
by:

Laf(x,y)
= 3 (@D = @) e + (7 — 7 0) o)

iel-

— Creation events. Atrateej, N' = N+1,1' = IU{N+1},J" = JU{N+1},x] = x;,i € I,
Xyp1 =03y = yi,i € J, yy, = 0. We call L, the Markov generator associated to
these events.

— Death events. At rate €j both I and J loose an element while N is unchanged. The
configuration after the death event is obtained in two steps. In the first step we erase from
x and y their rightmost particle with largest label, say x; and y;. That is also the final step
if j ¢ ITorifi = j.Ifinsteadi # jand j € I we have two subcases: if x; < y; werelabel
yi as y; so that the label i disappears from / and J. If instead y; < x; we relabel x; as
x; so that the label j disappears from / and J. We denote by L,,, the Markov generator
associated to the death events.

It directly follows from the above rules that:

Lemma 4.1 Inall the above cases (x', I, X/’ J', N') € Sandthe set I\ I— does not increase
after any of the above jumps. Moreover in the case of a death event, if i € I NI, the interval
with endpoints x; and y; may only change in such a way that the distance |x; — y;| decreases.

One can then easily check that

Lemma 4.2 The above rules can be used to define a jump process with state space S, denoted
by (x(t), 1 (1), y(0), J(t), N(t)). Its generator L is

L= ['s + »Cd + ['cr + ['ann (4-2)

where L describes the single random walk jumps; L4 the double random walk jumps; L
the creation and Lany the annihilation jumps.
The processes &x(1),1(r) and &y(),j () are then both Markov with generator L defined in

(1.1).

We say that i is a discrepancy at time ¢ if it belongs to the set

D2 =10\ 1=(0) = i € 1) : (1) # 30} 43)

By Lemma 4.1, D.(t) C D.(0)C Ip hence, if i € D.(t), theni € {1, ..., n}. We denote
by |D(t)| the cardinality of D (¢) which thus counts the number of discrepancies at time
t.
Lemma 4.3 With the above notation, for any t > 0 we have

-1

Z|5£(t),1(z)(x) =&, 00 @ = D2 +m (4.4)
x=0
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Proof Shorthand St (x) = %'&(,)’1(,) (x) and ét’(x) = Sz(t)yj(,)(x). Then

Z@(x) Hes) —Z| D Lyw=r — D, Lyw=x|

x=0 iel(t) ieJ ()
-1
= { > o= —Lyo=]+ > 1y,~<r>=x}
x=0 ieD.(1) ieJ(O\I (1)
=Dz + |J @)\ 1)
then the result follows since J(¢) \ 1(t) € Jo \ lp and |Jp \ Ip| = m. O
Call (£0 (1), XO (7)) the independent random walk process starting from 50(0) = (X1,...,Xy)
and y°(0) = (y1,...,yn). Call 70, i = 1,...,n, the first time r when x?(r) = y?(r) and
DYy =tlief(l.....n}:7) >1) (4.5)

and shall prove below that |D (¢)| stochastically bounds [D(t)].

With this aim we mtroduce a process (x(1), I(r), y(1), J (1), N(1); xo(t) O(t)) which
couples the two processes (x(t), I (1), y(t) J(t), N(t)) and (xo(t) O(t)) We denote its
generator by

E/ = »éx + ﬁd + ﬁcr + ﬁann + EAO (46)
ﬁd, ﬁcr and ﬁann are the same as L4, L and L,n, leaving unchanged 50 and yo. Also ﬁs
describes the same jumps as £ but it also changes x° and LO with the followirrg rules. For
any i € Ip\ I=(¢), if x;, = min{x; + 1, e~ 11, then also x? — min{x? +1,¢ '} and, if
x;i — max{x; — 1, 0}, then also xio — max{x? — 1, 0} (analogous rule for the y-jumps).
The generator £9 takes into account the independent jumps of xl.o and le relative to the
labels i € Ip N I=(¢) which are not being taken into account by ﬁs. As before, for any
i€ loNI=(t),if x;, y; — min{x; + 1, '}, then also x?, y? — min{x? + 1, ¢!} and, if
Xi, yi — max{x; — 1, 0}, then also xio, yi0 — max{x? — 1,0}

Lemma 4.4 If P is the law of the above process with generator L, then

[D;,g(t) c DY, 2] =1 forallt >0 4.7

Proof Let us consider i e {1,. } and suppose (for the sake of definiteness) that initially
Xx; < y; (recalling that x = X; and yl = y;). Call 7; the first time ¢ when either i leaves 7 (t)
or i enters into /_(t) We claim that x; (t) = xo(t) and y; (1) <y O(r) for t < 7; and since

this implies (4.7) the claim will prove the lemma. Indeed the jumps described by Ly preserve
such a property and if L,,, involves the label i (in the case we are considering it will still be
present after the jump event) then x; is unchanged and y; may only stay or decrease. O

As a direct consequence we have

Theorem 4.5 There are positive constants ¢ and b so that for any t > 0, any n, m and any
initial configurations x and y as above

E[ID£@)]] < cne b’ 4.8)

@ Springer



G. Carinci et al.

( E denoting expectation with respect to the measure P ).

Proof By (4.7) it is enough to prove the inequality for EO[IDi (t)l], E? the expectation for
the independent walkers process. The bound will follow from the inequality

pr= pi(i) :=P[0 > 1] < ce b€ 4.9)

foranyi € Ip = {1, ..., n}. Thereis y > 0 so that supposing x; < y;
2
per = P[0 = 205 0 < T = (P[0 = 20 ]) =y

2 2 2

hence
p<(=p< T =ce . p=_log(l—y), c=(—yp)" 4.10)

and therefore E°[|D(1)|] = n p;. u]

4.1 Convergence to Linear Profiles

We start by proving Theorem 2.4, to this end we show that two initial profiles with the
same mass (or two initial configurations with the same total number of particles) become
indistinguishable on the hydrodynamic time scale.

Proposition 4.6 (Loss of memory for p;) Let pinit, pinit be as in Definition 2.1. Suppose
F(0; pinit) = F(0; pinit) =: M, then

lim = sup |F(r Si(pini)) — F (r; St (finit))| = 0 (4.11)

100 (0.1

Proof We shall use a corollary of Theorem 2.1 which may have an interest in its own right.
Let pinit, £ and p;(r) as in Theorem 2.1 then for any ¢ > 0

lim E(E)[ max  |eFe(x; £, 2,) — Fex; p,)|] —0 (4.12)
]

e—0 ¢ xe[0,e!

Proof of (4.12). For any ¢ > 0 define

Ecle,r)i={ max | Fex Sitmio) - €F.(x; 6] = ¢

x€[0,e~

Then, from the Cauchy—Schwarz inequality we have

(€) . _ .
E{ [Xel[léaggl € Fe(s 62,) = Flexs po) |

= P& e n]+ P[] /2E§)[( max |eF6(x;s6,zt)—F(ex;p,)|)2]1/2

xe[O e 1

< o4 POt ] T EE [ele )+ m2]

because F (0, pr) = F(0, pinit) = M. By Theorem 2.1 P(E) [5; (e, )¢ ] vanishes while by
Theorem 2.6, Eg) [(M +€lé, 2, |)2] < c uniformly in €. (4.12) is thus proved.

Let ~{é} be the family of initial data which approximate piyit, chosen in such a way that for
all e, || = || =: n¢. Calling x, := [e~!r], r €0, 1], since S; (Oinit)» St (Pinit) are bounded
we have
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|F s Sioumi) = F O3 G| = el = exp] + EE[IF(exrs Sy (o) — €Fe i €2
+EO [IF(exr: S, Pim) = €Felxri Bl | + [ B [eFetur 60 | = EP [eFetxi 6|

for some ¢ > 0, then, by (4.12), (4.4) with m = 0 and (4.8)

|F s Siomi) = Fs S| < lim |EO [eFear 62 | = B [eFetnri £
< lim cence ™ < cF(0; pini)e”! (4.13)
e—0
(4.11) is then proved. ]

Proof of Theorem 2.3 Recall that the macroscopic evolution p; is defined via Theorem 2.1.
Then equation (2.13) follows from Theorem 2.3 and Proposition 4.6 with init = p™. 0

We fix arbitrarily M > 0 as an upper bound for the total macroscopic mass with € =1 M
bounding the total number of particles.

Definition 4.2 Forany e > 0and any positive integer N < Me~! we denote by (V€ ¢ NA«
the following particle approximation of the invariant profile p V). We set n™V-9)(e=1) = 0
and define iteratively for any x € [0, ¢! —1]:

. (A1)
Zn(N’E)(y)={€_l / p(eN)—‘ (4.14)
y=0

where [z] is the smallest integer > z.

-1 —
Observe that Z;zo_l 7™ (y) = N and that for any m > 0 the sequence (€~ 'm1-©)

satisfies the conditions in Definition 2.1 with respect to pjpit = pm,
Proposition 4.7 For any ¢ > 0 and M > 0 there are t and €* so that for any € < €*:
sup Eée)[ max_ ‘ng(x; &.-2;) — F(ex; p(€‘5|))|] <¢ (4.15)
1

gilg|<Me! xel0.e”

Proof of Theorem 2.4 We split the interval [0, M] into intervals of length 6, 8 > 0, calling
0, = n6. We choose 6 so small that

NSNS

1
max  sup /|p(9")(r) — ™) <
0

n me[ens9i1+l]

-1 —
Let 1€ %1€ be the process with generator (1.1) and initial configuration 5{€™'%1€), then
Ieln([e_le"]’é)l — 6,] < €. By (4.4) and Theorem 4.5 for any n and any & such that €|&| €
[en» 9n+1],

€2t

E[e ; |n([€_10”]’€)(x) - Sefzt(x)[l <O+e+cMe P < % (4.16)
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The last inequality requires 7 large enough: cMe ™" < ¢ /8 and 6 and € small enough so that

6 + € < ¢/8. By Theorem 2.1 and (4.12), since S; (p™) = p™, there is €1 (¢, ¢; 6) so that
forall e < €(t,¢;60)

max E©_ [ max e Fe(x; 15 ) — Fex; p<9n>)|] <5 @
n plle™ onle) xel0,e71] ! 4
As a consequence
sup Eé [ max |eF6(x &.-2;) — F(ex; p(€‘§|))|]
EelE|l<M xel0,e
< sup Eé_ [ max _|eFe(x; ’7—2r 9”16)) F(ex;,o(s‘gl))”—i-g
Erelt|<M xe[0,e1] 4
1
< ¢ +max  sup /l,o(e”)(r) —p™ )] <¢
20 el fue]
0
this concludes the proof. O

4.2 Evolving Profiles

Proof of Theorem 2.6 From the definition of the generator (1.1) we infer that the induced
process |&;| counting the number of particles at time ¢ evolves with the generator

£O (gD = jel(fUel+ D = £8D) + Leo(£UE1 = D = fUED)}  (418)

acting on bounded functions f : N — R. Such generator is immediately recognized to be
the generator of the continuous time symmetric random walk on N at rate je and reflected at
the origin. O

We also have that calling 73(6) x € N, the law of the random walk x, with generator £€)
starting from x:

Lemma 4.8 Let M’ > 0 and T > 0 then for any § > 0 there is M so that for all € small
enough, any x < e~ 'M’

inf 73“) [lx; —x| <81 >1-38, sup P [x, > e 'M] <8 (4.19)

1=e” t<e3T
Proof of Theorem 2.5 The last statement of the theorem, i.e. that
M = €léc—s,| > Bjy ase >0  inlaw (4.20)

with (B;);>0 the brownian motion on R with reflection at the origin, starting from By =

lime_ o Mée) = lim_,0 €|&|, follows from Theorem 2.6 and the fact that the diffusive scaling
limit of the random walk is Brownian motion.

e Subcritical regime. (2.15) follows directly from (4.15).
e Critical regime. Let#* = ¢ 3¢ —s, then by Lemma 4.8 for any given s > 0, with probability
>1-=06, & <e M. By (4.15), choosing s large enough in the set |£+| < e M,

EL) [ max e Fexs €)= Fexs p 50| < £
X
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Super-Hydrodynamic Limit

On the other hand by (4.19) for € small enough
P [llg| = Epeyenyll < 8] = 1 -8
so that (2.16) follows from the continuity in m of F(0; p™).

[m}
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