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Kinetic Limits of the HPP Cellular Automaton
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We study the Boltzmann-Grad limit in various versions of the two-dimensional
HPP cellular automaton. In the completely deterministic case we prove con-
vergence to an evolution that is not of kinetic type, a well-known phenomenon
after Uchyiama’s paper on the Broadwell gas, whereas the limiting equation
becomes of kinetic type in the model with random collisions. The main part of
the paper concerns the case where the collisions are deterministic and the ran-
domness comes {rom inserting, between any two successive HPP updatings, ¢ ™"
stirring updatings, v<1 being any fixed positive number and ¢ a parameter
which tends to 0. The initial measure is a product measure with average occupa-
tion numbers of the order of ¢ (low-density limit) and varying on distances of
the order of ¢ 1. The limit as ¢ — 0 of the system evolved for times of the order
of =1~ corresponds to the Boltzmann~Grad limit. We prove propagation of
chaos and that the renormalized average occupation numbers (i.e., divided by
¢) converge to the solution of the Broadwell equation. Convergence is proven at
all times for which the solution of the Broadwell equation is bounded.

KEY WORDS: Cellular automata; kinetic theory; stochastic processes.

1. INTRODUCTION

After the proof of the existence of global solutions to the Boltzmann equa-
tion obtained by Di Perna and Lions, one of the most interesting and
challenging problems in the field is the derivation of the Boltzmann
equation beyond the times for which Lanford’s proof® applies. No real
progres has been made except for the result by Illner and Pulvirenti”’ on
a dilute gas which expands in the vacuum. The same problems have been
more recently considered in the framework of stochastic interacting particle
systems and discrete velocity Boltzmann equations, not only for the lack of
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results on purely Hamiltonian systems, but also for the intrinsic interest
that stochastic particle systems have both theoretically and in computer
simulations. See Spohn?) for a survey of these problems.

Discrete velocity Boltzmann equations and random evolutions are
intimately related: Uchyiama'® has in fact shown that even if all the
correlation functions for the Broadwell gas, a system of hard squares with
four velocities (the Broadwell analogue of the Boltzmann hard-sphere
model) converge in the Boltzmann—Grad limit, yet the limiting density
does not satisfy the desired Broadwell equation. The same arguments,
presented, for the sake of completeness, in Section 3 of this paper for the
HPP model, show that in general deterministic models are not suited
for describing discrete velocity Boltzmann equations. In numerical
experiments, too, the presence of the so-called spurious invariants seems to
affect the validity of some computer simulations, while the addition of a
few random updatings improves, at least in some cases, the outcome of the
experiments, as noticed by S. Chen.

Randomness is not only necessary, but also sufficient, as shown by
Caprino et al.,'”” where a stochastic version of the Broadwell gas is proven
to converge to the Broadwell equation, without the short-times limitation
present in the Lanford approach. It is therefore of interest to understand
the true origin of such a result and in particular the role played by the
stochasticity present in the evolution. Randomness may arise from a small
noise added to the free motion of the particles and/or by randomizing their
collisions, e.g., with probability p, any two particles entering a collision do
in fact collide, while, with complementary probability, they do not. The
Boltzmann—Grad limit can then be implemented by letting p — 0 in such
a way that the mean free path remains finite. In ref 2 both sources of
randomness are present and used in an essential way. The main object of
this paper is the analysis of a stochastic version of the HPP cellular
automaton,® where the collisions are deterministic, but the motion
between collisions is random; see the next section for precise definitions. To
have the mean free path finite we consider low densities, i.e., a vanishingly
small initial density profile. We then prove convergence to the solution to
the Broadwell equation up to the first explosion time, if any. Our results
therefore cover several interesting cases, as in the analysis of the
hydrodynamic limit of the Broadwell equation.®*

While convergence at short times comes from the Lanford approach,
convergence at longer times requires, at least here, a drastically different
analysis. With respect to ref. 2 we miss an important step. By using
Lanford’s perturbative scheme, in ref 2 it was possible to study the
so-called BBGKY equations also for initial individual configurations and,
when ¢— 0 (ie., in the Boltzmann-Grad limit), for times which become
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infinitely long in microscopic time units. Such a result uses heavily that
collisions have vanishing probability. The local occupation numbers may
be large, even unbounded, due to local fluctuations, yet the number of
times a particle has to be in the condition of colliding before this really
happens diverges as ¢ - 0. Consequently, the mean free time goes to
infinity in microscopic units even though it might be macroscopically
infinitesimal, due to local density fluctuations. In our case the occupation
numbers in an initial lattice configuration are bounded, due to the exclu-
sion rule in the HPP model, but since the collisions are deterministic, the
mean free time is the time it takes for the first collision. We should there-
fore exploit that in typical configurations particles are far away from each
other, but in doing this we miss the possibility of using sup norms as by
Lanford. We could not avoid this problem, which is in fact the crucial
problem in this paper. We have solved it by studying the dynamics
iteratively in a sequence of different space-time scales. Only after a good
control on a certain scale are we able to go to the next one, closer to the
macroscopic scale. This multiscale analysis of the space-time process is
carried through by means of techniques somewhat reminiscent of the renor-
malization group theory, as discussed in Section 4.

Another way to make the model random is to have stochastic colli-
sions while keeping the free motion deterministic. It is not very difficult to
prove that in this latter case there is, in the Boltzmann-Grad limit, global
convergence to a kinetic equation which has bounded solutions at all times,
due to the boundedness of the occupation numbers in the HPP model.

Deterministic collisions but random free motions were considered also
by Lang and Nguyen® in a system of independent Brownian spheres
which are removed when colliding, i.e., whenever any two of them are at
a distance d, they both disappear. Letting d — 0 as the number of particles
suitably diverges so that the conditions of the Boltzmann-Grad limit are
attained, propagation of chaos and global convergence to a kinetic-like
equation are proven in ref. 9. The difficulties in this case are complementary
to those met in the present paper, since in ref. 9 it is possible to control the
growth of the correlation functions because the configurations at any time
are random subsets of those without collisions. Both our approach and
that in ref. 9 are related to the correlation function techniques, but ours,
like that in ref. 2, focuses essentially on the evolution of the vs-functions,
sort of truncated correlation functions. We refer to ref. 12 for a survey on
the correlation function techniques in the framework of stochastic systems
and to ref. 5 for examples of applications of the v-functions.

In Section 2 we define the HPP model and its various stochastic
versions, then we state the main results of this paper. In Section 3 we report
the proofs relative to the deterministic case and to the case where the colli-
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sions are random. In Section 4 we outline the strategy used to study the
model with deterministic collisions and random free motion. The proofs for
this case are reported in Sections 5 and 6 and in a short Appendix.

2. THE MODEL AND THE RESULTS

Definition: The HPP Model. The one-particle phase space is
7> x ", where ¥ is the “velocity space,” i.e.,

V= {ey, ¢y, €3, Ca}, e, =(1,0), ¢;=(0,1), c3=—c;, c4=—0C

(2.1)

An element in this space is denoted by (g, ¢). The many-particle phase
space is {0, 1 Zx7. its elements are the particle configurations, denoted by
n=1{n(g,e), (g,e)eZ*x ¥}, n(g, e) =0, 1 being the occupation number at
(g, e). The variable #(q, ¢, t) is the occupation number in (g, e) at time
te N, where the evolution is given by the following deterministic updating
rule, consisting of two successive subupdatings: call # the initial configura-
tion, 5’ that after the first subupdating, and let n” be the final one. Then

for all (g, e)
n'(g, e)=n(g, e)([1 —nlg, —e)1+n(q, —e){n(g, e*)
+[1—n(g, e*)1n(g, —e*)})

+[1—n(g, e)1[1 —nlg, —e)] n(g,e*)n(g, —e™) (22a)
Namely, there is a change at a site if and only if there are two particles
which collide. This happens if and only if there are just two particles at that

site with opposite velocities. After the collision each velocity changes by a
clockwise rotation of n/2, e - e*. Equation (2.2a) can also be written as

n'(g.e)=n(q, e) +n(g, e ) n(g, —e)[1—n(q, e)I[1 —n(q’, —e)]
—n(g, e)n(g’, —e)[1 —n(g, e*)I[1 —n(g, —e*)] (2.2b)
Finally,
n"(g,e)=n'(g—ece) (2.2¢)

namely #” is obtained from 5’ by streaming. Time increases by one unit
after the updating from # to 5"

The low-density limit is determined by an initial probability measure
p° which is a product measure on {0, 1}7°*”" with averages

E(n(g, e)) =¢p(eq, e) (2.3)
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where p(r, e) is a bounded function on R?x #".> We shall also assume that
its derivatives exist and are bounded.

It is easily seen from (2.2) that for any re R (and denoting by [r] the
integer part of r), the limit of the following discrete-time derivative exists:

lim e 2LE (e 'r], e, 1)) =n([e7'r], €, 0)]

(one & comes from renormalizing times, the other one from renormalizing
the densities). The above limit is equai to the time derivative at (r, 0) of the
solution of the Broadwell equation

o, fi(r,e)+e-Vflr,e)=%f(r, e)

(2.4a)
Jolrse)=p(r, e)
where
- (22529
1 2 (2.4b)

(gf(ra e)=f(r, el)f(rs _eL)_f(r’e)f(r’ —6)

From this one might conjecture that the limiting behavior of the
model is ruled by (2.4), but this is not what happens:

Theorem 2.1 (The deterministic HPP model). There exist * and
an L, function p(r, e, 1), v < t*, for which the following holds. Let ¢(r, ¢)
be any smooth function with compact support on R*x ¥". Then for any
positive § and any 7 < t*¥

lim P
i
where the renormalized density field X7 is defined as

Xip)=e ) Y deg e)n(g e e '7) (2.5b)

ecV qeZ?

X9 - 3 |

ecy "R

, dro(r,e) p(r,e, 1) > 5> =0 (2.5a)

Furthermore, the function p(r,e,t) does not satisfy the Broadwell
equation.

This is just the Uchiyama theorem in the context of the HPP model;
also the proof is essentially that of ref. 13, except for the fact that in HPP
there are three-body collisions. A careful reading of Lanford’s paper shows,
however, that in this specific case no real problem arises. As this might not
seem so obvious, we shall give some details in Section 3.

* More general initial measures may also be considered, but we shall not discuss this point.
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From Theorem 2.1 it follows that if we want limiting equations of
kinetic type, we have to add some randomness; one possibility is to make
the collisions random.

Definition: The HPP Model with Random Collisions. The
updating from 5 to #’ and " [see (2.2)] is modified as follows. Given &> 0,
for each (g, e) we choose independently a number 4, equal to 1 with
probability ¢ and to 0 with complementary probability. Then #'(g, ) is
equal to the expression in (2.2a) if 4., =1, otherwise 1'(q, ¢)=1n(qg, e).
The #” is obtained from 5" as in (2.2c). The random variables 4, ,, for
different updatings are mutually independent.

We shall assume that p® is still a product measure, but with averages

E(n(q, €)) = p(eq, e) (26)
where 0 < p <1 is a given smooth function, as before.

Definition: The Correlation Functions. These are the func-
tions

U, (X, 1) = Ee(n(x, 1)) (2.7a)

where x = (x4,..., X,), x;=(g,, e;), are n different single-particle states, and
n(x, )= [] n(x;, 1) (2.7b)
i=1

We have the following:

Theorem 2.2 (The HPP model with random collisions). For any
720 and any n>1

lim sup |u;(x, e~ 't)— [] p(egs, e, 7)| =0 (2.8)

e—=0 x i=1

where the sup is over all n-tuples of different phase points x = (x;,..., X,,)
and x;=(q;, ¢;). The function p(r, ¢, t) is the solution of

0 t
L’a»;;_): —e-Vp+%p (2.9a)
with initial datum p(r, ¢), where

(% 0)(gs €)= p(g, *) p(g, —e)(1— plg, e))(1 — p(g, —e))
—p(g, €) plg, —e)(1 — p(g, e™))(1—p(g, —e™))  (29b)
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Given ee ¥, we have denoted by e* the velocity obtained from e by a
clockwise rotation of /2.

We sketch the proof of this theorem in the next section, essentially for
the sake of completeness, since the proof, based on the Lanford analysis,
is quite standard. The trouble coming from recollisions, which were at the
origin of the Uchiyama paradox, is avoided because the probability that
two given particles have a collision is vanishingly small when ¢ — 0. The
global validity of the result is a consequence of the trivial uniform bound
on the correlation functions; since the occupation numbers are 0 or 1, the
density is bounded by 1.

We now turn to the model in which we are really interested: the HPP
model in a stirred environment.

Definition: The Phase Space. The one-particle phase space is
I'=7*xv"x38, S={1,2,3,4} (2.10)

where ¥ is defined in (2.1). An clement x=(g, e, 0)e [ is a one-particle
state, g denotes the position in this state, e the velocity (hereafter called
e-velocity), and ¢ the o-velocity. This is the HPP one-particle phase space
with an extra variable added, the o-velocity.

The particle configuration space is

Q={0,1} (211)

and we denote by n = {#(x), xe I'} an element of £, 5(x) being the occupa-
tion number at x.

Definition: The Evolution. We fix a number ve (0, 1); then for
£€(0, 1] and such that ¢ " is an integer,* we define the following updating
rules. The updating rule at the times k¢~ ", k=0, is given by the deter-
ministic HPP rule for each value of 6. At r#ke ", k> 1, the updating
consists of two steps: denote by 5 the configuration before the updating,
by n’ that after the first step, and by #” the final one. For all (¢, e, 0c)e I’
we then set X = (g, ¢) and

’7/(‘], e, O_) = ’l(q, €, 0— 0-)2) (212)

where ¢ — g ; is defined modulo 4 and the g, are i.id. variables with equi-
probable values in S. The random variables relative to different updatings
are mutually independent. We then set

n"(g, e, 0)=n'(g—¢,, €, 0) (2.13)

* We could consider as well the general case by taking the integer part of ¢~"; we did not do
this, to have lighter notation.
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Remarks. The stirring, also known as the symmetric simple exclusion
process, is a slightly different process.’®) In the present form, it was intro-
duced by Boghosian and Levermore!” to simulate the Burgers equation
(they considered for this purpose an “asymmetric” one-dimensional version
of the model). The idea of inserting stirring updatings in between HPP (or
more general cellular automata) updatings was emploied first in ref. 4 as a
tool for proving convergence in the hydrodynamic limit. It might have also
practical effects, as noticed recently by S.Chen, who found improved
accuracy in viscosity measurements by computer simulations when adding
stirring updatings.

In a stirring updating the e-velocity does not play any role; for each
value of e we have an independent copy of the same system. The effect of
the stirring updatings once the o are given is just to exchange the contents
of the states of I'; hence, between an HPP updating and the successive one,
the intermediate stirring updatings exchange stochastically the content of
the single-particle states: this is the reason why we call our model an HPP
model in a stirred environment.

We still need two definitions before stating our results on the present
model.

Definition: The p Functions. A p function is a function on
I' x N which satisfies the following two conditions:

1. Forall t=0, t#ke™" and all x

pOx, t+1)=3 P,y (x— ) p(y, 1) (2.14)

b4
where

1/4 if ¢g=q—c,, e=e¢

Pi1llg.e,0)— (g€, <7’))={ (2.15)

0 otherwise

[the same relation as (2.14) is obtained by averaging the expression giving
7" in terms of # in (2.13)].

2. Fort=ke " k=1,
p(x, 1+ 1)=p(x', 1) + € p(x', 1) (2.16)

where x'=(q—e,e,0) if x=1(q,e,0) and ¥, is, for each o, defined as in
(2.9).

Equation (2.16) is obtained by averaging (2.2) with a product
measure. Given g-on I" and s =0, we call p(x, t| g, 5), t =35, the solution of
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(2.14) and (2.16) such that p(x, s)= g(x). For s=0 we simply write
p(x, 1| g)

Definition: The v-Functions. Given neQ, x=(x,,.., x,,), the x,
being different states in I, we set

Un(lfat|’7)=ﬂfq<n [n(xi’ t)_p(xhtlrl)]) (2173)
i=1

where E, is the expectation with respect to the HPP process in a stirred
environment starting from 5. Analogously, given a product measure y on
Q such that g(x)=E,(n(x)), we define

ol tl0 =, (11 ntx 0= plxtl@)])  @17)
i=1
where [, denotes the expectation starting from .
In Sections 4-6 we prove the following theorem.

Theorem 2.3 (The HPP model in a stirred environment). Let
p: R*x ¥ - R, be a C'-function bounded together with its derivative. For
any € (0, 1) let u° be the product measure in Q such that for any (g, e, o)

En(g, e, 0))=¢epleq, e) (2.18)

Let T>0 be any time such that a unique bounded solution of the
Broadwell equation (2.4) with initial datum p exists up to time 7.

Then the following holds. There is § >0 and for any n>1 there is ¢
so that for all +< T, for all sets of »n distinct states x= (x;,.., X,),
x;=1(q;, e;, ¢,), such that |g,| <e 2 for all j,

loa(x, [ M0 [ p0) S cet O (2.19)

Furthermore, there is ¢ so that for all 1< T and x=(q, ¢, 0), |g| <& %

lp(q, e, 0,e7" "t p(-)) — ef (g, €)] < e+ (2.20)
where £, solves the Broadwell equation (2.4) with initial datum p.

In particular, from (2.19) with n=1 and (2.20) it follows that

lim sup sup e ' |E.(n(g, e, 0, [¢ " "t])—¢f(eq, €)| =0
e—=0 1<T (g,e0)

Equation (2.19) tells us that the finite distributions of the process at
the time ¢~'~t are, when ¢— 0, close to those relative to a product
measure with averages p(-|p®(-)). Then (2.20) shows that such averages
are close to the solution of the Broadwell equation, multiplied by e.
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3. PROOF OF THEOREMS 2.1 AND 2.2

In this section we prove Theorems 2.1 and 2.2 by a straightforward
extension of the Lanford technique.

Proof of Theorem 2.1. We define the normalized correlation
Sfunctions as

pi(ql, 617---7 qn’ en; t) :g_n[E/tS ( 1_[ rl(qia eia t)) (31)

i=1

We recall the notation introduced in Section 2: x= (g, €), x = (X{,., X,),
n>1, and we write |x|=n Moreover, we use x =(g,e'), x *=

(g, —e*), x~ =(gq, —e), and x'=(q—e,e). We want to derive a set of
hierarchical equations for the functions p,(x). We have

n(g. e, )=y b(y;(g—e e))n(y, t—1) (32)

where
I ¥

n(y)=11 n(y)

and b(y, x) =0 if |y| > 3. If [y| <3,
b(y, x)=0(yl, 1) 6(ys, x)
+0(Iyl, 2[0(yy, x1) 8(y2, x™ ) = 0(y1, X) 6(y2, x 7 )]
+6(1y1, 3)[8(y1, x) 8(y2, x )[3(y3, x7) + (s, x~7)]
—0(y1, ) 0y, x T H)[0(y3, x) +8(ys, x)]] (33)

and d(k, I) is the Kronecker delta. We have

[Tnx,0)= Y by, x) by x) [Tny,t=1)  (34)
i=1 V1o Yn i=1
Hence, denoting by p° the sequence {p%}: |, we have
P(X 150 X3 ) = (B, 0%) (X150 X5 1= 1) (3.5)

where, setting Y=U7_, y,,

((gspe)n (xla"" xn)
= Y b(ynx) b xn) e Tty (v - w ) (36)
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We note that some points may be in more than one of the sets yi,.., y,-

Any such point has to be counted just once, since #>=#, and this is the

reason why the set y, U --- U y, appears on the right-hand side of (3.6).
We now prove the following resuit.

Proposition 3.1. Suppose that sup,, p(r, v) <z,. Then there are
7% >0 and z >0 such that, if T < t*, for any k>0 we have, for all e (0, 1),

ca—1 k
sup Pl X s X368 1)< 2

(X1 gy Xp) € (Z2x ¥ )K

Proof. The number of terms on the right-hand side of (3.5) can be
bounded in the following way. Define the coefficients a, , so that

=Y a &, C=1+2e+ 462 (3.7)
x

Then for each &, a,, is an upper bound for the number of correlation
functions of order k + n present in (3.5). It is enough to verify this state-
ment when all the particles are in the same position, thus with at most four
particles; in fact, collisions at different positions are independent. We omit
the details.

Therefore, defining

pi(n, 1) = sup Pl X sy Xy 1) (3.8)

(X1 ses Xp) E(ZE X V)

we have

ps(n’ t)<zak,n8kps(n+ks - 1)
k

k
:cng’f—g;ipe(mk,z—n (3.9a)
k &

In this way we can interpret the coefficients a, ,¢%/c" as probabilities. They
are in fact, as can be easily checked, the probabilities associated with a
branching process, where before the branching, there are » particles. Then
each one independently of the others may give birth to a new particle with
probability 2¢/c,. Another possible event is the creation of two new par-
ticles; this happens with probability 4¢%/c,. Finally, with complementary
probability 1/c., no new particle is created. We denote by [, the expecta-
tion with respect to this branching process starting with » particles. We can
then rewrite (3.9a) as

pi(n, 1) <E,[p*(Ny, t—1) e} ] (3.9b)
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where N, s =0, denotes the number of particles existing at the sth step of
the branching process. Iterating (3.9), we have ‘

p¥(n, 1) < E,[p°(N,, 0) "+ Mt +¥i1] (3.10)

Since p°(n, 0) < zg, (3.10) becomes

pf(n, 1) S E,[zlient M+ -+ Ni-1] 3.11)
i}

€

By the Markov property we have

pi(m ) S E,[ef ™M F N, (2N, )] (3.12)

where E,(-|N,_,) denotes conditional expectation. Given that N,_, =k,
N,=m+ --- + my, where m, is the number of particles branching from the
[th particle. Since these variables are independent, we have

En (2" IN, 1) =(6[z5 1) (3.13)

The law of the variable m is the following:

1 if m=1
P(m)=c; " <2 if m=2 (3.14)
4¢2 if m=3
Therefore
Elzy]=c; ' [zo+2ez5+4e*z3] = 'z, (3.15)

By conditioning on the value of N, _,, (3.12) becomes

pi(n, ) SE,Ley M+ TN (2971 N, 5)] (3.16)
Iterating the above procedure, we define a sequence {z,},_, , with z,
given by (3.15) and
Zr=2p 1 [1+2ez_, +4e°z; ] (3.17)
In terms of this sequence we have
pi(n, )<z} (3.18)

Now we bound z, by induction. We assume that there is a K such that
z;< K for I<s—1 and prove that z, < K if s< with t=[t¢"'] and 1 <1*
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for t* small enough. In fact, letting A, =log z,,’ since log z, <logz, , +
log(1 + 2ez, _,)?, we get

Ay <Ay +4eK <Ay +4desK<Ay+41¥K (3.19)

If K=z4e and t* < (4K) "', Ao +4t*K</io+ 1 =log K, ie., z, < K. Hence,
by (3.18), Proposition 3.1 follows by taking z=K. |}

We now introduce the decomposition of the operator €, in terms of
the operators

(y;:pa)n (xlt"w xn): Z b(ybx,l)"'b(yn:x;)

Pl yut | YI=n

XPuyrY O ) (3.20)
(2:p%)n (X150 X)) = > b(yy, x1) - b(yn, x3,)

Yty Y [ Y] =0+ 1

XPni (P10 p) (3.21)
('%z:ps)n (xlf"'a X”): Z b(!lax/l)"'b(]n>x)’1)

Yo yui | Y| = n+1

Xglz'lfn—Zp'ﬁgl(ylu Uln} (322)

Given x, we call internal collisions with respect to x all the collisions which
involve only particles in x and external collisions the other ones. The
operator %, takes into account all the internal collisions, whereas the
operators 2, and #, depend on the external collisions, and involve higher-
order correlation functions, with some power of ¢ in front. Writing (3.5) as

Pux )= (Fp°), (x5t = 1)+ e(2.0%), (x; 1 = 1)+ X(R.p°), (x;1— 1)
(3.23)

and iterating it, we get the expansion

Po(x; 1) = po(x; 1)+ pr(x; 1) (3.24)

t—1 in_1—1

Prsi= Y ¥ T o Y (FLNG - F g P, (x:0)

Nz0 t1=0 ty=0

(3.25)

> We assume z,> 1.

822/66/1-2-27
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-1 INo1— 1

pulxs )=y, "1 Y o Y (UG PN TN DR 0% (x5 )

Nzl f11=0 tn=0

(3.26)

and &7 denotes the mth iteration of the operator &.
By Proposition 3.1, p3(-; ty) is bounded by z*, so that, if e<z !, by
(3.22) it follows that for any positive m

Rp)p<ez Y [T e)
n+ o ty=2 0
L4zmt? Y [T(1+2ez)<4zm 213"
m4+ - +ap=20 i
since, if n; + -+ +n,,>2, then T]7, (2e2)" < (2e2)* T, (1 + 2&z)™. Since
the N — 1 operators 2, that appear in (3.26) create N — 1 particles, we use
the bound

(N VR S K (3.27)

By (3.20) and (3.21) it follows that for any n
sup % p, <sup p;, (3.28)
sup(2,p°), <4nsup p; (3.29)

Hence, for t = [¢~'7], taking advantage of the time ordering in the sum on
ty,, ty and using the bound (N +n)!/n! <2V TN, we get

=1 iN—1— 1

pulzle i< Y ¥ Y 0 Y (a4 -(n+ N—1)
Nzl 171=0 tn=0

X4NZn+N+113N-1+n

<(13z)"1e? Y (104zn)Y (3.30)

Nz0

For 17 < (104z) ! the above sum converges and we conclude that p? differs
from p° by Cez"*'. Moreover, the same argument also shows that the
series (3.25) is dominated by a convergent series. Since each term of the
series in (3.25) has a limit, we conclude that the normalized correlation
functions pi([e~'q,], €15 [ 'qi], €x; [¢'1]) converge to some almost
everywhere continuous functions p (g, €15 Gis €x3 ) for t<10<
(104z)~'. Starting from time t,, the argument can be iterated up to the
time t* defined in the proof of Proposition 3.1, showing the convergence
up to this time.
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The arguments of Uchiyama‘'®) can be repeated to show that if the
n-body correlation functions at time zero are products, the limit correlation
functions at time 7 < t* have this property with the exception of a set of
zero measure. This, together with the law of large numbers, implies the
relation (2.5) (see, for example, ref. 11, Sections 2.5 and 4.7).

To complete the proof of Theorem 2.1, we have to prove that p{ does
not converge to a solution of (2.4). This is related to the fact that the set
of times and positions such that internal collisions are possible in the back-
ward collision histories has nonvanishing measure in the limit ¢ - 0. To
prove this, we follow closely the Uchiyama argument, which compares the
function p,(r, e, 7) with the solution f(r, v, t) of Eq. (2.4) with initial datum
p(r, ¢). Actually, we prove that

1
F [f(rs €, T)_pl(r7 e, T)]
=c[p(g, e")* plg, —e*)>—plq, e)* p(q, —e)*] (3.31)

and the right-hand side of (3.31) vanishes only for initial data that are
“local Maxwellians,” i.e., distribution functions of the form exp[a+ f-e],
xeR, and fe R2 If the initial distribution is not a local Maxwellian, (3.31)
shows that the limit density p,{(r, e, ) does not solve (2.4). On the other
hand, local Maxwellians are not generically solutions of (2.4). Namely, if a
local Maxwellian [with «=a(r, ) and f=B(r, )] is a solution to (2.4),
then necessarily 0, 8, =0,,5, at time r=0. In fact, on Maxwellians, (2.4)
reduces to

hm
-0

Yret v fire ) (3.32)
ot

Then p(r,e,1)=p(r—et,e,0), and in terms of a and f, a(r,7)+e-

B(r, 1) =a(r —et, 0)+e- p(r —et, 0). Differentiating with respect to t for
t=0, we get

da(r, 0) N ?ﬁ(r, 0)
o1 ¢ o0t

= —e-V,a(r,0)—e-V,B(r,0)-e (3.33)

Summing the above relations for e=¢; and e=c;, we get

du(r,0) _ 3py(r,0)

3.
ot or, (3.34)
while summing them for ¢ =¢, and e =c,, we have
du(r, 0 0 0
(X(r, ): . ﬁZ(ra ) (335)

ot or,y
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Therefore (3.31) can be applied at any time ¢, >0 to prove that for generic
initial data pi([e~'r],e, [e7't]) does not converge to the solution

f(r, e, t) of (24). |}

Proof of (3.37). We simply sketch the argument. To compare f and
p1, it is useful to give a representation of fin terms of a sum over collision
histories like p,. We have

flre, )= J:H dt, Jotl dt, - ..fow_l diy &

Nz0
1 N
x X XX
i1=0 o= —, + iN=0 oy= —, +
X (‘%‘,7117fl"@il,al’%l\tzgiz,dz e ‘(/;Nfg—t[\,'_lgiN,o'N‘%Nf)
x (g, 0.;0 (3.36)

with (¢, v,)=([e 'r], e), £,=f®", and f denotes the sequence {f,}_,.
Moreover,

(T m (G5 €15 Gns €)

=f.(qg —et, e, g,—enl,e,,) (3.37)
(2,4 D1 (@15 €155 Gy €1)

= o 101 €1sees Qi 15 €15 Qis €7 sy > €y 43> —€5)  (3.38)
(2, 1 (@15 €1sees Qs €m)

= —f i ((G1s €1 s Gy €1y Qs €15 Gis —E3) (3.39)

We notice that the dependence on ¢ in (3.36) is fictitious and it has been
introduced in order to compare (3.36) with the right-hand side of (3.25)
with n=1. Since p$ reduces to 5% in the limit ¢ -0 by (3.24) and (3.30),
if recollisions could be ignored, as in the continuous velocities case, the
convergence of p, to f would be achieved. In our case, it is easy to realize
that the terms in (3.25) with N <3 converge to the corresponding ones in
(3.36). However, there are terms with N =3 that do not converge to the
corresponding terms in (3.36). They are

el n—1 -1

DD M WS 0 S N N 4

11=0 =0 =0

+v@1 7y(t1*t2)’@2 _!gp(tzftz)ag1 B +Ql +y(’1—f2)’@1 \y(t;z—ra)n@2 B
+2,, LUTRL, LD 1S 0% (g1, €4, 0) (3.40)
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The corresponding terms in (3.36) are given by the same expression with
S+ substituted by , . The main point is that each of the terms
in (3.40) refers to situations such that for a proper choice of ¢,, ¢,, and ¢,
an internal collision may happen in the interval [e 't—1,, & 't], and
actually happens because the dynamics & is deterministic and all the
possible collision updatings are performed.

Before the application of #¢7*~"  the velocity configurations
corresponding to the four terms in (3.40), regardless of the positions, are
the following:

(e, —e, —e,e), (e, —e e, —e), (e*, —e*, —et,et), (e*, —e,et, —et)
where the first velocity is that of the original particle, while the others are
added according to the operators 2; .. For a proper choice of the times the
second couple of particles undergoes a collision at a time in the interval
[~ !t —t,, e~ 't], making all the velocity configurations the same up to a
permutation. Therefore, in the limit 7 — 0, the terms in (3.40) compensate
each other and the expression (3.40) vanishes. The same is not true for the
corresponding terms in (3.36). In this case the application of %, _, does
not involve collisions and the velocity configurations remain different, con-
tributing, in the limit, with the factor in the rhs of (3.31). It remains to
prove that the cardinality of the set {(¢,,1,,13) s.t. e 't>¢,>1,>1,20
and a collision happens}, denoted by 6(e, 7), is such that

lim lim &’ 730(¢, 1) >0 (3.41)

10 ¢-0

This follows from the fact that the following condition is sufficient to have
a collision:

h—t;<e 't—1, (3.42)

Namely the fourth particle is added at time f; in a position at distance
2(1, —t3) from the third particle and they have opposite velocities. The
distance decreases by 2(¢ 't—1¢,) in a time ¢ 't—¢, and will become
certainly zero at some time before ¢ ~'z if (3.42) is satisfied. Taking the limit
e—0, we get

lim &36(e, 1) = fr dr, rl dr, f: desy(t,—t,<t—1)=ct® § (3.43)

i
e—0 o] 0 J

Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to the
proof of Theorem 2.1. In this case we do not normalize the correlation
functions and just consider the functions »’ defined by (2.7).



420 De Masi et al.

The equations for the u are again of the form (3.5), but the operator
%, is defined in a slightly dlfferent way, namely, setting x = (x,,.., x,,) and
Y=y,0,.,Uy,, we define

— (Gu), (x)=Y Y e/(1—g)

Y J=f{l,.., n}
< [T 60y %) TT B(yi» x7) (1) (3.44)
ieJ i¢J

where u° denotes the sequence {u”}>_, and E(Jz, x)=0(yl, 1) 6(y,, x). We
notice that from (2.7) it follows that

0 < Ul (X g, X5 1)< 1 (3.45)

Therefore the analogue of Proposition 3.1 is an obvious consequence of the
definition and it holds for any time. Using (3.45) instead of Proposition 3.1,
we can extend the previous arguments to prove the convergence of the u%’s
The only difference comes from the powers of ¢ involved. Indeed we modify
the definitions (3.20)—(3.22) as follows:

(Sl (=2 (1= ﬁ X))ty (Y) (3.46)

Z )y (1—8)”“b(y,-,x})ﬂg(yj,x})uf_n(l’) (347)

Y i=1,., J#EI

(R%), (x) =3, ) e (1 —g)"

Y Je{l,.,n}|J/I>1

X 1_[ b(ynx ) 1—[ b yt’ i u|Y|(Y) (348)

ied i¢J

Introducing #% and #° as in (3.25) and (3.26), the estimate (3.27) is still
valid, since ¢ <1, but (3.30) has to be modified to take into account the
fact that three-body collisions now have the same weight ¢ as two-body
collisions. We have

(et ) eV Z N_ZI:A Yoo ¥ n(ntay) -

N=0 = IN=0 o1=1,2  oy=12

X v .(n+0—1+ +O-N)7n+o'1+...+gN

e Y (56T)" (3.49)
NzO
The last step follows from the fact that
n-(n+a)- - -(nto+ - +aoy)<2¥(n+ N)/n!

Therefore we have the convergence of u? as before, but for t* < 1/56.
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As mentioned in Section 1, the uniform a priori bound (3.45) implies
Theorem 2.2. In fact, as before, we deduce by the same arguments as refs. 8
and 13 the convergence of

u;([gk Iql:l: €1y [gzlqk]’ Crs T)

to a family of correlation functions that we denote by ©,(g1, €1,.s Gis €43 T)
for t <t* and for almost all (g, e, ..., g, e,) € (R?x ¥")*. Then the argu-
ment can be repeated in the time interval [t*, 2¢*] with initial datum
(g, €100 Gr» €3 TF), since, at time t*, the (3.45) still holds. Again the
arguments of ref. 13 show the factorization of the correlation functions, but
with no restriction on the set of configuration, because the probability of
a given collision goes to zero in the limit ¢ — 0. Namely, since internal colli-
sions are also performed with probability ¢, the arguments yielding (3.31)
are not valid and u,(x; 7) converges to the solution of (2.9). |

4. MULTISCALE ANALYSIS

We now go back to the HPP model in a stirred environment defined
in Section 2. The evolution in this system is mostly made by stirring
updatings. Since the stirring process has good smoothing properties (notice
that a single stirring particle moves like a symmetric random walk), one
may hope that such properties survive after inserting the HPP updatings.
If this is so, some details of the initial configurations may not be relevant,
e.g., only the averages of the initial configuration over regions of area ¢
might have effective influence on the state at time ¢ (recall that a random
walk in two dimensions after a time ¢ is spread out over an area of the
order of ¢). Typical initial configurations averaged over regions of area ¢,
t~¢~!'7", namely at macroscopic times, reproduce the smooth initial
macroscopic profile in some faithful way, as we shall see. If the above argu-
ment is correct, one may find essentially the same behavior when starting
from most of the initial configurations as well as from the initial measure
u®. We could then hope to have convergence at short macroscopic times t
as in the traditional Lanford approach, but starting from single typical
configurations. This could be the first step of an iterative procedure if at
time 7 the typical configurations keep the same structural properties as the
initial ones.

There are many ifs in the above arguments, but the scheme will turn
out to be essentially correct. It is, however, inadequate for an effective
strategy of proof, as it looks quite difficult, at least directly, to single out
the effects of the stirring from the complexity of the full evolution. Our
strategy follows a somewhat modified pattern based on the arguments we
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present below. First notice that in the time interval 0 <t < ¢~ " the problem
disappears, simply because there are no HPP updatings, but only stirrings.
By known probability estimates on the stirring process one can actually
show that at time & ~* starting from “most” of the initial configurations the
state looks like one with a density profile whose maximal value is &’. This
is still far from the macroscopic density values, which are of the order of
&; nonetheless a density profile with values in [0, &] can be studied using
the techniques presented in the previous section up to a time ¢ during
which the number of HPP updatings is proportional to the inverse of the
density, hence up to # ~ ¢~ 2. Till this time one can argue that collisions are
not so important and that mainly the process is made up by stirrings and
streamings. Consequently the state at time ¢~ approximates a profile
whose density is of the order of ¢: but then we can repeat the previous
argument to reach times ¢~ and so on till macroscopic times.

This approach is closer to what we really do, but not literally: it
already fails at the first step. It is indeed true that we can control the den-
sity, i.e., the one-body correlation functions, and prove that at time ¢ ~* the
density is at most of the order of ¢'. The estimates on the stirring process
show also that the n-body correlation functions are bounded by ¢,&” and
this gives the right dependence on &: the bounds on the coefficients ¢, are,
however, too bad for applying the techniques used in the previous section.
However, by conditioning at time ¢~ °, we fix the configuration and avoid
the buildup of the correlations. Then by using the good factorization
properties of the measure at time ¢, as determined by the v-functions, we
prove that the typical configurations at time ¢~ have the same structural
properties as the initial ones. We can then study as before the next time
interval of length &¢~*; actually we can do this ¢ ¢ times, if >0 is small
enough (with respect to v) and prove (i) that at time ¢ ¥~ ¢ the one-body
correlation functions are bounded by some constant times ¢'*¢ and
(ii) that the v-functions are bounded accordingly. We still do not have a
good estimate on the size of the n-body correlations for n — oo, yet our
estimates allow us to prove that the configurations at time ¢~ “ satisfy the
same conditions as those needed to apply the preceding procedure. We can
then iterate ¢~ “ times this analysis of the process, which involves now a
time interval of length ¢ % In this way we reach time ¢ > %% By
arguments similar to the previous ones, we can iterate ¢~ “ times the
analysis of a time interval of length ¢ ¥~ 2% and repeating this procedure,
we eventually reach macroscopic times and prove Theorem 2.3.

The main point in the above scheme is a multiscale space-time
analysis: a good control of the process at a given level, ie., for a given
space-time scale, allows us to control it for a slightly longer time. We can
then exploit such an extra time and obtain, as an effect of the stirring,
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averages over larger spatial regions, hence improved bounds on the density.
In this way we have access to the next space-time level. We shall now be
more precise. Each level, or step, in our analysis is characterized by a time,
a space, and a density units in terms of three positive parameters f, a, and
{, which should be considered as fixed from now on. We shall also need,
later on, another parameter, b, which is related to the previous ones. The
values of all these parameters will be determined in the course of the
proofs. To get an idea about them, consider that v>pf>b>a>/(,
b>a+{, and b<(1-—-v)/2. In particular, we can choose any f suitably
small. Given such a value of f, we can take any b small enough and, again,
given such a b, we take any « small enough and, given such an a, we can
then take { small enough. It is convenient to choose a> 0 as the inverse of
an integer, so we set

ha=1, heN (4.1}
Definition: The Level A. For any integer he [, 71— 1] we define
T, (h)y=¢e"[e~“]" 4.2)

where [r] denotes the integer prt of r. [Notice that T.(h) for h<h is
vanishingly small in macroscopic units.] In order to introduce the
corresponding spatial scales, we first define #* as the first integer such that

Swvfh*a+/)‘>871 (43)

(observe that since v > B, > h*). We then let

an={0 S (4
and
o) = (43)
Finally, we set
T(0)=A4,0)=p.(0)=1 (4.6)

We say that T,(h), A.(h), and p (k) are respectively the time, space (area),
and density units at the 4 level.

Notation. We denote by 4, , the square in Z* centered at the origin
with area (2[¢~*] — 27+ 1) The important point here is that A4, , contains
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the square centered at the origin with area ¢ * for all t<e¢ ' 'T, T as in
Theorem 2.3. We might have chosen 4, , with side ¢, o > 2, and defining
accordingly 4, ,, and everything in the sequel would have worked as well.

We shall study the configurations at time ¢ only in the region 4, ,; the
possibility of “large density fluctuations” prevents us from an analysis on
the whole Z2. We shall therefore use seminorms rather than sup norms, as
in the following definition.

Definition: Seminorms on the Particle Configurations.
Given any positive integer he [1, 71— 17, we denote by Q, a square in Z>
of area A.(h). Furthermore, for any he[1,A—1], any te[0,e7'T], T
being the time mentioned in Theorem 2.3, and for any function g: 2, - R
we define

”g“a,h,r:QmaX max Z |g(Qs e, O-)| (47)

nedu @9 g,
A configuration 4 is “A-good” at time ¢ with coefficient d if
71l 5, < de™* (4.8)

We shall simply say that » is A-good if it is so at time 0.

Remarks. The law of the random configurations at time ¢ inside A4, ,
conditioned on the value of the configuration at time s < ¢ depends only on
the restriction to the region 4, , of the configuration at time s. Hence if we
limit ourselves, as we shall do, to studying the process only in the time-
space region (1, 4,,), te [0, [¢e ' 7*T]], we have effectively reduced our-
selves to finite volumes. Indeed our proofs extend quite straightforwardly
to the case when the system is in a square with center the origin and with
side Le'. Assuming periodic boundary conditions, one can prove the
analogue of Theorem 2.3 where the limiting equation is the Broadwell
equation on the torus of side L. We shall not, however, discuss this case.

According to what has been said above, the seminorms depend on the
configurations at time ¢ only in the region A, ,. It should be noticed that
the seminorms increase with 4, giving a more accurate description of the
configuration. They are strictly increasing (keeping ¢ and ¢ fixed and
varying #) for h<h*, while for #> h* they remain constant: in fact, the
squares of sides ¢! have, in the average with respect to the initial measure
u®, a nonvanishing number of particles. The densities of particles in an
h-good configuration are of the order of p, (k) if we compute the densities
by averaging over squares Q,. Hence they have the right density value for
the level 4. The whole problem will be to show that the averages over
smaller squares are not really relevant.
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The next lemma shows that the measure u° [cf. (2.16)] has support on
h-good configurations for all h> 1.

Lemma 4.1. Let y* be as in (2.18); then for any # and any d>0
there is ¢ so that

K no<de VRS 1)) > 1 —ce" (4.9)
Proof. According to the above Remark, it is enough to prove

hn})/16({|lnt|e,h*,0<d87£}):1 (4.10)

From the Chebychev inequality for any n> 1

LI 0> de™0})

<Y Yae| ¥ s

Q<= A0 e,0 qe Qyx
1 n
<ed "™ 84, (h*)” max E. |:————- , e, 0 }
( ) 2,0, Qp K Aa(h*)qEEQ:hu rl(q )
<éd e B A (W) g @.11)

where ¢ and ¢ are suitable constants. Equation (4.11) easily follows from
the definition of p*. Since 4,(h*)"=¢~", the lemma follows after choosing
n sufficiently large. |

As already mentioned when outlining the strategy of the proof, one of
the main points in the analysis of the level % is to prove that the one-body
correlation functions starting from an h-good initial configuration are
bounded at time T,(4) by a constant times p (k). A first step is to prove the
analogous property for the p-functions defined in Section 2.

Proposition 4.2, Let h<h—1, d>0, se[0,2T,(h+1)). Let  be
such that |n|,,,<de ° Then there is c(d) such that for all x={(q,e, o)
with ge 4, ,

e (t—s) for 1<t—s5<A,(h)

p.(h) for A,(h)<t—s<2T,(h+1)—s
(4.12)

o(x, 110, 5) < cld) {

For notation see Definition: the p-Functions, in Section 2.

We shall prove Proposition 4.2 in Section 5. We next relate the actual
trajectories of the process to the p functions.
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Definition: The (h, b, d)-Good Trajectories. Let h<h—1;
we then denote by 5 the particle configuration at time ¢,=iT,(h). For
b>a+{ and d>0, the (A, b, d)-good set of trajectories %,(A, b, d) is the set
of all trajectories # = {n’}, i=0,..., [¢7*], such that:

1. Forall i=0,., [¢7“], 1)l <de*, where 1,=iT,(h).

2. Forall i=0,., [e™ %]

g = pCs im0 1 Mo ne, < de°p(h) (4.13)

where, for any function g,

Igllon,= max max |3 P, rx.d(4: e, 0) = ) g(y)| (414a)
g€ A+ T &0 y
T *(h)=T,(h) e (4.14b)
For 1> s we have set
I)t,s:I)I,rflO "'OP5+1,5 (414C)
and
asin (2.15) if s¢e N
= 4.14d
Pesislx=) {5(q’, g—e)d(e,e)dlo’, o) otherwise ( )

We shall prove a proposition, Proposition 4.3, which states that the
(h, b, d)-good trajectories have large probability, under the assumption that
the following estimate on the v-functions holds:

Definition: The Good Estimate on the v-Functions at the
Level h. For any y < /4, any n, and any d there exists ¢ so that for all
n such that |yll,,o<de™", for all 1€ [T, (h),2T,(h)], tee™"N, and all
n-tuples of distinct states x = (x,..., x,,) such that the site g, of the state x;
is, for all iin 4, ,,

lvn(x, 1)l < ce™p (h)" (4.15)
Proposition 4.3. Assume the validity of the good estimate on the

v-functions at the level A<h—1 and fix any d,=0. Then there is d such
that for any u there is a ¢ so that

P (%(h, b, d)) = 1 —ce" (4.16)

for all the configurations # such that |5]|, o <doe °. Furthermore, the
trajectories in %,(h, b, d) are such that for some ¢ and for all x=(g, e, g)
with ge 4,

lp(x, 109, 1,)— p(x, tIn)} < cis®p () (4.17)
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where 1;=iT,(h) and, given ¢, let j be such that ¢;<r<¢, . Then, if
t—1t;2TFh), i=j; otherwise i=j— 1.

Proposition 4.3 will be proven in the next section. A consequence of
Proposition 4.3 is the following lemma.

Lemma 4.4. Let i<h—1 and assume the validity of the good
estimate on the v-functions at the level 4. Then for any n and d, there is
¢ so that for all configurations such that |5, ,o<doe™", for all
te[Tyh), 2T (h+1)], tee "N, and for all n-tuples of distinct states
x=(xy,..., x,,) such that the site g, of the state x, is, for all i in 4,

[ve(x, 1]1)] < ce®=Dmp (h)" (4.18)

Proof. Let n'=5"" be the random configuration at time ¢;, as in
(4.17). Let s=1—1,; then, by the Markov property, we have

[va(x, tlm)] =

£, (T a0 =pt 1} )

fE,,<[E,7r(H (e, 5) = p(css 5|1

i=1
Tl s = plxs tln)]))‘ (4.19)

We choose d so that (4.16) holds and we denote by y, the characteristic
function of the set B and by ¥, the set containing %,(h, b, d) determined by
imposing the conditions 1 and 2 in the definition of the (4, b, d)-good
trajectories only for j<i. Then, by using (4.16), we get from (4.19) that
lv,(x, t|n)| is bounded by

£ (2 ( T1 D51 ptoe s
T o0 s11) = plxs rm)]))] + e
< Z [Er, <X<;,-|U|J|(2€Jas|’7/)
n}

<1 Ip(xss s1n') — plx tin)l) et (4.20)

i¢J

where |J| denotes the cardinality of the set J and x,= {x,, jeJ}. We want
to use (4.15) to estimate the v-function in (4.20). But this is not immediate,
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because #’, being a configuration at time ¢, is controlled only in A, , and
not in A,,, as required for applying (4.15). However, for each
x=(q,e,0)ex,, ged,,, so that the v-function in (4.20) only depends on
{n'(q',e’,0")}, g €A,,. We therefore have

’ ” " ’ > €, 0 lf € Ae .
v(xs, sin)y=v,(x,,s1n"),  n"(g, e 0)= {n @ o) 7 T
0 otherwise
Since [|n'll,4, <de ", then |||, ,0<de *. We can now use the assump-
tion that the good estimate on the v-function at the level 4 is valid, so that,
by (4.15) and (4.17), we get that (4.20) is bounded by

¢ T @) @) e

From this the lemma follows. ||

The estimate (4.18) is not the good estimate at the level 2+ 1, but, as
we shall see in Section 6, Lemma 4.4 provides one of the main ingredients
for the proof of the following.

Theorem 4.5. The good estimate on the v-functions holds for all
h<h—1.

In Section 6 we shall prove that this holds for #=1 and that if it holds
for all &' <h< h—1, then it holds for A: this will prove Theorem 4.5.

Theorem 4.5 and Propositions 4.2 and 4.3 give us a good control of
the process for a time 7,(A—1). We need to iterate this at most ¢~ “ times
in order to reach the macroscopic times. By imposing some further condi-
tions on the initial configuration (which ensure that they are suitably close
to the initial profile), we can easily extend the previous analysis and

complete the proof of Theorem 2.3 as shown at the end of Section 5.

5. PROOF OF THEOREM 2.3

We start by proving Proposition4.2. By the definition of the
p-functions (see Section 2), we easily get for all t>s5>=0

plx, =3P (x> y)py,s)+ ¥ NP (x->»)%p(ys) (51

¥y s<s' <t oy
s'ee "N

where €, p is defined in (2.16) and (2.9b) and P, in (4.14d).
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Lemma 5.1. Let s >0 and assume that p(x, s) has values in [0, 1]
for all x; then p(x, ¢), as given by (5.1), also has values in [0, 1] for all x
and all 7> s. Furthermore, for all 1> s,

(glp(x’ Z)SID(XL! Z) p(xv la [) (52)

where if x = (g, ¢, 6), then x*+ = (g, +e*, 5); see below (2.2a) for notation.

Proof. Let p be obtained from p by the action of either a stirring or
a streaming or a collisional updating. If 0 < p(x) <1 for all x, then also
0<p(x)< 1. This is obvious for the stirring and the streaming updatings
and it can be easily checked to hold in the case of a collisional updating.
After this, (5.2) easily follows. ||

We fix any two finite sequences ¢ and 7 with the same number of
elements, where ¢ is a sequence of velocities and 1 is a decreasing sequence
of times, all between ¢ and s. Call F,,S(x — yle, 7) the transition probability
obtained from P, (x — y) by the following procedure. Let ¢, be the largest
time in 7 and consider P, , (x — z); then change the e-velocity of z (which
is the same as that in x) into e,, the first element in e. Call z’ the resulting
state. Consider then P, ,(z' — w), where ¢, is the second largest time in z.
Change the e-velocity of w into e,, the second element in e, and so on. The
resulting probability is f’,vs(x — y|e, 7). We have the following result.

Lemma 5.2. There is a constant ¢’ for which the following is true.
Given any nonnegative integer s we let |xll, ,,<de °. Then for all the
integers £ >, for all x={(q, e, 0), ge 4, ,, and for all ¢ and 1:

e (t—ys) if t—s<Ah)

p.(h) otherwise (53)

YP (x-ylet)n(y)< c’d{

Recall that p,(4) i1s defined in (4.5).

Proof. Let t —s< A,(h). We then introduce a partition of the space
into squares of area r —s and denote by B the restriction of this partition
to A, ,. Then, setting

P, (x— Q)=max max P, (x > (g, ¢,0)|e, 1)) (5.4)

geQ e

For x=(q,e,0), ged,,, we get
VP (x—ylenyn(y)<de™ Y B (x— Q)
¥y geB

We have used that P, (x — yle,1)=0 if y=(q', ¢, ¢’) with q'¢4,, The
lemma follows then from the fact that the position displacement due to the
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stirring updatings in P are those of a symmetric random walk. Therefore
there are constants ¢ and ¢’ such that

5 C
Z Pt,s(x—)Q)<—— z e_d(quQ)z/Z
QeB t—sgeB

’

4
<—
t—s

where d(q,, Q) denotes the minimal number of squares in B separating ¢,
from Q; g, is the site obtained by putting a particle initially in ¢
[x=(qg, e, 0)] and then letting it move (backward) only at the collisional
updatings by one step opposite to its e-velocity, initially equal to e, and
then determined by (e, 7). This proves (5.3) for 1 —s< A,(#). In the other
case we write B, =P, .o P ., with s* =5+ A4,(h). The first inequality in
(5.3) (already proven) is now used for Ps*,s' This and the fact that f’,,s, is
a contradiction in L complete the proof of the lemma. |

Proof of Proposition 4.2. We write for simplicity p(x, t') for
p(x, t'1n, s). We shall prove (4.12) with ¢(d) = 4c’d, where ¢’ is the constant
which appears in Lemma 5.2. We start by considering t —s << 4,(h) and in
this case we prove (4.12) with ¢(d) =2¢'d and for ¢ small enough. The proof
is by induction, so that given ¢ € (s, t], we assume we have already proven
the estimate for s’ <¢'. From (5.1), (5.2), Lemma 5.2, and the induction

hypothesis, we get, for any x=(g, e, 7), g 4, .,
sgc 1 7 ’ 8_§
Tt L XL Py eyt ) 2ed o
s<s'<t’ y
s'es™ N

plx, r)y<c'd

t N

Since

1
Y - séc”e” log(t’ —s)

see” "N (s, 1] s

iterating, we get

‘¥ £ [2cde’s =< log(r' —5)1*

=0

plx, ')<c'd
=5,

e ¢

<c'd p exp[2c’'dc”e’ ~“log A ,(h)]

’
— S

For ¢ small enough, the exponential becomes smaller than 2, hence the first
inequality in (4.12) is proven with ¢(d)=2c'd.
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We prove the second inequality in (4.12) with ¢(d)=4c'd. The
proof is by induction. Given ¢ €(s+ A,(h), t], we assume that for all
s'e(s+4,(h),r)and all xed,

p(x, s') < 4c'dp(h)
Using (5.1), we write
plx, 1)Y= Po s aymlx = y) p(y, s+ A,(h))
y

+ Y XP -y Gps)
s/Efsisggv(w),t’) 7

We then have, for all x= (g, e, 0), g€ 4, ,, using the induction, (5.2), and
the first inequality in (4.12), proven with ¢(d)=2c'd, and t—s= A4,(h),

p(x, 1) <2cdp (h) +&'[1 — A (h)1[4c'dp ()] (5.5)
We have that ¢ — A, (h)<2T,(h+1). f h<h* [see (4.3)], then by (4.5)
and (4.2)

p(h) T(h+1)<e “p(h) T(h)=¢"" """

Hence the second term in (5.5) is bounded by
g' e 8c(d)? p,(h) < 2c'dp,(h)

for & small enough and choosing f+a+{<v.
Assume now that 4> A*. Then by (4.1)

pM) T (h+ )<e " T T (h—1)geg g i+
hence the second term in (5.5) is bounded by
e'e "9 Be(d)? p.(h) < 2c'dp (k)
if ¢ is small enough and choosing { <a.

Hence in all cases p(x, t') < 4c'dp,(h) for ¢ small enough. By taking a
suitably larger value for c¢(d), we then prove the proposition for all

te(0,1] |}

Corollary to the Proof of Proposition 4.2. Under the same
assumptions of Proposition 4.2, there is a constant ¢(d) so that for all the
integers ¢ > s >, for all x=(g,e,0), ge 4, ,, and for all ¢ and 7:

Z’Pt,s’(x—’ J/(é?s ‘E)p(ys S,(ns S)

et (t—ys) if t—s<A,h)

<c(d
l ){pg(h) otherwise

822/66/1-2-28
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We shall omit the proof of this corollary, which is essentially the same
as that of Proposition 4.2.

Proof of Proposition 4.3. We shall prove (4.16) with d = 2¢(d,);
see Proposition 4.2 for the definition of c¢(d,). We first prove that if
ne%,lh, b,d), then (4.17) holds. We shall then use this result to prove
(4.16), so that we start as follows.

Proof of (4.17). We define

R.(t)= sup sup R(q,e,0,1)

gedg; eo

Ryx,0)=1pCx, t|n* Y0, )—p(x, tin)l,  te 1 =k—1)T(h) <1<,

Denoting by B(x) the set of all the single-particle states with same g
position as in x, we have

6 /() —Ggx)I< Y 1fl2)— gl f2)+g)  (56)
z,z € B(x)

We use in the sequel the following notation:
tk:kTa(h)a []’:71 ztk‘l+ Ts*(h)s Ta*(h)z Te(h) Sﬁ/z (57)

For te[tf |,t] and for x=(g, e, 0), ge4,,, we write (5.1) with
s=1t,_,, splitting the sum over s’ smaller and larger than ¢§ ,. For the
former we use (5.6) without exploiting the minus sign in the first factor on
the right-hand side, while this is used for s' = t}f_, to reconstruct R,. We
then have, for a constant ¢ which only depends on d,

Rx, )<Y P, (x> )" () —p(y, tx_111)]

8‘4
+ > ¢ po(h)+ > cp(h)?
see "N S_[k,] see” VN
se(tp— i tk-1+ Alh)] se(tp—y+ Ag(h), 5|1
+ 3 cR(s) pu(h) (5.8)
see *N
se(tf_y.1)

For the second and third terms on the right-hand side of (5.8) we have
used Proposition 4.2 to bound one of the two factors in (5.6). For the other
one we have used the Corollary to the proof of Proposition 4.2; hence

T Pulx—y) max p(zsln Y n_)<edph)  (59)
Yy
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the same bound holding for p{z, s|#). For the fourth term in (5.8) we have
used again (5.9).
The first term on the right-hand side of (5.8) is bounded by
% Py = 000 =0t )]+ Rl )
<de’p,(h) + R, (1) (5.10)
We bound the second term on the right-hand side of (5.8) by

c’e" "‘p.(h)log A (h)<c"ePp(h) e Ploge!

where ¢’ and ¢” are suitable constants and we choose b+ { <.
The third term on the right-hand side of (5.8) is bounded by

. T.(h .
o T o ) < o' ~p () 2 AN < cabp (h) <P

The last bound only arises if #=h—1; in the other cases we get a smaller
one by choosing b+ { < /2. Hence, for a suitable constant ¢, we get

Rs(’)gRe(tk)l)+ Z Ra(s) Cpa(h)+d/ (5]13)

see” "N
se(rf_y:1)
Y=e"p,(h)(d+ce’ *"Ploge ! et TP (5.11b)

We denote by .# the set of times s such that s—¢, > T*(h), where
f;<s<t,, . By iteration we then get from (5.11)

RS Y RUS) ep )+ s b
1 v n ! te¥pe(h
égo-n—![te epo(h)] Ts(h)wge el )Te(h)‘/’ (5.12)

This proves (4.17) for e #. If instead 7, _, <t <1f_,, we repeat the above
proof with ¢, _, instead of #,_,. Thus, (4.17) holds for all (4, b, d)-good
trajectories.

Proof of (4.76). Denote by % the set of trajectories # which satisfy
the conditions 1 and 2 in the definition of the (4, b, d)-good trajectories,
but only for n' with j<i We have chosen d=2c(d,). We shall now
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estimate the conditional probability of %, given ¥,_,. Denoting by ||-| the
seminorm | -, ,, we have

In1 <0 = pC, i, 1 DL+l 12 1) = p(e 1))
+ loC-, 610 (5.13)

By Proposition 4.2 the last term is bounded by c(d,) & °. By (4.17) the
second term is bounded by 2ce “t’s ¢, hence for ¢ small enough this is
smaller than &~ ‘c(d,)/2. For the first one we shall prove later that for any

u there is ¢ so that

P, (1= ot =1 > 5

{4,-*1> < cg” (5.14)

where P,(-|%_,) denotes the conditional expectation with respect to %,_ .
We now complete the proof of (4.16). We have so far seen that, condi-
tioned on % _,, 5 satisfies the condition 1 [of the definition of the
(h, b, d)-good trajectories ] with probability not smaller than 1 — ce*. We
shall also prove later that, if b <y [see (4.15)], then for any u there is ¢ so
that

Pl —pCy 00ty Wop > dep (A, ) <ce™ (5.15)

Hece for any @ there is ¢ so that

P(%1%_1)>1—ce”

We then have that if n is an A-good configuration with coefficient d, then

P (%, b, 2¢(dp))) = | — ce% *

for any b>a+{, b<y [see (4.15)] [hence for any be(a+{, f/4)]. This
will prove (4.16) with u=#—a once we show the validity of (5.14) and
(5.15).

Proof of (5.14). The left-hand side of (5.14) is bounded by
[r=49""", ¢'=cl(do)/2]

> (c's*)-Z"Z[E,W(H [y T = by TAWINNT)  (516)
Op= ey r

where the sum is over all not necessarily different states y = (y1,..., Y2u)
with y,=(q;, e;, 0;) and q,€ J,.
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To estimate (5.16), we introduce a partition n of {1,..,2n} and let
Y(r) be the set of all the y such that y,= y; if and only if 7 and ; are in the
same atom of n. For k> 1 we can write

(n(y, To(h) = p(y, To(h) 1)1 = Fo+ [n(p, To(h) = p(y, T.(h) 1)1 F\

where the F; are polynomials of the variable p(y, T,(%)|n") whose coef-
ficients are functions of k. In particular, in F, the constant term is missing.
Given 7, denote by /(n) the number of atoms of = and by j(z) the number
of atoms with only one element. Given y € Y(n), let z,,..., z,, be the states
of the singletons, and z;, j(n)<i</{n), the states in each of the other
atoms. We have, writing j for j(n) and / for /(n),

£, (TT Dot T = o0 T )

< X [H Fillv({z"}, T.(h)|n)| (5.17)

Tji1- i=j+1

where the o; have values 0 and 1. F denotes the absolute value of the
polynomial F, associated to z, and v({z?}, T,(h)[n’) is the v-function v,
with » the cardinality of {z?} [cf. (2.17)]. Finally, {z?} is the configuration
made by all the states z; with /< j and all z; with i > j and such that ¢,=1.
We use (4.15) and (4.12), which can be applied because of the assumptions
on ' and by the same argument used in the proof of Lemma 4.4. We then
obtain the bound

¢ Y [odmI= 7 Loy ) ="

Gjr1--0]
<éLpy(h) el p(h)' =7 =cp,(h) ¥

for suitable constants ¢ and ¢ (which depend on » and d,, but not on &).
We then have that (5.16) is bounded by

cgfg(c’gfg)*z” Z Ag(h)l(n) ps(h)/(n) eV — e 8 Z go@n—Hm)) + yjim)
T k4

for a suitable constants ¢, ¢’, and ¢”. We observe that for any n the number
of possible partitions 7 is finite. For any given n, we denote by x(x) the
number of atoms of = that are not singletons. Then 2x(m)<2n— j(n),
hence /{(n)=x(n)+ j(rn)<n+ j(n)/2. In consequence 2n—I(n)=n— j(xn)/2
and

C”8¥8 Z Sg(znk/(n))_*_yj(n) < C,/878 Z gCrH—(V/g/Z)j(TE) < 68A8+Cn

T n
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for a suitable constant ¢ and choosing { < 2y. For any u > 0, after choosing
n large enough, we see that the last expression is bounded by ce” for a
suitable ¢. This completes the proof of (5.14).

Proof of (5.15). We use the same argument as before. The left-hand
side of (5.15) is bounded by (y' =#""1)

Y Lo M1 Y11 P o rpun,(0- »)

Qe As,l,- ¥ 7

<&y (11 010 T0) = (0, TN )

We use again (5.17) to bound the above expectation. Consider now a fixed
atom 7 of the partition. There are 2n —I(n) of the variables y; which have
to coincide with some other variable y,. Therefore the left-hand side of
(5.15) is bounded by

1
T (h)

2n—I(n) ]
o Lp )Y () phY e
7
<c Z =270+ B/202n = 1)) + ()

Using again the estimate 2n — I(n) = n— j(n)/2, we have

g —2nb+ B/202n — Hm)] + 3i() < g~ b +nB/2+ (y— B/4) j(m) < celr—bn

The last step follows by the condition y < /4, so that the largest value of
the bound is obtained for the maximum value of j(n), i.e., j(n)=2n. The
rest of the proof is the same as before. |

Proof of Theorem 2.3 (Conclusion). We shall extend the
previous analysis to i=#h—1, but several modifications will be needed.
The first one arises when extending Proposition 4.2; the assumption that
W7l 5—1.0<de * is no longer sufficient, and in fact the bounds we get by
repeating the proof of Proposition 4.2 in this case diverge when ¢ — 0. We
need extra assumptions on %, namely, that # is “close” to the initial density
p(r, e) (see Theorem 2.3). We start by defining

FJq,e, 0,t)=¢f1:.(2q,e) (5.18a)
where f, solves (2.4). In particular, by (2.18),

Fs(q> e, o, 0) = Bp(Sq, €) = [Eus(ﬂ(q, e, 6)) (518b)
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Lemma 5.3. Let T be as in Theorem 2.3. There is ¢ such that for all
t<e¢ '""T and for all xeI [see (2.10)]

FE(X, Z)—ZP,,O(X—PJ/)FE()/,O)— z ZPt,s(x_)y)(glFe(y’S)

y O<s<t y
s€e "N
<ce(e /1) (5.19)

Proof. Since f solves (2.4), we can write for z6' *'< T

ef o0v(eq, €) —efo(eq—ete' T, e)
el

—J ds £6f (g — e(te' +* —5), &) =0 (5.20)
4]

We compare the three terms on the left-hand side of this equation with the
three terms on the left of (5.19). The first ones are equal by (5.18). For the
second ones we have, setting x= (g, e, o),

S Poo(x— ) Fi(y,0)—F(g—ee't, e, 0,0)| < ce® /1 |V |l
¥y

where we have used the central limit theorem for estimating P, o{x — y).
Moreover, by standard arguments one can show that if |Vfyll,, is finite,
there is a constat ¢ such that sup, . [|Vf,| . <c

Since there is ¢ such that [, F,— €F,| <c&*, by the same argument as
before, we have

y [Z Po(x— y) 6 F.(v, )~ GE,(q—es(t —5), e, 0, s)]‘

see”"N L y
O<s<t

L ce'te’ + cever’?e?
where ¢ is a suitable constant. We have

Y €F(q—ee’(t—s), e 0,5)
O<s<t
see "N

= Y &bfaleqg—c T (t—s)e €)

O<s<t
see "N

which is the Riemann sum of the integral in (5.20); hence the error is
bounded by &*(||0f/6t)| o, + [Vf||,). This concludes the proof. §

We choose # close to F, in the ||| || sense. We can do this because of
the following result.
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Lemma 5.4. For any d> 0 and u there is ¢ such that
wlln —Fllopro<de' 1) 21— ce" (5.21)

The lemma is proven using the Chebychev inequality with arguments
similar to those used when proving Proposition 4.3; details are omitted.
Proposition 4.2 is replaced by the following.

Proposition 5.5. Let 0<s<t<e '7'T and 5 be such that
“nlle,ﬁ—l,sgd‘eig’ mrl_'Fs("s)‘”s,ﬁ~1,s<dgl+b (522)

Then there is ¢ so that for all x={(g, e, 0), g 4,,,

lp(x, t]n, s)— Fy(x, 1)|
e~ /(1 —s) it 1<i—s<A(hi—1)
<cdphi—1) it AA—1)<t—s<T*Hh—1) (5.23a)
e(e?+&' =) otherwise

Furthermore,

lpCx, t1F,(+, 0)) — Fio(x, 1)} < cee™ —2 (5.23b)
where p(x, t|F,(-,0)) is the p function with initial datum F,(-, 0).

Proof. The first two inequalities in {5.23a) are proven in the same
way as in Proposition 4.3, without using the second of the inequalities
(5.22). In analogy to the proof of Proposition 4.3, we introduce

R,(t)= sup sup R.,(q,e,0,1)

ge g €0

Rs(xa t)'__ Ip(xa tif’], S)_Fa(xa t)l

Then we have as in (5.8), with A=k 1,

R(x, )<Y P (x=y) Ry, ) +ces" "> ¥ co—¢'"¢
¥y s'eeg” N
s e (s, 5+ Agh)]

+ Y ce? %+ Y RS HR(s) +c'8)
s'ee VN s'ee VN
s e (s + Ag(h), T, (h)] s e (Tr(h), 1)

(5.24)
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where we have used the first two inequalities in (5.23a}, (5.19), and the
corollary to the proof of Proposition 4.2 and we have written p(x, s'|#) <
R (s")+ c’e. We have, by (5.22), for 1> T ¥(h)

Z Pt,i'(x - .y) Re(y’ S) < dgl +b
Given C>0, let S be the last time after 7*(k) such that R,(s') < Ce. We

assume ¢ < .S and we replace one of the two R,(s') in the last term in (5.24)
by Ce. Hence we have the bound

R(1)<de' t o+ ce' ~%e log[A(h)] + ce? "2 ere ~ v T A2 4 gggll V)2

+ce Y, R

s'ee”"N
s’ e (TS (h)1)
<ce(e®+e" ) +ee Y RS
s'eg VN
s e (TX(h),1)

By iteration we then have
R()< Ce(e? + e ) exp(c'te' )
which also shows that §>7¢ ' " In an analogous way we prove
(5.23b). |
We put

t;=iT(h—1) forall isuchthat [e~!' 'T]—¢,=T*(h—1) (5.25a)
We denote by /— 1 the largest / in (5.25a) and define

t;=[e"'7"T] (5.25b)

Definition: the Good Set #.(d, b). Let d>0 and (1 —v)/2>

b>a+{. Then #(d, b) is the set of all trajectories n = {#”'}, where # is

the configuration at the times z,, i</, defined in (5.25) which satisfy the

conditions 1 and 2 in the definition of the (d, b, h)-good trajectories and
moreover # = 1, satisfies (5.22) and for all 0 <i</

oG t:ln =0t )= "), < de™° (5.26)

The analogue of Proposition 4.3 is the following.

Proposition 5.6. For any d, >0 there is & such that the following
holds. Given any u, there is ¢ so that

P, (Z(b,d)) = 1 —ce" (5.27)
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for all # which satisfy (5.22) with coefficient d,. Furthermore, using the
same notation as in (4.17), for some ¢ and for all x=(q, ¢,0), ge4,_,,

(s il )= p(es tm) S e’ +° (5.28)

The proof is just the same as that of Proposition 4.3, using Proposi-
tion 5.5 instead of Proposition 4.2; we omit the details. The analogue of
Lemma 4.4 also holds for configurations »# which satisfy (5.22), so that
(4.18) holds for ¢=[¢~' *T] and h=h— 1. By Proposition 5.5 we have

lp(x, t]n) = F,(x, )l Sce' *P 7975,
lp(x, t|n) — p(x, t|F(-,0)) <cettb2¢

Using this and (5.18a), we prove (2.19) and conclude the proof of
Theorem 2.3. ||

6. THE BASIC ESTIMATE ON THE v-FUNCTIONS

We prove Theorem 4.5 by iteration. We let h<h—1, teg *Nn
[T.(h), 2T .(h)], and we fix an A-good configuration #; to have lighter nota-
tion, in this section we drop writing the dependence on # in the argument
of the p- and v-functions.

We first express v,(x, s} in terms of v-functions at time s — 1. By itera-
tion we shall then prove that v,(x, ¢) is a finite sum of terms which can be
interpreted in terms of a branching process. Theorem 4.5 will then be a
consequence of some probability estimates on this branching process.

Let x=(x;,.., X,), Xx;=(q;,€;,0;); if the time step (t—1,1)
corresponds to a stirring updating, we set

x¥={%,0,—0,,i=1,.,n}, Xi=(q:— ¢, €)) (6.1a)

where the random variables o, , (which also depend on ¢) are iid. with
values in {1, 2, 3,4}, each having probability 1/4. The sum of the ¢’s is
defined modulo 4. For an HPP updating we set

x*={(g;—ene,0,),i=1,.,n} (6.1b)

Definition of Clusters. We say that (%,,..., €y) arc the clusters of
x* if (%,,.., €v) is a partition of {1,.., n} such that i and j are in the same
cluster if and only if %,=%;, for stirring updatings; while, for HPP
updatings, if and only if (g, —e;, 6,) =(g,—¢,, 7))

Notice that the clusters of x* are completely determined by x, both in
the HPP and stirring updatings; in particular, in this latter case they do
not depend on the choice of the random variables o ,.
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Notation. For an HPP updating we write
26* = {zci*s i= 17-"9 N}9 ZCI* = (‘]1‘*, gi*9 O-i*)a gz* = (6;'5‘1 EAN] efh,-)

where x* is the configuration in the 7th cluster of x*, 4;>1 denotes the
number of particles in the /th cluster, ¢* are their common positions, ¢}
their common o values, and e* the set of their e-velocities. For a stirring
updating we write

ZC* = {‘th*a l: 17"'9 N}; :).Cz* = (qi*! ei*; g;k)’ gz* = (o-?jls---) Ufh;)

As before, 4, denotes the number of particles in the ith cluster, (g, ¢*) the
common values of the (g, e) state in that cluster, while ¢* is the set of
values of the g-velocities. Finally, if x;, ieJ, are disjoint sets of states, we
denote by {x;, ieJ} the collection of all the states x;.

We have the following results.

Proposition 6.1. Given x and ¢, we denote below by J any subset
of {1,.., N}, where N is the number of clusters in x*. Then, if at (z—1, ¢)
there is an HPP updating, we have

Un(-?f? t)zvn(-x*’t_l)+ Z Z l:]_—[ Chi,k,(zciatl-X;kJ
J£ P {xiied} Lied

xv({x, i€, xF i¢J}, 1—1) (6.2a)
while for a stirring updating we have

v, t)=<%)Nz<Un(2€*,f"1)+ > )

e IES (mnied)
X[ﬂ Choii(%ss tlzc?‘)] v{xnied, xf i¢J}, t— 1)) (6.2b)
ieldJ

the sum over x* being over all the possible 4" values of x* [see (6.1a)];
h;=|x¥| and 0<k;<4;
k=Y ki+ Y h
ield i¢d

X, is any set of k; distinct states having all the same (g, e) [(gq, ¢)] values
as those in x* if the updating is of stirring [HPP] type.

For stirring updatings, C,, . (x,, t|x*)=0if h,=1 and if x; is not a
proper subset of x¥; in the other cases

Crilxotixt)= T [p(rs1=1)=p(x, 1)] (63)
x e x]/xi

where x = (g +c,, e, 0) if x'={(q, e, o).
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Also for the HPP updatings the coefficients C,, ; are uniformly bounded.
Furthermore, C, ,=0; C;(x,, 1{x}*) is a polynomial of degree 3 in the
variables p(gF, -, 0F, t—1) with the constant term missing. For A>2,
k<h, then C, ,(x;, t|x*) is a polynomial of degrec <4 in the variables
plgk, -, 0k 5), s=t—1,t, with minimal degree #—k and with all the
coefficients uniformly bounded.

Proof. Stirring updating. We have, given the o,
’7(‘]s e, a, t):n(q_czne’o‘wo.qfcu,eﬂt_l) (64)
See (6.1a) for notation. Set

X*z{fl’---’ X-n}’ X, = (X, Ui_o')z,-)
Then
1 N n
nm0=(3) T (Tt n=p.01)  (63)
{ox} i=1

The sum in (6.5) is not over independent variables, because if / and j are
in the same cluster, then 6, =0,. When all the X; are distinct, N=n and,
as we are going to see, (6.5) becomes

s 1=(3) T wlato ) (6.:6a)
{o1,}

which proves (6.2b) in this particular case.
We are going to show that (6.6a) is obtained from (6.5) by induction.
Recall that

1
plx;, 1) :ZZ p(,0,1—1) (6.6b)
Let
nizn(ihl_l)s pizp(fciat—l)a pll_zp(xl_’ t)

Under the assumption that the %, are distinct, we will show that for any
ke{0,.,n}

e z)=<§>" I ({H [m—pi]}{i:f:lﬂ [nf—p;]}) (6.6c)

which gives (6.6a) for k=n. For k=0 the first product on the right-hand
side is missing, hence in this case (6.6c) becomes (6.5) and the equality is
true. We now assume it for k& and want to prove it for £+ 1. We write

Ner1 = Pra1= Mg 1= Pr )+ Prst = Prrr)
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/

and we insert this equality in ¢ 6¢). The first term reproduces (6.6¢) with
k replaced by k£ + 1; the contribution of the other term vanishes, as seen by
performing first the sum over &,,, and using (6.6b). The induction
assumption is therefore proven and the validity of (6.6a} is established.

For the general case we add and subtract in (6.5) from each #; the
corresponding p,. Denote by A< {1,..,n} any subset of labels each one
belonging to some of those clusters which have more than one element,
namely if i€ 4, then there is j#i such that x;=X;,. The sum over A will
denote the sum over all such subsets (if N =#, there are no such subsets
and the sum is absent). We then have

N
v,(x, t)=<z> Z Zvn—{/ﬂ({)&i: 0"“0';?,-}{,-.:;/1}, t—1)

{og} 4
X H [o(X;,0,~05, t—1)—p(x;, 1)]
ied

which can be easily seen to be the same as (6.2); we have therefore
completed the proof of Proposition 6.1 in the case of stirring updatings.

HPP updating. For 1=1,2,3,4 let ,=n(qF, c,, of, t—1); then it is
not difficult to see that

Ay
]_—I [77(‘]: +el*j9el*j’ i*a l)“p(%*"'efp efjw 0-[*5 t)]

j=1

—1—_[ [”(qr*a ezjao-i*’t_l)_p(qi* el*J’e*j3 O-i*’ t)]

j=1

_’71”3(1_’72 1_'74 {H [5*, +5e:j,64_p(qz*+e;’(jj5e;‘fj:O—i*9t)]

j=1

—[0es e+ 0 ;= Pl +ely, el o, ’)]}

i

1= 000 =1 T 18050485, pla + st aF, 1)

j=1

- {50:1-,(‘2 + 5e:j,c4— p(‘]; -+ er*p iLjs 0-1'*5 t)]} (673)

=

{

[’7(41* +eifj: e;fj’ o-i*, I)“p(q: +€l*15 i, js O',-*, t)]
1

J
22 Z Ch,,k,(eh liiff*) H [r’(ql*’ e, G-i*s = 1)_p(qt*s e, 0—1'*’ r— 1)]

ki e eece’
=1

Ay
+ H [n(q:k’ e?,(p Ji*’ t— 1) (‘L H 1]: i*’ = 1)} (67b)

j=1



444 De Masi et al.

where 6, =1 if e=¢" and 0 otherwise. The numerical coefficients C,, , are
then defined so that (6.7b) holds. To obtain them explicitly, one has to add
and subtract from the #, in (6.7a) their corresponding p’s and expand the
products. After some simple algebra one can then check that the properties
stated in the proposition hold, so that the proposition is proved; we omit
the details. |

Definition: The Backward Streaming + Stirring Process.®
Given >0, we call se(0,t) a stirring time if t—s—1#ke™" for some
integer k; otherwise we call it an HPP time. Then the backward
streaming + stirring process relative to ¢ is defined so that at any stirring
time s the updating is made first by a unit shift along the direction opposite
to that indicated by ¢ and then by uniform independent rotations of the ¢’s
as in the direct stirring process. If instead s is an HPP time, then the
particles move one step in the direction opposite to their e-velocity.

Let us agree that the v-function to estimate is computed at a given and
from now on fixed time ree "N such that 2T.(h)=t>=T.(h), h—1=b
[cf. (4.15)]. We shall then consider, most of the times in the sequel, the
process relative to this time, and we shall refer to this simply as the back-
ward streaming + stirring process.

Notice that x* in (6.1) is obtained from x by applying the evolution
rules of the backward streaming + stirring process. Therefore, iterating
(6.2), we get a series of terms which are characterized by time intervals
where there are particles moving with the law of the backward streaming +
stirring process, while at the end of these intervals there are branchings
where the number of particles may change and their state vary. We shall
first take care of the stirring 4 streaming part by introducing a coupling
with an independent process: this will give us the main probability
estimates needed for proving the desired bounds on the v-functions.

Definition: The Coupling. We introduce an auxiliary process,
the Bernoulli process (Z*, P), 2* = {g}¥(s), i= 1, s =0}, where the o}(s)
are i.i.d. variables with P(c*(s)=j)=1/4, je {1, 2, 3, 4}. Then for any time
interval [s,,s,], 5, <s,<¢, for any finite set of labels J< N, and for any
configuration x = {x;, ie J} of distinct states, we introduce a map .# with
specifications {[s,, s,], x} defined on the set of trajectories {c*(s), ieJ,
se[sy,s,]} and with values in the set {x,(s), ieJ, se[sy,s,]}. We set
x(s{)=x and e;(s)=¢;(s,) for all ieJ and se[s,,s,]. Then if s—1is a
stirring time, we let g.(s) =g;{s — 1) — ¢ ;1) and

o;(s)=0}(s)—0o,(s—1)+0,(s—1) (modulo4)

® We shall describe the particle configurations by specifying the states the particles occupy;
this is evidently equivalent to the occupation number description used previously.
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where j <7 is the smallest label in J such that X,(s) = %;(s), i.e., such that
q;(s)=q,(s) and e;(s) = e;(s).

Notice that o,(s)=0*(s) when x,(s)=%,(s) implies />i Then the
particles with labels /> and such that %,(s)=X,(s) undergo the same
g-rotation as particle i. For this reason we say that particles with higher
labels are of second class. If s, is an HPP time, then ¢,(s)=0,(s—1) and
q:(s)=q:(s—1)—e;.

We omit the easy proof of the following lemma:

Lemma 6.2. For any given specification {[s,,s,], x} the set of
trajectories {x(s)), s€ [s,, s,]} inherits from (X*, ) via .# the same law
as the backward stirring + streaming process in the same time interval and
conditioned to {x(s;)=x}.

Notice that the above realization of the backward stirring + streaming
process allows us to identify the particles during their evolution, and
therefore from now on we consider a labeled configuration of particles.

The main reason for realizing the process as above is to have a natural
way to couple it to the independent process x°(s). This is the image under
AM° of the trajectories in 2*: .#° is defined as .# except for the updating
of the ¢’s; we simply set, at the stirring times s, a°(s) = 6 *(s), and leave all
the other rules unchanged. In this way it becomes clear that the dis-
placements of a “stirring” particle, i.e., a particle in x(-), are the same as
those of the corresponding “independent” particle, i.e., the particle in x°(s)
with the same label, at all the times when the stirring particle is alone [no
other stirring particle having the same (g, e) at the moment of the ¢
rotational updating]. Consequently the following result holds:

Proposition 6.3. For any n> 1, u>0, and 4> 0 there is ¢ so that
for any set J of n distinct labels, any x, consisting of n different states, any
Z, and any [Sla S2] < [05 t]:

P( sup  suplgi(s)—g7(s)l (s~s51) "S> 1—e(T—s)7"  (68)
nzsz2Tzs ied
where [P is the probability law in Z*, x(s;) =x%s,)=2x, and g, and ¢° are
the positions of the ith stirring and independent particles, respectively.

Proof. As already mentioned, the displacements of the stirring and
independent particles with the same label i are the same except when, at
the moment of the o-rotational updating, there is another stirring particle
J, j<i, with e;=¢, and ¢,= q,. We therefore have to count how many times
this happens. The difference between the positions of the two stirring
particles i and j has the law of a symmetric random walk between the
successive return times to the origin. The probability to have s* returns in



446 De Masi et al.

a time interval s goes to zero like s~* (for any given A and k positive) as
s—o0. |

The Backward Branching Process. When we iterate the equa-
tion for the v-functions we get besides stirring + streaming a more complex
structure, which can be interpreted in terms of a branching process with
births and deaths of particles.” The branching process that we consider is
denoted by (x(s), 7(5))o <5<, Where I(s) has values 0 and 1. When s is such
that I(s) =1 we say that s is an interaction time, a collision interacting time
if s is an HPP time, a stirring interacting time otherwise. x(s) denotes the
set of states (g, ¢, 0) occupied by the labeled particles present at time s;
their number might vary with time.

Not all the trajectories are allowed, as we are going to see. Consider
for each i the map .# with specifications {[s,_,+1,s;,+ 1], x(s;,_,+ 1)}
and let

x*(-)=.M(g*(-)) (6.9)

We shall say that x(-) is allowed if there is ¢*(-) which is “compatible”
with it: x(-) and ¢*(-) are compatible if, first, x(s)=x*(s) for
se[s;_,+1,s,] and, second, x(s;+ 1) is obtained from x*(s,+ 1) accord-
ing to the rules we state below. It will be sufficient to specify them at s,.
Assume first that s, is a stirring time. Then: (1)in x*(s;+ 1) there is a
cluster with multiple occupancy, i.e., a set of particles (more than 1) with
the same ¢ and e, and (2) x(s; + 1) is obtained from x*(s, + 1) by looking
at all the clusters with multiple occupancy and by deleting in some of them
(or all of them, but not in none of them) some or all of the particles in
there and relabeling those remaining in such a way that the labels of those
missing are the highest labels among those previously present in the cluster.

Assume now that s, is a collision time. Divide the particles of
x*(s; + 1) into clusters; recall that particles are in the same cluster if and
only if they have the same (g, o) state. The clusters are then ordered:
cluster 1 contains the particle with the lowest label (in this case particle 1,
but this is not necessarily so at successive steps, because particle 1 might in
the mean time have disappeared). In cluster 2 there is the particle with
lowest label among the remaining ones, ie., all those which are not in
cluster 1. The ordering of the other clusters is done similarly. Then
x(sy + 1) should be obtained from x*(s, + 1) in one of the following ways.

"In Section 3 we introduced a branching process to study the correlation functions of the
HPP deterministic model. In that case there were no deaths, while here we have to take
them into account because we are considering the v-functions and not the correlation
functions.
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Start from cluster | and call (g, ) their common values of position and
o-velocity. Then change this cluster into any other one, where the
e-velocities are distinct, while all the particles have the same (g, ¢) as
before. This new cluster might be the same as the old one or might even
be empty, except when the old cluster had only 1 particle. If the new cluster
has fewer particles than the old one, the labeling of the particles in the new
cluster satisfies the same convention used before in the case of stirring
deaths. If there are more particles—say there are & more particles than in
the old cluster—then all the old labels are used to label the particles in the
new cluster, the extra k particles being labeled by N+ 1, N+2,.., N+ k, if
N was the maximal label used previously; in this specific case N=n, of
course. The same holds for cluster 2, taking into account the extra labels
possibly used for the first cluster and so on, iteratively, till all the clusters
are updated.

Notice that in this way we have covered all the cases occurring in
(6.2).

Definition: A Measure on the Backward Branching
Process. We introduce a positive measure on the product space of the
backward branching process times X* as follows. Let (x(-), #(-)) be a
trajectory in the backward branching process and let S be a measurable set
in 2'*; then the measure of the product of these two sets is the measure of
all the trajectories o*(-) e S which are compatible with {x(-), I(-)), namely
they are compatible, according to the definition given above, in all the time
intervals [s;_,+ 1, s;,+ 1]. In particular, the measure of (x(-), I(-)) is the
measure of all the trajectories o*(-) compatible with it. Since the same ¢*
might give rise to different trajectories of the backward branching process,
the measure we have defined is not normalized to 1 and it is not a
probability measure.

Denote by E the expectation with respect to the measure defined
above. We then have from (6.5) and (6.6) for any 0<s< ¢

fUn(ZC, t)| < [E(!UI{(:fsn(iC(l—S), S)' D({(-_).C(tl): I(t/))f ¢ < t—S})) (6‘10)

where the functional D is a product of several factors, as we shall see in a
while, and v, = 1. We first specify the initial configuration #; recall that »
is not explicitly mentioned in the v-function and that its full expression is
given in (2.17a).

Assumptions on the Initial Configuration n. We assume that the

initial configuration # is A-good [cf. (4.8)]. Then the solution p(-, - [#) of
(5.1) satisfies the three conditions (6.11)-(6.13) stated in the following

822/66/1-2-29
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lemma. While (6.11) and (6.13) are proven in the previous section,® (6.12)
will be proven in an appendix.

Lemma 6.4. Given any d>0 and h </ — 1, there is ¢ so that for all
1o no<de™", for all s<2T,(h), and all x= (g, e, q), ge A

£,59

(e for s<eg '7F
p(x,sln)écs‘*{g fs. for s<e (6.11)
€ otherwise
Furthermore, if (s, s+ 1) corresponds to a stirring updating,
lp(g+cs e 0,5+ 11n)—plg, e, 0, sIn)|
\_(i_{min{sﬂ/s, 1} for s'<8"'5 (6.12)
\/E & otherwise

Finaily, let

p(ll,:):I(na))( p(q’ e, U,S‘W)SI, p::mix Pq.s)

e,G qe Ags

and let P be the transition probability defined in (4.14). Then there is a
¢ so that for all x and all s" <

Z Ps,:’((q9 e, 0) - (q” e” O-’)) p(q,’sr)

(q',e'.0")

<ce™t (6.13)

(e Pls  for s<e!7F
£ otherwise

where ¢(¢') denotes the position that the particle has at time .

Definition: The Function D. If # satisfies the above assumption
so that the bounds in Lemma 6.4 hold, then the function D in (6.10) is the
product of the following factors. For each stirring death there is a factor
cp(qys)/\/g in D, if the death occurs at time ¢t —s in the backward process;
g is the position of the missing particle at the moment of its death. Each
death for collision contributes a factor cp, ,,; recall that deaths for colli-
sion as well as for stirring only occur in clusters with multiple occupancy.
Finally, it might be that at a collision interaction time there is no cluster
with multiple occupancy; then for each of these times there is a factor cp,
(see Lemma 6.4 for the origin of this factor) contributing to D.

We shall now rewrite (6.10) in a more convenient way, using a sort of
strong Markov property. We are in fact going to choose s as implicitly

& The estimate (6.11) is worse than that proven in the previous section, but it allows a more
unified analysis of the various cases, as will become clear in the sequel.
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determined by the trajectory (of the backward branching process) till time
s itself. We say that the function

T: {x(s), I(s), 0*(s) }seo.n > N

is a stopping time if for any se [0, ¢] the set {T=s} does not depend on
the values of the trajectory after time s. It is easy to see that (6.10) holds
when s is replaced by any stopping time 7.

We choose

T=min{T,, T,}

where T, and T, are defined below. {7, =5} is the event where s is the first
time when all the particles have disappeared. If such a time does not exist,
we set {7, =t}; notice that v(x, 0) =0, x # ¢J, no matter what x is, so that
the case when the particles survive till the final time ¢ will not contribute
to v,(x, t). The time T, is defined by means of a finite sequence of increas-
ing integers N,, N,,.., fixed once for all independently of ¢; its values will
be specified later on [see (6.41)]. Assume that 27(h) == T,(#) and that
tee*N. Then for s such that r—s> T, (h—1), {T,=s} implies that s is
the first time up to which there have been exactly N, collision interaction
times. For T,(h—1)>t—s> T,(h—2); {T,=s} implies that we are not in
the preceding case and that s is the first time such that in [t —T,(h—1), 5]
there have been exactly N, collision interaction times. An analogous defini-
tion is given when T, (k)>t—s> T (k—1) (h>k>1), {T,=s}. If none of
the above conditions is satisfied we set 7, = co.

It is easy to see that T is a stopping time, hence that we can replace
s in {6.10) by 7. We then have

[Wa(x, O SE (7= 7 DUH{x(), (1)), £ < T }))
+ E(L 72 1y (0130 (X(T2), £ = T)] D({(x(2'), ('), £ < T }))
(6.14)

where 1, is the characteristic function of the set 4. By using the induction
hypothesis in Theorem 4.5 we shall bound the v-function appearing in the
last term of (6.14) uniformly in A,,, so that the estimates of the two
expectations in (6.14) become similar to each other.

The expectation in (6.14) is done with respect to a measure defined on
a space which is the product of 2* times the set of all the trajectories in
the backward branching process. On such a space we introduce the
“skeleton trajectories” as follows:

Definition: The Skeleton of a Trajectory. Given a trajectory
(x, I, %), its skeleton is the atom = of the partition defined below which
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contains (x, /, ¢*). The partition is determined by the following equivalence
relation: (x(-), I(-), a*(-)) and (x'(-), I'(-), a"*(-}) are equivalent if and
only if the following happens. (1) They have the same number of inter-
action times, say m; (2)the number of particles, their labels, and their
e-velocities are the same in x(s;+1) and x'(si+1), i=1,.,m; (3)the
clusters of x*(s,+ 1) and of x"*(s,+ 1) are the same (cf. the definition of the
backward branching process for notation).

Because of the definition of T there is a bounded number of collision
times (i.e., <N;+ N,+ ---), hence a finite number of births, and since the
stirring interactions only produce deaths, each trajectory has a bounded
number of interaction times. It will therefore suffice to bound the contribu-
tion of the generic skeleton 7, because there are finitely many skeletons.

The § and §° Processes. Let us fix a skeleton 7 and let m be the
number of interaction times in n. For any set s = (s4,..., 5,,) of increasing
times between O and ¢ and for any trajectory o*(-)e 2* we define the
trajectories £(+), £°(-) as follows. The number of particles, their labels, and
their e-velocities change in &(-) and £°(-) as in any of the trajectories of the
skeleton: namely, if a particle dies at the ith interaction time in the
skeleton, then it dies at time s;+ 1 both in £(-) and £°(-); if a particle
changes its e-velocity in the skeleton at the 7th interaction time, then it
does so at time s,+ 1 also in &(-) and £°(-); similarly, if a new particle is
created in 7, then it is also created in ¢ and §° with the same e-velocity.
Since the e-velocities remain unchanged between the interaction times, to
complete the definition of & and £° we need only specify the positions
of the particles and their o-velocities. Consider the map .# and .#°
with specifications {[s,_;+1,s5,+1],&(s; +1)} and {[s,_,+1,5,+1],
&%s,_ 1+ 1)}, respectively. We then set

) =l(a*(-)), &)= (c*(+))

Then
Es)y=E*(s),  Ls)=¢&%%);, s+ 1<s<y,

We now define &(s;+1) and &°s;+1) in the following way. First we
remove from £*(s,+ 1) and £*°(s,+ 1) all the particles which die at the ith
interaction time in the skeleton and change the e-velocities as specified by
the skeleton; call £ and &° the configurations obtained in this way. In order
to complete the definition of &(s;+1) and &%s;+ 1), we then need to
specify the states of the particles born at time s, + 1. Call these new states
z and z°% so that &(s;+ 1) =Cuz, E%s;+1)=E0 2% We set z=2° thus,
it only remains to specify z. We use the following convention. Assume that
in 7, k is the minimal label of the particles created at the ith interaction
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time; let e be its velocity and / the minimal label of the particles in the

cluster to which k belongs, at the moment of its creation. We shall now

specify the state z, €z We call (g, ', o) the state of the particle with label

[in f; then z, = (q,e,0),if (g, e,0) ¢ ;5 Otherwise z, = (¢', ¢, ¢), where ¢’ is

the lexicographically closest point to ¢ for which (¢, e, 0) ¢ £ By iteration

we specify the whole z, thus completing the definition of £(-) and of §°(-).
We shall need the following extension of Proposition 6.3.

Proposition 6.5. Given a skeleton n with m interaction times,
then for any 24> 0, d>0, and k there is a ¢ for which the following hoids.
Fix any increasing sequence of times § = (s,,..., 5,,) in [0, ] and call ¢? and
t/ the time when particle i is born, respectively dies, in &(-), £°(-). Call
q:(s), ¢?(s) its position in &(s), _Co(s). Then for any u there is a ¢ so that

Psup  sup  1g,(s) —q2(s)] (s — 1) F< ) > 1~ e

i Hred<s<

Proof. Proposition 6.5 is actually a corollary of Proposition 6.3; in
fact, the streaming updatings of ¢,(s) and g°(s) are the same by construc-
tion; therefore, the difference |g;(s) —¢(s)| can only change at the stirring
updatings, just as in Proposition 6.3; hence the proof of the present
proposition. We omit the details. [

Going back to (6.14), we write the first term on its right-hand side as

E(I{T: Tl}l{({c,[,g*)en}D({-zC(SL I(S), s< Tl}) (6153)

Call €9, i=1,.., m, the clusters at the ith interaction time as specified by
the skeleton 7, and let x,, be the characteristic function that the state of the
particles at the ith interaction time have the cluster structure '”. Denote
by s = (s4,.., §,,) an increasing sequence of times in [0, ] and write

0 if sé¢s
1 otherwise

s =

Then we have

(6.15a)=Y Est(r, s),  Est(n,5)=F (D(g, 1) ﬁ m) (6.15b)

i=1

Since we have fixed 7 and s, £(-) is completely specified by ¢*(-); hence the
expectation in (6.15b) is over the Bernoulli law P on 2*, Denote by & the
largest particles’ label which appears in . Then using Proposition 6.5, for
any u >0 there is a ¢ so that
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Estm )= (D 1) [ 1, 5w lau(s)—a300)

i=1 f+ed<s<y

X(s—1)) "< 1}))+cs“

<E (D(k)(g, )l ng-k)) H(t]) + ce (6.16a)

i=1

where D), unlike D, does not have the factor coming from the death of
particle k; such a factor [see (6.11)] is bounded by ¢(z):

max{e A(1—s)"", ¢} if sis a collision time
B(s)=ce “<{max{e P(t—s) "', e} e if sisastirring timeand r —s>¢~*
(t—s)~ ' if sis a stirring time and t —s <&~ #
(6.16b)

Finally, y{*' =y, if the particle & is not alive at the ith interaction
time. If this is not the case, then x{5* is the characteristic function of the
cluster structure obtained from € by requiring that all / and [’ different
from k are in the same cluster if and only if they were in the same cluster
in . Therefore x(3*) does not impose constraints on x,, but, on the
other hand, there are conditions on x9, the state of the independent par-
ticle with label k: for s,— 19> ¢7% s, being either a collision time or 5, =1/,
then it is requested that ¢9(s;) is within distance |s; — ¢3|* from the cluster
to which particle k belongs in 4‘”, unless this cluster has single occupancy.

The second inequality in (6.16a) is obtained by changing the x, into
the x* by exploiting the characteristic function that |g,(s)—g3(s)| <
(s —19)* Once this is done we bound by 1 the characteristic function on
g, —q%. Since D < D™ ¢(t]), we then get (6.16a).

Call, for notational simplicity,

th=Eti<ti< - <t;=t] (6.17)

where the ¢, 1 <i</—1, are the collision interaction times when the par-
ticle k is in a cluster with more than one particle. At these intermediate
times no particle dies nor is born in the cluster to which k belongs; in fact,
the particles with highest labels are those which die first, while, by defini-
tion, k is the last particle born. Denote then by €% the cluster structure
obtained from %’ by deleting particle k and let x{%) be the corresponding

characteristic function. Then we have the following result.
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Lemma 6.6. With the above notation

{
Est(m, 5) < Estg(m, 8) ¢(tf) ce™ W22 T (g — 1, )71+ ce*
i=1

(6.18a)

st (n, ) =E (D“"@, 1)) ﬁ x&fﬁ) (6.18b)

i=1

Proof. According to the definition of the £ process, the trajectories
&,(s), i<k and s <1, are measurable, ie., are completely determined by the
trajectories ¢*(s), with i and s as above. Therefore the increments of the
variable ¢9(s), s> 1,, are independent of the £,(s). The constraints imposed
by the characteristic functions y(** imply that at the times #;> 1, + ¢~ the
position ¢°(¢,) of the variable £9(z,) — &.(to) [Ex(to) = Ex(2o) by definition]
is in a square of side 2(¢,— f,)* centered around a point which is deter-
mined by the &,(s), j <k, s<t,. Therefore, given the positions &;(s), j<k,
s<t, we have to estimate the probability that a symmetric random walk is
at time ¢, in a square of side 2(¢, — t,)” centered around a given fixed point,
i=1,.., I Recall that we are now considering ;> #,+¢ * so that we can
use Proposition 6.5. We first estimate the condition on the last ¢ We
condition on the positions of the symmetric random walk at all s<¢;_,,
so we obtain a bound of the form (¢;,—1,)**/(¢;— t;_,) uniformly on the
conditioning. By iterating, we then get the bound

(t‘-—lo)y~ e
c I ———<c¢ I ——
> rp+ed zi—ti—l i tj> fo+ e~ 9 liatiul
d 1
Leg ¥ 2l —dl H - (6.19)

i=1 ti— ti~ {
From this the lemma follows.

Est (7, 5) looks very much like Est(r, 5), since all references to the
trajectory of the particle & have disappeared. There is, however, a difference
which has to be taken into account. Assume that the particle k& at the
moment of its death is in a cluster with only one other particle, say particle
h, and particle 4 also dies. In the new cluster structure {%€!"'}, obtained by
erasing particle k, there is therefore a particle, namely particle h, which dies
alone (i.e., in a cluster with single occupancy).

The bound for Est,(n, s) is just like that for Est(z, 5) except in the
case we have just mentioned and when A=k — 1. Let us therefore assume
that we are in such a case. Call tj <t} < --- <t} <t, the times referring to
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particle k — 1: ; is the time when it is born, and the times ¢/, i< /', are the
collision times when the particle is in a cluster with multiple occupancy; if
there are no such times, then ¢} = #;; ¢, is the time when it dies. Then, after
extracting from D the factor coming from the death of particle k — 1, we
get

Est,(n, s) <E (D(kil)(f 1) H 2 5b(qr (1), tl)) (6.20a)

i=1

where D%~V does not have the factors referring to the deaths of particles
k and k — 1, while for all g,

t—t)t* if ¢, is astirring ti
b(g, 1) = {p(q,,,,)/( /) i ,1s-a stirring time (620b)
Plgi—m otherwise

Lemma 6.7. Under the above conditions for any u there is a
constant ¢ so that

Esty(n, s) <E <D‘k‘”(§, 1) I1 xii-?) chlt) e 1P g ce
i=1
Proof. Tft—t,=&" ' % then p(-, t—1,) is bounded by ce' =%, so that
we can replace b by ¢(z;.). We shall therefore assume from now on that
t—t,<e ' 7P t,—1,<e? then ;=1 (consecutive collision times are
separated by ¢ 7" and we are tacitly assuming that d < v). We therefore have

1 < 1 < 2
t—t, t—(th+e Y 1—1}

because t—ty>¢"">2¢"% Hence if t,—t;<e™? then b(g, t;)<cé(t)),
recall that ;. is by definition a collision time, so that the factor (1 —1¢,) '
present in (6.20b) can be bounded by 1.

Let us now consider the case ¢,— ;> ¢~ % Using Proposition 6.5, we
have that for any positive u there is a ¢ so that

Est(n)<E (D("*”(g, 1)1 2% Y b(q, t,)) + ce*
i=1 lg—dh_ ()l s e=(1+w)4
E(o(Ek 1 (1)) B(EL1(21))) + ce” (6.21a)
where

a(é)z[E(D(k»l) n X(,)|{6k1(tl)—é}>
= (6.21b)

ﬂ(€)=fE< Z b(g, lz)l{éil(l}f)=€})

lg—qy ()l se=L+v)2
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We have used that {£,(-), i<k—1; & _((s), s<t,} is independent of
{q)_(s), s=1;}, given &9 (1), as follows from the definition of the
processes ¢ and §°; cf. also the proof of Lemma 6.6. We now have, using
the translational invariance of the process ¢3¢ (s),

suppe=spE( Y blg )& ()=

lg— g0 (i)l < g=t+vid

=supﬂ€< > b(q,‘i,l(t,)Jrq,t/)i{éiq(t}/)%})

4 lql gL+

=sqprE( » b(q,‘i_l(r,),r»!{é&,(z;,):uq})

4 lgl <e=(1+0i

<e 0T sup E(blgR (1), 1) {Ee (1) =}

ch—(l+v)2).¢(t},)

where, if £ =(q,¢,0), E+q=(¢ +4g, e, 0). In the last inequality we have
used Lemma 6.4. The proof of the lemma is therefore completed. §

If 1j. = 15, we simply bound y{§ by x5~ ", which denotes the charac-
teristic function relative to the cluster structure ¥~ '), obtained from %; by
disregarding both particles & and k— 1. If ;. £ ¢, then we are just in the
same situation as when estimating Est(z, 5s). So we can proceed iteratively
till the contribution of all the particles, those born during the branchings
and those alive from the beginning, have been taken into account. By
recalling that 4 and 4 may be chosen abitrarily small, we may draw the
following conclusions stated in Proposition 6.8 below, after some notation.

Notation. The sup norm over ge A, of p is denoted by p,.
Furthermore, for each particle label i€ [1, k], we denote by ¢{, 0<j <1,
the relevant times relative to the particle i: ¢{” is the time when particle i
is born (=0 if i<n); the ¢, 0< j< %, are the collision times when the
particle / is in a cluster where there is at least a particle with label 4 <i. The
last time in the sequence is the time when the particle i dies, if the cluster
to which particle i belongs when it dies has at least a particle with label
h < i. Otherwise the last time is the last collision time when it was in a
-cluster with at least a particle with lower label.

We have so far proven the following result.

Proposition 6.8. Fix n in {7'=7,} and assume that the initial
configuration # satisfies the conditions stated in the paragraph, Assump-
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tions on the Initial Configuration #, before Lemma 6.4. Then, using the
notation introduced above, for any positive § and u there is a ¢ so that

k
Est(n, ) [H ps,] 11 Zi+ce* (6.22a)
i=1

ied
where & is the subset of all the collision times s; in § when all the clusters
have single occupancy [cf. Definition: The Function D, after (6.13)]

16— P

/")) H RO

i=0 %j+1 7

(6.22b)

We have to bound now the sum over s of (6.22a). Recalling that
ps<ce”"max{e ffs, e} (6.23)

and that each s, in s is such that 5,<t<e '~ "% we have that

Yl peoi<cele 01 (6.24)

{s;,ie &} ieS

We have used the inequality

1
Y —<ce'loge ! (6.25)

see”'N s

s 871 ~v
which covers the cases s<& !~ this will turn out to be the smallest
contribution. The contribution due to s>&~ !~ # gives in fact

e ee’e T TV AL et
so that each ie % contributes a factor ce® <.
We need now to estimate the contribution of the terms Z;. We proceed
iteratively, starting from .. Call again 1,,..., ¢, the times involved in Z,

Definition: The Free Times. We shall say that the time ¢; is
“free” if it does not appear in any other of the Z;

We shall extensively use the following inequality: for any é > 0 there
is a ¢ so that

1 1
Yoo — - — e e -~ (6.26)

yeson LT hioalivr—l et =l
Ho1<G<tjyi
By (6.26) we can perform the sum of J, over the set ¢, of all the free times
among #,,.., t,_; let their number be m. We obtain a bound consisting of
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the product of the factor ce” %™ times the same 7., but with the free
times dropped. Let us relabel the remaining times as ¢;, 0<j</" For
0 < j<!" we use the inequality (recall that t;,e¢™"N for j</’)

1 1 1
<cg' —— (6.27)

G=h—1bhe ™G L1 =t

We have therefore proven that

{
Zg-kgcg(wawfut — #(1,) (6.28)
/ 0

Ik

Recall that = determines whether 7, and 1, are or are not free. Set then

Y (t,)/(t,— 1o) if #,is free
Pe=1 " (6.292)

H(1,)/(t,— to) otherwise

NP  if fgisfree
10

Wy = {(6.29b)
Ve otherwise
We then have the following result.
Lemma 6.9. For any J >0 there is a ¢ so that
N bz if k>n
<Pe=ce 8" 6.30
Visye=ce {8‘6/2 max{e ?/1, ¢} if k<n (6:30)

Proof. We start from ¢, and we distinguish various possibilities.

1. Assume t, is a stirring time. Then if ¢, is free, i/, is bounded by
the sum of the following three terms, each corresponding to a range of
variation of ;.

e P2 0(t—1)"t for e ' FP>t—t,>e7F
ce “e PP(t—1y) ! for r—t,<e™? 6.31a
0 7
ghl2=2g for t—t,>e 17

while if ¢, is not free [using (6.27) for the first bound below]

e PPt —1) ! for ¢ ' FP>t—it,>e7F
Ye<ce " (t—ty) " (t—1t,)" 2 for t—t,<eF (6.31b)
P for t—t,>¢ '7F
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To get (6.30), we argue as follows. Let first k>n. For the first case in
(6.31a), summing over ¢, if free,

87[3/2——5 z (t_to)flgcg—/fﬂfésv—é

rnee N

By our choice of f, much smaller than v, we have that v— /2> f/2.
Redefining the value of d, we get the first case in (6.30). If ¢, is not free,
since it is a collision time, we have t —¢,> ¢, hence the same bound as
before.

The second case in (6.31a) is just the same as the previous one, so we
get again the right bound. The third one is already the right bound if ¢, is
not free, while if 7, is free, we get

I e I A
toee "N

If 2, is not free, we have to look at (6.31b), but the bounds in (6.31b) are
smaller than the corresponding ones in (6.31a); hence (6.30) for k >n is
proved when ¢, is a stirring time.

When k<n, t,=0 and we obtain directly the bound in (6.30).

2. Assume t, is a collision time. 1If t,is free, §,(t,) is bounded by the
sum of the following two terms, which correspond to different ranges of
variation of ¢,

e P — 1) ! for t—t,<eg 17F
ce v—s i_g (6.32a)
&' % for r—1,>¢
If ¢, is not free,
—B+v —1 —1-p8
. (e (t—t5) for 1—1,<¢
Lce " 6.32b
Vi< {6“8 for t—t,>2¢g ' F ( )

For k> n and ¢, free, we get from the first bound in (6.32a)
Z vaé(t___to)flSCSZV—Zé
ee "N
which agrees with (6.30). The second bound in (6.32a) gives
Y &< et <’
tee "N

which is also compatible with (6.30). If ¢, is not free, (6.32a) a fortiori gives
the desired bound. The bounds in (6.32b) are better than the corresponding
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ones in (6.32a), so that this completes the proof of (6.30)-for k> #n. For
k<n, ty=0 and (6.30) readily follows from (6.32). This concludes the
proof of the lemma. J

By (6.28)-(6.30) we obtain a bound on the sum of 7, over the free
times appearing in J,; the bound is uniform on all the other times
appearing in Z,. We therefore have from (6.22a), using (6.24) and denoting
by s the subset of s obtained by dropping the times s,, i€.%, and those
which are free in 7,

ko1
Est(n, s) <ce“ 9170, Y T 77+ ce* (6.33)

§(kJ i=1

In (6.33) it is understood that the sum over each s, in s is extended
from 5,+ 1 to 5,— 1 if j and 4 are the labels closest to i among those left
in s

We are now in the same situation as when estimating the contribution
of 7.; the only difference occurs when we are estimating a Z; in which
there is only one time ¢#,, that is, the time when the particle i/ was born.
This case occurs if the first time the particle i is involved in a nontrivial
cluster is when it dies, and it dies together with particles which all have
higher label. We have 7;=¢ °¢(t,), and using the same arguments as in
the proof of Lemma 6.9, we get

Y b(15) if 14is free
fo

Y=
#(1,) otherwise
g f if i>nt<e t7F
SyF=ce ® e if i>ni>egt7F (6.34)

max{e, e f/t} if i<n

We notice that any interaction time ¢, either appears in some of the 7, or
je¥; we can then conclude that

(6.35)

k
Y Est(m, s) <ce %] x
5

i=1

e, if =1
v F otherwise

where /;+ 1 is the number of times appearing in ;. From (6.35) we finally
get

Y Est(rm, 5)<ce °[e~*max{e, ¢ P/t} #*]" (6.36)

s
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because (1) the contribution of each of the factors in (6.35) is bounded
(recall that a is chosen much larger than () and (2) for each i< n such that
[;=0 there is at least another j> i, j being the label of one of the particles
which die with i, which contributes a factor \,, containing a factor &*2

Going back to the second term of the right-hand side of (6.14), we use
the induction hypothesis and (4.18), so that for any k and any J >0 there
is a ¢ such that

o, o) < c[e~* max{e, ce™#/T,(r)}1*
for any t which is an HPP time in [T/(r), T/(r+ 1)), where r <h—1 and

T.(r) if r<h-1
t if r=h
We then get
E(1 (7= 1) 101y (¥(T2), £ = To) | D({(x(¢'), 1()), ' < T,}))

h—1
<ec ), > E(Li7orye o D(x(-), I(+))
=1 e (Tyn), Tyr+ 1]

x [e27“ “max{e, ce F/T,(r)} ¥ (6.37)

We fix r and te(7T/(r), T)(r+1)] ad a skeleton = with at least N, _,
collision times. Call s; the ith interaction time and consider all possible
increasing strings s of such times, so that there are <N, collision times in
s in [0, t— T, (h—1)], there are Ny <N, in the interval [z— T, (h—1),
t—T.(h—2)], and so on, except for the last one: there are exactly N, colli-
sion times in [t — T,(h—r+ 1), 7]. For each of these choices we construct
the ¢ and §° processes and then sum in (6.37) over s for fixed = and 7. We
call the corresponding term in (6.37) F(m, t). We shall now adapt the
previous analysis to the case of F(m, 7). Let k be the highest particle label,
call 1, the time when k was born, and let ¢,,.., ¢, be the successive times
when particle k is involved in nontrivial clusters, just as before. The
difference with the previous cases is that at ¢, particle kK may survive and
still be alive till time 7— 7. If this is so, particle £ is one of the particles
which contributes one of the factors

[~ “max{e, ce~#/T,(r)}]
appearing in (6.37). To take this into account, we need to change the
definition of ¢(s) given in (6.16b) and introduce the quantity

#(s) if particle £ dies

6.38
e?~° “max{e, ce F/T.(r)} otherwise (6.38)

b 9)={
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With this change Proposition 6.8 remains valid. Of course, when particle &
dies, the estimate of 7 is just the same. If it does not die, the analysis of
the contribution of the intermediate times ¢,,..., f,_, is again the same and
the estimate (6.28) extends to the present case. By our conventions, ¢, is a
collision time, since no particle dies in the cluster to which k belongs at
time ¢,. If ¢, and ¢, are not both free, we get

(k)< P(k)=ce'[e°“ *max{e, ce F/T.(r)}] (6.39a)

If they are both free, we need to distinguish whether particle & was born
after or before t — T,(r+ 1). We have

k) <y(k)=ce® °[e"° “max{e, ce~#/T,(r)}]

{t if t42t-T,(r+1)

6.3
T.(r+1) otherwise (6:395)

The analysis of 7}, j <k, is completely analogous. We now notice that all
the (j) are bounded by a constant times &%, except for the first case in
(6.39b), where /() is bounded by a constant times ¢ ' We have

F(ﬂ,t)scg_([vl“*‘"'+Nr—i)+(a7§)Nr (6.40)
Since the sum over 7 has at most ce ! terms, we choose N, so that

8—18((1—:)N1<82n(1+v) (641&)

87(N1+«~-+N,,,171)+(a—§)N,<82n(1+v), r>1 (641b)

and this concludes the estimates of v,(x, 7).

APPENDIX. PROOF OF LEMMA 6.4

As noticed before stating the lemma, {6.11) and (6.13) have already
been proved in Section 5, so that we only need to prove (6.12). We fix s as
in (6.12); then

1 4
plg+c,.e,0,5+1(n) =7 . Z p(g. e, 0',5\n)

Call x'=(q, e, ¢’) and x=(q, ¢, d); we then need to show that

p=p(x, slm)— p(x, sl <ﬁ¢(s> (Ala)
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where

e Pls  for s<e'7F

q}(s):c{g (A.1b)

otherwise

Let P, (x— y), s>, be the probability defined in (4.14). Then by (5.1)
and (5.2)

dp<dop+4d,p (A2a)
Aop =Y. |Pyolx = y)— P, o(x' = y)| n(y) (A.2b)
¥
Ayp=Y YIP (x> p)=P (5" =) pl (A.2¢c)
see” "Ny

n (A.2¢), ¢ denotes the position in the state y.
We start from 4,p. We call s” the largest collision time smaller than
s/2. Then, using (6.11),

A,p<Ps2)> Y XIP(x—y) = Poo(x' =)

s'ee”'N
=5

+ z Z ‘Ps,s”(x_)z)“Ps,s”(x,_)Z)l Ps”,s’(Z_’y) pfq,s’) (A3)
s'ee” N z,p
s <"

We postpone to the end of this Appendix the proof that for all ¢ <s

YIP o (x=>2) =P (x> 2} < (A.4)

_°
(S _ tr)l/Z
By (A.4) the first term in (A.3) is bounded by
ce’ /s $ls/2)* < —% #(5)
S

(recall that v> f§ and that s<e' ~**“). By (6.13) we can bound the second
term in (A.3) by
C

NP E;VN ¢(s) #(s) < 7

since the sum over ¢(s’) is bounded (because s'e¢™ "N).
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For 4yp, by (6.13), we get

AOIO <Z IPs,x”(x_)Z)—Ps,x”(x, _)Z)| Ps",O(Z——b y) ”I(J’)

C ”
ﬁ #(s”)

To complete the proof of (6.12), we need to show the validity of
(A.4). We consider two walks starting from x and x". We couple them
independently till the first time when one of the spatial coordinates, say the
x coordinate (i.e., along the horizontal axis), of the two walks is the same.
After this time the rotations of the two motions are obtained as follows. We
choose with probability 1/2 the x or the y coordinates. If the x coordinate
is chosen, then with equal probability we choose the value o =1, 3, the
same for both particles. If the y coordinate is chosen, then we choose
o=2,4 with equal probability, but independently for the two particles.
Since the e-velocities of the two particles are equal, the x coordinate in this
coupling remains the same in the two motions. The above rule is valid till
the time when also the y coordinates become the same. After that the par-
ticles move in the same way. The probability that the two walks are dif-
ferent at time 7 is bounded by c/\/;, if they start from two given sites of
the same even or odd sublattice of Z%: if g=(q,, ¢,) € Z?, then it is in the
even (odd) sublattice if ¢, + ¢, is even (odd). Notice that if a particle is in
the even sublattice, then at the successive time it is in the odd one, and vice
versa. In the case considered in Lemma 6.4 the two particles are in the
same sublattice, so that we have proven (A.4) and completed the proof of
Lemma 64. |

<
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