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We consider a one-dimensional version of the model introduced in Ref. 1. At
each site of Z there is a particle with spin + 1. Particles move according to the
Stirring Process and spins change according to the Glauber dynamics. In the
hydrodynamical limit, with the stirring process suitably speeded up, the local
magnetic density m,(r) is proven in Ref 1 to satisfy the reaction-diffusion
equation

oim(r) =410 m(r)—V'(m,) (*)

Vim)= —lom?>+ipm* « and B>0, « and B being determined by the
parameters of the Glauber dynamics. In the present paper we consider an initial
state with zero magnetization, my(r)=0. We then prove that at long times,
before taking the hydrodynamical limit, the evolution departs from that
predicted by (*) and that the microscopic state becomes a nontrivial mixture of
states with different magnetizations.

KEY WORDS: Interacting particle systems; reaction-diffusion equations;
unstable equilibria.

1. INTRODUCTION

There are by now several examples where it has been possible to derive
macroscopic equations from underlying microscopic evolutions, mostly in
the frame of stochastic processes with infinitely many interacting particles
and under appropriate space-time (hydrodynamic) scaling limits.(>2%
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Their validity is usually proven for finite times, so that, rigorously
speaking, they are useless when the long-time behavior of the system is
investigated. Notions like stationary states, stable and unstable orbits,
complexity of an orbit, and Lyapunov coefficients, require a more detailed
analysis, still at a microscopic level.

The purpose of this paper is to discuss a model where some of these
questions have an answer. The model is a one-dimensional version of that
introduced in Ref. 1, namely a system of spin particles which move on the
lattice Z according to the Stirring process, i.e., by simple exchanges. During
the motion particles keep their own spin, which, in turn, may change
according to a nearest neighbor, ferromagnetic, Glauber interaction.

The stirring evolution is speeded up by ¢~ (¢ goes to zero) while the
typical space length is scaled like ¢ ~'. In this limit the macroscopic local
magnetization m(r, t) satisfies,?’ the following reaction-diffusion equation:

om=4%0im—V'(m) (LY
where

V(m)= —fam* + L pm* (1.2)

Clearly, the term é2m in Eq. (1.1) is due to the Stirring process, while the
— V'(m) term originate from the Glauber dynamics. For a suitable choice
of the latter [cf. Eq. (2.1)], we get Eq. (1.2), with a« and B positive.
Equation (1.1) describes the behavior of the system in the “pure”
hydrodynamical regime, i.., after the continuum limit has been performed.
To take into account the “corrections” due to the actual microscopic struc-
ture of the system, one generally adds to the macroscopic equation a
stochastic disturbance, hoping to catch, at least qualitatively, the main
features of the evolution.

The simplest possibility is to consider a stationary stochastic force
uncorrelated in space and time. So one arrives at the following stochastic
differential equation:

dm(r, t)= (3 Z2m(r, t) — V'(m)) dt + "2 dW(r, 1) (1.3)

where W is a white noise (in space and time) and ¢ is the “small parameter”
of the theory.
The finite-dimensional version of Eq. (1.3), ie,

dx= —U'(x)dt+ "2 dW (14)

has also been extensively studied. In Eq. (1.4), xe R4, U is a “double-well”
potential, and W is the standard Wiener motion.
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The escape from the unstable equilibrium in Egs. (1.3) and (1.4) [the
spatially homogeneous one, m =0, in the case of Eq. (1.3)] is of interest in
physics and chemistry, and several theoretical and numerical investigations
have appeared on this subject.?’3%)

In particular, a perturbative expansion, as proposed by De Pasquale
and Tombesi, ** seems to be in good agreement with the experimental and
numerical results. The main point behind their approach plays also an
important role in our analysis, as we shall see in the next Sections.

The escape from equilibrium, as described by De Pasquale and Tom-
besi for the system corresponding to Eq. (1.3), and for times of order
log ¢!, is in qualitative agreement with the behavior we observe in our
microscopic system, in the same time scale.

In the present paper, for technical simplicity, we restrict ourselves to
macroscopically finite regions. In this case we have an expilicit solution at
time 7,+ ¢, when ¢ vanishes, T, being an initial time layer which diverges
when ¢ goes to zero like loge ' In such a limit the microscopic state
becomes a nontrivial mixture of Bernoulli states, i.e., measures which make
the spins mutually independent and identically distributed.

The weight of the decomposition is proven to obey the law of a ran-
dom variable which solves an equation analogous to Eq. (1.3) (at time
T,+t and in the limit as ¢ goes to zero), the profile m(r, t) becoming flat.
We think, however, that in the infinite volume case the profile should have
a nontrivial spatial structure.

The profiles entering in the decomposition evolve according to Eq.
(1.1), so that in the limit as ¢ diverges the state becomes a 1-3 mixture of
states with support on L m¥*, the stable solutions of Eq. (1.1). We have
here an example where at each r there is convergence in the continuum
limit to a measure rather than to a real number (i.e., the value at r of the
magnetization m, in our specific example). The role of measure-valued
solutions in nonlinear PDE has been underlined in a different context by
Di Perna®® in his analysis of hyperbolic equations.

In our case their appearance is due to the fact that we take the infinite
time limit along with the hydrodynamical one. Therefore the small fluc-
tuations, inherited from the discrete nature of the model and intrinsically
connected to the stochasticity of the evolution, are enhanced by the hyper-
bolic structure of the PDE and blow up exponentially, leading to finite
effects after logarithmic times.

Another point we want to underline is the microscopic interpretation
that we get for the values of m(r, t) as the parameters which specify the
“pure phases” entering in the decomposition of the microscopic state, in the
limit when ¢ goes to zero.

In the hydrodynamical regime, ¢ — 0, at fixed ¢, Eq. (1.1) holds and
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the state around & 'r is pure Bernoulli with parameter m(r, t). As time
increases and for small but positive ¢, the state becomes closer to a mixture
of Bernoulli measures. At T, the mixture has finite width and its later
evolution defines a statistical solution of Eq. (1.1), for finite times, in the
limit when & goes to zero. At such times the values of the magnetization are
in the domain of attraction of +m*, no instability is present, and Eq. (1.1)
describes correctly the evolution also for longer times. At even longer times
new phenomena take place: they are due to the tunnelling between the two
stable magnetizations and to the nontrivial spatial structure, in the case of
infinite systems.

Such effects are lost in our limiting procedure, i.e., if we first fix a time
T.+ ¢ and then take the Iimit of ¢ going to zero. In a much longer time
scale large deviation effects enter into play and our techniques become
inadequate. Results have been obtained in other models, **% which might
be useful also in our case.

In Sec. 2 we briefly recall the model introduced in Ref. 1. We then
state precisely our results and give a qualitative idea of their proofs. The
proofs are reported in Sec. 3 and Sec. 4. Some more technical estimates are
given in the Appendices.

2. RESULTS

We fix L>0 and for each ¢>0 we consider the thorus Z, of length
[e'L] ([a] =integer part of a). Z, is the set of all integers with the iden-
tification x=x+ [¢~'L]. We then consider the space {—1,1}% of all
spins configurations ¢ = (¢,),., which are periodic with period ¢ 'L].
On {—1, 1}% we define a Markov process whose generator L* acts on the
cylinder functions’ f as

Lf=Lsf+¢ 2L, f
=Y elx 0)[f(67)—flo)]

xeZ;

+3672 Y [fe™* )~ f(0)] (21a)

o*(y)=o(y) for y#x;  o*(x)= ~0a(x)
™ Y (y)=a(y) for y#x,x+1;
™ (x)=0c(x+1); Y x+1)=0(x) (2.1b)

5 That is, functions depending only on finitely many spins.
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c(x,0)=1—yo(x)[o(x+ 1) +a(x—1)]+ye(x+1)a(x—1) (2.1¢c)

a=212y—1)>0; f=2y? (2.1d)

As mentioned in the introduction, L, is the generator of an n.n

ferromagnetic Glauber dynamics, L, is the generator of the Stirring Process

(namely, each pair of n.n. sites waits independently of the others for a

Poisson time of mean 1; then, when “the clock rings,” the particles, and
hence the spins, of the sites involved exchange with each other).

We denote by v,,, me [ —1, 1], the Bernoulli measure® on {—1,1}”
with average spin m, ie.,

valo(x}]=m VxeZ

where u[-] is the expectation of [-]. By v¢, we denote the “Bernoulli
measure” on Z, such that the law of the spins in an interval of length
[¢~'L]—1 is that inherited from v, and, given their values, all the other
spins are then specified in agreement with the periodic structure of Z,.

Let u¢ be the law of the spins at time ¢ when their initial distribution is
vi and the evolution is determined by L° Our first result is:

2.1. Theorem

Let u¢ be as above. For a>0, let
T(a)=(2x) 'aloge™' T,=T,1) (2.2)

Then, for any 10, there is a probability A,(dm) on [ —1, 1] such that

tim 15, = [ 2.(dm) v, (23a)

v,, being the Bernoulli measure with parameter m. Furthermore,

hm A, =16, +15 . (2.3b)

where +m™* are the stable solutions of
dm= —V'(m), where me[—1,1] (2.4)
while, on the other hand, if a< 1
lim p5, 0 = vo (2.5)

¢ That is, the measure for which spins at different sites are independent.

822/44/3-4-24
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We have a rather explicit knowledge of 4,(dm) also at finite times,
namely:

2.2. Theorem

Let i, (dm) be as in Theorem 2.1, and let S,(m) be the flow which
solves Eq. (24). For a< 1, let

I'(a)=3(1—a) (2.6)

Then there is a map y: R — [ —1, 1] such that

lim Sz, _ 7., (e"“x) =y(x) 2.7)

e—0
A,(dm) is then the image under S,y of the measure G(x) dx on R, where

G(x)=(2nV) " exp(—(2V)~!' x?) (2.8)
and

V=(2a) '8y (2.9)

Remarks. (1) ¥~ is the analogue of the map that De Pasquale and
Tombesi®? (cf. Refs. 29-32) introduce in their perturbative approach.

(2) A/(dm) is also the limiting law, as & vanishes, of the distribution
of the variable m®(0, - ) at time 7T, + ¢, where m°(r, 0)=0 and

dm®(r, t) = [ 2m(r, t) — V'(m(r, 1))] dt + (87)/> dW(r, t) (2.10)

The choice of the noise in Eq. (2.10) is consistent with the analysis of
Ref. 1. By linearizing Eq. (2.10) around m=0, we get, in fact, the fluc-
tuation field ¢(r, ) considered in Ref 1. As time increases, ¢ grows
exponentially, ) and one needs to look at the magnetization itself. When m
becomes finite, the strength (£8y)"? of the noise is no longer correct. In
Ref. 1, in fact, it is proven that it depends effectively on the values of the
magnetization [cf. Egs. (2.17) and (2.18) of Ref 1]. This is irrelevant,
however, for the determination of 1,(dm) which is only sensitive to the
initial fluctuations, when m is small.

(3) In the above m®(r, t) labels the Bernoulli measures whose super-
position (with weights given by the probability distribution of m)
approximates the microscopic state around ¢~ !r at time z. There is also a
relation between m®(r, t) and the magnetic fluctuation fields mentioned in
(2) above.
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The fluctuation fields X%(¢), t>0, ¢ € #(R) are defined as
Xi@)=¢"7) o(ex) alx, 1) (2.11)

Let P? be the law induced by the X:(¢) on D(R ., ¥'(R)).

Then in Ref. 1 it is shown that P® converges weakly to P, which is the
generalized Ornstein-Uhlenbeck process with mean zero and a covariance
whose kernel C,(r —r') has a delta singularity and a regular part. The latter
at r=r" coincides with the limiting covariance of “our” ¢~ '?m®(r, t). In
Ref. 1 it is also proven that this diverges when ¢ goes to infinity. We
generalize such result as in the following theorem.

2.3. Theorem

Let T.(a), a< 1, be as in Theorem 2.1. Let [(a) be as in Eq. (2.6), and
for p € Z(R) let

Xe(p)=2¢"""9Y o(ex) o(x, T,(a)+1) (2.12)

Let P*% be the law they induce on D(R ., #'(R)). Then P** converges
weakly to P. P is a Gaussian process. It has support on those distributions
which act as multiplication by a constant. Furthermore the paths m(z),
t 20, on which P is supported are such that

d,m=2um

which is the linearization of Eq. (2.4). The distribution of m(0) is G as
defined in Eq. (2.8).

Below we give a brief sketch of the proofs.

Clearly one has to distinguish between two time regimes. In the first
one the magnetization is infinitesimally small, as ¢ goes to zero, while, in
the second one, it has become finite. In the latter the evolution is governed
by Eq. (1.1), and in the first the nonlinear effects will be negligible.

The problem is to find a suitable intermediate region which connects
the previous two. The breakthrough comes from the fact that it is possible
to extend the validity of Eq. (1.1) to cases where the initial magnetization
m§ is still infinitesimal but “much larger” than &2, which is the typical
value of the magnetic fluctuations. Namely, assume m§=¢’, 0< I <4, and
let I" be suitably small. One can then prove that the solution of Eq. (1.1)
correctly describes the evolution of the state for times of order log ¢ 7, ie,,
when the magnetization becomes finite.
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The first time regime when the magnetization is still typically less than
¢’ can be studied as follows. We first write down the BBGKY hierarchy,
ie., the infinite set of equations which describes the evolution of the
correlation functions Py[o(x,, t) - a(x,, )], where n> 1 and x,..,, x,, are
mutually distinct.

Such equations have the following features. The equation for the
n-body correlation involves the m,n—2,n+1, and n+2 correlation
functions. The n+ 2 correlation function enters with a minus sign. One
knows a priori that the odd correlations are identically zero (by symmetry)
while the even ones are positive, by ferromagnetic inequalities. One then
finds an a priori upper bound on the correlation functions by truncating
the hierarchy.

Up to times when the magnetization is small, <e&’, the upper bound
for the n-body correlation functions behaves like &*/, hence one controls
the error made by truncating the hierarchy. In this way we prove
Theorem 2.3.

We have also gained very precise information on the measure at the
end of the “first time regime,” since we control the n-body correlation
functions for arbitrarily large values of &, in the limit of small &. We can
then prove that with large probability the spin configurations ¢ =(0,),
xeZ,, are such that

supe~Tlet Y c(x)—m(o)|<e", >0 (2.13)
yeZ |x—yl<e42
where m(o) is the average magnetization of the configuration ¢, which,
because of what said above, is typically of order ¢’. 1 in Eq. (2.13) is some,
suitably fixed, positive number less than 1.

The magnetization starting from such configurations evolves according
to Eq. (1.1) even at times of order loge ' and the microscopic state is
approximately Bernoulli with the corresponding parameter. This is what
we have described before as the “evolution in the second time regime.”
Technically this part requires very accurate estimates on the behavior of
the simple exclusion process, obtained by extending some of the results
established in Refs. 40 and 41.

3. PROOF OF THEOREM 2.3

We follow the strategy outlined at the end of Sec. 2. In this section we
consider the “first time regime,” namely times less than T,(a) [cf. Eq. (2.2)]
for any a< 1. We will prove Theorem 2.3 and establish properties of the
state at time T,(a) which will allow us to study the evolution for the
remaining time, i.¢., up to time 7',. This will be done in Sec. 4.
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The n-body correlation functions V#(x,,.., x,, t) are defined for ¢ >0,
n=1, x;- - x, mutually distinct and ¢>0, as

V(X Xy 1) = U8 [ ﬁ o(x;, t)J (3.1)

It is convenient to write x for (xi,.., x,,) in the argument of V2 and to set
Ve=1.
3.1. Lower Bound for the Correlation Functions
The following holds for all #>0 and >0
Viii(x, 1)=0 (3.2)
Vi (x,t)=0 (3.3)

Proof. Equation (3.2) follows from the symmetry of the process
under reversing all spins at all times [recall that the initial measure v§ is
also invariant under such transformation]. To prove Eq. (3.3) we first
recall a useful representation of our process, namely the following:

Glauber—Stirring Process (GSP). The state space of the GSP is

F=Zx{-11})? c¢ed, {=((u),uez)
¢(u) = (x(u), 6(u)), xwez,  du)e{-11j}

¢ = (6(u), ue Z)

x(u) denotes the position of the “stirring particle” », and é(u) denotes its
spin. The initial state of the system will always be such that x(u)=u. The
GSP process is the Markov process on 4 whose gerator L° acts on cylinder

functions f as ) ) i
Lf(&) =Z {c O - 1(8)]
+ie 2LA(E )+ 7€) 27O}

where
E(v)=&(v) whenever v # u

$“(u) = (x(u), —6(u))
cd&)=1—yo(u)[(u*)+6(u)]+y’6(u*)6(u")
x(u*)=x(u)£1
Eet(p)=E(v)  whenever v#u, ut
&4 (u)= (x(u) £ 1, 6(u))
EF (™) = (x(u), 6(u*))
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We denote by x(u, t) and 6(u, ) the canonical variables of the process, ie.,
x(u, t) is the random position of particle u at time ¢ and &(u, t) its spin. The
following remarks are important for the next considerations:

(a) For any yeZ, let u,(y) be such that x(u,(y), )= y. Then the
variables

O-(y’ Z) = &(ul(y)’ f)

have the same law as the canonical variables of the process with generator
Le.

(b) The process of the x(u,t) alone is the usual stirring process
(speeded up by & ?).

(c)} After conditioning on the paths of the stirring particles, the
process of the é(w, ) is a time-dependent ferromagnetic Glauber-type
process.

We condition on the stirring particles’ paths. By remark (b) above, the
process 6(u, t) is ferromagnetic and by Theorems 2.2 of Chapter 3 and 2.14
of Chapter 2 of Liggett’s book,“? we have

{x(v, 5), Ve Z, VSZO}:' =0

Ee [12‘[ 6(u;, 1)

i=1

for all u,,..., u,, mutually distinct (3.4)

where E° denotes the expectation in the GSP process when initially the
spins have law v§ and x(u, 0) =u for all 4 in Z. In particular, we choose the
u, in Eq. (3.4) so that x(u,, t)=x,, i=1,.., 2n, where x = (x4,..., x,,) is the
set in Eq. (3.3). By remark (a) we therefore get that

{x(v, 5), Ve Z, Vs>0}] >0

E* [ﬁ o(x;, t)

i=1

hence Eq. (3.3) follows. ||

3.2, The BBGKY Hierarchy

Denote by U?(t) the semigroup with generator L° and by U%(¢) the
semigroup of the Stirring Process with generator ¢ "2L,. Then

U(t) = Ut (1) + L ds U(t — s) Lo U(s)
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Therefore
Vi(xls"" xn’ t)

=3 PHZy sy Zy| Xysens X) VE(Z1 50y 2,5 0)

2152n

n

'@ S PG w5 ) B | Lo Tl otens) | G35

z1,2p i=1
where Pi(zy,.., z,|x,,.., X,,) is the probability that » particles which start
from x,,.., x, and move according to the Stirring Process with intensity
¢~ ? (generator ¢ °L,) are at zy,.., z, at time . Ef; denotes the expectation
w.r.t. the process when the initial measure on { —1, 1}% is u§. The case of
interest for us is when pf{=v§. It is now easy to obtain from Eq. (3.5)
closed equations for the V%, n>1. This is what the physicists call the
BBGKY hierarchy.

We use Eq. (2.1) with f=TT7_, a(z;, s) to write the r.h.s. of Eq. (3.5)
in terms of the V,’s. The structure of the equation when the initial measure
is v becomes then the following (g, g_, 4, h_ %' appearing below are still
to be defined):

Vs, (x, t)_j ds Y P> (z]x)

zez?

X {‘4’1 Vo2, 8)+) (8(2,2') 29V5,(2, 5)
+8.(22) 2yV5, (2, S))}

—ﬂjdsZP Jzlx)

"EZZ"

Zz 2 Mz, 2} Van 22, s)+h_(2,2') Vap_2(E', 5)) (3.6)
z'eZnt

By assumption, in fact Vé(x, 0)=0 for all x and » and V3,, =0, by Eq.
(3.2). g_, h_ are characteristic functions which can be different from zero
only if some pair z,, z; in z differ by 1. Hence, roughly speaking, they do
not contribute much to Eq. (3.6).

We will now give the definition of g, g ,Ah . We set
2=(2y, Z2,) € Z*", z;# z; whenever i # j. We interpret the z, in z as the
sites where particles are.

For z/ = (z},..., z5,) € Z*", let us define

, 1 if 3277 | |z; —z,| =1 and z; # z] whenever i # j
(z,2')=

)
0 otherwise (3.7a)
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Namely g(z, z’) =1 if and only if z’ is obtained from z by letting only one
particle move to an n.n. “allowed” site. An allowed site is a site which is not
occupied by any other particle.

, iy
gf(_z,_Z)-{O

|zi—z)=1and z; =z for some i # j (3.7b)
otherwise '

As before, only one particle can move to an “allowed” n.n. site, which now
means a site occupied by some other particle.

As a consequence of Eq. (3.5b), if z' is such that g_(z, z’')=1, then
z;=z] for some i# j. We then define '€ Z*"~* as

fi=z, Vk#ij (3.7c)

For z/ = (2} oy Zhny2) €ZP T2, let
1 if z} = z,, k =1,..., 2n, and there is i < 2n such
h(z,z')= thatzy, 1 =2z,— 1,25, o=z, + 1,2, £ 1 #z;, Vj#i
0 otherwise
(3.7d)

Namely, 7z’ is obtained from z by letting one particle of z create two new

particles at its n.n. sites. This is allowed only if both sites were not

occupied. Finally, let

1 ifz, =z, k=1,.., 2n, and there is i < 2n

h (Z Z,) — SUCh that Z,2n+1 =Z;— 19 Z’2n+2 = Zi+ 1: and thCI'C
o are jand msuch that z,+ 1 =z;and z,— 1 =z,

0 otherwise
(3.7¢)

If z’ is such that &_(z,z')=1 and i, j, m are as in Eq. (3.7¢), then we define
2/ e Zanz as

fi=2, k#ijm (3.7)

3.3. Upper Bounds for the Correlation Functions

There are constants’ ¢(2n) such that for any a< 1, te [0, T,(a)], T.(a)
being defined in Eq. (2.2), and any n>1

sup V5,(x; 1) <c(2n) e" exp(2nor) (3.8)

5622"
where the sup is over all x=(x,,.., x,,) such that x, # x; whenever i # j.

" Explicit bounds for ¢(2n) are given in Egs. (3.13) and (3.13b) below.
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Proof. Let
as,(t)= sup sup V3, (x;s) (3.9)

xeZM s<t

where x = (x,,.., X5,) 18 such that x;# x; whenever i# j. From Eq. (3.6)
and the positivity of V5 , we then get

as, (1< fo[ ds {chxagn(s) +4y1i2n(2n—1)

xsup Y P (21, 23] %1 %) 1(|zl~z2t=1>a;n_2(s)}

X1:X2 zyzp
t
<f ds{2nads, (s) + 4y L 2n(2n — 1) ¢, (1 —5)~ P eas, ,(s)}
0

+4y12n(2n—1)&%as, ,(¢) (3.10)

because for a suitable constant ¢, (cf. Appendix A), ¢, > |,

sup Z Pi_(zy,z50x, x3) |z, — 2] = 1)

X1.X2 z{z)

Let—s) el 2 t—s| =)+ (e t—s] <L) (3.11)

From Eq. (3.10)

as(t) < c(2) e exp(2ar) (3.12a)
where
t
¢(2) =sup sup 4yc, J ds(s™17 + &) exp(— 2as) (3.12b)
>0 ex1 0

Then for n>1

a5, (1) <exp(2nat) e"4y 1 2n(2n— 1) c(2n—2)
xXecpn f ds(s ™2+ (2n — 2) ae) exp( —2as)
0

so that
a5, (1) < c(2n) &" exp(2nat) (3.13a)

where
c2n)=c(2n—2)4y 1 2n(2n—1)

ne, sup supf ds exp(—2as)(s  ? 4+ (2n—2)ae) (3.13b)

(>0 ex1 Y0



658 De Masi et al.

We will next prove that the V%,’s converge, when suitably normalized, to
the moments of some Gaussian measure. It is easy to guess what the
limiting measure should be, so we first write down the equations for its
moments and we then compare them with Eq. (3.6).

3.4. The Limiting Gaussian Measure

Let Cé(r,r';t) be the solution of the following PDE on [0, L] with
periodic boundary conditions,

0,00 =Y32C* +02C) +2aC° + 8y 6(r —r') (3.14a)
Cé(r,r';0)=0 (3.14b)
By Fourier transforming Eq. (3.14) we easily prove that:
There exists ¢, such that for all », ¥ in [0, L]
|Co(r, r'; 1) — (2a) ! €8y exp(2at)| < ¢, exp(—adt) ee®  (3.15a)
a=min((L'2n)?%; 22) (3.15b)

For what follows it is convenient to introduce a “discretized” version of C,
For x#yeZ,, let

C?(ex, gy; t)=J(r ds ), Gi_(z1, 2%, »)

zy12)
x {20C%(ezy, €255 8) + 4y1(|z, —z,| = 1)}  (3.16a)
where

Gi(zy, 2,1 %, y) = (2nt) ' e exp(— (20) " {(ez, —ex) + (82, — &y)*}
(3.16b)

Then it easily follows that:

Let C®(ex, ey; 1) be the solution of Eq. (3.16); then for any a< 1 and
t < T,(a) there are ¢, and &, >0 such that Vx, y

|Ce(ex, ey; t) — Co(ex, ey; 1)] < c36 exp(2at) e (3.17)
We next define C%=C* and

Cox;0)=Y [ Ciexiex;;t), n>1 (3.18)

le%, (ij)el
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where %, is the set of graphs / of 2n points, a graph / being a set of un-
ordered pairs [= {(iy, i)y (izn_1, I2,)} Where i,e{l,.,2n} for any
s=1,.., 2n. Furthermore i, #i . if s #s".

It is then easy to check that:

Let C%, be as in Eq. (3.18); pose C§=1; then

Caxin=[ ds T 61 (1) {mCyizis)

0 _Zezzn
1 .

5 2 G5, 0(F59) 1(|zk—z,»|=1)} (3.192)
J#Ek

where z/=z\({zx} v {z,}) and

G¥z|x) = (2nt) "? " exp l:— % (20)~! (EZi_SXi)Z:l (3.19b)

i=

Furthermore, for any a <1 there are constants ¢'(2rn) and ¢”(2n) such that
for all n=1 and all < T\ (a)

c'(2n) " exp(2nat) < Cy,(x; 1) < ¢"(2n) " exp(2nat) (3.20)

3.5. Convergence to the Limiting Gaussian Measure

We only need to draw conclusions from what we have so far
established. Firstly we will compare Egs. (3.19) and (3.16): they have very
similar structure and it will not be difficult to see that ¢=*/®|C5 — V5,
vanishes when ¢ goes to zero. By Eq. (3.18) the limiting values of the V3,
will then be determined in terms of C%. The final result will then be the
following:

3.6. Proposition

Let V5,(xy,..., X2,; ¢) be as in Eq. (3.1). Then, for any a < 1, n > 1, there
exist constants 5(2n) and 6>0 so that for any mutually distinct sites

X g geey Xop

&7 2OV (X sy X5 Tol@)) — (n127)7F (20)! ((22) ~" 87)"| < b(2n) &°
(3.21a)

lim e~ 2T @Ve (x,, . xo s To(a)+ 1) = f dx X7 %(x) & (3.21b)

where ¢4(x) is defined in Egs. (2.8) and (2.9).
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Before proving Proposition 3.6, let us remark that Theorem 2.3 is a
consequence of Proposition 3.6, which actually proves that all the moments
of the extensive fields X*“(y/) are converging to the moments of the limiting
measure. Such a derivation is quite standard and we omit it.

Proof of Proposition 3.6. We first prove that D5(7T.(a)) vanishes,
D5, (t) being

D5, (1) = sup [V5,(x;1) — C5,(x; 1)l (3.22)

2cezln

From Egs. (3.6) and (3.16), using Eqs. (3.8) and (3.20), we get that

D) = L ds 20 D3(s)

+J ds sup 2u Z [P} _ (21, 251 %1, X3)

X1 # X2 z123
_Gf_S(Zl, Zz|x1’ x2)| Cu(z) 862&5

+J ds sup Pe (zy, z5]|xy, x3)

z1zy X1# X2

X 1(jz; — 25| = 1) 4yc(2) € €2

+J ds sup

X1 # x2

Z Pt s(ZlaZZ]xlaxz)zg

ET%7)

|
x 2y Vi(zy, 255 8) — g(zl,zz;s)])

f ds 4y sup

X1 # X

Z {P 21722|x13x2)

z122

—Gi_(zy, 2] x1, X))} M|z — 2] = 1)]

+ j ds Bac(4) 62 e (3.23)
0

In Appendix A it is proven that there is §,>0 (6, <34) such that for all
X1 # X,

lim ¢Y/2+9% z [Plzy, 251 X1, X5)

t— oo 2122

-G}(zl,zzlxl,xz)]ﬂ(|21—22|=1)=0 (3.24)
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In Ref. 40 it is proven that there exists ¢, >0 (85 < 1) so that, for all n > 2,
lim > sup ) |P}(z]x)—G}(z]x)|=0 (3.25)
I2%0  xeZP gezn
Therefore for suitable constants ¢, and ¢
&
sup Z {Pt—s(zl’ 2] X1, X2) = G5 _ (21, 220 X1, X5) } W2y — 25| = 1)
x17#x3 2123
<Wt—sl =W i—s) 1272 2220, + e, 1(|t — 5] < &%) (3.26)
sup Z |P?75(Zl, 22|x17 x2)— G?-s(zla Zlela xZ)I
X1 #X2 zyz)
SesW(t—s|>e?) |t —s5| "2 e* e 1(jt— 5| <e?) (3.27)

By Eq. (3.27) we can control also the fourth term in the r.hs. of Eq. (3.23).
In fact, for 1 —s> ¢,

Z Z gz, 2) Vilzy, 225 S)[ P Az1, 220 %y, x5) — f_s(z’l,z’z|x1,x2)

z)z3 z]Zh

<e(2) e e™reg|t—s| ~% g2

+ee®™ Yy Y g(z,2)|Gi_ (21, 25| X1, X2) = Gi_ (21, 23] Xy, X))

zyz3 zizh

<e(2){ee™2es|t—s| "B P+ e e cglt—s| TP e} (3.28)

where ¢4 is a suitable constant.
From Eq. (3.23), using Egs. (3.26), (3.27), and (3.11}), we can conclude
that there exists 6 >0 and a constant d(2) so that

Di(t)<eexp(at) e’ d(2), Vi< T.L(a) (3.29a)
The estimate for D5,, n>1, is
D3, (1) <" exp(2nat) €8 d(2n), t<T(a) (3.29b)

We prove Eq. (3.29) by induction on n. The generic step in the induction is
essentially the same as the proof of the estimate for Dj. There are, however,
two new terms which require some care. They are

~fdsﬂ2 Y Pzl X)h (z,2) V5, ,(x35) (3.30)

zeZ ez

J, as {Pf_s(zlzc)Zv Y g-(z2)Vs, 5E59)
zeZZ’1

ez

G5 T Wamgl= 1) G, i) 63

I#j
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Equation (3.30). By the definition of h_ [cf. Eq. (3.7¢)], the con-
figurations z in Eq. (3.30) have necessarily three contiguous particles.

We then use the following estimate, proven in Ref. 40, Lemma 5.1,
namely that for any d,> 0 there is a constant ¢, such that

sup Z Pl(zy, 2y, 23] Xy, X, X3) W2, — 25| = 1, [z — 25 = 1)
X1X2X3 zjz323

gt H AT {3.32)
Equation (3.37). We can bound the integral in Eq. (3.31) as

[[as 3 P G0 4 Y Wz—2]=1) D5, )

0 ez i#j

Y IG: (2] x)~Pi_(z)x))

z

+Lt ds 4y

{ y
x3 % Wzi—2) =1) €5, (25 )

[ ds Y P (z1%) 2202 — 120 -2)
O z

XMz, —zol =1, |z,—z5) =1)-c(2n—2) &" ' exp((2n—2) as) (3.33)

The first term is estimated by means of Eq. (3.11) and the induction
hypothesis, and the third one again by Eq. (3.32). For the second one we
proceed as follows. By Eq. (3.17) we can rewrite Eq. (3.18) with C*® appear-
ing in the rhs. in place of C° the error being &%z exp(2ur)e" ™}
exp(2n — 2} at) times some constant factor. We are then left with the same
expression having C%, , in place of C%, , where the former is defined by
Eq. (3.18) with C%:=C° We now use Eq. (3.15) to change % with
(20) = ¢ 8y exp(2as). The error is like the previous ones. What is left is
again the same expression with C%, ,(z",s) replaced by a constant
(w.r.t. z). We can then use Eq. (3.26) to show that this term also gives a
contribution compatible with Eq. {3.29). From Egs. (3.15a), (3.17), and
(3.20) we then obtain the proof of Proposition 3.6.

4. PROOF OF THEOREMS 2.1 AND 2.2

The main characteristics of the measure at time 7,(a) have been
established in Proposition 3.6, Unfortunately the techniques of Sec. 3 are
inadequate to study the evolution afterwards. When the n-body correlation
functions become finite, they are no longer comparatively negligible w.r.t.
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the n — 2 ones. This is just what the theorems we want to prove say, and, as
a matter of fact, most of the estimates of Sec. 3 are valid only for times less
than T,(a), with a< 1.

It seems desperate to control the whole hierarchy for infinitely long
times, so we attack the problem from a different point of view. The measure
at time T,.(a), by Proposition 3.6, is concentrated on “regular” spin con-
figurations having magnetic density ~ &/, We shall see that the magnetic
density starting from any such configuration evolves and reaches finite
values, which, due to the stochastic nature of the evolution, fluctuates
around their average. The point is that if ¢/ is not too small, ie., a close
to 1, the fluctuations remain infinitesimal when ¢ goes to 0, even when the
magnetic density has reached finite values.

We shall prove in fact that the magnetic density evolves following Eq.
(1.1) up to r~loge~", uniformly in & (namely up to times ¢ when it
becomes finite) and that at the same times, the microscopic measure con-
verges to a pure Bernoulli measure. As a consequence the microscopic state
at time T, + ¢ becomes an integral of pure Bernoulli states. Each of them is
characterized by a magnetic density which is obtained from that of a
“regular” configuration at time 7,(a) by the flow induced by Eq. (1.1) for a
time 7T, +t— T, (a).

The law A,(dm) is therefore the image under such transformation of
the law of the magnetization at time T.(a), and this is just what
Theorems 2.1 and 2.2 state. Moreover we see that only the “initial” fluc-
tuations are responsible for the fact that the state becomes a nontrivial
decomposition of Bernoulli measures. When the initial magnetization is
e’ g close enough to 1, then the fluctuations do not play any significant
role. We guess that this should also happen when the initial value is ~&?,
y <1 but, for technical reasons, we need to require y close enough to 0.

Our first result proves that the measure at time 7'.(a) is “well” concen-
trated on suitably regular, flat, configurations. The average magnetization

in the scale ¢ ~* is

myo,x)=¢" Y o(y), xeZ {(4.1a)
yei{x)
L(x)={yeZ:x<y<x+e *—1} (4.1b)
We set
mo)=(Le " ")"" Y  o(x) (4.2)
Osx<Le!

which is the average magnetic density. The configuration ¢ is “flat” or
“regular” if m,(o, x) is suitably close to m(s) for all x in Z.
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Closeness will be defined so that the difference between m,(o, x)
and m(o) is much smaller than the value of m(o) itself. A key element
for proving that the configurations at time 7.(a) are “flat,” with large
probability, is that the correlation functions at 7.(a) are “almost”
independent of the sites, when ¢ is small.

From Proposition 3.6 it is in fact easy to prove that for any 1>0

lim sup s, [Ima(o, x) = m,(o, y)| >&"@*1]=0 (43)
e—>0 x#y

where n is some small enough but positive number.

In order to prove that the configurations are flat, we would need to
have in Eq. (4.3) the sup inside the expectation. In this case, however,
Proposition 3.6 is not enough to ensure that the limit is still zero. What
helps us is the smoothing effect of the Stirring Process which makes
m, (o, x) approximately constant in regions of order ¢ *, A< 1. This hap-
pens after any finite time in the limit of small ¢, whatever the initial con-
figuration is, as we shall see below. Combining this and Eq. (4.3), we will
obtain the desired property that configurations are with large probability
flat if a, 4, and # (the accuracy entering in the definition of flat con-
figurations) are properly chosen (ie., a and A close to 1 and # to 0). The
following is the key estimate, which will frequently appear throughout the
section.

4.1. Proposition (Factorization Property)
There is J,> 0 such that the following holds.

For any k> 1, T> 0, there are constants e(k) (depending on &, k, and
T) such that for all configurations ¢, all x,,..., x, mutually distinct, all ¢ in
['7, T]

I[Ef, []_k[ G(x;, t)]l <elk)(e~2t) % (4.4a)
e(k)<elk+1), V=1 (4.4b)
G(x, t)y=0a(x, t)—E:[o(x, 1)] (4.5)

where EZ denotes the expectation w.r.t. the process with initial distribution
concentrated on the single configuration o.

The proof of Proposition 4.1 is technically quite involved, and we
report it in Appendix B. The proof follows closely that concerning the
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analogous property for the simple exclusion process (cf. Ref. 40), and it is
similar to that given in the appendix of Ref. 1b, where the corrections at
order ¢ of the measure at time ¢ are considered.

With the help of Propositions 4.1 and 3.6 we have the following:

4.2, Proposition (The Magnetic Density Profiles are Flat)

There exist A< 1, ag<1, n,>0, 65>0, and ¢g so that for all a>q,
(and a< 1)

Ko [SUp [m (o, x) —m(g)] > e™* "9 ] < cge™ (4.6)

where m(c) and m,(o, x) are defined in Eqs. (4.2) and (4.1) respectively.

Remarks. From the proof of Proposition 4.2 it turns out that

14+ (IMag) + 1) <A< 1—=3(I(ag)+1,) (4.7)
2(I(ao) +11) <9 (4.8)
0—2n,>1—-14 4.9)

d is defined in Proposition 3.6.

Proof of Proposition 4.2. We divide the whole interval [0, ¢ 1L]
into intervals of length ¢ ~*; we have chosen 4, ay, 1, 65 according to Egs.
(4.7), (4.8), and (4.9). For notational simplicity, assume that ¢~* is an
integer as well as N :=¢~'Le’, which is then the number of consecutive
intervals I,, i=1,.., N, in which [0, e~!L7] can be divided.

Let m,(o, I;) be the average magnetization in the interval I;; then, for
any 7 and j,

Folim,(o, I} —m;(o, I)| > @+ ]

< ¢y max(g® 2, gt 2@+ m)) (4.10)

Equation (4.10) follows frm Proposition 3.6 using the Chebyshev inequality
with the second moment.
Since

m(c)=N""! g: m,(a, I,)

it follows that
Koymlsup [m; (o, I;) —m(a)| > gl @+m]

< Neo max(e® ™M, gt =20 @)+m) (4.11)

822/44/3-4-25
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It is therefore enough to control the difference between m,(o, x) and
m,(o, ;) for any i=1,.., N and x in I,. We will prove that for any o, x, and

y such that [x — y| <& %,

Ei[[m;(o, x)—my(o,, y)| =&M< ey (4.12)

where t=¢?*"~4 (the reason for such choice will become clear in the
sequel), ¢, is a suitable constant. ¢ is not the optimal estiate but it is
enough for our purposes.

From Eq. (4.12) it follows that

/,teTﬁ(a)[SUp sup |my(o, x) —m,(o, I))| =74 ]

i xel;
< 871+1L671/J'§"8(a)[EEO-TE(a)— Limylo, x)—my(o,, I,)| 2 ghta+m]
<e ey e? (4.13a)

and from Egs. (4.13a) and (4.11), Eq. (4.6) follows with 2&”®+ " instead of
the required &/ * ", It is, however, trivial to modify our previous proof to
get Eq. (4.6); we did not do that from the beginning for the sake of
notational simplicity.

It only remains, therefore, to prove Eq. (4.12). We use the Chebyshev
inequality with 2k moments; k has to be chosen large enough, as we shall
see. We then need to estimate terms like

2k
e 11 (ot )= ot )|
i=1
for given x,,..., x5, and with d<e™%, t=¢*" "%, We write each a(x, 1) in
terms of &(x, ¢). The expectation of products of &(x, z) is controlled by
means of Proposition 4.1.
For the differences E:[a(x;, 1) —o(x;+d, t)] we have that

\E2[o(x,, ) —0(x+d, 1)]] <2670 f ¢y (e720) "2 d  (4.13b)

Collecting all the above, we get an estimate whose ¢ dependence is

max{g[(lﬂ)l* (1"(0)+r11)]2k, gldo— (I”(a)+'ll)]2k, g3 -4 (F(a)+m)]2k}

which by Eqs. (4.7) and (4.8) is a positive power of ¢. By choosing k large
enough, this proves Eq. (4.12).

To study the evolution after time T,(a), we condition on the state of
the system at time 7,(a). By the Markov property and because of
Proposition 4.2, it is like starting from a “fiat” configuration at time zero.



Unstable Equilibrium in a Random Process 667

We are disregarding sets whose probability vanishes when ¢ goes to zero.
Since

Leo(x)= —20(x)+2y(6(x+1)+a(x—1))
290} (x—1)a(x+1) (4.14)

the average magnetization does not obey closed equations. By
Proposition 4.1, however, at least for finite times, the factorization
property allows us to close the equation, with small error. Such property
does not extend automatically to all times, as is clear from the analysis of
Sec. 3. We shall, however, see that if the initial magnetic density is “large,”
~&" @ then the factorization property holds up to times ~log ¢!, which
is what is needed. We proceed by fixing 4, ay, #; as in Egs. (4.7), (4.8), and
(4.9) and stating the following:

4.3. Corollary (of Proposition 4.1)

There is ¢, so that for all configurations ¢’

Yo [sup

¥

ety 5(x,1)i>8”")+’“}<c128 (4.15)

xeli(y)

We have now the necessary tools for studying the evolution in the time
interval [T {a), T, +¢t].

4.4, Definition

We fix m'>0. For each ¢>0 ¢ will denote, in the sequel, any con-
figuration such that

m'e! ' < m(o) (4.16)
|m; (6, x) —m(c)] L gM @ (4.17)

with / as in Eqs. (4.7) and (4.8). We proceed this way for the sake of
definiteness. Analogous proofs apply in the cases when m(a) < —&"@m'.
We also need an uper bound for m(c). The tyical values of m(c) are of
order ¢, but we need to iterate the estimates: our arguments will apply
up to values m” of m(s) such that S,m” = (38) ' «'? (cf. Proposition 4.6
below). <{-» denotes the expectation for the process with initial dis-
tribution, which should be understood from the context.
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4.5. Proposition
There exist ¢’ and ¢” so that the following holds.

Let ¢ be as in Definition 4.4; then, for all xe [0, ¢ 'L],

my < {a(x, 1)) <mj{ (4.18)
where
j dm V'(im)~' =1 =J'"‘ dm V'(m)~! (4.19)
m(o)+ c"g% m(a)— c'ed6
and
0¢=min{3(1 — 1), n, + I'(a), 6o} (4.20)
Proof. Set

n,=3(1-12)

By Eqg. (4.14) we have, for 1 =™,

x> <L PGIN a0+ [ TP 1)

X[2y(Ca(y+1,8)>+<{a(y—1,5))—2<a(y,5)>
—BLa(y—1,5)0(y,5)o(y+1,5))]
+2(dy +2+ B) e™ (4.21)

We have for any y and z, |z| <e %, 1> ¢™, that
[Py ]x) = Py +z|x)| Sepse 1P Mn(y|x)<cpze’n,(y]x) (422a)

Yr(ylx)=1 (4.22b)

Co(y—Ltyo(y, )a(y+1,0)) = a(y—1,1) y<{a(p, ) ><{o(y + 1, 1))
< cpqe% (4.23)

Therefore, using Eq. (4.13b), we have
(o(x, 1)) <m(a) + e 1@ 4 2c 8%
t— g2
e T P 9o ) — Bl 557
20 ¥

+ B4+ (dy +38)(2e™ 4 cp 8t M)+ 2(4y + 24+ B) e (4.24)



Unstable Equilibrium in a Random Process 669

Let

m, =sup {a(x, t)> m,=inf {o(x, 1)) (4.25)

If m”, s<t, is such that m” < ((38) ' «)'?, then

aa(y,5)) ~pLa(y, s)>* <ami — B(m;)’

and
i <m(o)+ [ ds(am] — B(m{)*)+ "% (4.26)
0

We have therefore proven the first equality in Eq. (4.19). The second one is
proven analogously and we omit the details.

By Proposition 4.5 and Corollary 43 we can find with large
probability good “flat” configurations at time 1. We hen study the
evolution for a unit time interval starting from any such configuration, so
that we can apply again Proposition 4.5. By iterating this procedure we get
the following:

4.6. Proposition

Let t* be the largest integer so that m,. :=S.(m(a)) < ((38) ' a)3,
where S,(m) is the solution of Eq. (2.4) with initial value m(c) (o being a
configuration chosen as in Definition 4.4). Then

My —Cpe(t* = 1)< (o(x, t* — 1)) <mjs_ +cppe(t*—1) (427)

¢, being the constant appearing in Eq. (4.15). m,._, and m}._, are such
that

. P T dm V'(m) " (4.28)

m{a) +c"(t* — 1)els m(a) —c'(r* — 1)ede
Furthermore, there is a constant ¢, such that
M _ | — M < Cy5t¥g 1@ (4.29)

Remarks. Notice that t* increases like loge ™! when & goes to zero
(since m(c) = m;e”@, according to Definition 4.4). Therefore, if we choose
a so close to 1 that

8, :=0,—I(a)>0 (4.30)

then m/»_ | —m/._, vanishes like log ¢ ~'¢°” when & goes to zero.
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Proof of Proposition 4.6. For n<t*—1, we define m, and m so
that

m(a) —~ c'e%n

dm V/(m)'1=n=Jm; dm V'(m)~'  (431)

m(c) + c"e6n

We are going to prove that, for all n<¢* —1 and all x

m, < {o(x,n)><m, (4.32a)

for all '€ ¥%,_,, where
Pe[9,121—ncye (4.32b)

G = {for any ym,—e" "<t Y o(x,n)<m) + 8'“*”‘”} (4.32c)
xei(y)

The proposition will then follow after integrating Eq. (4.32a) w.r.t. the law
at time t* — 1 and by using Eq. (4.32b).

The proof of Eq. (4.32) is obtained by induction on n. We have
already proved it for n=1. So we assume that it holds for n—1 <r*—1
and we are going to prove it for n. We condition on the configuration ¢’ at
time n— 1, and we consider the case where ¢’ is in 4,_,. We can then
proceed as in Proposition 4.5; we only have to write m,_, instead of m(o)
in the r.hs. of Eq. (4.24) and in the successive equations. We then get that

E.[a(x, 1)]<m, (4.33)
where

JW dm V'(m)~" =1 (4.34)

my )+ ¢"8%
From the definition of m),_, it then follows that
[ dm vim) =1 10my_ < m< )
+ j dm V'(im) ' t(m(o)+c"(n—1)ed¥<m<m’_))

=n+fdm Viim) " M(ml_, <m<m"_, +c"e%)

J dm V'(m)~' 1(m(o) + c"ne’s <m < m!)
- f dm V'(m)~1 1 (m(c) + c"ne <m<m!)
+J dm V'(m) " M(ml_, <m<m!_, +c"e%)

- J dm V'(m)~ " 1(m(c) + ¢"(n— 1) % <m <m(c) + ¢"ne’)
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1

Therefore 72, < m,,. From this we get

CEoLo(x, DI <sm,

and since analogous argument holds for the lower bound, Eq. (4.32a) is
proven for z.

Denote by P¢ the law when the initial measure is concentrated on ¢
and by #,_, the g-algebra generated by the variables o(x, ¢') for all x in Z
and ¢’ <n—1. We then have by Eq. (4.15), Corollary 4.3, that

e Y olxm)—¢ Y Pilolx,n)|Z,_.]

xeliy) xe(y)

Pe [sup

¥y

>8m+F(a)J
Scepé
Therefore, by Eq. (4.32a),
Pfr[lpf;[g:;l%»lj gn~ 1] <Cppé

By the induction assumption, we estimate the probability of ¥;_,; so we
prove Eq. (4.32b) for n. The proposition is therefore proven.

Proof of Theorems 2.1 and 2.2. By the Markov property, for any
cylinder function f

o LS 1= 05y LB L s i = 1y 1] (4.35)

We fix ¢ as in Definition 4.4 and we distinguish two cases: t* — 1 smaller or
larger than T, T.(a)+ t. To simplify the notation, let

t=T,—T,(a)+! (4.36)

Case 1<t*—1. For notational simplicity we assume that 7 is an
integer. Let ji¢ be the measure at time ¢ when the initial distribution is con-
centrated on a configuration ¢ as in Definition 4.4. Then, for any » and
X, X, pairwise disjoint,

it [H 0(x,-)]=/1§1 [[E[n o(x;, 1)]} (4.37)

i=1 i=1

and by Proposition 4.1

Es [fl o(x;, 1)] — ﬁ E[o(x;, 1)]‘ < 2%e(n) 7%

i=1



672 De Masi et al.

Therefore, from Eqs. (4.32b) and (4.29),

i [f{ a(xi)] — (S.(m(3))

i=1
<2%(n) €% + t*¢ 6+ ne st¥e’ @ (4.38)

Case 1= t*—1. There is t(m’), m’ as in Definition 4.4, such that for
any ¢ as in Definition 4.4, t* — 1+ t(m'y = 1 (¢* depends on §).
Just as before and with the same notation,

T l:ﬁ O’(X,—):I — By [ﬁ Elo(x;, 1—1t*— 1)]]‘ <2%(n) e (4.39)
i=1

i=1

where the constants e(n) of Proposition 4.1 depend on (') and hence are
fixed once m’ is given. As before, we need to estimate, for e €%, _,

Elo(x, T —1*—1)] = S (m(3))

We have to modify our previous argument because we cannot say any
longer that a{a(y, t))> — B{a(y, t)>> is increasing. We proceed as follows.
We assume that 6, €%,._,, te[&™, t(m')], and we set

Co(x, 1)) =E;[a(x, 1)] (4.40)
and similarly to Eq. (4.24), we get
{o(x, 1)) Smie_ + @M 4 2¢ 6% 4 Beaet(m')
+ (47 +38)(2e 2+ cp et M)y t(m') +2(4y + 24 B) e™
[ BT PN 50y = pol3)%) (44D

An analogous lower bound is obtained similarly. Let
d¢ =sup{a(x, 1)) —infla(x, ) (4.42)

then, for a suitable constant ¢,
t
d<mi m',*,1+616856+j ds(o dt + 3B d) (4.43)
0

Therefore, posing

m, =sup<{a(x, 1)), m; =infla(x, 1)) (4.44)
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we get
14 t
il <y + e’ o+ | ds(ownl — BORY)) + [(as3pa:  (445)
0 0
An analogous expression gives the lower bound.

From Egs. (4.29), (443), and (4.45) and because ¢<1(m’), we then
prove that for, suitable 6, >0 and ¢,

sup |EL[a(x, T— 1% —1) =S, _ o _1(m(0))| <c1p8” (4.46)

From here the same argument as in the case t<t*—1 applies. Sum-
marizing, we have proven so far that, for any n>1, 1 20, x,..., X, mutually
distinct, any m’ >0,

lim
e—=0

KT, 1 l: H U(Xi)] — Uy [(S7,— 73+ (m(a))"]
i=1
<lim sup py, ) [Im(o)] < m'e" @]

By letting m’ go to zero, using Proposition 3.6, we obtain the proof of
Theorem 2.1 and 2.2.

APPENDIX A

Here we prove Egs. (3.11) and (3.24). We start with the following
definition.

A.1. Definition

We denote by x,(s), x,(s) (resp. x%(s), x3(s)), s >0, the positions at
time s of two stirring particles (respectively, two independent random
walks} moving with intensity one and such that

x0)=x, x%0)=x; i=1,2 (A.1)

where x; # x, are in Z. We call interacting (resp. independent) i-particle
the particle starting from x; at time 0, i =1, 2. We denote by P (resp. P°)
the law of the stirring (resp. random walk) process defined above.

A.2. Llemma
For any x,, x,€ Z and ¢ >0, the following holds.

Let
To=min{s = 0: x{(s) = x3(s) } (A.2)
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then
P({|x,() = x,(0)| = 1}) = 3 P°({Ix}(1) = x3(D)| =1} n {Tp < 1})
+ PU({x(0) = x§(1)} N {To < 1})
+ PU({Ix0) — x5 =1} n {To>t}) (A.3)

Proof. We define a coupling between the two processes, iec., we
define a probability distribution Q on (Z*)L%1 such that its marginals are
P and P°, respectively. Such coupling is that introduced in Ref. 40. For the
reader’s convenience, we sketch here its main features. Q is such that the
displacements of the independent and interacting particles are the same
with one exception. When the independent particles have a displacement
that would bring an interacting particle over the other, the interacting
ones, instead, interchange their positions.

Let us define the following stopping times for the independent process.

T, is defined in Eq. (A.2) (A.4a)
to=1nf{s < Ty: |x%(s) — x3(s)| =1} (A.4b)
T,=inf{s>1, ;:x%(s)=x5(s)} (A.4c)
T, =Inf{s>T,: |x(s) —x(s)] =1} (A.4d)
Finally, let
d(s)=1x,(5) — x,(5)] 0<s<st (A.5a)
d°(s) = |x3(s) — x3(s)! 0<s<t (A.5b)

From the definition of Q it follows that
d(s)e {d°(s), &’(s)+ 1}  forall se [0, ¢]
aT,)=1 for all n=0, 1,...
d(s)=d(t,) forall 7, <s<T,
On the other hand, by definition of Q and by Eq. (A.4d),
d(t,) e {d(z,), 2}

with equal probability. Therefore we have that

d)=d+ Y Emi(,<i<T,, )+ Y UT,<1<1,) (A6a)
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where the ¢(n)e {0, 1} are iid. random variables (independent of d°(r))
and such that

Q(L(0)=0)=3=0(L(0)=1) (A.6b)
From Egs. (A.6b) and (A.4), the lemma follows. In fact,
P({d(t)=1})=Q({d(t)=1} n {Ty>1})
¥ i B0t <1<Tus i} {d(0)=1)}
+'1Q}{Tn<t<rn}ﬂ{d°(t)=0})

Proof of Egs. (3.17) and (3. 24) We will show that there exist 6 >0
and 75> 0 such that

sup sup Z {Pt(zlazzfxl’xz)“Gz(ZnZzixlaxz)} Tz, =zl =1)
1215 x1,X2 lzyz9

St~ W2+o) (A7)

where ¢ is a suitable positive constant.
From Eq. (A.7), Eqs. (3.11) and (3.24) follow. We have that

P =x3()} n {To<t}) — 3 PP{Ix2) — x3(1)| =1} n {Tp < 1})]

sj'PO(dr) |PO(z4(t — ) = 1) — P°(z(t — ) = 0) (A8)

where z(s) is the position at time s of a random walker starting from the
origin and P°(dr) is the distribution of its first return to the or1g1n From
the local central limit theorem,®® we have that there exists o < such that

rhs. of Eq. (A.8) < const L di(1+772) T (14 (t=1)"%) 7,
<const 7~ 1+¢ (A.9)
From Egs. (A.3), (A.8), and (A.9) it follows that
|P({lx1(8) = xa(1)] = 1}) = PU{Ix3(1) = x3() = 1P| < 't 7'+ (A10)

Therefore we can put P° instead of P in the Lhs. of Eq (A.7). Then the
estimate in Eq. (A.7) follows from the local central limit theorem.**
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APPENDIX B

The proof of Proposition 4.1 is based on techniques introduced in
Ref. 40 and developed in Ref. 41 to study the symmetric simple exclusion
process. We shall follow Ref. 1b to adapt them to the present context.

Notation. In what follows, ¢ is a positive (small enough) number,
o*e {—1,1}% is the initial (arbitrary) configuration for the process with
generator L°, n>1 and x,,.., x, are mutually distinct sites in Z,. Constant
€, Ca,.. and exponents d,, d,,.., ¥, Y2, are not the same as in the text.

Our estimates require initial measures with fast decaying correlations
and an everage spin magnetization which varies smoothly in space. At time
0 we have the first but not the second property. Correlations increase with
time while the average magnetization becomes smoother. A possible com-
promise is to choose a time T=¢** (recall that at time T the stirring has
been effective for a time ¢ 2*%?) and then to consider the state at such
time T as the initial state (in Proposition 4.1 we are interested in times
t>¢'?, so the above procedure is justified by the Markov nature of the
process).

B.1. Lemma

There is a constant ¢, and given &,>% a constant ¢, so that the
following holds.

2/3

Let v° be the distribution of the process at time ¢*° starting from o*.

Let ae {—1,1} and pose

1(x)=1(c(x)=a) (B.1a)
Ta(x) = 1,(x) =v°[1,(x)] (B.1b)

Set
go =¢8> (B.2)

(i) Then, for a= +1,
WeLla(x)] = P, .(e0x) < c180 (B.3)
where

Pea(r) =203, 2m) ™" exp(—§(r — o )*) Le*(»)=1)  (B:4a)

Y

Po—1(r)=1—=p,,(r) (B.4b)
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(ii) For any n>1 and mutually distinct sites x,,.., x, in Z,

5 e[ Taen 11 100 |

<c,yn exp{—s“‘”z/” I1 l(lxi—x1]>s*51)} (B.5)

i=2

Notice that there are constants b(x) so that

sup sup | p{" 4(r)] <b(n) (B.6)

e>0 reR

Proof of Lemma B.1(i). We write Eq. (3.5) for n=1. The con-
tribution of the integral in Eq. (3.5) goes like ¢7? =¢,. So it fits with the
estimate in Eq. (B.3) and we are left with a single random walk: Lem-
ma B.1(i) is then easily proven. We postpone the proof of Lemma B.1(ii)
to set notation and definitions which will be used both in its proof and
afterwards.

B.2. Definition (Stirring Process)

The Stirring Process in Z, is defined as follows. Recall that Z, is Z
after identification of x and y if |y — x| =[Le ']. For any x in Z define a
Poisson point process with intensity 1, hereafter called “the process for the
pair x, x + 1.” The processes at x, x+1 and y, y+ 1 with |x — y|=[Le ']
are identical while the processes for x in [0, [¢~'L]— 1] are independent.
On each site of Z there is a stirring particle. The stirring particle which at
time O is at site x has label x. Its later positions are denoted by Y?(x, #),
t<0. The evolution is determined by the Poisson processes as follows.
Each time a Poisson event occurs, say time ¢ at sites x, x + 1, the stirring
particles which at time ¢ were at x and x + 1 exchange their positions.

B.3. Definition [the Branching Labeled Stirring (BLS)
Process]

B.3a. The Branching
Let

A=+ A=1-9% A=(1—y) (B.72)

A=+ Ayt dy=3+47 (B.7b)
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Denote by (¢,),-; the process on R, such that the variables (¢,—¢,_,),
to =0, are mutually independent and have Poisson distribution with inten-
sity nd.

Let (f,).»1 be the independent process such that for any n>1 the
probability that {f,=;} is A7'4, j=1,2,3. (a,),>, is the following
Markov process. ¢, has values on the subsets of {—1,0,1}". The
probability of o, ., given g, is determined as follows. With equal
probability, take any of the elements of a,, say o (which is therefore a
sequence in {—1,0,1}"). Then ¢,,, is obtained by adding to any
n-sequence f #« in ¢, an n+ 1 entry which is 0. Three more elements are
obtained by adding to o, as n+1 entry, —1,0, and 1, respectively. We
shall say that the element with all zeros in o, is the ancestor of the family
«,. The position in a sequence of the last entry which is different from 0
denotes the age of that sequence.

The elements in g, are ordered according to their age, and if the age is
the same the sequence having —1 as the last entry #0 precedes that
with 1.

We denote by (w,),»: the process obtained by taking the direct
product of the above three and by (£, P) its canonical probability space.
denotes the generic element in £.

We shall often employ the following notation:

a()=ua, whenever f,<t<1,,, (B.8)

N(w)=supik: 1, <t} (B.9)

B.3b. Branching Particles

Given n particles 1,2,.,n and (w(l),.., w(n))eR”, we define the
following branching structure.

For particle 1 we look at w(l). Particle 1 remains alone in the time
interval 0 <<s<7,(1). At £,(1) two new particles are created, the “left” par-
ticle corresponding to —1 in a,(1), the right particle, +1 in «,(1), while
the original particle has label 0. At time ¢,(2) one of the previous three par-
ticles generates two new ones. The old particles at time £,(2) have 0 as
second entry, hence they are distinguished by their first entry. The two new
particles have as second entry —1 and +1 and are, respectively, the left
and right descendants of the particle determined by their first entry.
Iterating this procedure we give labels to all the particles which descend
from particle 1. (Notice that the ordering in ¢, (1) corresponds to the order
of appearance of the particles). In a completely analogous fashion we define
the descendants of particles 2,.., n. We write a(i, ¢) for the variable ()
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corresponding to w(i), and |a(i ¢)| for the number of particles in g(i, ¢)
(lz(i, )] = 2N (w(i)) +1). We order the labels in (J7_, a(i, ¢) as follows:
a< fif either (1) aea(i, 1), fex(/, £), and i< j, or (2) aeali, 1), Peals 1),
and the age of « precedes that of 5, according to Definition B.3a.

B.3c. Branching and Stirring

Let n>=1, x,,.., x, and w(n) be given. Then (x,(¢),.., x,(¢)) is the
following process. x(t)e Z1#“9 i=1,. n, and it is defined as follows. Let
0<1,-1,< - be the ordered sequence of all the times #,(i), k=1 and
i=1,.., n (assume strict inequality holds, as it is as.). Let y,..., y,, be the
sites occupied by the particles at time 7,. Then the particles will move like
Yy, t), i=1,.,m for 7, <t<1,,,, namely if the particle « is at y, at
time 1., then it will be at Y*(y,, t) at time ¢.

To complete the definition of the process we say that the particles are
initially at xq,.., x,, and that the left (right) descendants of a particle are
created to its left (right) nearest-neighbor site, according to the
specifications given by w(l)- - w(xn). Notice that it is possible that more
particles stay on the same site; in that case they will remain stuck to each
other thereafter. We shall denote by (x;,..X,) the process
(x1(1),e0, X,(2));5 0 and by P¢(dx, - dx,) its law. We shall also denote by
x{a, ) the position of the particle w1th label aea(i, t). When we do not
want to specify the ancestor i, we shall simply write x(a, #). We shall then
use the following notation: @ for (w(l) - w(n)) and N,(w) for

_ N(a(i)).

The following definition reports some results proven in Ref. 1b, Sec. 3,

which we will often use in the sequel.

B.4. Definition (Duality)

Fix 1>0, x,.., x, and let g° be any probability on {—1,1}%; let
(af,..,a¥)e {—1, 1}" Denote by g the elements in | |5, {— 1, 1}* and let
k if age {—1 1}*. Then there are functlons F{1 """ n (a,, (i), x

(1) FeiseitherQor I and Fi+/F_; =1 (i=1,.,n).
(2) Label the elements of g in {—1, 1}!* as a, set

Lxd)= [I la(x(x 1) (B.10a)

e a(i1)
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Then, denoting by u¢ the law of the process at time ¢ which starts from u°

uf[ﬁ la,(x,-)} [ P(deo(1) -+ P(der(m) Pi(ds, - ds,) Y.
i=1

arcan

{11 10a) = 106 ) Furf [n yoo (B.10b)

i=1
(3) Assume x, - x, are such that x(a, 1) # x,(a’, t) for any a+#a
and i in {l,.,n} and that x(¢t)nx,(¢)=0 for any i#j. Then there are
functions G ,«(a, w; t) so that in the above set

j .]= la“'a n; t) = Ga;“(gia G)(l), t)
(4) Let x,---x, be such that there are two sets / and J, InJ=(,
IuJ={l,.,n}, so that for t>0

x{a, t)=x/(PB, 1) VieLVjeJand aea(i, t), fealj, t)

Then for all i in /
oy, o()), x5, j=1-n3 )= Fida;, o)), je L; t)
so that also for all i in J
Fir-mHa, o()), x5, j= 1 n; 1) = Flda;, o()), x;, je T 1)

(5) Assume that given x,,.., x,, there are I and J mutually disjoint
and covering {1---n} and furthermore that (a) x(«, t)=x,/o, t) for any
a#o and iin I, (b) x/(1), x;(t)= & for any i in I and j#i. Then
Fil-m =F,. forany jinJ
Fi4-" =G,  forany iinJ
We are now ready for the following:

Proof of (ii) in Lemma B.1. Assume |x,—x;|>&"% for all i>1
[Eq. (B.5) is obviously true in the other case]. We write below T for &°
and v* for the law of the process at time 7. Then

Y v [L;(x» ﬁ 1)

[
a; an

Z J.P(da)(l)) - P(da(n)) Z 11 1(ad = lati, 1))

cap i=1
x {Pfo(i)“-w(n)(d:xl?'"’ dgcn) 1—[ F‘{zl ’’’’ " —Pfo(l)(dgcl)
i=1

X Py (dx3,-- dX, )F{l} H F{2 ..... n}}

- w(n)
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We introduce the functions
(i) =1(|x (o, s) —x;| <ie™%for all «in 2(i, s) and 0<s< T)

and notice that after conditioning on []7_, ¢(i) the two measures
Pty om and P2 Pt become the same since |x;—x,|>&7%,
i=2,.,n Furthermore by (4) of Definition B.4, Fli~ "}—F{‘} and

We have two probabrhtres v and p with the same conditional probabrhtles
on a given set 4. We have nonnegative bounded functions f; and g, equal
on A and such that Y, f;=3,g,=1. Therefore 3, |{ v(dx)fix)—
| uldx) g(x)| €2 | (v(dx) + p(dx)) 1 4(x). Therefore

o [ Tarten T1 1|

2 [ Pdax(1)) - P(deo()) [Pyl =~ dx,)

N

+ Pfu(])(dgcl) Pig(z)--m(n)(dxz T dxn))}

> ~¢(i))<4nfP(dw(l))Pfum(d;Ci)(l — (1))

i=1
<dn | Pldo(1)) la(1, 1)
x PO[|x(s)| € 1e™% — N,(w) for all 0<s<e 2T

where P? is the law at time ¢ of a random walk starting at time O from the
origin. Since ¢ *T=¢"*? and §,>2, (ii) of Lemma B.1 becomes a con-
sequence of classical estimates on random walks and of the following
inequality [cf. Ref. 10, Eq. (A.21)]: for any n> 1,

P(N(@)=N)<cse ™1 —e ") nN">~1 (B.11)
So the proof of Lemma B.1 is completed. The process of # stirring particles

is in several respects close to that of n independent particles. With this in
mind we pose the following:

B.5. Definition [The Branching Labeled independent (BLI)
Process]

Given any n21, x,,.,x,, o(l)---wn), we define the process

(x7---x7) with the same procedure as in the BLS process, the only dif-

822/44/3-4-26
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ference being that in each time interval [t,, 1., ) the particles move
independently of each other. In particular, therefore, a particle created on
an already occupied site will, eventually, separate from the other one, in
contrast to what happens in the BLS process. We shall use for the BLI
process the same notation as for the BLS process, except for the addition of
a superscript 0.

Another preliminary step in the proof of Proposition 4.1 is the
following.

B.6. Lemma

Let v* be as in Lemma B.1 and denote by v¢ the distribution of the
process at time ¢ when the initial law is v°. Assume € [¢'?, T, where T is
some arbitrarily fixed positive number. Then there exist §,>0, ¢; < o0 so
that

Vel Lae(¥)] = g (X)) < 0387 (B.12a)

where
gt.0o() = | Pldo) PE(dx*) ¥ 11l = [2(1)]) Gola, o, 1)

x I peoaleox®e 1) (B.12b)

wex(r)

We postpone the proof of the above Lemma to the Remarks B.12 following
Proposition B.1.

The following is just a useful rewriting of the duality relation
established in Definition B.4.

B.7. Lemma
Fix any n>1, x,---x,, v* in {—1,1}% (>0, and (af,..,aF) in
{—1,1}" Then [cf. Notes added in proof’]

Ve [ ﬁ Tai.(x,-)]

= Y f P(dw(1)) -+ P(dw(n)) @ 4 4

dc{1:--n}

X g};gn W(la] =l f2)|, i=1,..,n) (H Ff,'/,) (n Ga,.*>

ied i¢ 4

x v [H {1a(x{1)) — L(la(i, 1)} =0) vf[la;(x,.)]}] (B.13)

i=1
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where
eso(l) o), x, X, 0)=1(Vied o, B, j:a#p, je 4,
x(o, 1) =x(p, 1) and aea(i, T), fea(j, T)) (B.14)

[so that ¢, only depends on (w(i), x;, ie 4)]
1//r<cu(1)~~-co(n), X, x,t)=1for all iin I for all o in «(7, 1),

for all f in L] a(j, 1), B# o, x(a, ) # x(B, t)) (B.15)

Jj=1

We will now use the following decomposition of the identity:

(PAl/’Af“Z(‘“I)k Z O 4T 150 i) (B.16)

where ¢ ,(/;,..., J,)=0 if there are i#j, J,nJ,# , or if there is i such
that J,n 4 +# &; otherwise ¢ ,(J,,..,J,}=1 if and only if for all i in
{1,..k}, aellc,a(jst) and B in a(j, t), jeduJ, - uJ,_y, xla, t)=
x(B, 1).

Next we rewrite the v° expectations in the r.h.s. of Eq. (B.13) by adding
and subtracting v’ 1,(x)] to each factor 1,(x). The purpose is to exploit
Lemma B.1 so as to reduce the problem to the case where the initial
measure js Bernoulli. To control the combinatorics we stop the expansion
at s, which will be chosen later on to be equal to n. Namely,

v [n Ta,*(x,-)]

=H{ [T v[Lla(x( )1—1(laG, z)|=0)v5[14,.*<x,->1}

e a(i,t)

vy Y ¥ v{jﬁ w510 |

k=1 i< <i a(l)eali,?) alk)ezix,t) j=1
a(l)< -+ <alk

{ H v€[1aa<x(a,t))]} H,k< [T vll.,(x(e )]

ocel_j (e (int) i i Naea{ir)
a5 al D), (k)

~ 1(lai, 1] = 0) vf[la,(x,-n)
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. >[Ittt

i< - <ip a(lyea(it) alk)e alip1) i<iy \oealit)
a(l)< - <afh)

— 1(Jai, 1] = 0) V?[la;(xi)]}

T 1au(x<a,t))] Il {n VL (x(e, )]

oa<o(l) i>1q o€ a(if,1)
xealin?) P
~ 1(Jati, 5] = 0) vﬁ[la,(x,-)]} (B.17)

Next we will write Eq. (B.13) by means of Egs. (B.16) and (B.17) and
then we will use Lemma B.6 to reduce the problem to a comparison of the
BLS and BLI processes. The main tool for that is the following coupling
(very similar to those introduced in Refs. 40 and 1b).

B.8. Definition (The Coupling)

For any n=1, x,.., x,, @(1)- - w(n), we define a process (x, ' x,,
x{ - x0) whose law Q¢ is the following (we shall call “interacting” the par-
ticles in x; and “free” those in x%, i=1,..., n). The branching structure of the

=i

X, is that described in Definition B.3, and of the x?, that in Definition B.5.
It remains to say how particles move in each interval [t,, 7., (). Fix x/(1,),
i=1,.., n. Erase, at first instance, all interacting particles which at time 7,
sit together with another interacting particle having smaller label. Let (Z be
the remaining labels. The interacting and free particles with label in & are
coupled in each time interval [7,, 7., ;) like in Ref. 40.

We briefly recall such definition.

If the free particle « moves by d ({d| = 1), then also the interacting par-
ticle @ moves from its position x(x) by d, unless x(a)+d=x(f). If a < B,
then the displacement is effective and at the same time particle § goes to
x(a). If «> B, then none of them moves. An interacting particle with label
not in & moves stuck to the interacting particle with label in & with which
it was at time 7,. The free particles with label not in (¥ move independently
of all the other particles.

A direct consequence of the above definition is the following:

B.9. Lemma
For any n>1, x,,.., x,,, (1) - w(n), the following holds.

(i) The marginals of Q:, are respectively P and P
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(i) Fix anyjin {1,.,n}, t>0, aca(j, t). Then x(2, t) is measurable
on the g-algebra generated by {x°(8, 5), <o, and s<¢}.

B.10. Definition (The Variables D)

Let n=21, x{,.,x,, w(l)---w(n) be given. Consider the process
(X1 Xn %+ x°) whose law is Q. Let aea(i, t) and assume x(a, t) =
x(a, 1) for all o' #a. Let B < a be the label of some other particle existing at
time 7, <&

Case (). There is y:x(f, t.)=x(y,1,) and y<p. Then D(a, §;
Ty Try ) =0

Case (ii). Assume case (i) above is mnot verified. Then
D(a, B;Te, Tk v ) is the algebraic sum of the jumps of x(«, s)— x°(a, 5) at
times s in [1, T4, ), where either x°(a, s) jumps by x(B,s) —x(«, 5) or
x%B, s) jumps by x(a, s) — x(B, 5).

B.11. Proposition (Probability Estimates on the Variables D}

Letnz=1, x,., x,, @(1)- w(n), Q¢ be given. Let 7 be the measurable
partition determined by fixing the paths x, - x,. Then

(i) Lets>0and ae|],;x( t). Then
N,
10,0) {500 0= 2%0 01~ X T Do fizaa s 0} =0 (Bu13)
k=0 f<a
where N, =N /(0), Ty, .1=1 T,=0, and
(2, 1)=1 <x(a, H#Ex(y, 1), Vye | | ali,t):y< a> (B.19)
i=1
(ii) Forany k=1, Bin [ |7_, 2(i, 7,), m>1
L, ) Q;[D(a, Bt The )" ]
= 1(o, 7)) (B, 74) D B3 74> s 1) (B.20)

vzhere D2, B; 14, 74, ) is measurable on {x(a, 8), x(B, 8), T SS< T4y )
D, for instance, is explicitly given by the formula

51(0" Bs thr Tk 1) =N"(a, B 14, T 1) = NT(, B Th, Thvy)
‘%T‘(O‘aﬁ;fmTk+1)+%T+(°‘sﬂ;Tk, Teit) (B.21)
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where N~ [N*] counts the number of times s when x(w, s} and x(8, s)
exchange their positions (with each other) and x(a, s7)<x(f,5s7)
[x(a, s )>x(B, s )]. T~ [T*]is the Lebesgue measure of all the times s in
[Trk+1) when x(o, s)=x(f, s) —1 [x(a, s)=x(B,s)+1].

(iii) For any m>=1, let D,,.., D,, be mutually distinct D-variables.
Then for any k,,.., k,, strictly positive integers

2% [ﬁ D?‘ln]= ﬁ Qs [Df| ] (B.22)
i=1 i=1

(iv) There are y, >0, ¢, and ¢5>0 depending on y, and constants
b’'(m), m= 1, so that the following holds:

Q:[I1D|>e > "] <c exp(—cse ™) (B.23)
Q;[H 5/«,]<b’(N)8‘“/2)N, N:=7Y k, (B.24)
i=1 i=1

where the D are derived fro some D as in Eq. (B.21) and are mutually
distinct.

Proof. (i) It is a straight consequence of the definition of the
variables D.

(i) Recalling the Definition B.10, we have a contribution due to the
jumps of x%(B, ). Such a contribution is fixed in an atom of = since any
such jump corresponds to an interchange of x(f,-) and x(«, ). The con-
tribution due to the jumps of x°(a, 5) is random even in an atom of n. Its
distribution is, however, completely specified once we give the times 7~
and T* when « and f§ are close, « to the right or to the left, respectively,
of B.

(iii) The same arguments given in (ii) imply also (iii).

(iv) This is the crucial probability estimate of the Proposition: it is
proven in Lemma 3.7 of Ref. 41.

Besides those in Lemma B.9 and Proposition B.10, we shall use the
probability estimates contained in the following:

B.12. Proposition
Let n>=1 and x,,..., x, be given.

(i) Then there is 6;>0 and ¢4>0 so that [cf. Eq. (B.14) for
notation }
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jP(dw(l))mP(da)(n)) P (dxy,..., dx,,) 1{(3C [j a;(2): |Cl =n,

i=1
Vaoe CIB#a; x(a, 1) =x(P, 1)) < cse™" (B.25b)

(i) Let 4 and I be in {1,..,n} and let 40 I'={1,., n}. For any
w(l) - o(n) set

Xr= {for all iin I'thereis e e (i, r)and f#ain | | a(/, t):

j=1

(e, ) = x(B, 1)| <3~51}

Then there is ¢, so that

f P(dw(1)) -+ P(doo(n)) P (dy, s dx,) @ axr <cre®  (B26)

Proof.

Proof of Eq. (B.25). Fix w(l)--- w(n). Then the r.h.s. in Egs. (B.25a),
(B.25b) can be bounded by a sum of terms like the following:

7 2= TT 10x(@ 1) — x(Bor 1)l = 1)
i=1

where k, <k, < -+~ <k, and a,, B; are in | |;a(j, 1y, 1); i= L., 1.

Fix any y,>0; then f is bounded by the product over only those
values of i for which 7,,— 1), _, >¢"*" 7. It is not difficult to see that given
m there is cg so that

P i Ty = 1,1 <€) g N (0) ™7 ™

then by Eqgs. (3.11) and (B.11), Eq. (B.25) follows.

Equation (B.26) is derived analogously. We use the fact that for any
t>0, y;>0, and m> 1 there is ¢y so that

sup Y, Plzyz,,lxy00 x,) 1(for all i there is j#1i: |z, — z;| < d)

XL Xmo oz Zy,
< cg(tfl/Z(d_I_ t1/4+y3)(1/2)m
which is proven introducing the coupling Q of Ref. 40 between the simple

exclusion and the independent processes and using Eq. (3.6) of Ref. 40 to
reduce it to an estimate for independent particles.
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The key point in the proof of Proposition 4.1 is the following:

B.13. Proposition

Let v* be the measure introduced in Lemma B.1, and let ¢ be as in
Lemma B.6. Then there are §,>0, ¢, >0, and for any 4 < {1,..,n}
functions A, A2, A so that the following holds.

Let f be any bounded measurable function which only depends on
X1 X1, (1) - o(n—1); then

[ P(dw(1)): - P(do(n)) Pi(ds, -+ dz,) /'S 1(lan] = (1)) G
x { M vl 0)]— L(latn, ] =0) qf,a*(xn)}
aeoa(nt)

=fP(dw(1)) ~ P(dw(n)) Po(dx, -~ dx,) f ), Wla,| = |a(n, 1)]) Gy

an

) {hﬁﬁ’ﬂm(lwluc)h;zw > qoﬁl//Aeh‘ﬁ)}+R (B.27a)
43n I'an
where
IR < || f1] C10854n (B.27b)

P, kP, b depend on ¢, ¢ and {x;, w(i), for i in 4} and a,. Furthermore,
there is u such that

2 (APT+ 1PN S cioN @) (gg ™ M2 ) (B.28)

an

while 3, |A@] < ¢ioN ()"

Before proving Proposition B.13, we discuss its consequences in the
following:

B.14. Remarks

Remark 7. Lemma B.6 is a  straight consequence  of
Proposition B.13. We have, in fact, by Eq. (B.10) {1(a, t) below was
defined in Eq. (B.19)],

villa(x)] = J P(dw) Pi,(dx) ), 1(lal = a(t)]) Foev®[1,(x(1))]

. {l(fla #B:x(o, 1)=x(B, 1))+ [] e, t)} (B.29)

axeoa(t)
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The first term in the r.hs. of Eq. (B.29) is bounded by first writing 1 in
place of F ., then by performing the sum over g, which is normalized to 1
because of v¢[1,(x(¢))]. Hence the first term is bounded by ese® [cf. Eq.
(B.25)]. For the second term we recall (3) of Definition B.4 and then use
Eq. (B.17) with z=n=1. Therefore

Vf[la*(X)]~fP(dw)Pi,(d;C)Z1(lg|= H0)) Gor [T v[14,0x(o 1))]

aeaft)

e+ f P(dw) Pi(dx) Y 1(lal = 12(t)]) G ] 1.,(x(2 1))

xe aft)

x 1o # B x(at, 1) =x(B, 1))

+ ) v{ [T 1.,(x(8, ) T, (x(o, z)]

xeul?) B<a

[T v[1la,(x(B, 1)]

B>a

< 206" + | Pldw) Pi(dx) |o(0)] 130 # 2 [x(a, 1) = x(B, 1)) <677

+ epexp(—a= ") [ Pldw) l2(1))

where we used (ii) of Lemma B.1. We use Egs. (B.26) and (B.11), so that
Lemma B.6 follows from Proposition B.13.

Remark. Proposition 4.1 follows from Proposition B.13. Let us
sketch the proof of this statement. We use Eq. (B.16). In the terms where
LIf_J;ud={1"-n} we bound F,,with 1. We then perform the sum over
g, -a,; we use Eq. (B.25) and we get the bound c4e"®. For the other
terms, ie., when I'=[]_, J;u 4 is strictly contained in {I---n}, we use
Eq. (B.17) with A=n. The contribution from the last term in Eq. (B.17)
goes like £%”, by Lemma B.1(ii)} and Eq. (B.26). We are therefore left with
terms like

k
[T Lottt n |

Let A< {1---n} be the minimal set such that a(j)e| [,c ca(i ). f AU =
{1---n}, we use again Lemma B.1(ii) and Eq. (B.26) to get a contribution
which goes like ¢»”. If AUI'<{1---n} (strictly), then there is an index,
say n, which is not in A4 U I'. The structure of such a term is that appearing
on the rhs. of Eq. (B.27a) (use Lemma B.6 to change v:[1,(x)] into
q; .(x)). Using Eq. (B.27a), we obtain a sum of terms which involve 4, I,
and 4. If AvuT'ud={1---n}, we use Proposition B.12 to get an estimate
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which goes like £%". Otherwise we rewrite the . term in Eq. (B.27) using
Eq. (B.16). If the whole {1---n} is not yet fully covered, we again use
Proposition B.13, so that finally we obtain the proof of Proosition 4.1.

Proof of Proposition B.13. We have
r.hss. of Eq. (B.27a)

<[ Pldx(1)) - Pldo(m)) Q¢ (dx, -+ )
x ¥ Ula| =lan, D)) Gop f

x{ M vieenl- pg,aa(eox(’(a,z))}

o€ aln,t) a€aln,t)
-{A¢+Z* Aal._.ak} (B.30)
where 3% is a sum over all k=1 and a, -« in a(n, t) and
A= ] Wot)
o€ a(n,t)
k
A= (ML =16} (T 1)
i=1 AFE o A

Analysis of the Term with 4, in Eq. (B.30)

We use the Taylor Lagrange expansion up to order n+ 1 for the
function

l_l Pe,a,(ﬁoxo(“, I))

around its value with x in place of x°. The contribution to Eq. (B.30) due
to the remainder term is bounded by

| Pldes(1)) - Pldar(m)) Oy, - d,)

<Twl 3 (H pe,al,(r)>(alma"“)

@y apy1€a(nt) Naeafn,t)
n+1
.884—1 H Ixo(ajﬁ [)_X(Olj, t)l A¢
Jj=1
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<27 b+ 1)1 1] fP(dw(l)) - P(do(n)) Q;,(dx, - dx,)

n+1

x > ) Z IT [D(w, Bjs Ty Tay 4 1

apranprea(ng) kiccknpy Broc By J=1

Scug(z/sfl/z)(n“) (B31)

where  (IT,cupns Pea(r)® " denotes the (n+1) derivative w.rt.
(e0x2,) " (0] ) of Tlacagnn P, aﬂ(eox (o, 7)) computed at some inter-
mediate value between g,x and g,x°. ¢, is a suitable coefficient. The first
inequality in Eq. (B.31) is obtained using Eq. (B.6) while the second
follows from Eqs. (B.24) and (B.11).

The zeroth-order term of the expansion contributes to A" because of
(i) of Lemma B.1. The kth-order term can be written as

[ P(do(1)) -+ Pdor(n)) Qs (dx, -+~ d,)
fo Gup) X [1

k o< <apealnt) a#o o

0 0
8 <8x(oc‘, ) ' ox(0y, t)> (eox(0ty, 1)) " Poay (€0 X(as; 1))

X Z by HQe[D( By T T )| 1] Ay (B.32)

che BrcBr j=1
Each D in Eq. (B.32) is written as

D=D 1(|D|<e~ Y=y 4 D 1(|1D] >~ M=) (B.33)

Terms with 1(|D|>&~V»~") give a contribution which is estimated by
means of Eq. (B.23) and contribute to R in Eq. (B.27a). When all the |D|
are less than ¢ /2 =7 we have by Eq. (B.24) the bounds required by Eq.
(B.28). However, we still have 4, and terms with 1(x, 7,) 1(f, t,) which
come together with D(a, f; 1, 744 1) Lcf. Eq. (B.20)]. They depend on
other x than those allowed by Eq. (B.27a). We proceed as in Eq. (B.17).
We write [cf. Eq. (B.19)]

I(OC, Tk): n {1 - I(X(OC, Tk) ZX()/, rk))}

n—1 h
X Z Z 1—[ 1(X(OC, Tk) ZX())Z«, Tk))
+(=0" 3 TT 1oy i) # x(y, 7))

i< <%Pn ¥Y<Vi
n

x [T 10x(ey i) = x(7;5 74))

i=1
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The last term contributes to R, by Eq. (B.25b). Given a,y, - y,, let
A< {1---n} be the minimal set such that o and all the y, belong to
|l;< 4 2(i, t). Then obviously,

h h
[T 10e(o, 7i) = x5 7)) = [ 1x(os 71) = %71, 7)) 9.4

i=1

so that such terms have the desired form: they contribute to A® in Eq.
(B.27a). 4, can be written as 4,=1—-3* 4, ...,,. The term with 1 is all
right, for what has been said so far, while the other can be analyzed just
like the terms with 4, ..., in Eq. (B.30).

Analysis of the Terms with A, ... ,, in Eq. (B.30)
We have that
Z* Asq"'ak: Z (pdlpA‘
A3n

when such an expression multiplies [, ¢, v[L(x(a, £))], it gives rise to
an h® term [cf. Eq. (B.27a)]. We are then left with

[ Plder(1)) -+ Pldeo(m)) Qs (dy, -+~ dix?)
XEY G ] Pradtox®(o, )Y 4,0y, (B.34)
ap aea(n,t)
We denote by C subsets of labels in | |7_, a(4 t) and by
H(CO)=1(Vae CIABe C: x(a, 1) = x(B, 1))
X 1(Va ¢ CVy: (x(a, 1) # x(7, 1)) (B.35)

Therefore

Ay =Y HCO) H(CAgn, )= {1-+-n}) (B.36)

Denote by y, the smallest label in C and by 7, the smallest time s when
x(o;, 8} =x(y;, 5). We can disregard sets C with cardinality larger than n:
they contribute to R, as already noticed. Therefore, from now on we shall
only consider |C| <n. We fix the paths of all the interacting and free par-
ticles except for the x%o;, s), i=1,.,k and 1,<s< 1 Call { the partition
obtained in such way. Conditioned on { the variables {x°(«;, s) — x°(a;, 7;),
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1,<s<1} are independent symmetric random walks starting from 0 at
times 7,. We then have

k k
I(C) {ch_u [H pﬁ,aai(soxo(an t)))gjl_ I—[ ﬁs.ami(gox(](aa T,-))} = 0 (837)
i=1 i=1

where p,, is some smooth function which satisfies Eq. (B.6) with some
b'(n) instead of b(n). Hence the terms with 4, ..., in Eq. (B.34) can be
rewritten as

Sy

[ Pldo(1) - Pdo(m) Qg (s, dxd)

"

xfy G2 HC) H(Can, e)={a, - 2,})

22 <

k
X T Peoaleox®(e ) TT Poaleox®(%, 7,)) (B.38)

Lorons
We can now expand in eo(x%(a, 1) — x(, 1)), a#o -, and in
eo(x®(o;, v,) — x(2;, 7)), i=1,.., k. As before, we stop the expansion at
order n+ 1. Because of the definition of the t;, we can write any x —x° in
terms of sums of variables D and proceed as before.
For |C) < n, we write

1(C) = 1(Vae CIf e C: x(a, 1) = x(f, 1))
x [T (1 —1(3ae C: x(a, 1) =x(B, 1))

gecC
=1(Vae CIFe C: x(a, 1) = x(p, 1))

x"f y ﬁl(ﬁaeC:x(/}i,t)=x(oz,t)

k=1 1< - <fp i=1

+ 3 (H[1-1(x(ﬂ,z)=x(oc,t))])
Bi< < Bn

B<pi

X ﬂ 1(Bue Cx{B;, 1) = x(a, 1)) {B.39)

i=1

The terms arising from the last term in Eq. (B.39) contribute to R {in Eq.
(B.27a)], the others to 2®. Computations are straightforward but tedious,
and we omit the details.
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