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Abstract We consider hydrodynamic limits of interacting particles systems with open
boundaries, where the exterior parameters change in a time scale slower than the typical
relaxation time scale. The limit deterministic profiles evolve quasi-statically. These limits
define rigorously the thermodynamic quasi static transformations also for transitions between
non-equilibrium stationary states. We study first the case of the symmetric simple exclusion,
where duality can be used, and then we use relative entropy methods to extend to other models
like zero range systems. Finally we consider a chain of anharmonic oscillators in contact with
a thermal Langevin bath with a temperature gradient and a slowly varying tension applied to
one end.

Keywords Quasi-static thermodynamic - Hydrodynamic limits - Clausius equality

1 Introduction

Quasi-static transformations are defined in thermodynamic literature as those transformations
where the external conditions change so slowly that at any moment the system is approx-
imately in equilibrium. They are usually presented as idealization of real thermodynamic
transformations [3]. On the other hand they are necessary, in the traditional approach, in
order to construct thermodynamic potentials, for example to define thermodynamic entropy
from Carnot cycles.

Equilibrium statistical mechanics succesfully describes the equilibrium thermodynamics
states from the microscopic dynamical properties of the system, in particular the corre-
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sponding stationary probability distributions, given explicitely by the Gibbs measures. Let
us consider the simple situation when the internal dynamics of the system has a certain num-
ber of conserved quantities (energy, density,...), and the external conditions (temperature of
the heat bath, pressure of the external forces,...) select the stationary equilibrium probabil-
ity distribution for the microscopic dynamics. The fact that, when the microscopic system
is large, there are only few of such conserved quantities, and correspondingly few external
parameters will determine the equilibrium state, is related to the ergodicity of the microscopic
dynamics.

The system can be driven out of equilibrium by changing the exterior parameters. If this
is done abruptly, eventually the system will relax to a new equilibrium state corresponding
to the new values of temperature, pressure etc.. The typical relaxation time to equilibrium
may depend on the size of the microscopic system.

The situation is similar but more complex when the external agents are space inhomoge-
neous, for example when the system is submitted to gradients of temperature or pressure. In the
stationary situation fluxes of the conserved quantities can cross the system. The corresponding
probability stationary distributions for the microscopic dynamics are called non-equilibrium
stationary states. These are not explicitly computable as in the equilibrium case, but are
locally close to the equilibrium ones, when the size of the system is very large.

In the present article we want to obtain, at least for some systems, in a rigorous way
the quasi-static thermodynamic transformations from the microscopic dynamics, through a
space-time scale limit. In systems of size N with diffusive behavior, where the typical time
scale for reaching equilibrium is of order N2, we look at the evolution of the conserved
quantities at the time scale N 249y foraa > 0, and we change the exterior conditions
smoothly at this time scale (i.e. very slowly with respect to the typical relaxation time).
We obtain that in this time scale, at each instant ¢, the profile of the conserved quantities
converges to the deterministic profiles corresponding to the stationary state for the boundary
condition given at time 7. This means that the profiles evolve quasi-statically, following the
rules of the thermodynamic quasi-static transformations. Consequently the paradox of the
quasi-static transformations disappears when these transformations are understood (also in a
mathematically precise way) in a proper macroscopic space-time scale. Remarkably we also
obtain quasi-static transformations between non-equilibrium stationary states, that could be
the base for constructing a thermodynamics of non-equilibrium.

We consider three different models, in order to illustrate the generality of the idea.

We consider first the symmetric simple exclusion in an interval of size N, i.e. particles
performing symmetric random walks with exclusion rule, with density reservoirs at the
boundaries. These reservoirs are realized with random creation and annhiliation of particles
so that the average density of particles at the boundaries will be respectively p_(¢) on the
left and p. (¢) on the right. The rate of jumps or of creations/annhiliation is N2, « being
any positive number. We prove that at every time ¢ the empirical particle’s density converges,
as N — oo, to the linear interpolation between p_(¢) and p4 (), i.e. to the solution of
the Laplace equation d,,p = 0 with the given boundary conditions. We actually prove the
strongest result of the local equilibrium property.

We first prove the above convergence in Sect. 2 by using duality techniques as in Ref.
[8], where analogous results were proved in the case of p4 fixed constants. With the duality
techniques we prove local equilibrium in the strong form of Theorem 2.1 and the same
techniques allow to study the limit of the covariance function. In fact we prove in Theorem
2.2 that the covariance behaves at each time ¢ as in the corresponding stationary states, as
first computed by Spohn [16].
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In Sect. 3, see Theorem 3.1, we prove a weaker version of the local equilibrium by using
entropy methods as in Refs. [9] and [11] that are suitable to be used for more general models.
In particular the proof of Theorem 3.1 can be adapted to prove the analogous statement for
all gradient conservative dynamics with creations/annihilations at the boundaries as the ones
studied in Ref. [7] in the case of constants p.

In Sect. 4 we consider the zero-range process, where more particles per site are allowed, and
jump symmetrically with rate depending on the number of particles in the site they occupy.
A chemical potential A characterizes the equilibrium measures, which is the expectation
of the jump rate, and in general is a non-linear function of the density. At the boundaries
the reservoirs are given again by creations/annihilations of particles corresponding to two
possibly different values of A () at time . Jumps and creations/annihilations happen at rate
proportional to N2, and we prove that at each macroscopic time ¢ (in a weak sense) the
empirical density of the particles converges to the solution of the non-linear Laplace equation

dxM(p(x,1)) =0,  A(p(£l, 1) = A+(0). (1.1)

Finally, in Sect. 5, we consider a chain of (unpinned) anharmonic oscillators in contact
with a heat bath with a gradient of temperature and subject to a force (tension) 7 () acting on
the last right particle, that changes at the macroscopic time scale. The left end of the chain
is attached to a point and the heat bath is modeled by Langevin thermostats acting on each
particles. The temperatures of the Langevin thermostats may depend on the atom and change
slowly form one atom to the neighbor one, giving rise to a smooth macroscopic profile of
temperature. When temperature profile 871 (y) is constant in space and time at a value g~
and tension is constant T(¢) = 7, the stationary (equilibrium) distribution is given by the
canonical Gibbs measure with these values of temperaure and tension. In equilibrium the
tension 7 is equal to the expectation value of the anharmonic force between particles.

For a non-constant profile of temperature we have a non-equilibrium stationary state
where energy flows from hot to cold thermostats. We consider only situations where the
profile of temperature does not change in time, and only the applied tension is changing in
the macroscopic time scale. Again the dynamics is speeded up in time by N>*¢. We prove
that the empirical strain of volume converge to the solution of the equation

t(r(x, 0, B(x)) =7(1) (1.2)

where 7 (r, B) is the equilibrium tension corresponding to the volume (lenght) r and temper-
ature !, i.e. T = 8,F(r, B), where F(r, B) is the thermodynamic free energy. We have
obtained this way the quasi-static isothermal transformation.

The main interest in this last model is that we can define the heat Q(¢) as the limit of the
the total flux of energy between the system and the thermostats, divided by the number of
particles, and it turns out that this is a deterministic function of time that satisfy

U@)—-U@0) =00 +W@) (1.3)

where U (t) is the limit of the internal energy (per particle) and W(t) is the work done
by the exterior force. In the context of the equilibrium case (constant temperature profile),
this is the first principle of thermodynamics for isothermal quasi-static transformations. For
non-constant temperature profile Q(¢) is usually called excess heat. Also this quasi-static
transformation satisfies Clausius identity, i.e. the work W(¢) is equal to the time difference
of the free energy after properly identifying the macroscopic free energy as integral over
space of the equilibrium one.

Quasi-static limits where previously considered on the macroscopic hydrodynamic diffu-
sive equation, rescaling the boundaries parameters after having performed the hydrodynamic
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limits (cf. [1,2,13,14]), i.e. in a two step approach. The point of this article is to show that
quasi-static transformations can be obtained in a straightforward way from the microscopic
dynamics by considering the proper space-time scaling.

2 Simple Exclusion with Boundaries

We consider the exclusion process in {0, I}AN , Ay := {=N, .., N} with reservoirs at the
boundaries with density p+ () € (0, 1). We assume that p4 () are Lipschitz continuous.
Presumably our results can be generalized to piecewise continuous functions but we did not
investigate this case.

Denoting by n(x) € {0, 1} the occupation number at x € Ay we define the dynamics via
the generator

Lns=N"Lexc+ Lpsl,  £>0, >0 2.1)
where
1 N—-1 1 N-1
Locf) =5 > (@O D) = fm) =3 X Vewrrf) @2
x=—N x=—N

7™ is the configuration obtained from 5 by exchanging the occupation numbers at x and
y, and

Lo fm) =D po®' 7N (1 = o )" N1f 57N = f)] 23)

o=+
where n* (x) = 1 —n(x), and n* (y) = n(y) for x # y.

Theorem 2.1 For any o > 0 and for any macroscopic time t > 0 the following holds. For
any initial configuration no, for any r € [—1, 1] and for any local function ¢

NILHIOO Eno (Ovmi@(m0) =< () >j5¢.n=: ¢(p(r, 1)) (2.4)

where [-] denotes integer part, 0 is the shift operator, < - >, is the expectation with respect
to the product Bernoulli measure of density p, and

_ 1 1
P = 3 [os®) = p-0]r + 3 [+ + -] rel-L1 @5
is the quasi-static profile of density at time t.

We prove Theorem 2.1 by using the self-duality of the exclusion that can be adapted to
our process as we explain in Propositions 2.2 and 2.4 below. The dual process is defined in
terms of absorbed stirring walks as explained in Definition 2.1 below.

In the rest of this section we use the equivalent definition of the dynamics obtained by
considering the generator

iN,s = Lexe + Lb’NfzfotS (26)
and then studying the process up to times of order N>*%#, ¢ > 0 being the macroscopic time.

Definition 2.1 The absorbed walkers. One absorbed random walk is the Markov process in
AN41 :=[—N — 1, N + 1] N Z that after an exponential time of mean 1 jumps with equal
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probability on its nearest neighbor sites and when it reaches £(N + 1) it stays there forever.
We denote by {x;, t > 0} a trajectory and we denote by 7 the absorbing time:

T = min{T_(N+1), TNF+1}, 1, = inf{t > 0 : x; = a} 2.7

For any positive integer n we also consider the process {(xt( b, x,(")), t > 0} of n stirring

walks absorbed at +(N + 1). The stirring process is defined by exchanging independently

at rate % the “content” in x and x + 1, so that if x,(i) = x before the exchange then it moves

to x 4 1 while if x,(j ) = x + 1 then it moves to x after the exchange [see (2.24) below for

the generator of the stirring process]. If one disregards labels this is the exclusion process.
We denote by {x.gl), s > 0},i =1, ., n the trajectory of particle i starting from x(()l) = x; and

call 7; its absorption time. We call L the generator, P, the law and £, the expectation of this
process starting from x = (x, ., x,).

Proposition 2.2 Let no be any initial configuration. Then for all x € Ay
Eopo[1: ()] = Ex [0 () Lol + Ex [Lo uy, (1 — 1) (2.8)
where
U (v+1)(8) = px(N~ ) 2.9)
Below we often write u+(s) = u+(n+1)(s).

Proof Given x and t, a trajectory x = {xs, s € [0, 7]} of the absorbed random walk starting
at x and a trajectory n= {ns, s € [0, t]} starting from 1o, we define for all s < ¢

ns(xi—s), ift>t—s,
> D = 2.10
1//(£QS) [uxr(t_f) ifr<t—s ( )

Calling P = Py x Py, the (product) law of (x, ) and E the expectation with respect to P,
we observe that forx € Ay

E (W(g, . t)) =E,(n(x), E (w(g, ", 0)) — right hand side of (2.8) (2.11)
Thus to prove (2.8) we show below that %E [(w (2, 1, s))] = 0. We first define for x €
An+1,n € {0, 1}V and ag € (0, 1)

n(x), if x| <N,

Qay (X, 1) = [ai fx— £V 4 D) (2.12)

and we will prove that

L (i) = (iE (Pa (tiss ns>)) 2.13)
ds = ds ar=u(t—s)
LetO) <s < s’ <tandcall
D(s, sy =¥ (x,n,5") — ¥ (2,1, 9),
D(s.5") = Qax (x1-52 157) = Paz (g 115) (2.14)
First observe that for any choice of a+,
D(s, ) <i—y =0, D(s, sy =0 (2.15)
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If instead T > ¢ — s’ it is important to choose a1 = u (¢t —s). In fact, since u are Lipschitz
continuous functions, we have

| RS C(S/ - S)lre[t—s’,t—x] (2.16)

sup 1// (Za . U) — Pui(t—s) (Xr—0, 770)

o€ls,s’)

Since P(t € [t —s',t —s]) — Oass’ | s, from from (2.15) and (2.16) we get that

. E(D(s,s") ( E(13<s,s’>>)
lim ——= = lim ———

s'ls s’ —s s'ls s/ —s ar=uy(t—s)

Thus the Proposition will follows from the fact that the derivative of E(¢,, ) is 0. This last
derivative is easier to compute because ¢, is a function of (x, n) unlike ¥ that is a function
of the whole trajectories (x, 7). In fact we have

d A
aE [ﬁaui (xr—s, n‘v)] =-E [[/ﬁaai (xr—s, ns)] +E I:LN,xQDai (xr—s, nx):l
=—lay — E (ﬂs(N)leS:N)] +lup(t—s)—E (ns(N)lx,,s=N)]

—la— — E (ns(=N)Ly,_,=—n)1+ [u—(t =) = E (n5(=N)1y,_,=—n)] (2.17)

because the contribution of the generator Lex. cancels with the jumps inside [—N, N] of
the random walk. Thus %E[(pai (x¢—s, ns)] = 0 by putting in (2.17) ax = us(t — s) in
agreement with (2.13). ]

Corollary 2.3 For any a > 0, any initial configuration ng, any t > 0 and any r € [—1, 1]
Jim By, [nn2+e, INFD] = p(r. 1) (2.18)
Proof We use (2.8). First observe that for any x € Ay
Pt > 5) < ce™ IV (2.19)
thus the first term on the right hand side of (2.8) converges to 0 exponentially. Call

Fyx(s) = Px [tng1 <5, T-n—1 > TN41]

then by (2.19)

NS,
Ec [Nemoyunznmer uns1 W1 = )| = / un 1 (N*F1 = 5) dFy (s)
0

_ /2
< ce ¢'N

Recalling (2.9) we next observe that by Lipschitz continuity
N2Ha/2, (N2 /
/0 |MN+1(N2+(X¢—S)—,0+(t)|dFN,x(5) ECW SCW
Finally, by (2.19),

_ a2
|Fyn x(N*T21) — Py [t vs1) > T ‘ <Py [tn41 > NP2 < cem N

and analogously for the term with u_(y41). Finally observe that

1 X

Py (fN+1 < ‘L(NH)) =5 + XN+ D
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[m}

We now generalize (2.8) by writing a duality formula for the correlation functions. We
thus consider n > 1 distinct points x,..,x, in Ay and recalling Definition 2.1 we prove the
following Proposition.

Proposition 2.4 For any positive integer n, any x1,..,x, distinct points in A y and for any no
we have that for all t > 0 (recall (2.9))

Eno [H m (xi)] =& [H [tams n0 (57) + 1oz w0 n)ﬂ (2:20)
i=1 i=1 '

Proof Denoting by E = P, x E;y and by X = (xs(l), . xs("), s € [0, t]), we prove below
that

d n .
At [q’@’ Uk S)] =0, VX.n.9=[[va" s .21)
i=1

The strategy is to adapt the proof given in Proposition 2.2 for n = 1. Let F;_; be the sigma-

algebra generated by {(xs(,l), - xs(,")), s" € [0, t — s]}. Given F;_; we know k= number of

particles absorbed by time ¢ — s and the times of absorption t; < t — s, i = iy, ..ix. Thus
calling

Ut —s):= Hux;p(t — )<, I ={i1, ik}
jer

we have that forall0 < s’ <s <1,
E[WX,n.5) = WX, n,9))]
=E [U(r —$)E [H Losrms (P x@, .5 — (2@, n, s)>|f,s}

i¢l
Recalling (2.12), as in (2.16) we have that forall0 < s’ <s <t

H 1t,->t—sw (l(i)y n, U) - H 1r,->t—s(/)ui(t—s) (X,(l,)a, n, O')
i

i

sup
oels’,s)

< C(" = ) 3imet—s,—5']

Thus as in the case n = 1, (2.20) is a consequence of

1
li E|\U@{—-s)E )
Jim [( 5) []} T

Pust—5) XDt = 5'), 09) = Pus -5y Dt — 5), ns))|fz_sﬂ =0

The above equality can be proved by applying the generators similarly to (2.17). O

Corollary 2.5 For any initial configuration ng, for any t > 0, any n > 1 and any distinct
points x1,..x, in Ay, calling ty = N>
n n
Jim |, [Hl Moy (xo} - HlE"(’ [0y (x,-)]‘ =0 (2.22)
1= 1=
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Proof By (2.20) and (2.19) it is enough to prove that

lim Dy n| =0 (2.23)
N—o0 -

where

n
Dy n = |:H Ly<iy u N =T :| -I1¢« [lr,-gtN u o (IN — Ti)]
i=1 '

i=1

We use the coupling explained in [6] (see also [5]) between n independent random walks
and n stirring particles. Both the stirring and the independent particles move in the whole Z.
The evolution of the n stirring particles is the process with generator L* that acts on functions
fonZl, ={x eZ":x; #xjforalli # j} as follows

L =5 Y 3 ) - f) (2.24)

i=1o==%l

withx"® = x+oe; —oejifthereis j # i suchthatx; = x; +oe;, otherwise X =x+oe;,
e; being the unit vector in the i direction. We refer to Section 6.6 of [6] for the definition of
the coupling and we denote by x?(t) and x; (¢) the position at time ¢ of the independent and
respectively interacting particle with label i. The initial positions are the same x°(0) = x(0)
and the law of the coupling is denoted by Q. (we denote by O, also the expectation). In
Proposition 6.6.3 of [6] it is proved that for any positive y and k there is ¢ so that for all
t>0

0 Yoy —k
Ox| sup [xi(s) —x; ()| <37V, Vi=1,.,n)>1—ct (2.25)
"\ O<s<t

We call ‘L'io = min(rio’f, rio’+) with tl.o’i the first time the independent particle i isat =(N+1),
T = min(ri+, 7, ) is the analogue hitting time for the interacting particle i. Observe that
since the particles are moving by stirring, then the hitting time of interacting particle i is not
influenced by the fact that another particle (say j) is inside the interval after being outside.
Moreover the function inside the expectation in D, y depends only on the hitting times.
Thus

x N = Qx (H [1'[,<tN ux,(r,)(tN - rl)] H[ ‘r <tn xi ) (IN - TO)])

We call a = (ay, .., a,), a;i € {—1, 1} the vector that specifies where the stirring particles

exit the interval, namely a; = =1 if stirring particle i exits in :I:(N + 1), thus 7; = ra'
Analogously b = (by, .., by), b; € {—1, 1} specifies that ri = r b Given a and b we
denote by t(a) = (tf”, ... 7"y and by 7(b) = (rlb‘, . t,,b"). With this notation we have
Dry = > 0:(¢(t@. (b)) (2.26)
a b

n

D@, 7®) = [][1,_ 2y tarlty = )]

i=1

_H[ 000 opy Ui (v — fio)]
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Call
Ay ={n < N*2 ) < N*™ foralli = 1, ..,n}

Then by (2.19)

Ox (p(r(@), T(0)) = Qi (p(z(@), T(D))1ay) + cemeN " (2.27)
We now use the Lipschitz continuity of u
1
10x (¢(z(@), T(0))1ay) — Ox (P(T(@), T(B)1ay) | < C”Na/2

n n
®(@. 1®) = [ Jua w1, i — [Tun i) o_oni_,
i=1 T

i=1

Observe now that if @ = b then ®(7(a), t(b)) = 0, thus
n
10x (@@, T 1)) =CY D (1 — Lo o, ) 228)
i=1 be(~11) ’ o
Call
By = {|x;(t) — x2(1)| < N2F% forall 1 € [0, N2+/2)
thus by (2.25) for a suitable y and for k sufficiently large

Z Qi (lfi=fi_bSlN - lrl.():rl-o’hffN)

be{—1,1}

=0 1oy X [Lymery — Lo, ] )| = eV (2.29)
be(—1,1)

Call X5 =N+ 15 N2t5 and Yy = —N — 1 ¥ N2*5._ Call

Cy = {independent particle i reaches Y; and goes to X, before reaching YA_,}
U {independent particle i reaches X ,; and goes to Y before reaching X ;\? } .

Then in C§,, the complement set of C, we have that independent and interacting particles
i exit from the same side. Thus

Ox | 1cg 1ay Z lri=f,-bst1v = Qx| Ic5 1y Z lff=f,-b§tzv1r,-0=r,-0'b§t1v
be{—1,1} be{—1,1}
so that
Qi ICICVIBN Z I:IT[:Ti_bSIN - lrl.oz-rl.ofbgthI =0

be{—1,1}
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We are thus left with the trajectories in Cy whichis an event that involves only the independent
particle i. Thus

s (loxtsy X [Lymetey —Losoro, || = 0xC0)
be{—1,1}

0 0 N1ts
< — — < -
< ’Py; (rXN > tYN) +Px;, (tm > ‘L’XE) <c SN D)
O

Proof of Theorem 2.1 Since any cylinder function is a linear combination of functions of the
type [, n(x), (2.4) is a consequence of (2.18) and (2.22). m]

We conclude this section, by computing at any macroscopic time the covariance of the
process. For x; # x, € Ay and s > 0 we call

2

uN (x1, X235 8) 1= By, (H [ns (xi) — pn (xis S)]), PN (xi, ) = Epy (15 (x;))  (2.30)

i=1
We know from Corollary 2.5 that vy converges to 0 as N — oo and in the next Theorem we
show that it is of order N1

Theorem 2.2 For any initial configuration no, any ri < r, € (=1,1) and any t > 0 we
have

1
Jim Noy (INrL INRE N*0) = =2 [pe@) = p- ] i1 =) @23D)

Furthermore for any t > s

Jim NEy, [+ () = oy (x, NZ5)] [ny2+e, () — o (v, N*T90)]) = 0 (2.32)

Proof We compute the 7-derivative of vy:

2
d ~
% =E,; (LN,, [H(n(xi, 1) — pxi, t))})

i=1
: dpn (xi, 1)
- 2 B ( dzh [n(xj,0) = p(xj, 0] 1#,-)
ij=1
After easy calculations we get:

duy(x1,x2; 1)

1
0 = LNy (x1, x25 1) — 5 lon G, D) = pn ez, D1 1y —xy)=1
1
- EUN(XIJCZ; D [11 =8 + 1y =n] (2.33)

where vy (x1, x2; t) is thought of as a function of the positions x| and x, and L8N is the gener-
ator defined in (2.24) but with “jumps” outside A y suppressed. By setting vy (x1, x2;¢) =0
2

in the set U{|xi | = N + 1} we canrewrite (2.33) as an equation for vy (x1, x2; t) forx; # x»

i=1
with |x;| < N + 1 as follows
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d 1
EUN(XI’ x5 1) = LMuy (x1, x25 1) — > [on (x1, 1) — pn (X2, D1 1jz) —xo=1

2
N (x1,x2: 1) = 0 in | J{lxi| = N + 1}and whent = 0 (2.34)
i=1
which is solved by

1 t
uN (X1, 25 1) = —5/0 EY L (Ion(xi(s), 1 — ) — pn (xa(s), 1 — )T

X 1|X1(S)*X2(S)|=11‘[|>S,‘[2>S) (2.35)

where E;‘ y denotes expectation with respect to the process of two stirring particles, labelled 1
and 2, which start from x| # xp € Ay respectively. 71 and t; are the first time when particle
1, respectively particle 2, reaches (N + 1). From (2.18) we get that for 1y = N>+%¢

lim  sup  sup Nz‘[,ON(X, tn—5) — pn(x + 1ty — )T

—00 S§N2+°‘/2t XEAN

1
~5 [+ = -0

: =0 (2.36)

From (2.19) we get

IN
’/0 E,Sfl,n (lon(x1(s), 1 —8) — py(x2(s), 1 — ) Ly, (59)—xa(s) =1 Loy 5,755
N2+a/2

- /0 EY L, (lon(xi(s).t — 5) — py (xa(s). £ — )

_ /2
X 1‘)61(S)7)C2(S)|=l1T1>S,7.’2>S) =< ce N (2.37)

From (2.36) and (2.37),
lim Nuy (INri], [Nro]; N*T9)
N—00
1 2 o /
= _Z [,0+(l) - p,(t)] 0 Erl,rQ (SB(S)(B (S))1r>s,t’>s)

8p(x) the Dirac delta at x, B(s) and B’(s) independent Brownian motions starting from r;

and r, and 7, 7/ the hitting times at £1. As the right hand side of the above expression is

identify to the kernel of (—A)~! with Dirichlet boundary conditions, (2.31) easily follows.
To prove (2.32) we observe that

Eny ([ny2res () = piv (¥, N2795)] [ny2ses (0) — on (v, N271)])
= By ([ny2res () — v (¥, N27%5) | nyose, ()
= Ep ([ny2+es(¥) — ov (6, N2T5) [ €y (1,2 y2sa gy yziag (x (NT2 (1 — 5)))
+ &y (Lranzroqogttx (t = 1) By ([ny2e ) = o (x, N**45)])
= Ep, ([ny2+es(x) — o (x, NHO‘S)] &y (1-,;>N2+a(t_s)77N2+ots (x (N”o‘(t -9)))
that by (2.19) implies (2.32). O

As a corollary of Theorem 2.2 one can prove that the fluctuation field converges to a
Gaussian field as in the case of constants p4 studied in [12]. We do not proof this here.
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3 Simple Exclusion: Entropy Method

We prove here the quasi-static limit using the entropy method. This gives a weaker result, but
the methods extend to other models where duality cannot be used. We assume here that p (¢)
are differentiable functions of time with bounded derivative. This can be relaxed to Lipschitz
continuity, as assumed in the previous section, but the proof would be more involved.
In the following #; is the process generated by (2.1).
) =0. (3.1

The above theorem is stated for any initial configuration no. More generally we can start
with any initial distribution, since in the following all we need is that the relative entropy
is bounded by CN for some constant N, that in this case is automatically satisfied by any
probability measure on the configuration space {0, 1}V +1.

Consider the empirical distribution of the density at time ¢:

Theorem 3.1 Forany o > 0, any t > 0, and any local function ¢(n),

t
lim E d
Ngnoo o (/0 s

where G is a continuous test function on [—1, 1].

iZ:G (i) Ox (g y2te) —/1 G(y)@(p(y, $)dy
N < N 0

N
En . (G) = ZN% > G (5 1) me (32)
X N

where G(y, t) is a smooth function on [—1, 1] x R4 with compact support in (—1, 1). The
time evolution is given by

6x.4(0) —ew0() = [ e (N3 +0) G)ds+ 0 (V) £ dv() - G3)

where My (¢) is a bounded martingale. By dividing by N%, we have immediately that

t
lim / Ens(07G) ds = 0. (3.4)
0

N—o00

This implies that every limit point of the empirical distribution &y ; is a measure on [—1, 1]
that satisfies Laplace equation, in a weak sense, with boundary conditions that we will identify
in the following.

Corresponding to the quasi-stationary profile p(x, #) defined in (2.5), we consider the
inhomogeneous product measure

N x o p _x i
w =TT o(51) [1-2(57)] (3.5)

as reference measure at time ¢. The Dirichlet forms associated to the generator are then
:D:EN,t,pi(t)(f) and 33e)c,t(f):

1 2
Duin() =5 2P 0= 0y [VF0) = VI . x = =N
n

N-1
1 2
Dera(N) =3 2 >, (Veart /7)) (3.6)
n x=-N
Let fun . be such that the law of 7, is given by fy ; i, the following holds.
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Proposition 3.1 There is C so that for all t

! Ct
/ (QN,s,p+(s)(fN,.r) + D—N,s,p_(s)(fN,s) + z)e)c,s(fN,s)) ds < W
0

Proof We have that

0 (fN,t Mt) = (L}k\[,th,t)Hl

where L}, , is the adjoint with respect to 1, (1) that can be computed as:

n

DGy FYws () = D FOD(Ly.:G) ()i (n)
n
F NS TFEM DG () (e (7 ) = ()
n

Observe that

, _ ﬂ,t 1= 5 (%t n(x)—n(x+1)
(Mt(n“"“‘“)—m(n))={(p(1v ) px(ff ))) —1 | ()

and

s l 5 (%,t) i|n(X) n(x+1) .
N B (5.1) (1=5 (1))
1 o (. 1) ( 1 )
=—[nx)—nkx+ D] = = +0
N 1) (1=7(5.1) N?

(=5
=i[77(x)—n(x+l)]B( ) 0( )
Denote Hy (1) = 2, fv.i(n)1og fi.: ()i (m)
%HN@) = D 1og . )Ly Fv. )t () + D [0 Fiv.o (n)lpe ()
7 .
=D fwa DL, log fn.) D () + D [0: fn.c ()i ()
: .

Observe that, since % Zn Sn.i(mu:(n) = 0, we have

D10 S () = = D fy 3] = O(N).
n n

By the inequality a log(b/a) < 2/a(~/b — \/a), we have that

Fa Ly, log Y01 = 2/ F ) (Ln./F) -

3.7

(3.8)
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Furthermore

Z 2V [N, () (sz,z\/?N,,) (e ()

N2+az Z Vet 1N N2 (D Ve x i1 ( fN,tMt) (m

n x=—N
— N2+ ON .ty N +D-Notp ) (fN.1))

and

»3D3 Vet I Ve (Vvame) ) = > (Vo)

N x=—N n x=—N

N—1
+ Z Z \/ t x X—H x x+1 (\/ fN t) (ﬂ)Vx,erle(ﬂ))

x=—N

2:

-1

Z ( xx-HW) M+ *ZZ \/fT xx+l)

r== n x=—N

Vet (JfT) [9e) = e+ DIB (55.1) s + OV

1 -
= 2®ex,t(fN,t) + NBN(I) + 0 (Nil)

with

Bvy = Z Vv (1) Ve Vv () = nGe 4+ 10) B (1)

n x=—N

By an elementary inequality we have:

ENGIE %t(fmw—z 3 e ) ) — e+ 1 B(%)
x=—N
N—-1 x

Do (fv.) + 2; > B(N,t)zinjfzv,t(nm,(nx’”l)

-N
1

=

N\z

N—

Oces (i) + 3 > (5 t)z(l " Zﬂ:fN,t(nwx,me)

N\Z

and since B(x, 1) < %||/3’||oo, iterating on the bound for V, 411, we obtain

~ N
]BNm] < ~Ders(fv) + Ca
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All together we have
t
Hy(t) — Hy(0) = _N2+a/ (DN,s,p+(s)(fN,s) + Q—N,s,p,(s)(fN,s) + De)c,s(fN,s)) ds
0
t
- N”a/ By(s) ds + O(N'™)z
0

t
= _N2+QA (QN,p_F(S)(fN,s) + Q—N,s,p_(s)(fN,s) + gex,s(fN,s)) ds
2+«

T

1
/ Dex,s(fN,s) ds + N1+a2Cl‘ + O(NlJra)l
0

! 1
[) (DN,er(s)(fN,s) + D—N,p,(s)(fN,s) + Egex(fN,s)) ds

Hy(0) + N'*22Ct + O(N1H9); c’ Cc"'¢
= N2+ot = N1+(x + N :

m}

Proof of Theorem 3.1 Consider for any pointy € [-1+k/N, 1 —k/N]the set Ay of 2k + 1
integers defined by Ay = {[Ny]—k, ..., [Ny]+k}, and define fn , |A). the marginal of fy ;
on Ay. It follows from (3.7) that for f; , = Nlim Inala,

— 00 -

k—1
2
Devkar(fin)i= D D (VI 0™ = Ty iy =0

ne{0, 1}2k+1 x=—k

(where “I;(v,t) is the Bernoulli measure on {0, 1}%**! with density p(y,t)). This implies
that f;, y(n;k, ..., k) is symmetric for exchanges. Furthermore, considering the boundary
blocks {—N, ..., —N + 2k} and {N — 2k, ..., N} we obtain respectively

DONps)(fr-1) =0, D _Nrpo (fr,1) =0

that implies f; | and f; —; are constant, and since they are probability densities with respect
to ,u’;+ ) and ,LL’[‘L(I), they are equal to 1 in those boundary blocks.
From the above argument we obtain that

t 1—k/N
lim lim [ ds / dy D fn.s (s ()
0 —
n

k—o00 N—o0 1+k/N

1 1
7 X G =g (5 > nw || =0. (3.9)

[x—Ny|<k [x—Ny|<k

Next we extend this statement to macroscopic blocks. Consider now, for any y, y’ € [-1 +
k/N,1 —k/N] the two blocks Ay and A/, and let fy; y (1, 7) the corresponding joint
marginal. Define, for functions on two separate blocks f(n—k, ..., Nk 1k, -- -, k), the
Dirichlet form corresponding to the exchange of the occupation of the centers of the box:

2
Do) = > (VITo ) = VT D) 1,y it 1 )

0,7

where Ty is the exchange of n(0) with 7(0).
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By the same telescoping argument used in Ref. [11], we have that f; , v(n,7) =
lim fy sy, (1, 1), satisfies

Do(fryy) < Cly —y')?

It follows that (see [10] for standard details):

t 1—k/N
lim lim lim /dS/ dy D~ fn.s(mus(m)
0 —
n

e—>0k—00 N—>oo

14k/N
| Nk [NG+o)] 2
T HX:%_knm—mx:[%ﬂ]n(x) =0 (3.10)
In fact we already know that
. ‘ ; | N 2
Jim  lim | dsEn:(Zk — x;N n(x)—p(s)) Insmus(m) =0 (3.11)

and similarly for the block [N — 2k, N]. By (3.10) we have

—N(1+2¢) 2

! 1
E%Jgnoo/o dszn: INe X; nx) —p-(s) | fusmusm =0 (3.12)

This implies, with (3.4), that the limit of 71— SO | n(x) as N — coand e — 0
converges strongly to the solution of the Laplace equation with this boundary condition

given by p+(1),1.e. p(y, ). ]

4 Zero Range

The results of the previous section extend quite straightforwardly to any gradient conservative
dynamic. As an example, let us consider the zero range process, whose generator is given by

o N2t+a N
LY ) = ——1 20 8@) 2 [f@™*) = f )]
x=—N o==+1
+ D A OLF TN — f(n)]l @.1)
o=+
where n*»? is the configuration » with a particle moved from x to y, forx, y = —N, ..., N.
For n™-N*1 and ==V~ we have destroyed a particle in the correspondig site, while ¥+

means we have addeed a particle in the site x = N, —N. We assume that the rate function
g : N — Ry suchthat g(0) =0, g(k) > 0 fork > 0, and sup; |g(k + 1) — g(k)| < +00. As
before we assume that A4 (¢) are differentiable functions of time with bounded derivative.
For any A > O consider the measure j; on the non negative integer
)\k
gk Z(1)

where Z (1) is the normalization constant.

(k) =

gl =g(1)...g(k), g(O)! = 1.
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Let A(r, 1), r € [—1, 1] be the linear interpolation of A (¢) defined as in (2.5).
Consider as reference measure the inhomogeneous product

N
=TT wig.nme) (42)
x=—N

Observe that for all N, ¢ and all local function ¢:

ZL?\;J‘P(H)M;N(U) = 0. (4.3)
n

For constant A, we denote by ., the corresponding homogeneoous product measure.

Assume that the initial configuration no is randomly distributed by a probability
measure with density fy o with respect to pL(’)V (n) and such that the relative entropy
zn fn.o(n) log fN,o(n)uf)V (n) < CN for some constant C > 0.

Theorem 4.1 For any local function ¢, denoting p(A) =< @ >, the average of ¢ with

respect to [L):
) =0. 4.4

t
lim E(/ ds
N—oo 0

where G is a measurable bounded test function and 0; is the space shift by i, well defined for
N large enough.

1
26 (5) bron) - /0 GG 9))dy

We omit the proof of Theorem 4.1 being very similar to the one of Theorem 3.1 for simple
exclusion.
As observed in Ref. [4] in the case of A4 constants, (4.3) straightforwardly yields (4.4).

S Damped Anharmonic Chain in Temperature Gradient

We consider a chain of N coupled oscillators in one dimension. Each particle has the same
mass, equal to one. The configuration in the phase space is described by n = {gx, px, x =
1,...,N} € R?M. The interaction between two particles x and x — 1 is described by the
potential energy V (gx — gx—1) of an anharmonic spring. The chain is attached on the left to
a fixed point, so we set go(t) = 0, po(t) = 0. Wecall {ry =gy —gx—1,x =1,..., N} the
interparticle distance. We assume V to be a positive smooth function, and that there exists a
constant C > 0 such that:

. V() . ”
lim =o00, Ilm V'(r)y<C <o 5.1

|r|—o00 |r| |r|—o00

Energy is defined by the following Hamiltonian:

N 2
H o= Z (% n V(rx)) (5.2)

The particle dynamics is subject to an interaction with an environment given by Langevin
heat bath at different temperatures S, !. We choose B as slowly varying on a macroscopic
scale, i.e. By = B(x/N) for a given smooth strictly positive function 8(y), y € [0, 1].
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The equations of motion are given by
dre(t) = N> (px(1) = px—1(0)dt
dpx(t) = N*WV'(re1(0) — V' (re (1)) dt
— Ny (dt + N2 [Ldw, (1), x=1,.,N—1 (53)
dpy(t) = N*(T@) — V'(ry(1))) dt — N*ypy(0) dt
+ N2 [2L duy (p).

Here {w, (¢)}, are N-independent Wiener processes, y > 0is the coupling parameter with the
Langevin thermostats. The force 7 (¢) is assumed to be a smooth function of the macroscopic
time ¢.

The generator of the process is given by

10 = NP (AT 4+ yS) (54)

where Af\, is the Liouville generator

N N—-1
Ay =D (px = Px DOy + D (V) = V' )y, + (E = V(N (5.5)
x=1 x=1
while Sy is the operator
N
D (A pxapx) (5.6)
x=1

An equivalent dynamics is given by a different modelling of the heat bath: particle x
undergoes stochastic elastic collisions with particles of the environment at temperature S,
i.e. at independent exponentially distributed times of intensity y N>* particle x changes its
velocity to a new random velocity normally distributed with variance B;!. The evolution
equations are given by:

dre(t) = N*(px(t) = py—1(1))dt
dpy(t) = N2V (rep1(1)) = V' (re (1)))dt
+ (Pe N, (pnzvan — Px 7)) AN (yN* T, x=1,.,N—1 (57)
dpy(1) = N*(@(1) = V'(ry))dt
+ (PN g (yn2tery — PN(ET)) NN (Y NP1
where p, are independent gaussian variables on mean zero and variance S ! and
{Ny(®),x =1,..., N} are independent Poisson processes of intensity 1.

For 7(t) = t constant, and 8, = B homogeneous, the system has a unique invariant
measure given by a product of invariant Gibbs measures /LITV PE

N
d,u?{ﬂ = H e PETTI=Gus gr dp, (5.8)
x=1
where &, is the energy of the particle x:

p2
&= 7" + V(ry). (5.9)
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The function G g is the Gibbs potential defined as:

Grp = log [,/271571 /e—ﬂ<v<”—”>dr]. (5.10)

The free energy of the equilibrium state (r, 8) is given by the Legendre transform of
_:3 _lgr,ﬂ:

Frp=sup{tr — B~ Gr 4} (5.11)
T
The corresponding convex conjugate variables are the lenght
o(r. ) =B 10:Grp (5.12)
and the tension
T(r,B) = 0, Frp- (5.13)
Observe that
Eui\fﬁ [r] =r, Eui\{ﬂ[V’(r)] =T. (5.14)

Let vé\_/ the inhomogeneous Gibbs measure
N _.ngx
N _ e
dvg = | I 7. (5.15)

Observe that this is not the stationary measure for this dynamics for 7 = 0.
Also we will use the thermodynamic entropy defined as

S(u,r) = fi}nfo {Bu — BF(r, B)}. (5.16)

Let ftN the density, with respect to ug] , of the probability distribution of the system at
time t, i.e. the solution of

o fN =Ly LN, (5.17)

where L‘va(t)’* is the adjoint of [l]fv(t) with respect to vg , 1.e. explicitely

HOMN 24a 4T(@) 24« N /
(£3") = =NZreay® - N Z (Bt = Bops V! (re)
X=

(5.18)
+NHEB() paT (1) + N>y Sy.
Define the relative entropy of ftN d vé\_’ with respect to d vé\_’ :
Hy(t) = / SN log fNdvy. (5.19)
We assume that the initial density f(fv satisfy the bound
Hy(0) < CN. (5.20)

We also need some regularity of fON : define the hypercoercive Fisher information functional:

N—1 N N\2
In(r) = Zﬁ;l/ (U ;Naq*ﬂ ) dvg. (5.21)
x=1 t
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where d;, = 0r, — 0 x=1,...,N—1,and vg. := vQ’,.We assume that

Tx+12
In@0) < Ky (5.22)

with K growing less than exponential in N.
Consider a local function ¢(n) such that

eI <C > P+ V)Y, §<1 (5.23)

xX€Ay

where Ay is the local support of ¢. Let 6;¢ be the shifted function (well defined for large
enough N). Denoting ¢(z, B) =< ¢ > g the expectation with respect to du% defined by
Proposition 5.1

(5.8)
t
lim EV (/ ds ): 0. (5.24)
N—o0 0

The proof uses similar ideas as in the previous cases, plus results contained in Ref. [13].
In particular from same argument used in Ref. [13] follows that the empirical distribution for
the r’s converge to the solution of

E ZG (i) Oxp(ns) — /l G(y)p(z(s), B(y)dy
N = N 0

t 1
/ ds [/ 33G(y, )Ty, $), By)dy — 9,G(1, S)f(S)] =0 (5.25)
0 0
for any smooth function G(y, t) on [0, 1] such that G(1) = 0 and G’(0) = 0.

5.1 Some “Thermodynamic” Consequences

We illustrate here how the above limit realizes the so-called guasi-static isothermal trasfor-
mation of the thermodynamics. When a temperature gradient is present, ’isothermal’ should
be intended that the temperature gradient does not change in time. In this case these are
quasistatic transformations between non-equilibrium stationary states.

When performing the usual diffusive scaling, as done in Ref. [ 14] for constant temperatures
and in Ref. [13] for the temperature gradient case, the results below are obtained in a two
step limit, first the hydrodunamic diffusive limit, then a quasi-static limit, see details in Refs.
[13,14]

5.1.1 Excess Heat

The (normalized) total internal energy of the system is defined by

N

| p:
Uy = ng (7 + V(rx)) (5.26)

then internal energy evolves as:

Un@) —Un(0) =Wn () + On ()
where

dgn (s)
n

t t
Wy (t) = Nt /0 T(s)pn(s)ds = /O (s)
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is the (normalized) work done by the force 7 (s) up to time ¢, while

N
ot =y N3 [as (R =)
x=1

N t
NS \/27/? / px(s)dwy (s). (5.27)
x=1 0

is the total flux of energy between the system and the heat bath (divided by N). As a conse-
quence of Theorem 5.1 we have that

t
lim Wh (¢) =/ T(s)dL(s) := W(t)
N—o0 0

where L(1) = fol r(y, t)dy, the total macroscopic length at time 7. While for the energy
difference we expect that

Jim (Un (1) = Un(0) = Jo (@), B(y)) — u(Z(0). By dy (5.28)

where u(t, B) is the average energy for ug , i.e.
1 ~
u(t, f) = / Eidpr g = TR / V(r)ye PVO==6@h gy

with G(z, B) = log [ e PV~ qr Unfortunately for lack of uniform integrability for the
energy distribution, we do not have a rigorous proof of (5.28), since energy correspond to
a value § = 2 in (5.23). Assuming that the local equilibrium established in 5.1 extends to
quadratic growing functions, then we have obtained

On () —— Q@) (5.29)

where Q(t) is deterministic and satisfy the relation

1
Q) = /o [u(T(0), B(y)) —u(z(0), B(y)]dy —W(). (5.30)

We call Q(¢) excess heat (or heat in the case of constant profile of temperature), and (5.30)
express the first principle of thermodynamics for quasistatic transformations.

Notice that from (5.27), Q y (¢) is the time integral of a highly fluctuating random quantity.
It is only after the particular space-time scaling that the this quantity converges, and that the
limit is a deterministic function of time. In this sense this result is different from similar
identifications of heat as a stochastic flux of energy done in the so-called “Stochastic Ther-
modynamics” (cf. [15] for example). On the other hand in thermodynamics heat is defined as
the total flux of energy between the system and the thermal bath, resulting from the complete
transformation from one stationary state to another, while it does not attempt to describe
the instantaneous flux of energy. But in a quasi-static transformations at each time ¢ a new
stationary state is reached.

5.1.2 Free Energy and Clausius Identity
Define

1
f(t)Z/O F(r(y, 1), B(y)dx (53D
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A straightforward calculation gives

t 1 t
ff(t)—f(O):/ ds/ dyf(s)asr(y,s):/ T()dL(s) = W(1) (5.32)
0 0 0

i.e. Clausius equality for the free energy.
Equivalently, by using the thermodynamic relation F = u — =S from (5.16), we have

1
/0 dy B~ () (SGr(y, 1), uly, 1) = S(r(y, 0), u(y, 0)) = Q1) (5.33)

In the case of constant temperature profile, this reduce to the expected thermodynamic relation
S = B Q for quasistatic isothermal thermodynamic trasformations.
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