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Abstract

Tunneling is studied here as a variational problem formulated in terms of a functional
which approximates the rate function for large deviations in Ising systems with Glauber
dynamics and Kac potentials, [9]. The spatial domain is a two-dimensional square of side
L with reflecting boundary conditions. For L large enough the penalty for tunneling from
the minus to the plus equilibrium states is determined. Minimizing sequences are fully
characterized and shown to have approximately a planar symmetry at all times, thus
departing from the Wulff shape in the initial and final stages of the tunneling.

AMS (MOS) subject classification: 82C05

1 Introduction

Tunneling in the d = 2 ferromagnetic Ising model at low temperatures has been object of
many studies, mainly focused on metastability, namely the analysis of the Glauber dynamics
when an external magnetic field h > 0 is present and the initial state is close to the minus
Gibbs state at h = 0. We are instead interested here in studying a bistable equilibrium with
“oscillations” between the two minimizers. Such a case has been considered by Martinelli,
[26], in the n.n. ferromagnetic Ising model in a d = 2 square of side L, proving upper and
lower bounds for the [random] transition time from the “plus” to the “minus” state (and vice
versa) in the limit as L — oco. Much earlier Comets had attacked the problem in the context
of Ising systems with Kac interactions. Supposing the side L of the square to be proportional
to the range 7! of the Kac interaction, Comets [9] derived the large deviations rate function
in the asymptotics of small v. A “sharp” analysis of the path followed during the tunneling
is however still an open problem in both models.
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Tunneling is usually studied in two steps: the first one is based on a loss of memory property,
namely that configurations close to one of the two stable states can be successfully coupled
with large probability before leaving the neighborhood. Such estimates seem within the reach
of the present techniques, as in [15] very strong properties of Glauber dynamics have been
established. The second step for tunneling requires to solve a variational problem involving
the large deviations rate function. In this paper we concentrate on the latter aspect and
study tunneling in a purely variational setting. For simplicity we replace the Comets rate
function by an “easier functional”, already considered in [3] in the d = 1 version of the model.
The extension to the true Comets functional and then to the Ising system may still require
a non trivial work, but we believe that the main physical features of the actual tunneling
excursion are already captured by our results.

The extension from d = 1 to d > 1 is in general far from trivial. Large deviations and
tunneling have been studied by Jona-Lasinio and Mitter, [22], for stochastic perturbations of
the Allen-Cahn equation, partially extending the d = 1 work by Faris and Jona-Lasinio, [18]
(see also [10]), but, as far as we know, a full analysis in d = 2 is open also for the Ginzburg-
Landau action functional associated with the Allen-Cahn equation. Even more subtle is the
analysis of tunneling under time constraints, namely when the excursion between the two
stable states is required to occur within a given time interval. The picture in such a case
may be dramatically different if time is short, and the optimal pattern may involve multiple
nucleations. Results of this type are proved in d = 1 for the Ginzburg-Landau functional
and Allen-Cahn equation, [23], [24], and for the non local interaction considered here, [11];
most of the proofs are still missing in the multi-dimensional case, but a clear picture of the
phenomenon can at least be outlined, [24].

Geometric patterns are the main issues in a multi-dimensional analysis. In the sharp interface
limit (i.e. when the spatial domain, a square of side L in our case, is observed in rescaled
variables so that it always appears as a unit square as L — o00) the tunneling orbits are
moving surfaces which describe the boundaries of the set where the plus phase is located.
In d = 1 this is simply a point which moves from an endpoint of the unit interval to the
other one (Neumann boundary conditions are responsible for the nucleation to start from the
boundaries of the domain). To see geometrical effects we thus need to go to d > 1.

An important factor is then played by the Wulff shape. As it is well known (and briefly
discussed in Section 2) in d = 2 dimensions the set with minimal perimeter for a given area
0 is a quarter of a circle around a vertex of the unit square )1, or a rectangle with three
sides lying on 0@ (again this is due to Neumann boundary conditions). Rectangles appear
if their area and the area of the complement (in Q1) are both larger than a critical value
Ocrit, otherwise we observe a quarter of a circle. As Wulff shapes describe states with minimal
free energies under the area constraint, one usually expects that if the process is “slow” and
the transformation “adiabatic” then the tunneling patterns are determined by sequences of
“equilibrium” Wulff shapes. It is however evident from the above description that tunneling
orbits cannot always be close to Wulff shapes as there is a discontinuity at ... One possible
scenario is depicted in (a) of Figure 1 where the Wulff shape is deformed to interpolate around
Ocrit between the two different regimes. We will prove instead that the optimal tunneling in
our diffused interface model is all the way planar as in pattern (b) of Figure 1, namely that it
is convenient to nucleate initially in a less efficient way, the cost being recovered in the end.
Our results hold whenever there exists a stable invariant manifold which connects a saddle
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Figure 1: In a) and b) we depict two possible tunneling paths in the sharp interface regime. In figure

a) a small droplet (Wulff shape) of the + phase (dark region) nucleates at a vertex of the square
Q. It then invades Qp, as time increases, gradually changing its interface, and eventually becomes a
rectangle. Our results, valid for the diffused interface model, show that a) is not minimizing, and that
the minimizing path is the one corresponding to figure b). In this path we have initially a nucleation
of a flat interface (dark rectangular region), which smoothly invades Q..

point of minimal energy to the stable equilibria and which does not consist entirely of Wulff
shapes. More discussions on this point can be found in Section 2.

The content of the paper is outlined in Section 2, Subsection 2.9, after defining the model
and stating the main results. For reasons of brevity imposed by the journal we have written
in a separate paper, [2], the analysis of the invariant manifolds for a non local version of the
Allen-Cahn equation, which is used here to characterize the optimal tunneling orbits.

2 Definitions and results

We consider a continuum model of a two-dimensional magnet where states are functions
m € L®(Qr,[-1,1]), Q. = {r e R?: |r-e1| < L/2,|r-ea| < L/2}, r-€1 and 7-eg the z and y
components of . m(r) is interpreted as a magnetization density which may be related, by a
coarse graining procedure, to an underlying Ising spin configuration, hence the restriction to
[—1,1]. Time evolution is described by orbits which are smooth functions u = u(r,t), r € Qp,
t in R or in an interval of R, |u| < 1.

2.1 The penalty functional

The “action” of an orbit u(-) restricted to an interval [to,¢;] of its domain of definition is

AlLitot (W) = Fr(u(-,t0)) + L1000 (1)



where F7,(m), the free energy of the state m, is
1
Fr(m) = ¢p(m) dr + / Jrem (Y m(r) — m(r')2dr di. (2.1)
QL 4 JorxqQL

Jheum (. /) §s the interaction coupling constant (with Neumann boundary conditions), namel
g Yy Yy
Jremn (g !y = Z J(r,7"), where v’ ~ 7' means that r” is equal to " modulo reflections

along the lines {g_/ =+2n+1)L/2} and {x = +£(2n + 1)L/2}, n € Z. We suppose J(r,r’) =
J(0,r" —r) and make the following “technical assumptions” on J(0,7): J(0,r) only depends

on |r|; it is a smooth non negative function supported in the unit ball; /J(O, r)=1;

J(0,2) = / 7((0,0), () dy (2.2)

is a non increasing function of # when x > 0. In (2.1) we take § > 1,

- - ~ m2 1
dp(m) = ¢g(m) — min bs(s),  dp(m) = —5 BS(m)
1-— 1-— 1 1
S(m) = — leog 2m_ —;mlog —;m

Finally,
Y. - 2
Tritg (u) = 4/t / [ug — fr(u)]”drdt,
0 L

where u; is the time derivative of v and

fo(u) = —6F5L15u) = J"" v u —ag(u), ag(u) = ; arctanh(u),
JU s (r) = / J (e u(r') dr' (2.3)

L

As mentioned in the Introduction, Ar, s (u) is a simplified version of the Comets large
deviations rate function for Glauber dynamics in a ferromagnetic Ising system with Kac
potential J,(r,r") = y2J (yr,yr').

Later on, in the course of the proofs, we will consider rectangles Q1 = {(z,y) : |z] <
L' |ly| < L/2} with L' € (0,400] and call channel the set Qo . The definition of Fy, in
(2.1) naturally extends to domains (1 1 in which cases it will be denoted by Fg,, ,, as a
functional on L*(Qp r,[—1,1]).

L’

2.2 Dynamics: the semigroups 5; and T;.
We denote by S; the semi-group generated by the L?-gradient dynamics, namely S;(ug) =

u(+,t) is the solution to the non local evolution equation

 OFL(u)
du

up = fr(u) = u(+,0) = up. (2.4)
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The velocity field fr(u) is Lipschitz when restricted to sets of the form {||ul/s < b}, b < 1.
Then it is not difficult to prove global existence of Sy(ug) if |Juplleo < 1, see [2] for details.

The semigroup T (ug) generated by the equation
up = —u + tanh{BJ""" x u}, u(+,0) = up, (2.5)

has been much more studied in the literature, as (2.5) is the limit equation derived from
Glauber dynamics with Kac potentials in a scaling limit, see [15]. Thus for ease of reference
and in order to exploit results already existing in the literature we will often in the sequel
consider T;(up), regarded either in @, or in Q1. Observe that it also decreases the energy
F7p, that its fixed points are the same as those of S;, which are critical points of FT,.

2.3 The cost of tunneling

The action Ap.,+ (u) is always non negative, as the integrands in Fy, and Ir4,s are non
negative. Actually Ar., ¢ (u) > 0 unless u(r,t) = £mg, where mg > 0 is such that mg =
tanh{Bmg} (recall the assumption 3 > 1). Therefore m(*)(r) = £mg have the interpretation
of the [only] two equilibrium states of the system and tunneling describes orbits which connect
such states. Thus the space of tunneling orbits in a time 7" > 0 is

U ={ue C®(Qr x [0,T]) : u(r,0) = —mg, u(r,T) =mg forall r € Qr}
and, calling I, 7(u) = Ir,07(u), we define the cost of tunneling as

= inf inf .
Py := inf LA I (u) (2.6)

noticing that since FL(m(_)) =0, Arr(u) = Apor(uw) = It 7(u) when u € U, 7.

As mentioned in the Introduction the problem is completely different if restrictions on 1" are
imposed, but in this paper we will only study problem (2.6). To motivate our results let us
first describe some properties of Ar.s, 4, -

2.4 Reversibility

First notice that I7.4, 4 (u) = 0 if u(-,t) = Si—¢, (u(-, t0)), St being defined in Subsection 2.2.
Given u(-,t), t € [to,t1], call u™V (-, tp +s) = u(-,t1 — s), s € [0,t1 — to]. Then

ALsto 1 (W) = ALsto 2 (™). (2.7)

To show (2.7), which is proved in [3], it suffices to expand the square in the integral defining
It.t+, and recall that fr(u) = —0Ff(u)/du. As a consequence of (2.7),

Irto .t (u) > Fr(u(-,t1)) — Fr(u(-,to)) (2.8)

Irsto 00 (w) = Fr(u(-, 1)) = Fr(u(-,to)) i u(,t0) = St~ (u(- 1)) (2.9)

Remark 2.1. Note that Iy, 7(u) > Fr(u(-,t)) for any t € [0,T].



2.5 The Wulff shape

Given any tunneling orbit v € Uz 7 and o € (—mg, mg), by continuity there must be a time
€ (0,T) when u(-,t) € X,

Yo ={m e L®(Q,[-1,1]) : ]c,[g m=a}.

Thus from (2.8)
Inr(u) > inf {Fr(m):m e X,} for any o € (—mg, mg), (2.10)

hence the intuition that optimality in tunneling requires closeness to the Wulff shape, namely
the minimizer on the r.h.s. of (2.10). The Wulff problem is well understood in the limit
L — oco. As the infimum on the r.h.s. of (2.10) grows proportionally to L, (L' in d
dimensions), it is natural to renormalize the free energy by dividing by L and have (see [15],

[16], [17])

F 1
lim inf{ L) e za} - cﬁinf{P(E, int(Q1)) : EC Qi |E| = - — ﬁa}
L—oo L 2
where P(E,int((@1)) denotes the perimeter of the BV set E in the interior of @); (namely
the intersection with 9@ does not contribute); |F| is the Lebesgue measure of E; 9, €
(—=1/2,1/2) is defined by

1 1

(5 = Pa)ms = [1 = (5 = Va)lmp = (2.11)

(2.11) has a clear geometrical interpretation, the magnetization « being realized by putting
mg in the rectangle {(z,y) € Q1 : * > ¥,} and —mg in its complement. cg, the surface
tension, is equal to cg = (1)( m). Namely cg is the one-dimensional free energy F' (1) of the
one-dimensional instanton m(x),z € R, where

FO(m / pp(m) dz + = / / z, ) m(z"))? dadz, (2.12)

with j(x,2’) as in (2.2) and m the non-zero, antisymmetric solution of
m = tanh{j *x m), (2.13)
The limit Wulff problem

inf {P(E,int(@l)) ECQ, |B| = 1 - 9} (2.14)

of minimizing the perimeter functional P(E,int(Q1)) is explicitly solved. Indeed (2.14) admits
a solution and any solution Ej is such that Q)1 N9Ejy is smooth and thus a critical point, [25].
Moreover Q1 N dFy is connected and has constant curvature. Hence it is contained either in
a circle or in a line. In addition the contact between 0Fy and 0@)1 is orthogonal. Let 6.t be
defined by

1 R? 2R

— — Ot = L, where WT 1.
Then the following result holds.



Proposition 2.1. [25] If |0| < Ot then Q1NOEy is a segment parallel to one of the coordinate
azes and intersecting two of the opposite sides of 0Q1. If |0] > Oeyit, then Q1NOEy is a quarter

of circle of radius — (= — 9)1/2 centered at one of the four corners of Q1.

N

Remark 2.2. As already remarked in the Introduction, for L large enough a tunneling orbit
cannot always be close to the Wulff shape, as the Wulff shape varies discontinuously when
« crosses the critical value at which ¥, = 0.i. When a = 0 the Wulff shape is planar
and this may suggest that optimal orbits become eventually (approximately) planar. Two
scenarios are then conceivable: (a) the plus phase grows initially as a quarter of circle around
a corner and then progressively deforms to end up into a planar wave as « — 0; (b) the
plus phase starts from the very beginning planar, so that in the limit picture the perimeter
is discontinuous at time 0, jumping from 0 to its maximal value. In any case, both scenarios
evidently contradict the intuitive idea that optimal orbits follow Wulff shapes. A discussion
on this issue can be found in [27] in the context of statistical mechanics.

Planar symmetry suggests relevance of d = 1 tunneling, which is the argument of the next
subsection.

2.6 Tunneling in one dimension

Let FS) be defined by (2.12) with R replaced by [—L/2, L/2] and with Neumann boundary
conditions. Let m € L>([—L/2,L/2],[—1,1]) and set
me(r) =m(r-e1), reQr.

Then
Fr(m®) = LFY (m). (2.15)

Let Ug%ﬂ be the d = 1 tunneling orbits in a time T and PS) the d = 1 tunneling cost
associated with the functional F(1). We then have from (2.15)

p, <PV, (2.16)
In [3],[4] it is proved that
PV = BV () (2.17)

where My, is the unique non zero, strictly monotone antisymmetric function of x which solves
the equation
mr(x) = tanh{j""" x mmp(z)}, || < L/2, (2.18)

with j"°"™ obtained from j, see (2.2), by reflections at +L/2 (thus my, is a critical point of
Fy.



2.7 Si-invariant manifolds

()

It is proved in [2] that m§ = (1) is “dynamically connected” to m'®) in the sense that there

are two Si-invariant, one-dimensional manifolds, Wy = {U(Li)(-, s),s € R}, which connect m§
to m(~) and, respectively, to m(+). ’U(L:t)(~, s) are planar functions (i.e. constant in the vertical
direction) which satisfy the following two properties:

lim [[of(,8) —imf =0, lim o7 (,5) —m@|ly =0, (2.19)
§——00 §—00
where || - ||2 is the L? norm in Qp, and

St(véi)(',s)) = ’U(Li)(-, s+t) foralls€Randallt>0.
(). D)z
Moreover Fr (v, ’(-,s)) < LF; /() for any s € R.

2.8 DMain results

Theorem 2.3. For L large enough

Py, = LFY () (2.20)

Theorem 2.3 will be proved starting from Section 5. It suggests that the best strategy for
tunneling is to use orbits with planar symmetry, a statement made precise in Theorem 2.4
below which will be proved in Section 4 using heavily results from [2].

Theorem 2.4. For all L large enough, if {T,,u,} is a minimizing sequence for (2.6), then

lirf T, = +oo and, given any € > 0 there exists a positive integer ng such that for any
n—-+0oo

n > ng, u, (or its image under a rotation by an integer multiple of w/2) has the following
properties. There is s € (0,T,) so that ||up(-,s) —m$|2 < € and there are 7 and 7" positive
so that

lun(,t) =0 (7 — )2 <€, telo,s] (2.21)
ftn () — 0 (=" 4 (= s))2 <€ tE[s,Tnl. (2.22)

Theorem 2.4 proves that the best tunneling is obtained by orbits which have (approximately) a
planar symmetry and which (approximately) follow the one-dimensional manifolds connecting
saddle and stable points, first in the time reverse direction and then, after crossing the saddle,
along the forward time direction. Initially the orbits look far from optimal, in the sense that
it would be cheaper to gain the same value of total magnetization by following a different
pattern, closer to the corresponding Wulff shape; but overall such an initial cost is recovered
by smaller costs afterwards. In the limit L — oo and rescaling penalties by dividing by L,
we see that in optimal orbits the free energy jumps at time 0 to a value which then remains
constant: in the limit the whole penalty is paid at time 0" . Thus the pattern b) in Figure
1 rather than a) is what we actually observe in tunneling events.



2.9 Content of the paper

In Section 3 we reduce the proof of Theorem 2.3 to the proof that ¢ when u(-,t) € ¥, with
|| small then u(-,t) is very close to a planar instanton, Theorem 3.1; e calling m = u(-, 1),
t as above, then either Ti(m) — m$ as s — oo, or else Ty(m) at some time s is close to
a planar instanton suitably shifted away from the origin, Theorem 3.2; e if m is close to a
planar instanton suitably shifted away to the right or to the left of the origin, then Ts(m) is
attracted by m(=) or respectively by m(*), Theorem 3.3. We conclude Section 3 by showing
that indeed Theorem 2.3 follows from Theorems 3.1-3.3.

In Section 4 we prove Theorem 2.4 as a consequence of Theorem 2.3 and of existence and
stability of the invariant manifolds W.., properties which are proved in a companion paper,
[2].

In Sections 5, 6, 7 we prove Theorem 3.1: in Section 5 we quote from the literature lower
bounds on the free energy cost of deviations from equilibrium (Peierls estimates). In Section
6 we prove that the distance from an instanton can be controlled in terms of the free energy,
Theorem 6.1, and in Section 7 we conclude the proof of Theorem 3.1.

In Section 8 we prove Theorems 3.2 and 3.3, relying again on the companion paper [2], thus
concluding the proof of Theorem 2.3.

In the Appendix, Sections 9 and 10, we prove some spectral properties of operators obtained
by linearizing the flows 7T; and S; which have been used in the proofs of Theorems 3.1-3.3.
The extension of the results to d = 3 is sketched in the last section, 11.

3 Scheme of proof of Theorem 2.3

By (2.16) and (2.17), P, < LFél)(mL), so that Theorem 2.3 will be proved once we show
that for L large enough

P, > LFY (i) (3.1)

Thus we may take arbitrarily e > 0, restrict to T" > 0 and u € Uy 7 such that
Ipr(u) < P+ e < LFMY (p) + € (3.2)
and show that if L is large enough for any such u
Ipr(u) > LFY () (3.3)

The main point is an a-priori characterization of the tunneling orbits which satisfy (3.2) at
times t when u(-,t) € X, with |[J4] < 6y (4 as in (2.11)) where 6 is fixed arbitrarily with
the only requirement that

0 < 6y < Oeri (3.4)

(how large is L in our analysis will depend also on the value of 6y). As we will see in Section
7, the proof of convergence to the Wulff shape as L — oo, see Proposition 7.1, essentially
contains closeness to the instanton in the following sense:



For any § > 0 there are €(d) > 0 and L(J) so that if 0 < € < €(5), L > L(d), m € ¥, with

[94] < 0y and Fr(m) < LFS)(mL) + €, then, modulo a rotation of an integer multiple of 7/2,
there is £ € (—L/2,L/2) so that ||m — mg |1 < dL?, where

me,r(r) =m(r-e1 —§), reQr (3.5)

The bound |[m — g |1 < 6L is still far from what needed in our proof of (3.1), but it is an
important ingredient in the proof of a much sharper estimate, where “the error” ||m —mg 1|2
vanishes instead of growing as L — oo. This is the main technical point in the paper, its
precise statement is the content of:

Theorem 3.1. There are Ly and €o(L) € (0, L71%9), so that for any L > Lo if
m € By with [04] < 0 and Fy,(m) < LF) (i) + €, € € (0, e0(L)) (3.6)

then there exists & € (—0gL — 1,00L + 1) such that, modulo a rotation of an integer multiple
of 7/2,

[[m — e |2 < L1 (3.7)

Remarks. Theorem 3.1 as well as Theorems 3.2 and 3.3 below, are proved in the next sections
and in an appendix. The bound L~ is not optimal. Analogously to (8.9), it can be proved
that |04 + &/L| < L719. Our proof of Theorem 3.1 uses in an essential way two dimensions
but it extends to d > 3 using an argument due to Bodineau and Ioffe, [5], and an extension
of the theory of Wulff shapes to d = 3, [29], see Section 11.

The proof of (3.1) proceeds with a characterization of the critical points of F(-). For this
purpose we use the dynamics with semigroup 7; defined by equation (2.5).

Theorem 3.2. There exists Ly > Lo such that for any L > Ly the following holds. If m
satisfies (3.6) then either there is a time t when Ty(m) € Yo, o such that |9 = 0y, or else
tlim Ty(m) = m§ in L2(Qr) (modulo a rotation of an integer multiple of w/2).

—0Q

Theorem 3.3. There exists Lo > Ly such that for any L > Lo the following holds. If m € X
for some o/ such that 9, = 0y and if there exists & such that ||m — g |2 < L7100, then

lim T;(m) =m™  in L*(Qy). (3.8)

t—o00

The proof of (3.1), giving Theorems 3.1, 3.2 and 3.3 for proved, is then concluded using the
following corollary:
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Corollary 3.4. Let Lo be as in Theorem 3.3 and L > Lo. Then for any uw € U which
satisfies (3.2) with € as in (3.6), there exists t* € (0,T) so that

Fy(u(,t%)) > LF) (1), (3.9)

and
Jlim Ty(u(,t%) = in L*(Qr). (3.10)

Proof. Let u € Urr be as in the statement, a(t) such that u(-,t) € X4 and I = {t €
[0, T : [9q)| <00} Since Vyo(0) = 1/2, Vo) = —1/2 and 0y < 1/2, by continuity there is an
interval [to, 1] C I, where ¥,) = 6o and ¥4,y = —0o. By Theorems 3.1, 3.2 and 3.3, [to, 1]
is the disjoint union of the intervals I, I_ and I , respectively where u(-,t) is attracted by
m), m() and m$. By Theorem 3.3 I, > t; and I_ > %o, thus I+ are both non empty.
Moreover, since the equilibria £mg are stable, by the continuity of motion I and I_ are
open in I. Then necessarily also I # () and hence there is a time t* € (to,¢1) so that (3.10)
holds. Since T} decreases the energy FI, see (6.2), (3.9) follows from (3.10), (6.2) and (2.15).

O
Conclusion of the proof of Theorem 2.5.
From (2.8) and (3.9) it follows that, if L is large enough,
TInr(w) = Apr(u) > Arge(u) = Fr(u(,0)) + I (u) = Fr(u(- ) = LFW ().
hence (3.3). Theorem 2.3 is proved.
O

In d = 1, see [3], [4] (and [18] for Allen-Cahn), it is proved that for L large enough if
Fél)(m) < Fél)(mL) + e and m is a critical point, then m € {m™,m~,7mr}. (The statement
is evident in Allen-Cahn once formulated in terms of a one dimensional mechanical point in
a conservative force field). It then follows that if Pg)(u) < Fél)(mL) + e then at all ¢, u(-,t)
is attracted by {m™,m~,7}. In d = 2 we know that such a property is valid only at times
t when u(-,t) € ¥, with a such that |J,| < 6y. As shown above the proof of Theorem 2.3
can be worked out also with such a weaker statement, but there could be problems when
extending the analysis to Glauber dynamics in Ising models with Kac potentials.

We have shown that the proof of Theorem 2.3 reduces to the proof of Theorems 3.1, 3.2
and 3.3, which is given in the next sections. While the proof of Theorems 3.2 and 3.3 is an
extension of the proof of analogous statements in d = 1, see [3], the proof of Theorem 3.1
requires really new considerations, due to the geometrical complexities of a higher dimension
and it will take most of the paper.

4 Proof of Theorem 2.4

In this section we prove Theorem 2.4 using Theorem 2.3 which is thus taken for proved.
Let {uy, T} be a minimizing sequence for (2.6), i.e., u, € Ur 1, and lim Iy 7, (up) = Pp, =
n—oo

11



LF ]gl) (mr), where the last equality follows from Theorem 2.3. Then for any ¢ > 0 there exists
ne so that for any n > ne

Iz, (un) < LES (g) + 6, LFW (iy) = Fp(ms5). (4.1)

By Corollary 3.4 if L > L9 and € is as in (3.6), then for any n > n. there is a time s,, € (0,7},)
(s, will be the time s in Theorem 2.4) so that

lim Ty (u(-, s0)) = M,  Fr(un(-,s0)) > LFY (i) (4.2)

t—o00

By (2.8), I 1, (un) > I s, (un) > Fr(up(-, $n)), then, using (4.1),

0 < Fr(un(:ysn)) — Fr(m%) <e (4.3)
The function
Wy (-, 1) = up(-, $p — t), t e (0,sp). (4.4)
satisfies the identity
dwn _ newm L ctanh(wy) + K (4.5)
pral W, 3 arctanh (wy, n :

where K, is defined by (4.5) itself. We then consider (4.5) as an equation in w,, regarding
K, as a “known term”. In the next lemma we will prove that K, is “small” and then as a
consequence and relying heavily on [2] that w,, follows closely the S;-invariant manifold W_.

Lemma 4.1. Let € > 0, uy, satisfy (4.1), s, as in (4.2), wy, as in (4.4) and K, as in (4.5).
Then for n sufficiently large

HKnH2 = /0 /Q K, (r, t)2 drdt < e. (4.6)
L

Furthermore there exists ¢ > 0 independent of n so that

[wn (-, 0) = 10 |13 < ce. (4.7)

Proof. jFrom (4.1) and (2.15) it follows that

Fr(S) + ¢ > /0 " / [(tn)t — f1 ()] = Tp.an (1), (4.8)

By (2.7) and recalling that Fr,(u,(-,0)) = 0,

IL,sn(un) = AL;sn(“n) = AL75n(wn) =1Ips, (wn) + Fr(un(-, s0)) = HKnH2 + Fr(un (- sn))-

which, together with (4.8) and (4.2), implies (4.6).
Let ¥ :={m € L>®(Qr,(—1,1)) : tlim |T¢:(m) — m%||2 = 0}. In [2, Theorem 7.2] it is proved
that there is ¢ so that

|lm — m$ |5 < c[Fr(m) — Fr,(1n5)] for all m € X. (4.9)

By (4.2) un(+, sn) = wn(+,0) € X, therefore (4.7) follows from (4.9) and (4.3). O
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We will prove the properties of w, stated in Theorem 2.4 by investigating the evolution
equation (4.5) and exploiting that K, is small. Smallness of K, is however not enough: if we
only knew the bounds on K, from Lemma 4.1 we could not predict (even approximately) the
evolution of wy,. Recall in fact that /m§ is a stationary solution of the unperturbed evolution
so that, no matter how small is K,,, it would nonetheless be larger than the unperturbed
force in a correspondingly small neighborhood of 7. In other words, when close to m§
the evolution is essentially ruled by K,. Besides this, the initial datum wy,(-,0) is in the
domain of attraction of m$ with “the wrong dynamics” T}, under the “right evolution” S; it
may no longer converge to m§ but rather to m™ or even m™. In conclusion the evolution of
wy(+,0) may have completely different behavior if we only had the information in Lemma 4.1
concerning smallness of K, and closeness of wy,(+,0) to m§ .

Let us now remind what proved in [2], in particular Theorem 7.3 of [2]. Call Sf(m) the
flow generated by the equation u; = J""™ % 4 — B larctanh(u) + K, u(-,0) = m, where
K = K(rt), (r,t) € Qr x Ry, is a smooth space-time dependent force.

Then for any ¢ and 7 positive there is € > 0 so that if ||K|| < € and ||m — mS |2 < ¢ only
the following two alternatives hold:

e For all times ¢t > 0, ||S& (m) — mill2 < ¢

e There are t* > 0 and o € {—,+} so that [|SK(m) — S |ls < 20\ (-, =) — 1 || for
all £ < ¢* while ||SK (m) — v\7 (-, =7 + (t — t*)||a < ¢ for all ¢ > t*.

Let us now prove the statements in Theorem 2.4 referring to WW_, calling €* the parameter
€ in Theorem 2.4 to avoid confusion with the € in (4.1) and identifying s = s,. Recall that
Un (s — t) = SE"(w,(0)), t € [0,5,], we are only writing the time variable in the argument
of the functions.

We choose: 7 such that sup \|v§;)(s) —mill2 <€/10; ¢ < €/10; € is determined by T

s<—T
and ¢ as above; € in (4.1) so that € < € and ce < €*, ce as in (4.7), so that the inequality
|un(, sn) —m§ |2 < € in Theorem 2.4 follows from (4.7).
Since u,, (0) = m(~) the first alternative above is excluded and in the second alternative o = —.
Let t* be as in the second alternative. We then have ||uy(sy, —t) — U(_)(—T +t—t")]2 <€
for t € [t*, sy]. For t € [0,t*] we write

[tn(sn — ) =07 (=7 4+t = 1) la < un(sn — t) — WG |l2 + 057 (=7 + £ — %) — 1§ |2

which is < 3 sup ||v(L*)(s) —m$|l2 < 3€"/10. (2.21) is thus proved with 7/ = —7 + (s, — t*).

s<—T

The proof of (2.22) is analogous. We now take

wl (1) = up(-, 80 + 1), t €0, T, — snl,

n
so that w; satisfies the “equation”

dw;"
dt

— Jneum

1
*w — 3 arctanh(w;") + K& (4.10)
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with K" defined by (4.10). Analogously to Lemma 4.1, || K;I|| < € for n large enough. Since
Sli ttn (w;) = m), the first alternative is again excluded and the second one is followed
with 0 = +. Again we require 7 so large and ¢ so small (and e correspondingly small) that
||U(L+)(', —7) —m§ |2 < €*/10 and { < €*. Then (2.22) follows with 7" = 7/ + t* (¢t* the time
appearing in the second alternative applied to the present case). Notice finally that if €* — 0

the time 7 in the above construction diverges and then we need also T,, — oo as stated in
Theorem 2.4.

5 Local equilibrium and Peierls estimates

The heuristics behind the proof of Theorem 3.1 goes as follows. The Wulff theorem and
the limit Wulff shape suggest that if u(-,-) satisfies (3.2), at times ¢ when u(-,t) € X, with
[9a] < bp, to “zero order” wu(-,t) looks like

Wa,L = mﬁl{(m,y):xZLﬂa} - mﬁl{(z,y):x<L19a} (51)

To a next approximation we expect u(-,t) close to m¢ 1, with & such that m¢ 1 € £,. Behind
this picture is the intuition that it does not pay to have deviations from +mg and —mg away
from the interface and that the actual profile at the interface is not exactly as sharp as in
W, 1, but rather the diffuse interface defined by the d = 1 instanton m shifted by &.

In this section we quote from the literature lower bounds on the free energy due to deviations
from equilibrium [Peierls estimates], in the next one we prove lower bounds due to deviations
from the instanton shape and in Section 7 we use all that to prove Theorem 3.1.

Local equilibrium and deviations from equilibrium as usual in statistical mechanics are defined
in terms of “averages” and of “coarse grained” variables. We briefly recall the main notion
adapted to the present context.

Definition 5.1. (Coarse graining). We denote by DO, ¢ > 0, the partition of R? into the
squares {(z,y) : x € [nl,(n+ 1)),y € [n'¢,(n’ +1)¢)}, n, n’ integers, and by 9 the square
of D) which contains r. Then the (-coarse grained image m'®) of a function m € L>°(R?) is

Definition 5.2. (Geometrical notions). A set is D)-measurable if it is union of squares
in DY, two sets are connected if their closures have non empty intersection and B is a
vertical connection if it is a DU+)-measurable, connected set which is connected to both lines
{y = £L/2}. Given a D“+)-measurable region A C Qr, we call 5({& [A] the union of all squares
of DU+) in Qp, \ A which are connected to A.

14



Figure 2: Nine large squares belonging to D“+). The small squares are instead elements of D¢-).
Even if (¢~)(m;-) = 1 in all small squares except the one in grey, nonetheless ©(¢-4~4) (m;r) = 0

Definition 5.3. (Phase indicators). Given an “accuracy parameter” ( > 0 and m €
L>®(R?,[~1,1]), we define the “local phase indicator”

&0 (msr) = +1 if [m(r) Fmg| < ¢,
0 otherwise.
Given (_ > 0, {, an integer multiple of {_, DU+ a coarser partition of D\~ we define the
“global phase indicator”

£1 i) (my ) = £1in ¢ U gt (o8],

@(C,K,,Ar)(m; T) _ out[
0  otherwise.

7O (m;r) and ©G=4+) (m; 1) are defined also for functions m € L®(Qp,[—1,1]) by simply

extending m to R? by reflections along the lines {y = (2n + 1)L/2} and {x = (2n + 1)L/2},

n € 7.

Definition 5.3 introduces the notion of “local equilibrium”: a point r is attributed to the
plus phase if ©G=4+)(m;r) = 1, to the minus phase if O (m;r) = —1 while, if
@(C’L’h)(m; r) = 0, r belongs to a contour, contours being the maximal connected compo-
nents of {r : ©(©=4+)(m;r) = 0}. Local equilibrium in 7 requires closeness to mg in a large
region, the 9 squares in Fig. 2. By choosing £_ small we try to approximate point-wise close-
ness (which would be too strong a request as the energy is defined by integrals) while taking
£, large we try to approximate global equilibrium. Very little is needed for local equilibrium
to fail as exemplified in Fig. 2.
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Definition 5.4. (Choice of parameters). We choose {_ and (. as functions of ( and L. The
definition is used only when ( is small and L much larger than ¢, and the dependence on L
is only through the requirement that Lfil is an integer. We require that for ( small enough:
(- €[¢?/2,¢%); £y € [¢*/2,¢4] with £, an integer multiple of {_; Qp, to be the closure of
union of squares of D+);: each square of D“+) to be union of squares of DU¢-).

We have the following two theorems, whose proof is (essentially) contained in [28]:

Theorem 5.5. There exist ¢ > 0 and w > 0 such that if { > 0 is small enough and 0_, ¢
and L are as above, the following assertions hold. Let A C Qr, be DY) measurable, and let
m be such that n(c’ef)(m;r) =1 for all r € Qp at distance < 1 from A. Then there exists a

function ¢ satisfying
1) = m outside A,
) (@) = 1in A,
Y(r) = tanh{BJ"" x1(r)}, reA,
|(r) —mg| < cef“’diSt(r’QL\A), re A,
F(¥) < Fr(m).

The analogous statement holds if n(C’L)(m; -) = —1, provided mg is replaced by —mg.

Theorem 5.6. There exists c; > 0 such that if ( is small enough and {_, ¢4 and L are as
above, the following assertions hold. Let A C Qp, be DY) measurable and let m be such that
Q=) (m; ) =1 in 5ot [A]. Then there exists a function v satisfying

out

1 = m outside A,
) (@) = 1 in A,
Fr(m) > Fr(¥) + e1¢2(0-)% Ny, (5.2)

where Ny denotes the number of squares of DY) NA where @(M*’e*)(m; -) = 0. The analogous
statement holds if ©(S=1+)(m;.) = =1 in st [A].

out

6 Free energy bounds in the channel

This section continues the “preparation” to the proof of Theorem 3.1. We will estimate here
the cost of deviations from the instanton shape. The natural setup for the problem is the
channel Q1 = {(z,y) : |y| < L/2}, in the next section we will in fact eventually reduce
from Qr, t0 Qoo 1. Our main result is an extension to Qo 1, of a d = 1 result in [28]:

16



Theorem 6.1. There is c so that for any L large enough and for any m € L*(Qoo,1,[—1,1])

such that uniformly in y liminf m(z,y) > 0 and limsupm(z,y) < 0 and such that for some
T—00 Tr——00

§eR, Hm_mgug < 00,

1224360 if inf ||[m —mg||3 > L7248
£eR

FQoo,L (m) - FQoo,L (me) Z
cL~BHR2GHDinf ||m — mg|3, if inf ||[m —mg|3 < L2078
&li2 ¢eR ¢i2

£eR
(6.1)

The dependence on L in (6.1) is not optimal. We cannot possibly have

FQoo,L (m) - FQoo,L (me) Z ngl[f& Hm - mg”%? c> O

because ginﬂf{ |m — mg“% can be made arbitrarily large while keeping the free energy bounded:
€

just take m as a piecewise constant function of x which as = increases from —oo to +0o has
values —mg, mg, —mg and mg. Then the L? norm increases to co as the two intermediate in-

tervals are made long enough while the free energy is bounded by 4cL, ¢ = / / j(z,2)).
<0 J2'>0

Thus the lower bound can hold only if Einlg ||m — mgH% is small enough. Theorem 6.1 is
€

proved at the end of the section. Its proof, essentially perturbative, is obtained by expanding
Fq.. . (m) around Fg_ , (m®). The linear term disappears because the instanton is a critical
point; the quadratic term becomes then the leading one. Its analysis requires the study of
the spectral properties of a linear operator, which is the second derivative of the functional
and hence also the operator obtained by linearizing the time flow around m¢. The spectral
properties of such an operator are interesting in their own right, their analysis far from trivial
and rather long. We have thus decided to just use in this section the outcome of the theory
leaving details and proofs to an appendix, where the issue is presented in a self contained
fashion.

Thus a spectral gap estimate will prove the desired lower bounds to a second order approxi-
mation, an analysis of the energy landscape away from the instanton shape where non linear
effects are dominant requires a different set of ideas. Both close and away from the instanton
shape, dynamical properties of the flow T3(m) play a dominant role, as well as in the proofs
of Theorems 5.5-5.6. We thus begin our analysis by quoting from the literature some basic
properties of the time flow.

6.1 Monotonicity of energy

The semigroup T; generated by (2.5) (either in R? or else in Qy, or in Qe , With J — Joeum,
at the moment our notation does not distinguish among them) has the following properties
(which explains why they are useful in proving energy bounds):

. . . d . . .
t 00 . =
(i) T; decreases the energy F' (respectively in R* or else in Qr, and in Qoo r): F(Ty(m)) <
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F(Ts(m)) for s <t and if tlim T;(m) — m™ uniformly on the compacts then
—00

liminf F(T;(m)) > F(m™) (6.2)

t—o0

(ii) As t — oo, Ty(m) converges by subsequences uniformly on the compacts to a solution of
the stationary equation m = tanh{fJ * m} (with J — J""™ in Qp, or Quo, 1)

6.2 Properties of the instanton

In [17] it is proved that there exists a > 0 so that

lim e*m/(x) = a, (6.3)
Tr—00

where o > 0 is such that

p [ J0@)eT =1, po = lim pla) = 51— mE) < 1.

R T—00

The finite volume instanton 7, is close to m restricted to [—L/2, L/2], we will just need here
that their energies are exponentially close: there are ¢ > 0 and w > 0 so that for all L,

IF VY () — FO(m)| < ceF (6.4)

A function m on R “is close in shape to an instanton” if m is close to a translate m¢ of
m, me(z) = m(z — &), £ € R. Usually £ is chosen by minimizing a weighted L? distance
of m from the instanton manifold {m¢,§ € R}. We will use here the notion of center of
m: &y is a “center of m” if [, mm’gmp;i =0, pe = B(1 - mg) &n is then a critical point
of £ — ||m — m5||§ = fp(m — mg)ngl, i.e. the pgl—weighted L? distance. Existence and
uniqueness of the center are proved when either infe |[m — m¢||2 or infe |[m — m¢||o are small
enough, see [28]. The proof extends straightforwardly to the case of the channel, Qo 1, where
&n is defined as

/Q m(ryng, (re)prlre1) =0, pe(x) = B[l — mE(w) (6.5)

The precise statement (in the L? case) is given in the lemma below where we show that
the center of m is related to the minimization of the usual L2 distance from the instanton
manifold.

Lemma 6.1. There are c and € positive so that if m € L™ (Qwo 1, [—1,1]) and Einﬂg [m —mgll2 <
€

€ then there is a unique &m such that (6.5) holds, |[m —mg, |l2 < ce and

_ I _
Hm_mEmH% < Wégﬂf&\lm—mi\lg (6.6)
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Proof. The proof of existence and uniqueness of the center and that [|[m —mg |2 < ce are a
simple extension of their proof in d = 1, [28], and are omitted. It remains to prove (6.6).
Without loss of generality we may suppose &,, = 0. Let then

m(r) — me(r - e1)]?
f(g)::/Q [m(r) —me(r - e1)] dr. b= \/T(0)

co.L p(r-e1)

Since pgml < [B(1— m%)]_l <(1- m%)_1 and ||m — m€||2 < ce then b? < (1 — m%)_l(ce)2 for
all m such that ginlf& [m — mgll2 < e.
€

We claim that f(£) has a unique minimum at £ = 0 if € is small enough. Call f" and f” the
first and second derivatives of f w.r.t. £&. By an explicit computation, f'(0) = 0 and

roz=z2[ (77Z)2d7~—2b[ / (m;)er]l/Q

(m//)z (m/)Q
We suppose € so small that 2b[/ L dr)/? < 27! / ———dr. Then there is € > 0 so that
p p

— /\2
£1(6) > / (”;) dr, ¢ <€,

which proves that f(£) has a unique minimum at £ = 0 when £ € [—€*, €*]. Call
A(€)? :/Wdr A2 = inf A®€)? >0
p ’ €[> e

and suppose € so small that b < A/2. Write f(&) = [[{m —m} — {me — m}>p~tdr =
b2 + A(€)? — 2 [(m — m) (e — m)p~tdr, hence f(&) > A(£)*(1 - L)Q > A%/4. Then

A(E)
F0)=0" < A%/4 < inf f()
€]>e
thus proving the claim that 0 is the unique minimizer of f.
Using that p¢,, < 3 and that 1 — mg >1-— m% we then have
m — mé¢|?
Hm—mgmH%S/ b [m_mgm]2_mfﬂ/ tm = mel”
Qoo,L pfm EGR QOO,L pgm

- —e|2
< 1= m3 égﬂg\\m—mg\b
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6.3 Spectral estimates

There are several results on the linear stability of the instanton shape in d = 1 which extend to
the case of the channel Qs 1. In an Appendix (Sections 9 and 10) we will prove the following
statements where, to simplify notation, we drop the superscript “e”to denote the extension
of a function on R to the channel Qu 1. Recalling that gr(m) := —m + tanh{GJ""™ x* m}
and that gr,(m¢) = 0, the first order term in the expansion of gr(m¢ +v), ¥ = m —mg, gives

Qetp = —th +pe T x1p,  pe = B(1—mf) (6.7)

We will regard Q¢ as an operator on L and/or L?. It is easily checked that ¢ has an
eigenvalue 0 with eigenvector m’é and that € is self-adjoint on L?(Q L,pgl). In Section 10

we will prove the existence of a L? spectral gap: there is a positive number « (called a in
Theorem 10.1) so that

(¥, Qev)e < — 75 (0, 0)es (Y, mL)e =0 (6.8)

where (-, )¢ is the scalar product in L*(Q, pgl). A spectral gap in L is proved in Section
9: there is ¢ > 0 so that (see Theorem 9.4)

(r/L? _
1% P00 < ce™ ™V Yoo, (w0, mE)e =0 (6.9)

The orthogonality condition in (6.8)—(6.9) is behind the definition of center of a function in
(6.5). Indeed if £ = &, then » = m — my fulfills the requirement in (6.8)—(6.9) as

((m —mg),mg)e =0 (6.10)

Recall in fact that, (mg, m)e = 0 because m is antisymmetric and m' symmetric, then (6.10)
with & = &, follows from (6.5).

6.4 Stability of the instanton

We start by proving a weaker version of (6.1):

Theorem 6.2. Let m € L®(Qoo,r,[—1,1]) be such that limji[nfm(x,y) = 0 uniformly in y.

T— 00

Then there exists é\ such that

lim Tym) =mf  in L(Qoe,r). (6.11)
and
FQOO,L (m) Z FQOO,L (mg)) = FQOO,L(me) = CBL (612)

Proof. The analogous statements hold for the instanton m in d = 1 and indeed the proof
of the theorem is a simple adaptation of the d = 1 proof. We just sketch the main lines.
The first step uses in an essential way the spectral gap property of the previous subsection
to extend from linear to local stability. The argument is standard and allows to conclude
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that if |[m — m¢[lec < € with € > 0 small enough, then (6.11) is verified. The global stability
statement in the theorem follows from the above local stability using more involved arguments
based on a comparison theorem (ferromagnetic inequalities). The proof is however essentially
as in d = 1, see [12] [16], [17], and its details are omitted. (6.12) follows from (6.11) and (i)
of Subsection 6.1.

O
Lemma 6.3. Let m € L®(Qoo,r,[—1,1]). Then
IV(Ti(m) = e™'m)loe < BV loe (6.13)
Moreover, there exists T > 0 so that for any t > 7 and any m € L*°(Qco,1, [—1,1])
1-m
1Ty (m) oo < mp + g (6.14)

Proof. The integral version of (2.5) yields

t
Ty(m) — e 'm = / e ' tanh{BJ""™ % Ty (m)}
0

hence (6.13). A comparison theorem holds for (2.5) so that T3(—1) < Ti(m) < Ty(1) which
then gives (6.14). O

Lemma 6.4. There exists a constant ¢ > 0 such that if m € L®(Qoo,r,[—1,1]) and £ € R

then 2/3
1 Tu(m) = lloe < 27+ c(|ITum) — mélla + e [lm — e )

Proof. We may assume £ = 0 and write simply m¢. The function ¥ = Ty(m) —m® — e (m —
m®) has bounded derivative hence (see for instance [20]) there exists ¢ > 0 (which depends
on the L norm of the derivative) so that [[1]|ec < cHzﬁHz/5 Thus

2/3
ITy(m) = oo < [6lloe + 267" < 267+ (|| Ty(m) — € — e~ (m — ) )

O
Lemma 6.5. If m € L*(Qc,,[-1,1]) and m —mg € L*(Qo,1.), then for allt >0
2 im = mg |3 < ||Ti(m) — mgll3 < 7D m — g3 (6.15)
and
\ ITi(m) — mgll3| < 208 = DI Te(m) — mgl3 (6.16)
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Proof. Suppose again £ = 0 and write simply m°¢. Let v = Ty(m) — m€, then v, = —v +
tanh{BJ"" x Ty (m)} — tanh{BJ""™ x m°}. Since |tanh{BA} —tanh{SB}| < f|A — B| and

since J"W™(r ') is a symmetric transition probability kernel,

1d

sz vz < Bl "™ o) < Bllol3
1d

sVl lel® = =Bl 7"« o)) > —Blvl2

Hence (6.16) which, by integration, yields (6.15).

Proof of Theorem 6.1

To simplify notation we omit in this proof the superscript “e” to denote extensions to Qo1
and start by establishing some preliminary results. By Lemma 6.5 at any time ¢ and for any
&, | Ti(m) — me ||3 < oo, as this holds at time 0 by assumption. Moreover by (6.16) for any
&, || Ty(m) — me ||3 is a continuous function of ¢ and for any ¢, || T3(m) — me¢||3 is a continuous
function of ¢ which diverges as |{| — oo, (recall the properties of m in Subsection 6.2). It
then follows that infg || T3(m) — mg ||3 is a min and it is a continuous function of ¢.

We can now start the proof of Theorem 6.1 and consider first £uélﬂfR |m — mel|3 > L7248,

There are then two possible alternatives: (a) at all times infe || T3(m) —mg [|3 > L=2478; (b)
there is a time ¢ < oo when infg | T;(m)—mg ||3 < L~2P78. Case (b). Since inf¢ || T3(m)—m¢ |13
is a continuous function of ¢, there is a time to when infe || T}, (m) — m¢||3 = L2498
and since Fg_ , (Ty,(m)) < Fg. ,(m), this case is actually contained in the case when

gin& |m — imel|3 < L7248 which is examined next (postponing the analysis of case (a)). We
€

thus suppose

inf [l — e[ = m — melly < 110" (6.17)
and set ™ := L~% and m* := T, (m). By Lemma 6.5, ||m* — méHQ < LOB-1=126-4 ¢ ¢
as in Lemma 6.1, for L large enough. Then there exists &, =: £* and (6.5)—(6.6) hold. By
definition we have

. B 1
FQu, (m") —Fg  (me) =——

ﬁ O S(m ) - S(mg*)

1
—= JP e NI (r)ym* (') — e (r)mes (77
3y g T ) — e (e ()

Calling v = m* — me+ and o = max(||m*||oo, [|[Mex || 0)s

1
v — 2ol

_(S(m*) — S(ﬁ%*)) > —S’(ﬁzg*)v + m 3(1 — a2)

By (6.14) if L is large enough, a < (1 +mg)/2 < 1. Calling

Le= pglﬁg, Lev=J"" M xp — pglv, pe = B(1 — mg)
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where Q¢+ is defined in (6.7). We denote by (v, w) the scalar product on L?(Qw,z,) and regard
L¢ as an operator on L*(Q,z,). We have

al|vfloo

. i 1
FQue,(m™) = Fou (M) 2 =5 (v, Lerv) = 3507 55

> (v.v)

Since (v, Lg=v) = (v, Qexv)¢x, recalling that (v, mg.)e- = 0, by the L? spectral gap theorem,
(6.8), and using that pe- > B[1 — m%] we get

) _ K o|v]loo
FQoo,L (m ) - FQoo,L(mf*) > ﬁ <U,U>§* - (v’v) 36(1 _ a2)2

K af[vfleo )

> (v,v) (2L2ﬁ(1 —m2)  36(1-a?)?

By Lemma 6.4 with ¢t = 7 and § = £* after recalling that v = T (m) — Mg,

_ . _ _ 2/3
[V]loo < 2075 + c(|jm* — mg- |2 + L75]m — me-||2) .

Let £ € R be as in (6.17), then by (6.6) and Lemma 6.5

* - 1 * _ 1 — _
I = gelly < —mee [ — iz < —— el — 1l
1—m% 1—mﬁ

< L rea-1)-128-4
£ /1= m%

By Lemma 6.5, ¢~ P+D7|lm — gy < ||m* — mg«||2 so that, for L large enough,
lolloo < 2278 4 ¢ (LOB-D7120-4 L—6+6<5+1>+6(ﬂ—1>—12ﬁ‘4)2/3 <3L7°,

and
K

> A0 m2) (v,0)

FQOO,L (m*) - FQOO,L (mf*)
By (6.15), [[v]|3 > ||m — e« ||3e25+D7 > nélf |m —me||2e2PFV7 . Recalling that =™ = L5,

ol - 12412(3+1)]

46(1 — m?

FQoo,L(m) - Fro,L(mf*) 2 )
B

inf m — 13

Case (a), namely when at all times ¢, inf¢ ||T3(m) — mg |3 > L=24978. By Theorem 6.2 for
any € > 0 there are t and & so that ||T;(m) — m¢llec < €. Call m* = Ty(m) and write

Fouulm’) = Fo )= [ g(m*)dr = c{el? + Leh)
|lz—¢&[>L

having used (6.3) to bound the contribution of {|z —§| > L} to Fg_ ,(m¢). As already

remarked there is ¢ > 0 so that

*

$p(m*) = ¢p(m*) — ¢g(mg) > ¢'|m* —mg|*, m* >0
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hence

/
| estmrar= G [t gt e
r—&|> r—&|1>

Thus there is a new constant ¢ > 0 so that
* _ * _ —al
FQOO’L(m ) — FQOO,L(mS) > |lm* — m§||§ — c{eL2 + Le "}

and since ||m* — m¢||3 > L~245-8 we obtain (6.1) for € small enough.

7 Proof of Theorem 3.1

In this section we will prove that orbits whose penalty is close to optimal approximately have
an instanton shape at times when the total magnetization is small. Given 0y € (0, Oyt ), see
(3.4), we fix once for all f; and 62 so that

1
B >0y > 01 > 09 (7.1)

(the values of L for which our analysis applies depend on the actual choice of such parameters).
Let Wy, 1, as in (5.1) and for any J > 0 set

N = U {mEEa: é m—WaﬂL|<5} (7.2)
[Ya|<bo L
and in the sequel we will restrict to functions m which satisfy
m € Nsp, Fr(m)<cgL+eL, cz=FY(m) (7.3)

We will see that as € > 0 gets small (7.3) forces m progressively closer to myg, for a suitable
value of £. Before entering into the whole issue we remark:

Lemma 7.1. For every a > 0 there is L, so that for all L > L, the following holds. Let

(un,Ty) be an optimizing orbit, namely such that iminf Iy, 1, (uy) < Fél)(mL)L. Then for
n—oo

all n large enough and all t € [0,T,,]

Frun(- 1)) < esL + (%) L, L>L (7.4)

Proof. For any ¢ > 0 if n is large enough, Fr(un(-,t)) < FS)(T?LL)L + 4. By (6.4)
Fr(un(-,t)) < L(cg + ce ) +6

Choose § = (2L%)~! and L, so that ce=“Le < (2L%)~! and (7.4) follows.
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Thus we can take in (7.3) e = L™% with a as large as desired, provided L > L, and that we
restrict to optimizing sequences. Our first result is a corollary of the convergence theorem to
the Wulff shape of Subsection 2.5.

Proposition 7.1. For any 6 > 0 there exist € > 0 and L such that if L > L, m € ¥, with
[9a] < 0o and Fr,(m) < cgL + €L, then m € N1, (modulo a rotation of an integer multiple

of m/2).

Proof. In the course of the proof we use the following notation: given a set A C Q1 we call
fa the function equal to mg in A and to —mg in Q1 \ A and f4 1 its image as a function
on Qr, ie. far(Lr) = fa(r). If L =1 we simply write f4. Let Ey, C @1 be a solution of
(2.14) with |Ey, | = 1/2 — ¥,

We argue by contradiction. Thus we suppose that there is § > 0 such that for any € > 0 and
any L positive the following holds. There exist o such that |0,| < 6, L > L and m € %,
such that Fr,(m) < cgL + eL and

min][ |m — fg, L dr|>4.
Eoa JQL “

We can then find an increasing sequence {Lj} converging to +o0o as h — 400, ay such that
|¥a,,| < 6o, and functions my, € 3,, satisfying

FL} (mh) 1 . ][
— < — - dr| > 9. 7.5
e ST By, M e 2 (73
Rescale the functions mj, by defining v (r) := mp(Lpr), r € Q1. Then there is a (not

relabelled) subsequence so that aj, — « as h — +o0o with |[J,] < 6y while {v},} converges in
LY(Q1) to a function fa, i.e. equal to mg in A and to —mg in @1\ A, A € BV, and f f4 = «,
[2]. Using the I'-convergence of the rescaled sequence of functionals,

F
cg > liminf thfhmh) > cgP(A,int(Q1)). (7.6)

Since |A| € [$—00, 3+060), P(A,int(Q1)) > 1 (1 being the minimal perimeter when the area is
in [ — 0o, 3 +09]) hence from (7.6) P(A,int(Q1)) = 1 and A is a minimizer of the perimeter.
By rescaling the second equation in (7.5)

min][ lvp, — fEﬂah| > 0.
1

Ep,,

As h — oo (along the converging subsequence)

min][ |fa— fE,,| =29, (7.7)
Eya JQ,
which gives the desired contradiction because the left hand side on (7.7) vanishes. U
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All functions W, 1, in Ny 1, have value +mg in {(z,y) : * > 6pL} and value —mg in {(z,y) :
z < —6pL}, a property which evidently fails for the generic element of N5r. A weaker
property however holds, namely there are two vertical strips (a precise definition is given
below), onein Ay = {(x,y) : x € [AoL,01L]} (see (7.1)) and the other onein A_ = —A, where
on a large fraction of points ©¢4=4+) = 1, respectively ©(¢£—¢+) = —1. Under the additional
assumption that (7.3) holds with € small enough (yet independent of L) there are “vertical
connections” (see Definition 5.2) where identically ©(Gf=4+) = 1 and ©4-4+) = —1. If we
further strengthen the assumption by supposing € = L~2 and L large, then n($f) = 1 for
x> 0L and n((l—) = —1for z < —65L.

We define the [vertical] strips S(n) by

S(n) i= [l (n+1):) X [~L/2, L/2)
and call ZF C Z be the set of all n € Z such that S(n) C Ay and Z, = Z U Z; .

Proposition 7.2. There exists a constant ¢ = ¢((,{—, () such that for any m € N5, there

are ny € Zi such that =) (m,.) # £1 in at most Nj:= L squares of D¢+

cd
61— 6
inside S(n+).

Proof. The value of ©/~4+)(m,.) on S(n) is determined by the value of 7(¢*~) on a strip
which is three times larger than S(n). With reference to Figure 2 in fact if the middle square
is in S(n) then all 9 squares are needed to determine the value of ©(C¢=¢+) in the middle
one. Set then S®)(n) := [(n — 1)ly, (n +2)01) x [~L/2,L/2). By definition of Nj 1,

Z / |m +mg| + Z / ]m—m5|§3/ Im — Wa.1| < 3012
nez- S®)(n) nezt 56 (n) QL
L L

Since the cardinality of Z; is > L((61 — 6p)/2 (for L large), there are two strips S©)(ny)

such that o0 605
m F mg| < 36L? ( + ) - I

/5(3)(ni) | #l L(61 — o) 61 — 6o

which implies that 57 (m,-) # £1 on at most
6€+5L) 1
Ns :=
' (01 —0) ()

squares of D) inside S®)(n). Thus there are at most 9Ns squares in S(n,) (resp. in
S(n_)) where ©Gf=E+) £ 1 (resp. ©CL—+) £ 1), O

Proposition 7.3. There are §, L* and €* all positive so that if m satisfies (7.3) with L > L*
and € € (0,€"), then there are two vertical connections By, one in B_ = {(z,y) : = €
[—LOy, —LOo]} and the other one in By = {(x,y) : x € [Ly, LOs]} where OGL—1+)(m, ) is
identically equal to —1 and respectively to +1.
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Proof. The proof by contradiction is based on successive modifications of m into new functions
so that if the vertical connections were absent then the final function would have both energy
smaller than the initial one and larger than cgL + €L, which is the desired contradiction. We
next outline the main steps postponing their proofs. By symmetry we may restrict to the
case where the vertical connection is absent in B_ and it may or may not be absent in B,.

1. The absence of a vertical connection in B_ implies that the set
{reqQp:0& =) (m;r)> -1}

connects S(n_) to {(z,y) € Qr : * = —02L}. (From this it will follow that the
number Ky of D+)-squares strictly to the left of S®)(n_) where @A~4+)(m;.) =0 is
Ky > ¢o(f2 — 61)L, co a positive constant.

2. It is possible to modify m only in S®)(n_) in such a way that the new function m
verifies ©C/—4)(fm;r) = —1, r € S(n_) and Ff(im) < F(m) + ¢25L, ¢ a positive
constant.

3. By Theorem 5.6 applied to m with A the region strictly to the left of S(n_) there exists
m* =1 on A such that n(¢¢-)(m*;.) = —1 on A and Fj(m*) < Fp() — c1¢22 K.

4. By Theorem 5.5 we can further modify m* into a new function ¢_ equal to m* outside
A in such a way that n¢f=)(¢_;r) = =1, r € A, ¢_(z,y) = —mg, * < —Lf — 1 and
Fr(y_) < Fr(m*) + ¢"e=<(1/2=92)L " " 3 positive constant.

Conclusion of proof.
Call v the function where the analogous modifications are made to the right of the origin,
namely by repeating steps 2-4 above (notice that a vertical connection in B4 may very well
exist, in which case we do not have the lower bound for the corresponding Ky as in item 1).
The “previous errors” occur therefore twice while the gain term only once, in the worst case,
then
Fr(m) > Fp(y) — 202006 — 2¢"e= 12701 41 (202 {co(02 — 1)L} (7.8)

Since ¢(x,y) = £mg in & > L/2 — 1 and respectively x < —L/2 + 1, FL(¢) = FQOO,L(&)
where 9(z,y) = —mg for < —L/2 and = mg for « > L/2. Then by (6.12),

FL(m) 2 CﬂL — 2C/£15L — 26”67w(1/2792)L + 61C2€2,{Co(92 — 91)L} (79)
which for § small enough yields for all L > L*, L* large enough,
Fi(m) = csL+ 5 ¢ {eo(0 — 1)L} (7.10)
Choosing €* = %1 C20% {co(Ba — 01)},

Fr(m) > cgL + €L (7.11)

which contradicts F,(m) < cgL + €L because € < €*.
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Remarks. The above argument is strictly two dimensional. Indeed the lower bound on Kj
grows like L in all dimensions (the “thin fingers effect”), while the error in item 2 grows as
cd L1 which in d > 2 wins against the “gain term”. A different argument developed by
Bodineau and Ioffe, [5], applies in d > 2 and since the theory of Wulff shape can be partially
extended to d = 3 the result extends to d = 3 as sketched in Section 11.

While items 3 and 4 are self explanatory, items 1 and 2 do need a proof.:

Proof of item 1. We call + or 0 a D\+)-square where @(C’L’e+)(m, -) is £1 or 0, respectively
and, given C' € D) we set

Siert (C) 1= {6 e D) NQy: for any (z,y) € C there is 2’ > z with (2,y) € C}

~ ~ L L
Syert(C) = {C’ e DY) NQy : for any (z,y) € C there is ¢ € (—5, 5) with (z,y) € C’}
Denote by K the number of O-squares to the left of S(n_) (included). Item 1 then follows
from the two alternatives below:

Case (i). Assume that there exists a — square Cp € DU+ N S(n_) such that the strip

St (Co) N {(x,y) € Qr : —0,L < x < n_F4} contains only — squares. For each C’ in the

strip we have that Syet(C’) contains at least one — square, because C' C Syert (C'). On the

other hand Syt (C’) cannot consist entirely of — squares by our assumption that there is

no vertical connection. Since the sets ©¢f=4+) =1 and 6(4(’2— :h)g:) —1 are not connected,
o —61)L

there must be at least one O-square in Syert(C). Thus K > 57
+

Case (ii). Any — square Cy € DU+)NS(n_) is such that Sieft (Co) contains at least a 0-square.

L
In this case K > S N5 by definition of S(n_).
_l’_

Proof of item 2. Call m the function obtained from m by putting —mg on all squares
connected to those in S (n_) where 5(¢¢~)(m, ) is not identically —1. Then

FL(m) > FL(m) — CJ@_N(s,

where c; > 0 is a constant depending only on J hence by Proposition 7.2 item 2 is proved.

As already remarked items 3 and 4 are self explanatory and the Proposition is therefore

proved.
O

Corollary 7.4. In the same context as in Proposition 7.8 assume in addition that (7.3) is
verified with € = L=2. Then n“)(m, (z,y)) = £1 for all x > 6L — 1 and respectively
< —0L+1.
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Proof. By Proposition 7.3 there are two vertical connections B+ respectively to the right of
& = —BL and to the left of z = 6L where ©(f=+4+)(m,.) = F1. Arguing again by contradic-
tion and referring for definiteness to what happens to the left of B_, if @464 (m, ) £ —1
somewhere on the left of B_, necessarily Q(C’Z—’“)(m, ) = 0 somewhere to the left of
B_. Then by Theorem 5.6 there is ¢ equal to m to the right of B_ (included) with
O(L=L+)(¢),.) = —1 on the left of B_ and such that

Fr(m) 2> FL(y) + a¢*2
The same argument used in the proof of Proposition 7.3 shows then that

Fr(m) > cgL — e~w1/2=02)L | o (242

which leads to a contradiction because Le = L' < ¢1¢2(0_)? — "e™w(1/2=02)L for [, large
enough.
O
Lemma 7.1 and Theorem 7.5 below conclude the proof of Theorem 3.1.
Theorem 7.5. Assume m € ¥, |94] < 0y and that
Fr(m) < LFOD(m) +¢, €< LT000-R+24(5-1)] (7.12)

Then there exists & with || < 6gL + 1 such that

lrg —ml3 < L7,

Proof. To simplify notation we omit also in this proof the superscript “e” to denote extension
t0 Qoo,r.. We distinguish two cases, case 1 is when (7.13) below is satisfied and case 2 when
it is not (we will see that the second case contradicts the assumptions of the theorem and
thus it will not occur). Let 62 be as in Corollary 7.4.

Case 1: There exists || < 61 L such that,

< 730 (7.13)

_ 2
ng o mHLQ(Q@L,L) =

We split the free energy as
FL(m) = FQGQL—I,L (mQ92L—1,L| mQEQL_LL) + FQEQL_LL <mQ§2L_1’L) > (7'14)
where for f,g € L*°(Qr,(—1,1)) and A C Q

Fa) = [osnydreg [ i) - 56 ar

1

Eafle) = Eaf)+g [ i) gl P
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Since |pg(m) — ¢g(m)| < ¢|m — m|, there is a new constant c so that

}FQ92L71,L (mQagLﬂ,L’ mQEQL,LL) - FQ92L71,L (m§1Q92L71,L‘ mﬁlQEQL,LL) ‘
< cLlmg —m|L2(Qp, . 1)

By (7.13) and the exponential convergence of my to its asymptotes, for L large enough,
FQ92L71,L (mQ02L71,L’ ngszl,L) > LF(I)(m) — L
By (7.14) and (7.12)
1)/~ 1)~ —148
LFW(m) + ¢~ LFO(m) + L7 > Fo, , (ma, ) (7.15)

Using again the exponential convergence of mg, there are positive constants ¢ and ¢ so that

_ . _ 7L
Im = meliecas,, ) < llm = sign(@malas,, )+ (7.16)
We postpone the proof that there is a constant ¢ > 0 so that
o c > — si 2
FQezLﬂ,L (ergL—l,L> = c/x|2L021 [m — sign(xz)mp| (7.17)

By (7.13) and (7.16)-(7.17)-(7.15), |lme — m||3 < L7 + L7147 for L large enough. Since
by assumption m € ¥, with |J,| < 6, then, for L large enough, || < 6y + 1 so that the
analysis of Case 1 will be complete once we prove (7.17), which we do next.

By Corollary 7.4, for L sufficiently large, n(¢*~)(m,r) = T1 when 2 < —0,L + 1 and z >
0oL — 1. Using this we are going to prove that for any r € Q3,1 1.,

¢p(m(r)) + 1/Q T (1) [m(r) — ()] dr’ > e(m(r) — mg)? (7.18)

2 Joe
0oL —1,L

which yields (7.17). We consider only x > 0 as the case < 0 is proved in exactly the same
way. To prove (7.18), we first observe that ¢g(xmg) = 0, ¢g(m) > 0 for m ¢ {£mg} and
¢p(m) is strictly convex in +mg. Therefore there exists a constant ¢ > 0 such that

¢p(m) > cmin{|m —mg|*, [m +mg[*}.

Thus if m(r) > 0 the first term on the Lh.s. of (7.18) already yields the bound.
If m(r) < 0 we call JE)(r, 1) = i“" U (e ) dr” " € Qf,p 1, and, by the Lipschitz

T

continuity of J,

/Q 7o) (i) — )" = [

Qb,r-1,L
By Cauchy-Schwartz,

fis (=m0 = (mi) =, 0”2 (s )’

/

T, (mr) - m(r’)>2 el (7.19)

c
0,L—1,L

T T
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which inserted in (7.19) gives

J

because Jh (p o) >
QC
0oL—1,L

> m%/él and (7.18) follows.

2

Jrem () (m(r) — m(r')) > %(mﬁ — () — el

c
05L—1,L

Supposing ¢ small enough, recall £/ < ¢2/2, the r.h.s.

| =

Case 2: The complementary case is when (7.13) does not hold, we will prove that such a
case cannot actually happen. Indeed by Corollary 7.4 and Theorem 5.5 there is a function
equal to m on |z| < 6oL, such that ¢ = fmgon x> L/2—1and z < —L/2+ 1 and

Fr(m) > Fp(y) — ce™*(1/2702)L (7.20)

Calling ¢ the function on Q1 equal to ¢ on @, and to £mg on x < —L/2 and « > L/2,
by Theorem 6.1 we have

FL(w) — FQOO L<¢) > CﬁL + H,glf CL7[2+24(ﬁ71)] ‘m o mg‘? > C,BL + CL7[2+24(,371)]7300
’ |z| <62 L
(7.21)

(7.20)—(7.21) contradict (7.12) for L large.
O

8 Proof of Theorems 3.2 and 3.3

The proof follows the one dimensional analysis in [6], see also [7, 8, 14], and uses some spectral
properties proved in an appendix, Sections 9 and 10.

Recalling that gz, (m) := —m + tanh{3J"°"™ %« m}, the first order term in f in the expansion
of gr(me, + f), €] < L/2, gives
Qerf=—f+per J" x f, per =0 cosh_2{ﬁJne“m *mgL} (8.1)

(the zero order term is however not missing because my 1, is not a critical point unless L = 00).
We will regard here € 1, as an operator on L*(Qp), fix in the sequel r € (0,1) and restrict
to & such that |{| < rL/2. Q¢ is a shorthand for Qg , which is among the operators
Q,, considered in Section 9. Due to the planar symmetry some of its spectral properties just
follow from the d = 1 analysis and are valid for all L large enough, see Subsection 9.1, here we
just mention that the maximal eigenvalue is A¢ ; with eigenvector a strictly positive, planar
function eg¢ 1,(-). In the notation of Subsection 9.1 eigenvalue and eigenfunction are denoted
by A, and e, respectively, where m = mg¢ .
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8.1 Fibers
Following [6], we introduce fibers in the space L>(Qr;[—1,1]), defined as

B&L = {m € LOO(QL; [—1, 1]) M o= Mg + o, ﬂng((ﬁ) = 0} (8.2)
where (e 10)
_ legrdler - 1
mo(0) = AP (e = [ fav) (33)
and call

Beer :={mer+ ¢ €Bep | bl < €}, B’E7§,L ={m € Bee:m(z,y) =m(z,0)} (84)

8.2 Spectral analysis

The crucial property of )¢ r, is invertibility: the inverse Qgi of ()¢ 1, exists and it is a bounded
operator on the space {¢ : m¢ 1.(¢) = 0}, namely on the points of the fiber B¢ ; parameterized
by ¢ = m — mg¢ . More precisely there is a constant x > 0 so that

sup 19 1 dlloo < KL (8.5)
o, 1.(6)=0|6]lo0=1

In d = 1 the bound on the r.h.s. is independent of L, the extension to d = 2 is proved in the
appendix as a direct consequence of Theorem 9.4, see (9.26).

Theorem 8.1. For any r < 1 and all L large enough, the only solution of gr,(m) = 0 with
m € BL_3,§,L7 ’£| S ’I“L/2 18 TATLE

Proof. The analogous property in d = 1 has been proved in a stronger form in [6], thus the
theorem will follow once we show that any solution of gz (m) = 0 in {Bp-s¢ 1, |{| < rL/2} is
necessarily in {B',-s ¢ 1, [§] < rL/2}.

Following Section 4 of [6], we consider the auxiliary equation

gL(m) — T¢,L (gL(m))eg’L =0, me BL—3,§,L (86)

We will prove that any solution of (8.6) is in B’ -3¢, The theorem will then follow because
if gr,(m) = 0 then m satisfies (8.6).
For ¢ as above we define

Re (¢) = gr(me,p + @) — gr(me L) — Qe p¢

By a Taylor expansion to second order, there is ¢ so that

1Re,1.(9)lloo < €ll6®llocs [ Re,L(é1) = Re,n(d2)lloo < c{lld1lloo + I d2]lc0 61 — d2lloc (8.7)

For L large enough, let A¢ 1, be the following operator on Bg r:
Ae1(0) == —Qgi{[gL(mg,L) — me.L(9r.(me 1)) ee,L] + [Re,L(¢) — Wg,L(Rg,L(¢))6§,L]}
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If ¢ is a fixed point of Ag () and ||¢|| < L3, then mg 1, + ¢ solves (8.6).
In [13] it has been proved that there is C so that, for « as in (6.3),

gz (meg,1)lo < Ce 2D
which implies that for L large enough
lgr.(me L) —me,1 (92 (me1))eg oo < Ce™
From (8.5) and (8.7) it then follows that
l¢,£(0)lloo < coL?[Ce™F + L7

Thus, for all L large enough A¢ 1 maps the set Bj-s ¢ into itself. Moreover A¢ ; maps

B} _s ¢, nto itself. By (8.7) and (8.5) we have

| Ae. (1) — Ae,1.(02)]l00 < 8|01 — 2[00, 5 < L,

/
L=3¢,L
¢¢ is in B’L_%’ 1» namely it has planar symmetry. As already remarked, solutions of (8.6)

so that A¢ 1, is a contraction on B3 ¢ ;, and since B is invariant, the unique fixed point
are fixed points of A¢ 1. We have thus shown that solutions of (8.6) have planar symmetry,

which, as argued before, proves the theorem.
O

8.3 Proof of Theorem 3.2

Let m, L and € as in Theorem 3.2. Since the function ¢t — «(t), a(t) = Ti(m), t >0, is

continuous and since [J, ()| < b, either there is a time t* > 0 when |19a(t*)L] = fp or else any
limit point m* (in L) of T;(m) is in X, with |9,] < 6p.

Being a limit point, m* is stationary and by lower semi-continuity, Fr(m*) < Fr(m) <
LFS)(mL) + €. Since € < €y(L), by Theorem 3.1 there is £, [£] < 6pL + 1, so that |m* —
me L2 < L7190, Since m* is stationary its derivative is bounded hence there is a constant ¢
so that

|2)2/3 < C(L—IOO)2/3 (88)

[m* — e Llloo < c(|lm* —me

We omit the proof that if ||m — m¢ 1|l < ¢, ¢ small enough, then m is in a fiber B 1, with
|€" — &] < ¢¢, which is analogous to its d = 1 version proved in [6]. Using such a statement
by (8.8) for L large enough m € By-s¢ y, [§'| < rL/2, r < 1 and by Theorem 8.1 we then
conclude that m* = m$. Theorem 3.2 is proved.

8.4 Proof of Theorem 3.3

By symmetry we may restrict to m € ¥, with J, = —6y. By assumption |[m — mg¢ |2 <

L~199; we are going to show that for L large enough,

|~ — 5 < 1710 (8.9)
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4L—100

2 and

Indeed, ||m - mg’LHl < 4Hm - mg’LHQ < 4L_100, so that |][ m — ][ mS’L‘ <
QL QL
(8.9) follows for L large enough because ][ m = «, ¥, = —0y and using (6.3).
QL

Theorem 8.2. For any e andr € (0,1) there is L(e,r) so that for all L > L(e,r) the following

holds. Let m € L(Qr) be such that there is & € (—%, —I£) so that |m —mey 1] < €, then

lim || T3(m) — m™¥|joo = 0 (8.10)
t—o0
Proof. By assumption
m(x,y) > me,(z) — 2, for all (z,y) € QL

In Proposition 8.2, Theorem 8.3 and Proposition 8.4 of [4] it has been proved that for L large
(how large depending on € and r) Ty (g, — 2¢) converges to m™. Thus (8.10) follows from
the comparison theorem.

O

By Lemmas 6.4 and 6.5,

2/3
ITm) = ie.rloe < 267 +c([e™ + 2 jm — e, o)

Choosing t suitably large (independently of L) the r.h.s. becomes < e and by (8.9), T3(m)
satisfies the assumption of Theorem 8.2 with » < 6y and L large enough. Then Theorem

3.3 follows from Theorem 8.2, noticing that convergence in L*°(Qr) implies convergence in
L?*(Q1), because Qy, is bounded.

APPENDIX

9 Spectral estimates, sup norms

The analysis in this appendix refers to functions on the square ()7, and on the channel Q« 1,
in the latter case we will consider only one function, the instanton m¢. For brevity we call
planar a function or a kernel where the dependence on the point 7 is only via its x coordinate
T=r-e;.

Definition. The set M, consists of the instanton m® € L>(Qoo,1, (—1,1)) and of the family

of planar functions m € L*(Qp,[—1,1]) which are in either one of the following two classes
(r below a fixed number in (0, 1)):
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rL

b m&,La |£| < ?

o |m —1m|w < €e(L), (L) > 0 a small number which will be fixed later.

9.1 Maximal eigenvalue and eigenvector

We call A,,, m € M, the operator on L>(Q) or L*(Q,,) if m = m®, whose kernel is
A (r,7") = pn(r) T ()7 (9.1)

If m = mg, then p,, = cosh™2{BJ""™ x m}, otherwise p, = B(1 — m?). If m = m® or

m = m§ the two expressions coincide. The different choices are due to different applications,

e.g. if we linearize around the flow T;(m) or Si(m).

In [13] it is proved that given r € [0,1) there are L, and €(L) so that for all L > L, and any
m € My, there are \,, > 0 and e,, so that, with s,, = p..len,,

/Am(r, em(r)dr' = Apem(r), /sm(r)Am(r, rdr’ = Amsm(r") (9.2)

em is a strictly positive, smooth planar function in L*°(Q) that we normalize so that

/smem = /e?np;bl = <em76m>m =1 (9'3)

Am 18 an eigenvalue of A,, with strictly positive right and left eigenvectors, e, and s,
in agreement with the Perron-Frobenius theorem which is indeed behind the proof of the
above statements. The function el (x) on [-L/2,L/2] or R for the instanton, defined by
x — en(r),r e = z, is the eigenvector for the d = 1 problem with interaction j as in
(2.2), however feﬁ,{)(a:)%x = L7! due to (9.3). In the case m = m®, A\, = 1 and e, (r) =
e/ (r - e1)/vVL, ¢ a normalization independent of L.

The above statements are verified in a large class of functions m, those which follow are
instead more restrictive. All bounds below are uniform in M, but we keep reference to the
specific m € My, for future applications.

e There are ¢; > 0 and o/, > 0 so that

1—cpe20ml <\, <1+4cpe20ml (9.4)

e For each m € My, define z, as xp, = 0 if m = m¢, x,, = § if m = m¢  and 2, = 0 for
the remaining m. Then there are s > 0 and 6 < 1 so that

pm(r) <6, |r-er—xp|>s (9.5)
and there are a,, > 0, aj, > 0 and ¢ so that
em(r) < £ emomlrer=aml o ()71 < o/ e@mlrer—om (9.6)

VL
o We will also use that there is a constant ¢ so that
P oo < ¢ (9.7)

e As mentioned, all the previous bounds are uniform in My, by suitably resetting the
coefficients.
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9.2 Reduction to Markov chains

Let K, be the Markov operator whose transition probability kernel is
Ap(r, ) em (1)
Am€m/(T)

Since A%/(r,7") = em ()AL K™ (r,7")en (r')~! we will derive bounds on A?, and consequently
on the spectrum of A,, and of €2, := A,, — 1 from properties of K},. The important point of
the transformation (9.8) is that K, is a Perron-Frobenius Markov kernel to which the high
temperature Dobrushin techniques apply.

Calling z =7 -e; and y = r - eg we can write K,,(r,7’) as

K (r,7") = Po(x,2")qu 2 (v, y') (9.9)

where, relative to the measure K,,(r,7")dr’, Py, (x,2’) is the marginal distribution of 2’ and
4z, (Y, ') is the conditional distribution of ¢ given 2’ (to simplify notation we drop sometimes
the suffix m). The explicit expression of P, (z, ) is

Km(r7 T/) =

(9.8)

pm(x)jneum(:p’ :L")em(x’)

P (z,7') = 9.10
where j(z,2') is defined in (2.2) and e,,(z) = en(x,y) (recall that e, (r) is planar). (9.10)
is (9.8) in the d = 1 case with interaction j(x,2’). Notice that due to the planar symmetry
assumption the marginal P,,(z,z") does not depend on the y coordinate of r. In the sequel

we will consider the probability density

J((x,0), (2", 2))
j(z,a’)

on R noticing that the variable y’ := y+z modulo reflections at £nL/2 has the law gy ./ (v, y')

and sometimes, by an abuse of notation, we will write g, ./ (2) for ¢z ./ (y, ')

Gz, (2) = (9.11)

9.3 One dimensional results

To study the dependence on the initial point r of the Markov chain with transition probability
kernel K, (r, ") we will use couplings (for brevity we may shorthand x = r-e; and y = r-e2).
We first recall some one dimensional results proved in [13]. Call

WOz, 2] = [wm () + win ()] Lpzey,  wm(z) = em(z) ™! (9.12)

em and m € My, below regarded as functions of x.

Theorem 9.1. There are ¢ and w1V positive and for any (xo,x}) € [-L/2,L/2]* (or R?)
a process on ([—L/2,L/2]*)N (or (R?)N) whose expectation is denoted by Eii?% so that its
marginal distributions are the Markov chains with transition probability (9.10) and, for any
L large enough and n > 1,

g (W<1>[x<n),x’(n)]) < WD [z(0), 2/ (0)]e=n (9.13)

/
20,

Moreover if for some n, x(n) = a'(n) then z(n+ k) = 2'(n + k) for all k > 0.
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9.4 Couplings and Wasserstein distance

For any (ro, 7)) € Qr X QL (or Qo1 X Qoo if m = m®) we define a process {r(n), ' (n),n €
N}, 7(0) = 7o, r'(0) = r(, with values on Qr, X Qr (or Quo,1, X Qoo 1) as follows.

The marginal distribution of {z(n),z'(n),n € N} is set equal to the law Pii?x,
defined in Theorem 9.1. ’

To complete the definition we must give the law of {y(n),y'(n),n € N} conditioned on the
trajectory

of the process

(gv Ql) = {(m(n),x’(n)),n € N}a

which we consider in the sequel as fixed. Define then ng, n; € NU {400} as
no :=inf{n € N: x(ng) = 2'(ng)}, n1:=inf{n € N: n >ng and |y(n) —y'(n)| < 1},

where the infimum over the empty set is defined as +o00. This means that ng is the first time
when the x-coordinates couple, and ny is the first time at which the y-coordinates get close
after the z-coordinates have coupled.

For n < ny, y(n) and y'(n) are independent of each other and distributed with the law of the
Markov chain with transition probability (9.11) which starts respectively from yy and yj.

If n1 < oo the conditional law of {y(n),y'(n),n € [n1,n1 + kol}, ko as in Lemma 9.2 below,
given y(n1),y'(n1) is II, II the probability in Lemma 9.2 below.

If y(n1 + ko) = ¢'(n1 + ko), ¥'(n) = y(n) for n > ny + ko with y(n) having the law of the
Markov chain with transition probability (9.11).

If instead y(ni + ko) # y'(n1 + ko) we repeat the previous procedure with ng replaced by
ny + ko and so forth.

Lemma 9.2. There are my and ko positive and for any (vo,y, X), lvo —yy] < 1, X =
(0, s Tiy), @ probability T = I, v x) on [—L/2, L/2]F0t! x [—L/2, L/2]Ft such that the
marginal distributions of y(-) and y'(+) are the Markov chains with transition probability (9.11)
starting from yo and y; and (52)?% below as in Theorem 9.1),

5(1)x6 (Hwo,ya,X)({y(ko) = y’(ko)})) > 7 (9.14)

Zo,

The lemma follows easily from the smoothness properties of the transition kernel, its proof
is just as in its one dimensional version in [13] and it is omitted.

We call P, the joint law of {r(n),r'(n),n € N} as defined above and denote by &, .

expectation w.r.t. P ,s. P, is a coupling of the Markov chains starting from r¢ and 7,
and with transition probability K,,. Indeed, for any f € L>(Qr) or f € L*(Qoo,1.), and any
n>1,

Ergry (f(r(n)) = 0 K (ro, ) f(r), & (f(r'(n)) = 0 K (rg,m) f(r) (9.15)

Recalling (9.12) we define a distance Wr,r'], on Qr X Qr, or on Qoo 1, X Qoo,1, 88

Wr, '] = [wa(r) + wa ()] 1y = WO, /],  wi(r) == en(r)™  (9.16)
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(z =r- e above) and call

Rn,m,ré = 57"0,7‘6 (W[(T(n)7 T/(n)]) (917)

Ry o is an upper bound for the Wasserstein distance between K7, (ro,-) and K7 (g, )
relative to the distance (9.16).

Theorem 9.3. There are positive constants L*, ¢ and w so that for any of the above chains
and any L > L*, n > 1:

R < ce_(“’/Lz)”W[rg, 0] (9.18)

!
M,T0,T(

The proof of Theorem 9.3, which is postponed, uses Theorem 9.1 to reduce to the case
when x(-) = 2/(-). Then the y coordinates (regarded on the whole axis and then reduced to
[—L/2,L/2] by reflections) perform independent random walks with increments having the
same law (which depends on z) till when they get at distance < 1. By Lemma 9.2 they couple
after a time kg with probability mg > 0 and the proof of Theorem 9.3 will then be concluded
with an estimate of the probability of the time when two independent walks get closer than 1.
We will see that such a probability is positive independently of L and of the starting points
provided the time is proportional to L? (recall that the 3 coordinates are defined modulo
reflections at £nL/2).

9.5 L* bounds

The Markov chain K, has an invariant probability measure p(r)dr (recall the normalization
of e, and s, in Subsection 9.1)

p(r) = sm(r)em(r) = em(r)*pm(r) ™, /M(T)Km(ﬂ r)dr = p(r') (9.19)

Let ¢ € L*>®(Qr) and u = Yw,,. By the invariance of p,

/K%(To,r')[U(T’) = p(u)]dr’ = /u(ré)gro,rg (u(r(n)) — u(r'(n)))drg (9.20)

We write u(r) — u(r') = wfﬁi) W (1) — wiiz;)l)wm(r/), @ = u — p(u) where, by an abuse of
notation, u(u) = [ p(r)u(r)dr. Thus
u(r) — u()] < | oWV (0.21)
Hence by (9.18)
[ ot = )] < 2 lee™ /2 (o) + C) (9.22)
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The term with C” is obtained by writing /wm(r),u(r) = /emp;ll which, by (9.6) and (9.7),

is bounded. Moreover, recalling that u = Yw,,

O~ 50), B = = el b (9.25)
By (9.22) and (9.8),
| [ A0 007)] < emlro) [ cihme™ P (wmlr) +. €Y} (0:20

which using (9.6) proves:

Theorem 9.4. There are positive constants L*, ¢ and w so that for any of the above chains,
any L > L* n>1 and any ¢ such that (1, €m)m = 0,

1A |00 < € Pme™ @I o (9.25)

where ¢ = ¢ [1+C'||emlloc] and for any t > 0, (recalling that Qp, = Ay, — 1)

) © e
‘|6QMt¢||oo <e tCl|QzZ)’<>OZ(n|) (w/2L )t||¢||oo (926)
n=0 ’

The last bound follows for L large enough by bounding —1 + Aje™® < |\, — 1| + 7% =1,
e™® —1< —3x/4 (z > 0 small enough), |\, — 1| < w/(4L?), by (9.4) for L large enough.

9.6 A preliminary lemma

In the proof of Theorem 9.3 and in Section 10 as well we will use Lemma 9.5 below. With
reference to (9.6), define for m € M,

Wnia (r) = w(r)e?l e =ml - a >0 (9.27)

kpm(n,r) :=min{n, (|r-e1 — x| — (s + 1))1|r-el—xm\—(s+1)>0}7 (9.28)

where s is as in (9.5).

Lemma 9.5. Let 6 be as in (9.5). Then there exist positive constants L*, ag, ¢ and §; € (9, 1)
such that for any 0 < a < ag and L* > L the following holds. If m € My, then for anyn > 1

/ K (7,7 Ywmsa (r')dr' < 6P 0 (r) (9.29)

All the above coefficients can be taken uniformly in m € Mp,.
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Proof. Call x = r - ey and Py(r,7") = K (r,7")1);_5, |>s and = 0 otherwise; let E,. be the
expectation of the Markov process with transition probability K, starting from r so that

/ K" (r, 1w () dr’ = E, (wm;a(r(n)))

We decompose the expectation on the r.h.s. by using the sets Ay = {r(*) : [x(0) — z,| < s},

Ay = {r(-) w(t) —am| > 8, t=0,.0k—1; |z(k) — zm| < s}, k> 1
By = {r(.) z(t) — | > 5, t=hyn; |z(h—1) — 2| < 5}, h>1
Cp = {r(-) a(t) — 2| > 5,8 =0, n} Dy = {r(-) Nz (n) — zm| < s}

Then,
/K,’;‘L(r, r’)wm;a(r’)dr’ = /Pg(r, r/)wm;a(r’)dr’

+ Z /Psk(rv r0)1|azo—xm\§sETo (1|7‘(h—k—1)'61—1‘m‘Ssqbn—h(r(h‘ - k)))d’l“o (930)
n>h>k

where ¢;(r) := /Pé(r, 7 Wimsa (r")dr’ for 1 € N. By (9.8), (9.5) and (9.7) there is ¢ so that

/Pé(r, r/)wm;a(r’)dr’ < c[)\,;leaé]lwm;a(r) (9.31)

because |z’ — x| < I. By (9.4) for L large and a small enough A\ 'e?§ =: §; < 1. Note that
only for k > ky,(r,n) the corresponding terms in (9.30) are nonzero, hence

/K};(T, ) Wisa (r")dr’ < c Z 5]f+"7hwm;a(r),
n>h>kp (r,n)

and (9.29) then follows. By the last item in Subsection 9.1 all coefficients in the above bounds
can be chosen uniformly in m € M, so that the proof of the lemma is complete.

O
9.7 Proof of Theorem 9.3
Given n call ng the integer part of n/2 and shorthand &, = (r(n),7’(n)). Then
Eeo (WEnl) = Eeo (Eeug (WIERD) { Ly, + Long=ary }) (9.32)

When @, # 2}, we bound W (&,] < wy, (2(n))+wm (2'(n)), namely we drop the characteristic
function that r(n) # 7’(n) so that the expectations relative to r(-) and 7/(-) uncouple. Then
by Lemma 9.5 with a = 0, &, (W[fn])lxno#xélo < CW(I)[l'nO, ], hence by Theorem 9.1
—n
Eeo (Eeny WlEnl) Ly s, ) < CWoe ™™ (9.33)
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To bound &, (W[&]) with @, = 2],, we recall from Theorem 9.1 and the definition of P,
that x(i) = 2/(4) for all i > ng, so that

Wgnl = 2wm(z(n)) 1y, 2y, (9.34)

We distinguish two cases:
First case, |xo — xpm| > n.
We bound W¢,] < 2wy, (xz(n)) and get

Ee, (5% (Wn]) Loy s, O) < 2B, (wm(r(n))> < 6T wm (7o) (9.35)

having used Lemma 9.5 with @ = 0 and with ¢ above a suitable constant.

Second case, |xy — x| < n.
To decouple z from (y,%’) we use Holder. Let p~! + ¢~! = 1 then, supposing (for instance)
Wiy (T0) < Wi ()

o (Eery (WIED) Ley—st, ) < 20y (wi(rm)?) Py (1) = 2/ (n0): ) # /() )

(9.36)
We use the second inequality in (9.6) to write

win(r)? < [(eV/L)eml =Pt e 1) = (VLY wma(r), = ag(p— 1) (9.37)

Taking p — 1 > 0 small enough we can apply Lemma 9.5 and recalling that |zg — x| < n we
get

Eyy (wn(a(m)) < ¢ (VI wmsa(ro)0F0 " < (VIR (o) (9.389)
The last inequality is valid for p — 1 > 0 small enough. Then

{Bn (wnem)r) }Up < C(VL)' ™MPwp(ro)em (o) ™7 < Clwm (ro) (9.39)

having used the first inequality in (9.6).

Conclusions.
In the first case, |xg — x| > n, the bound (9.35) concludes the proof, while in the second

case we need to prove that Py, <{x(n0) =1a'(ng);y(n) # y’(n)}) is exponentially small, which

is done in the next subsection.

9.8 Coupling the y coordinates

In this subsection we suppose 19 = (zo,%0) and ry = (x¢,y,), namely that the initial =
coordinates are the same. This is indeed what happens at time ng in the case we have to
study and, to simplify notation, we have just reset time ng equal to 0. We will prove that at
a time c¢L? the y coordinates are the same with probability not smaller than a number 7 > 0,
uniformly in & and L. By iteration this will prove that (shorthanding & = (7o, 7))

Pe, ({y(n) £/ ()}) < (1 = m)e™/ (9.40)
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which inserted in (9.36) will conclude the proof of (9.18). Let
7 =inf{n € N:|y(n) —y'(n)| <1} (9.41)

We will prove that

Proposition 9.6. There are k1 > 0 and m > 0 so that

inf P, ({T < kL }) > (9.42)

xo ,yo,yo

Proposition 9.6 and Lemma 9.2 prove (9.40) with 7 = mym; and cL? > ko + k1 L?. In the
sequel we will prove Proposition 9.6. Since y(n) and y/(n) are independent of each other
till 7, we may as well and will in the sequel consider P¢, defined so that y(n) and y'(n) are
independent of each other at all times. Shorthand

Zn = [y (n) = y'(0)] = [y(n) — y(0)]
and call

o= inf/P(x,m')qux/(z)ZQ dr'dz >0

e
Positivity follows because there is ¢ so that — < cfor any |[(r' — 1) -e1| < 2, see [13].

Lemma 9.7. There is ¢ so that for any n > 1 for any & with o = xj,

e (Zn) =0, <5‘Eo( ) >20m, &, (Zfz) < cn’ (9.43)

Proof. We write z,, = Z,—Z,_1,n > 1,s0that Z,, = 21+ - -+z,. For any k,n with k < n and
any measurable function f on R, using that J(0,7) depends on |r| and ¢,/ (2) = ¢z../(—2),

Eeo (f(zr)2n) = &, (f(zk) /(U’ - u)qxn_l,x(u)qxn_l,x(u’)P(xn_l,x)dudu’dm)
=0

hence the first equality in (9.43) after setting f = 1. Analogously, recalling also the definition
of o,

6 (2) = Enuey ([0 = 0001001, 0 Pl1,5) i )

=&, ( /(u'2 + ) e,y o(W) e, o 2 (W)P(2p_1, :U)dudu'(h) > 20

hence the lower bound in (9.43). The upper bound in (9.43) is derived by noticing that by
symmetry

550 550(22’]—!-12 Z Zz)<cn

i<n 1<j<n
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Proof of Proposition 9.6.
We have {T < n} D {|Z,| > L,sign(Z,) # sign(y’'(0) — y(0))} because y'(k) — y(k) jumps at
most by 2. By symmetry,

. . 1
Pfo (|Zn| > L, Slgn(Zn) 7& Slgn(?/é) - yO)) = §P§0(‘Zn’ > L)
so that
1
Pﬁo (T < n) 2 §P€o(|Zn| > L)

We have ) ) )
Eeo(Zy) = Eeo(Zp112,<) + Eeo(Z31 2, 151)

< L%+ € () *Pe, (12| > L)'V?
Moreover, using (9.43) and the choice of on, we obtain that for n > L?0~!

20n — L2 o

2y 220 72 o O
P§0(|Zn|>L) Z (Cn2)1/2 2 \/67

hence (9.42).

10 Spectral gap

We regard here Q,, = A,, —1, m € My, as an operator on the weighted L2-spaces
L*(Qpr,pytdr) or on L?(Qoo 1, p~1dr) if m = m€ and denote by (-, -),, the scalar product. On
such spaces €2, is self-adjoint, it has eigenvalue \,, — 1 with eigenvector the planar function
em- We will prove here that:

Theorem 10.1. There is a > 0 so that for all L large enough,
<fa me>m a

sup -

Flfomim=o  f Flm = L% (10.1)

A crucial point in the proof of Theorem 10.1, which is given in the remaining of this section,
is that the operator €2, is self-adjoint. The mere existence of a spectral gap then follows
from Weyl’s theorem by the same argument used in [16] for the d = 1 case. The argument
is however abstract and does not allow to determine the dependence on L of the spectral
gap. Notice on the other hand that for the Allen-Cahn equation m; = Am — V/(m) the
question trivializes because the linearized operator is a sum of two commuting operators,

d2 d2

{ﬁ —V"(m(x))} + 020 50 that it is the non local nature of the interaction which is behind
x

all difficulties we find here.
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Notation. To simplify notation we fix m € My, and shorthand (-,-) for (-,),,. We call M
the self adjoint operator equal to A,, on {f : (f,emn) = 0}, while Me,, = 0. We denote by

||M|| its norm:
CnMpl 1, Anf)]
M=o = ™ () (102

Lemma 10.2. If there is a > 0 so that for all L large enough,

2a
log [ M| < =75 (10.3)
then (10.1) holds.
Proof. 1f (10.3) holds, then
(f, (Am —1)f) —2a/L? a
sup 0 < 14| M| < -1+e " < ——
fi{f,em)=0 <f> f> L?
for L large enough.
O
To bound log || M || we use the spectral theorem:
Proposition 10.3.
1 MQn
log ||M]| = sup  liminf — log {H} (10.4)
S0, floc<o0 MO0 20 (f,.1)

Equality holds with limsup as well.

Proof. (10.4) is a direct consequence of the spectral theorem for self-adjoint operators, as we
are going to see. Let (f, f) =1 and n even. Since (f, M"™f) < ||M|",

1
limsup2—log<f, M?"f) <log || M]|| (10.5)

n—oo 4N

For the reverse inequality we use the spectral theorem to say that for any 0 < A < ||M]| there
is a non zero orthogonal projection P, which commutes with M and such that for any n > 1,
M* Py, > A\ Py. Since L™ is dense in L2, given any 0 < A\ < ||M]|| there are f and R such
that || flleoc < R and Pyf # 0. Then writing f in (f, M*"f) as f = Pxf + (1 — Py)f and
expanding,

(f, M*"f) > (Pf, M*"Pyf) > N*™(Pyf, Pnf), (Pyf,Prf) >0,

the first inequality using that M and P, commute, so that the mixed terms vanish. Hence

1
sup liminf — log(f, M*"f) > log A
S D=L flloe<oo T 200
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thus

1
sup liminf — log(f, M*" f),, > log || M]||
FUER=1]fllo<oo M0 210

which, together with (10.5), yields (10.4).

Proof of (10.3).
We consider f such that (f,e,) =0, (f, f) =1 and ||f|lc < R and we look for upper bounds

on (f,M™f), n even. We define g = f/e,,. Recalling (9.19), /gu = (f,em) =0. By (9.8)
and shorthanding K for K,,,

NP M f) = / gl gl dr = / o(r)g (K™ (") — p(r")] di’ u(r)dr
— / 9P g ()K" (r,v7) — K™ (" Y] (") di”di () e

where we have used the invariance of u with respect to K, see (9.19). Calling Q. , (dr,dr’)

o
the distribution of (r(n),7’(n)) of the Markov chain with law P, defined in Subsection 9.4

we have

/ g K™ (r,1") — K™ )]’ = / (9(r1) — 9(r2)] @ (dridrs).  (10.6)

With such notation,

oM f M) = / 9(")lg(r) — g(r2)] QP (drdra) (") dr” ()

With reference to (9.5)-(9.6), we split the domain of integration into the two sets {|x — x| <
n,|z” — x| < n} and its complement, denoting by z and z” the z coordinates of r and r”.
We call

= 9(r)lg(r1) — 9(r2)] Qo (dradra)u(r”) dr"pu(r)dr (10.7)
{lz—zm|<n,|2"”’ —zm|<n}

Recalling that g = f/em, || flloo < R and with W defined in (9.16), proceeding as in (9.21),

I< RQ/ 7W[7”1,7“2] Q. (dridry)u(r™) dr” u(r)dr
{lz—zm|<n,|z"" —zm|<n} 6m(7’) ’

2
< CRQe_(“/LZ)"/ Wi, (r") dr” u(r)dr

W
{lo—am|<n fo"~om|<n} Em(7)
where we have used (9.18). By the definition of Wr, "] we have for r # r”

Wir,"] 1 N 1
em(r) e (r)  em(r)em(r)




hence

" 2
/ Wir. | w(r™) dr” p(r)dr < / ptdr + [/ empmldr]
{lo—zm|<nlo—@m|<n}  €m(T) {lo—zm|<n}

By (9.6) and (9.7), /em < V'L, so that for a suitable constant ¢

I < cR%e~ /Py (10.8)
Note that in the case ();, the better bound
<f; Mnf> < CRZef(w/LQ)nL2

follows directly form the spectral gap in L™, see (9.25). For the channel @, however, the
entire analysis presented in this section is necessary.

We will see below that all other contributions to A, (f, M™ f) are smaller (for L large enough).
In the complement of {|x — x,,| < n,|z” — x| < n} we use (10.6) backwards to rewrite the
integrals in terms of g(r")[K™(r,7") — K™(r",r")]. We will not exploit the minus sign and
bound separately the two terms in the difference. We start with the term

Z ::/ g(M)g(r YK (r,r") p(r”) dr” dr’ p(r)dr
{|lz—zm|>n;|x" —2m|<n}

< / lg(r)g(r")| K™ (r,r") dr' u(r)dr =: Z (10.9)
{lz—am|>n}

Call K (r,r") = K(r,7') if |z — 2,,| > s and 0 otherwise. Then Z = Z Zp,, where
h=0

Zo = / (g g () K2 (r, ") di () dr
{lz—zm|>n}
(10.10)

Zp = / lg(r)g(r) K, #) K (7 ") di i ()
{lz—zm|>n,|x" —zm|<s}

To bound Zy we use (9.5) to write

em(r")

Ky(r,r') < 5Jneum(r,r/)7)\ e ()

and get, with [[f]3 = / 7,

Zy < A8 / ) F (TP () i dre
< [IFII3A5" 8" (10.11)
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Zn <R oI " ) < P [
{lz—zm|>n,|z" —zm|<s} {le—am|>n}
Yp = sup /em(x')lKh(r”,r’)dr' <L
|z —2m|<s

em(r)

(10.12)

The last inequality follows from Lemma 9.5 and (9.6), with ¢ = ¢(s) a constant independent

of h. By (9.6),

sup /em(r) < cv/Le(@m/2)n

|[z—2m|>n
so that Z;, < ¢cR2Le~(@m/2)n Tn conclusion, there is ¢ so that
Z < c(u FIZAme™ + nRZLe_(am/2)”>
The next term we examine is
b= | 9 g (07 ) ") e ()
{lz—zm|>n;|2" —2m|<n}
N (0l /
< cRQ\FLe—(O‘m/?)"/ K@l ’/T ) w(r”) dr” dr’
{la" —xm|<n} 6m($ )

< cRQ\/Ee_(O"”/Q)”/M(r/) dr' < d R2Le~(@m/2n
- em(z’) —

where we have used (10.13).

The next term is

C:= lg(r)g(r) K™ (r",2") p(r") dr”dr’ () dr
{lz—zm|<n;|z" —zm|>n}
which is equal to Z, see (10.9). The next one is
D= 9() g (1) (") dn”dr’a(r)
{lz—zm|<ns|z" —zm|>n}
which is equal to B, see (10.15). The last two terms are G and H :
= 9()g I (1) (") dn”dr’ ()

{lz—zm|>n;|z" —zm|>n}

< ce2amn /{ - lg(r)g(r)| K™ (r, ) dr' u(r)dr = ce=29m"Z

where Z is defined in (10.9). By (10.13) and (9.19),

H = J9(r)g I () ") e ()

{lz—zm|>ns|2" —2m|>n}

< cR2YTe(m/2n [ K001

em(r')
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,u(r”) dr" dr’ < CIRQLe—(am/2)n

(10.13)

(10.14)

(10.15)



In conclusion we have proved that there is a constant ¢ so that
(f, M) < eA™, (R%*WLQ)%L FIFIPAS™ + (0 + 1)R2Le*(am/2>") .

Hence for L large enough,

. 1 w
lim sup 5~ log(f, M2 f) <logAm = +3

which by (9.4) yields and Proposition 10.3 yields (10.3).

11 Extension to d > 2

While the paper is written for a strictly two dimensional system most of the arguments are
not really two dimensional. We will sketch here the proof of the extension to d = 3 and see
what is missing in d > 3. Thus we call Q, = [~L/2, L/2]¢ with the cost of tunneling still
denoted by Py.

Theorem 11.1. In d = 3 for L large enough P, = L2F£1)(mL) and (2.21)-(2.22) are also
valid.

Sketch of proof. The dimensional restriction to d = 3 comes uniquely from the limit Wulff
problem as the isoperimetric inequality below is proved only in d = 3. The remaining parts
of the proof work instead also in d > 3.

The obvious analogy of (5.1) is,

Wa,L = mﬁl{a:: 1 >L9.} — mﬁl{zrz r1<Lia}>

and N5 1, is defined as in (7.2).

As in the two-dimensional case, the first step consists in showing that any minimizing path
has to pass through a small neighborhood of W, 1 for « sufficiently small. This is a direct
consequence of the 3-d version of the limit Wulff-problem (2.14). Indeed, Proposition 2.1
holds in three dimensions as well:

11.1 TIsoperimetric problem in d = 3.

For 6 = 0 the solution to the isoperimetric problem in the unit three dimensional cube @
has the boundary which is parallel to one of the planes parallel to the faces of the cube, see
Corollary 2 of [29]. On the other hand, for any 6 € (0,1) the solutions to the isoperimetric
problem in @1 belongs to one of the five types described in Figure 9 of [29].
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We claim that there exists e > 0 such that the solution Ey with 6 € (—e¢, €) having volume
1/2 — 6 is such that @1 N JEy is contained in plane parallel to a coordinate plane.

Assume now by contradiction that there exists a sequence (6,,) C (0, 1) converging to 1/2 such
that Q1 N OEp, is not contained in a plane parallel to a coordinate plane. Then Ej, belongs
to one of the four remaining types listed in [29]. Passing to a (not relabeled) subsequence
if necessary, by the compactness theorem of bounded variation functions with uniformly
bounded BV norm, it follows that the sequence (Ep, ) converges in L'(Q1) to a finite perimeter
set F as n — 400, the boundary of which cannot be contained in a plane parallel to a
coordinate plane.

11.2 Couplings and Wasserstein distance

We refer here to Subsection 9.4 (with same title) where we have defined the coupling used in
the proof of the spectral estimates and which must be modified in d > 2. Call z;,7 =1, ..,d,
the coordinates, x1 the one in the direction of the channel, x;,7 > 1 the transversal ones.
The coupling is then defined iteratively so that once x; = 2, j < k — 1, they stay together
while the other coordinates move independently till when the zj = z} and so on. Thus at
each step the requirement is that two one dimensional walks meet with each other and the
estimate is then the same as in Section 9. The remaining analysis of the spectral estimates
is essentially independent of the dimensions, details are omitted.

11.3 The Bodineau-loffe argument.

As a direct consequence of the Wulff estimate above we obtain Proposition 7.1. The next step
consists in passing to the problem in the channel by finding vertical connections (which are
now hyperplanes instead of stripes) close to the sides of the cube. In other words, we have to
show that the interface is “flat” even on the mesoscopic scale, or, again phrased differently,
that fingers do not grow too far. We sketch the proof for any dimension d > 2.
Define

S(n) := [nly, (n+1)04) x [=L/2,L/2)""",

then we immediately obtain from the proof of Proposition 7.2 that for any m € N, there
are ny € Z7 such that ©(C4=+) (m, ) # +1 in at most

o erd—1 Oy
Nj := L ((91 — 00)@“") (11.1)

hypercubes of D“+) inside S(n+). The constant ¢ depends only on the dimension.
Let us now explain what we mean by a vertical connection (Definition 5.2) in higher dimen-
sions.

Definition 11.2. A vertical connection B is a D) -measurable connected set such that for
any (y2,...,ya) € [—L/2,L/2] there exists x € [—L/2,L/2] such that (z,y2,...,yn) € B.

In particular the union of all cubes with sidelength ¢ touching a given hyperplane normal
to the zi-axis is a vertical connection.
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Figure 3: We depict -for simplicity in a two-dimensional setting- the plus-squares (white), the minus-
and zero-squares (dark), the slices A(7), S(n4) and, in gray color, the set H(%).

Now we show that Proposition 7.2 can be extended to higher dimensions.
Let us prove the existence of the positive connection B, the existence of B_ being similar.
To proceed we need the following definitions, see also Figure 3:

A@) == {z: x€fity,(i+1D))INQL
HG) = A@{)Nn{z: &~ (m, z) e {0,-1}}
fG) = [H(@)

Proof. Case 1: Let My = EjrlL/2 be the number of slices in the right half of the cube.
Assume that there exists ig € {n,..., M} such that

My,

flio) < oG (f(5)) o, (11.2)

Jj=to

where Cj is a constant to be specified later, which depends only on J, # and the dimension.
We show the existence of a connection B by contradiction, i.e. if there is no connection, then
we can construct a function mg such that a connection exist for mg and F(m) > F(mg) + €
for some €’ > 0. Then we derive the desired contradiction as in the 2d-case.

The function mso is constructed in two steps. First, we obtain a function m; but “cutting”
the contour in the most naive way at level ig : Define my(z) := mg for x € H(ig) and
mi(x) = m(x) elsewhere. Then there is a ¢; depending only on 3, J and the dimension such
that

Fr(m1) < Fr(m) + c1 f (i)

my has the property that the sets {2 : 21 > £1ig and O~ (m, z) € {0, ~1}} and A(n4)
are not connected.
Then we can apply Theorem 5.6 and conclude that there exists mo such that ms = m on
{z1 < lyins} and

Fr(ma) < Fr(my) — caC*(0-)*No < Fr(m) + f(io)erT " — ea*(£-)*No,
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where Ny denotes the number of zero-cubes in {z : (ip + 1)¢+ <21 < (M}
It remains to estimate No. Note that by definition of contours the boundary of (J;,, H(j) is
a union of 0-cubes, hence

No > (2de=1)71 > " HNOP[H())),

J>io0

where H?%! is the (d-1)-dimensional Hausdorff measure, and P[(z1,...,2,)] = (z2,...,2n)
is the projection on the plane {z; = 0}. By the isoperimetric inequality,

HEYOPIH())) > ca PG = ca 1 f(5)

where c4_; is the isoperimetric constant in the interior of [0, L]9~!. (Note that the isoperi-
metric inequality holds because we may assume that |f(5)| < (1/2)L%! for all 49 < j < M7,

or Ny ~ M7y, /4 follows immediately for ¢ sufficiently small.)

d—1
Therefore, if (11.2) holds, then Ny > (ﬁ%ﬂio)’ and

F(m) — F(mz) > f(io)t5" (1 — 2des/(ca-1Co)) > af (io),

were we can require « > 0 for an appropriate choice of Cy. Note that we may assume
|f(i0)] > 1, or H(ip) contains no cube and therefore A(ig) is a connection. Hence this
contradicts (7.4) for L sufficiently large and Cj chosen appropriately.

Case 2: On the other hand, if (11.2) is false for all i € {ny,...,¢;"'(L/2)} then, by solving
the resulting difference inequality for the function g(i) := Z;gl+ (f (]))% we obtain that
f(ny) > cL4!, where ¢ does not depend on 6. (See also Section 4.12 (proof of Lemma 4.4)
in [5].) This contradicts the fact that f(n,) < 6L%! for § sufficiently small.

O]
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