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Abstract. In this paper we study some integral operators that are obtained by linearizations of a
non local evolution equation for a non conserved order parameter which describes the phase of a fluid.
‘We prove a Perron-Frobenius theorem by showing that there is an isolated, simple, maximal eigenvalue
larger than 1 with a positive eigenvector and that the rest of the spectrum is strictly inside the unit
ball. Such properties are responsible for the existence of invariant, attractive unstable one dimensional
manifolds under the full, non linear evolution. This part of the analysis and the application to interface
dynamics and metastability will be carried out in separate papers.

1. Introduction

In this paper we study the eigenvalue problem for an integral operator A on C*Y™(R), the space
of symmetric, bounded function on R with sup norm. We suppose that the kernel of A has the
form A(z,y) = p(x)J(z,y), with p(z) a symmetric, strictly positive, regular, bounded function and
J(z,y) a regular, non negative function of the variable y — x with compact support and integral
equal to 1. Further conditions on p and J are specified below, motivated by applications to interface
dynamics and metastability. For such p and J we will prove a Perron-Frobenius theorem about
the existence of an isolated, positive maximal eigenvalue A with positive eigenvector. For stability
questions it is important to determine the part of the spectrum outside the unit ball. This is
not simple in our case because p(x) is both larger and smaller than 1. We will prove that only
the maximal eigenvalue A is > 1, while the rest of the spectrum is strictly inside the unit ball, a
property that in the applications is responsible for the existence of an unstable, one dimensional,
attractive manifold.
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The problem arises from the analysis of the evolution equation in C*™(R;[—1,1])

6mt

C = i+ tanh (8% m + h) (1.1)

where > 1, h > 0 and
(] xm)(z) = / dyJ (. y)m(y) (1.2)

R

The operators A that we consider are related to the linearization of the right hand side of (1.1).
Namely, given m € C¥™(RR; [—1,1]), we set

p
m = 1.3
Pm() cosh?{3.J » m(x)} (1:3)
and define A,,, as the operator with kernel
A (z,y) = pm(2)J (7,y) (1.4)

Then (when h = 0) L,, := A,, — 1 is the linearization around m of the right hand side of (1.1).
We will study the operators A,,, we are now adding the subscript m to underline the dependence
on m.

Equation (1.1) has been derived from the Glauber dynamics of a one dimensional Ising spin
system interacting via a Kac potentials, see [7]. my(x) is the spin magnetization density and
the condition that my(x) is in [—1,1] reflects the fact that the Ising spins have values £1. J
is the coupling of the spin-spin interaction: J(z,y) > 0 (ferromagnetic interactions) is an even,
C? function of y — z (translational invariance) supported by the unit interval (we suppose that
sup{z : J(0,z) > 0} = 1) and normalized to have integral 1. h is an external magnetic field and
8 =1/kT, k the Boltzmann constant and 7" the absolute temperature.

When 3 > 1 there is a phase transition in the underlying spin system, [16], [3], [1]. The pure
phases correspond to the stationary, spatially homogeneous solutions of (1.1), thus a pure phase
with magnetization s € [—1, 1], is a solution of

s = tanh (ﬁs + ﬁh) (1.5)

Given B > 1 there is h* > 0 so that for 0 < h < h* (1.5) has three and only three different roots,
denoted by
mj (h) < mg(h) <0< mj(h) (1.6)

The two phases mg(O), mg(O) = —m4z(0) = mg > 0, are thermodynamically stable at h = 0,
while m%(O) = 0 is unstable. As h increases past 0, mg(h) is the only thermodynamically stable
phase left, m§(h) is still unstable while mg (h) becomes metastable. These statements, established
in the context of the theory of Equilibrium Statistical Mechanics, see [16], [?], are reflected by the

corresponding (obvious) stability properties of the space homogeneous solutions of (1.1).
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Interface dynamics concerns the analysis of the Cauchy problem for (1.1) with initial data close
to different phases in different regions of space. This problem has been extensively studied in the
last years with special attention to the multi-dimensional case where it has been proved that on a
suitable space-time scaling limit the evolution is ruled by a motion by mean curvature, see [8], [15]
and references therein. In one dimensions when h > 0 there are travelling fronts describing the
growth of the stable phase at the expenses of the metastable one, see [4] and references therein.
When h = 0 there are stationary solutions with two coexisting phases: they are all identical,
modulo translations and reflection, [10], to “the instanton” m(z), which is a C*°, strictly increasing,
antisymmetric function which identically verifies

m(z) = tanh (ﬁJ " m(a:)> (1.7)
m(z) is the stationary pattern that connects the minus and the plus phases, as

mll)I:Itloo m(z) = +tmg (1.8)
and it has therefore the interpretation of a “diffuse interface”. However, since m/(x) vanishes
exponentially fast as |z| — oo, [9], then, loosely speaking, the fraction of space not occupied by
pure phases is vanishingly small. In this sense, that can be made precise by introducing scalings,
the interface is sharp and the transition from one phase to the other one is “instantaneous”. That
is why m (or, more properly /m') is called the instanton.

As proved in [10] the interface described by the instanton is “stable” and any initial datum
“close to an instanton” is attracted and eventually converges to some translate of the instanton.
If instead the space occupied by one of the two phases is bounded, for instance a finite interval
outside which the other phase is present, then (it is believed that) the latter will prevail and in
the end it will be the only one present. This process however may be extremely slow: in the
Allen-Cahn equation the velocity of propagation of the majority phase vanishes exponentially fast
with the length of the interval where the minority phase is present, [2], [13]. In that case the profile
is attracted by an unstable manifold whose points are functions which are close to one phase in an
interval, to the other one outside it and each one of the interface patterns is close to an instanton.
To prove such a result in the present context we need to study (1.1) in a neighborhood of functions
m of the form

me(a) = m(E ~lal),  €>0 (1.9)

which by linearization leads to the operator A,, with either m = m¢ or m close to it (and ¢ large).

This is a first motivation for studying A,,, the second one comes from metastability. When
h > 0 the metastable phase mg(h) is stable under small perturbations, but if the perturbation
creates a droplet of the stable phase which is large enough then this will grow and will eventually
invade the whole space. In a forthcoming paper we will prove the existence of a critical droplet
m*(x), which is a stationary solution of (1.1) with A > 0. m*(x) is close to the stable phase in an

interval centered at the origin and to the metastable phase outside it. Moreover we will show that
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there is a one dimensional unstable manifold through m* whose points have a pattern similar to
that in m*, but with a different length of the stable region. In the branch of the manifold where the
length is shorter the evolution shrinks it further while it grows if larger. Like before, this manifold
attracts all profiles that are in a neighborhood. Thus again we are interested in the analysis of the
operator A,,, with m = m¢ + h or close to such a function.

The existence of these attractive one dimensional unstable manifolds reflects the presence of an
isolated, simple, maximal eigenvalue \,, > 1 for A,, and of a spectral gap, with the rest of the
spectrum strictly in the unit ball. In the present paper we will establish these and other properties
of the operators A,, which are the building ingredients for the applications (mentioned above) to
interface dynamics and metastability, that will be treated in successive papers. In the next section
we state the main results and give an outline of the rest of the paper.

2. Main results

The problem in bounded domains with Neumann conditions
The operator A, on C¥™(R) can be isomorphically regarded as an operator A} on C(R,), by
setting A f := A, f*, where, given f € C(Ry), f* € C%™(R) is defined by f*(z) = f(|z|). A}
is still an integral operator and its kernel is

Al (z,y) = Am(2,y) + Am(z,—y),  z,y €Ry (2.1)

This can be interpreted as a reflecting boundary condition (hereafter called Neumann) at 0 and
the original problem for A,, on C*™(R) is actually the problem on the half line with Neumann
conditions at 0. By adding another reflection at £ > 1 we can then define a new operator A,, , on
C([0,¢]) thus studying problems in bounded domains: setting

|| for -1 <</

RZ(@::{E—(L@—@ for t<a <41 22)

we define, for z and y in [0, 4],

Apo(z,y) = Z Ay (2, 2) (2.3)

Ap,¢ is then the operator on C([0,¢]) with kernel A,, ¢(z,y). The case ¢ = 400 is included by
setting Ryoo(z) := |z], then A, 100 = A},
4



We will work in finite volumes and, by proving estimates uniform in ¢, we will recover the original
case in the limit £ — +o00. This is not only a technical device, in fact the analysis in the bounded
domains has its own interest, see for instance [2] and [13] where, in the context of the Allen-Cahn
equation, analogous problems are studied in finite intervals with Neumann boundary conditions.
Recalling the discussion in the Introduction where m was taken close to a double instanton, the
analysis in C([0,/]) with Neumann conditions corresponds to two double instantons, one across
0 and the other one across ¢. The spectral properties in this case reflect the interaction between
these two structures, see [2] and [13] for a discussion of these aspects.

When 7 is finite we have the classical Perron-Frobenius theorem:

2.1 Theorem.
Let ¢ > 1 and m € C([0,¢],[—1,1]). Then there are Ay ¢ > 0, U and vy, e in C([0,4]), Um.e
and vy, o strictly positive, so that

Am,é * Um,t = )\m,ﬁvm,éa Um0 * Am,ﬂ - )\m,ﬁum,é (24)
(Um o and vy, ¢ are left and right eigenvectors with eigenvalue A\, ¢) and for any x € [0, /]

U 0 (T) = D (T) U0 () (2.5)

Any other point of the spectrum is strictly inside the ball of radius Ay, 0.

Being too general the theorem cannot say much about the localization of the spectrum and the
dependence on ¢ of A\, ¢, U ¢ and u,, ¢, for that we need more assumptions on m. The proof of
Theorem 2.1 is classical, we report a version in Section 4 both for completeness and to introduce
notions that will be used to study the limit ¢ — +o00. A special role in the proofs is played by a
Markov chain whose transition probability is conjugated to A,, ¢(z,y).

Auziliary Markov chains

By the positivity of A, ¢ and vy, ¢,

Qm,ﬁ(ff;y) = Am,[<xay)%7 T,y € [07£] (26)

is well posed and it defines a transition probability on [0, f] conjugated to A,, ¢: the spectrum of
A,, ¢ is obtained from that of @,, , after multiplication by A, ¢. In particular the spectral gap in

Theorem 2.1 is related to the mixing properties of the Markov chain with transition probability

Qm,é-



If m is an instanton, m = m, then \; = 1 and v; = m/, ie. Asm’ = m/, obtained by
differentiating the instanton equation (1.7). The analogue of (2.6) defines our basic transition
probability:

P(z,y) := Ap(x, y)g:—gi, x and y in R (2.7)

In the problems with a (reflected) instanton at £, i.e. m(§ — x), and Neumann conditions, i.e.
reflections at 0 and ¢, £ > 2, € > 1, an important role will be plaied by the transition probability:

Qe o(x,y) Z P —x,&—2), x and y in [0, /] (2.8)
Ry (z)=y

The above three Markov chains can be seen as describing similar, discrete time, jump processes
of a particle on the line R. The intensity of the jump from z to y is proportional to J(z,y) so
that the maximal displacement is one. This is exactly the case for the second one ((2.7)) which
has the whole line R as state space, whereas the first ((2.6)) and the third ((2.8)) ones have the
interval [0, /] as state space. In these last two cases a reflection rule at 0 and ¢ (see (2.2)) enters
into the game when the particle tries to bypass the points 0 and ¢, respectively. If both x and y
are at distance less than 1 from the boundary {0, ¢}, the intensity of the jumps becomes the sum
of two terms: the contribution of the direct jump from = to y and the one of the jump from z to
the “mirror” point z(y) of y where z(y) : Re(2(y)) = vy, 2(y) € [-1,0] U [¢,£ + 1]. For instance if
y € [0,1], then z(y) = [y|.
For technical reasons we will also introduce in the sequel, another Markov chain with transition
probability
P(x,y) = P(§ — Re(x),€ — v) (2.9)

whose behaviour is almost identical to the one with transition probability (2.8)

The instanton
We will use throughout the paper several properties of m, some taken from the literature, [5],
[9], [10], the others, stated in Theorem 2.2 below and proved in Section 3, are new.

2.2 Theorem.
There are o and a positive, ag > o and ¢ > 0 so that for © > 0

|m(z) — (mg — ae™ )| + |/ (z) — aae™ | + |m" (z) + aa’e™**| < ce™ ™7 (2.10)

The double instanton
We next specialize to functions close to an instanton, more precisely given ¢ > 2£, & > 1, we
define a finite volume version of mg, see (1.9), that we call the “double instanton”, by setting for
z € [0,/]
mgag(m) = (€ —x) — ae” T 4 gem(2-E—w) (2.11)



When £ = +o00 we set equal to 0 the last term in (2.11) and write my.

The right hand side of (2.11) should be regarded as (close to) the sum of three instantons: the
first one, the basic one, is m (£ — x); the second one is centered at —¢ and the third one at 2¢ — &.
These last two are taken in the asymptotic approximation (2.10) which is the dominant term when
x is in [0,¢] and & is large. Observe that the instanton at —¢ is obtained by reflecting the basic
one, m(& —x), around the origin while the third one by reflecting around ¢. Thus the “corrections”
to m(§ — x) in (2.11) are due to the Neumann conditions at 0 and /.

We next define the neighborhoods of the double instanton where we will study the spectrum of

Ay ¢, the choice being dictated by the analysis of the applications mentioned in the Introduction.

2.3 Definition.
Let £ > 1 be fized.
Given { € [2€,400] and m € C([0,/];[—1,1]), we set

(5gm =m— mg’g (2.12)

and define Gc¢ ), ¢ > 0, as the set of all m in C([0,£],[~1,1]) such that

|5O ( )l _ 6—2a§6a(€_w) fOT 0 S € S S (2 13)
m(x c .
¢ - e—208 4 p—20(l=8ea(@=E)  for & < g </
We will also consider a subset in G (¢ ) indexed by & > 0 which contains all m such that
—/ dx 5gm(a:)m'(§ —2)%m(€ — x) > —ce 2+ (2.14)
lz—g|<gr/2

Sharp estimates on Ay e and vy, ¢

We define m(z) := /Cynm(zx), where Cy, is a constant such that

/d:cm/(w)2 —1 (2.15)
R

P ()

and set myg(x) = m/(§ —z). We also normalize um ¢(z) (and then vy, () in such a way that

Y/ ¥/
/0 d"’; Ome(x)? = /0 4 o) om o) = 1 (2.16)

We then have



2.4 Theorem.
For any ¢ > 0 there are cx and ¢’ all positive so that for all £ > 2§, £ > 1 and all m € G ¢ ¢

l—c e < A\py<14cpe 208 (2.17)
Ut (2), Vmo(z) < cpe @182 o =ad/(§):=a— e (2.18)
V() — Mg (x)| < cpem2astale=aled o gl x such that |€ — x| < £/2 (2.19)

Moreover for any ¢ > 0 and § > 0 there is D > 0 so that if m € G.¢ ) as above and satisfies
(2.14), then

D
Ame > 14+ Ee*mf (2.20)

where D is the parameter defined in (9.40).

(2.18) and the first inequality in (2.17) are proved in Section 5, the other statements in Section
9 together with several other properties of A\, ¢, U ¢ and v, 0.

Spectral gap, resolvent
Given ¢ >2£, ¢ > 1, ( € R and w € C([0,/]), we set

lwlicee:= sup e < *uw(z)] (2:21)
z€[0,4]

Given m € C*™([0,¢],[—1,1]), we then define the linear functional ,, , on C([0,¢]) as

¢
T, e (W) ::/0 dx Up, ¢ (x)w(x) (2.22)

(Um,¢ normalized as in (2.16)). We also call Ly, ; :== A, ¢ — 1.

2.5 Theorem.
Given ¢ > 0 there are do > 0, (* < 0 and & > 1, so that for any & > £, £ € [2,+o0],
("< (<0,me G(Cé’g) andt >0

b < dyelmedr (229
and, for any W such that mp, ¢ (W) = 0,
le"]|¢e.0 < dye” " D]l¢,e.e (2.24)

Moreover given 6 > 0 there is C > 0 so that if m is in G(.¢ o) and satisfies (2.14), then the inverse
(L)~ exists and

I(Zim,e) " e < Ce® (2.25)
8



If W is such that Ty, ¢ (W) = 0 then

+oo
(Le) ™\ = — / dtebmetis, (L) illcen < Clldlces (2.26)
0

Theorem 2.5 is proved in Section 10. The dependence of the maximal eigenvalues and eigenvec-
tors on £ is studied in Section 11.

Outline of the paper

As the paper is long we hope that a detailed outline of its content and comments and suggestion
on the organization of its reading may be particularly helpful.

Section 3 is devoted to the analysis of the instanton m(x) and of its asymptotic behavior as
x — +o00. Its implications on the rest of the paper are through (2.10) and Lemmas 3.1 and 3.3, the
rest are proofs that to a first reading may be skipped. Lemma 3.1 is preliminary to the analysis
of m(z) and concerns properties of a function «, which are frequently used in the other sections.
Lemma 3.3 is about the positivity of the iterates of the kernel J(z,y), it can be read independently
of the rest of the section.

Section 4 is about the Perron-Frobenius theorem for A,, ¢, here we use that ¢ is finite while m is
still quite general; the estimates are not uniform in £. The results, existence of a simple, positive,
maximal eigenvalue and positivity of the correspondong eigenvector are classical. We do not refer
to the literature because the proofs give an idea of our strategy for the limit £ — +oo.

In Section 5 we study functions m close to a double instanton and derive basic estimates on the
maximal eigenvalue and eigenvector of A,, ;, however they rely on the validity of some properties
of the Markov chain with transition probability Q¢ ¢(z,y) that are only proved in Section 8.

Sections 6, 7 and 8 are devoted to the analysis of the chains with transition probability Q. ¢(z, y)
and Q¢ ¢(z,y). Those concerning @, ¢(z,y) use the estimates proved in Section 5. Therefore from
a logical point of view, one should first read Sections 6, 7 and 8 only for the parts that concern
Q¢ ¢. In this way one gets at the end of Section 8 all the estimates needed in Section 5, whose
results are then in effect. At that point, then, he can go back to Sections 6 and 7 for the parts that
concern @, ¢ (in Section 8 we only consider Q¢ ). As some of the proofs for @, and Q¢ ¢ are
very similar to each other we have somehow unified them and for this reason we have organized
the paper the way it is, even though, logically, we should have followed the other way explained
above.

In particular in Section 6 we establish bounds on the expectations of exponential weights, which
are used to control the tails at infinity of the chain and provide the necessary tools for taking the
limit £ — +oo. In Section 7 we use this result to extend the analysis of Section 4 to get results
that are uniform in /. In terms of the related Markov chains this amounts to a proof of the decay
of the time correlations uniformly in /. In Section 8 we improve the analysis in the case of the

chain Q¢ ¢ and exploit the results to prove sharp estimates on its invariant measure.
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In Section 9 we improve the analysis of Section 5 with the help of the properties of the auxiliary
chains studied in the three preceeding sections. In Section 10 we prove the spectral gap properties
and in Section 11 we derive estimates on the dependence of eigenvalues and eigenvectors on £ in

the particular case of the double instanton function.

3. Asymptotic behavior of the instanton

In this Section we study the asymptotic behavior of the instanton m(zx) as x — oco. We recall
that the instanton m(z) is an antisymmetric, continuous increasing function of z € R that solves

1.7). In Proposition 2.2 of [9] it is proved that there are ¢ and 7 positive so that for all z > 0
n
|m(z) —mg| < ce™ (3.1)

and in Proposition 2.1 of [DOPT2| that m' > 0. m’ is an eigenvector of A, with eigenvalue 1,
namely
m' =pJ*xm (3.2)

where we use (throughout this subsection) the shorthand notation
p(@) = pm(@) = B[l — m(z)?] (3.3)

(3.2) is obtained by differentiating with respect to = the instanton equation (1.7). After integrating
by parts the convolution on the right hand side of (3.2) we deduce that m’ is a bounded continuous
function and by further differentiations that all the derivatives of m share such a property.

Since
lim p(x) = poo := B[1 — m%] <1 (3.4)

|z|—o00
the obvious conjecture is that the asymptotic behavior of m/(z) as  — 400 is ruled by the equation
V= PooJ kU (3.5)

Looking for a solution of (3.5) of the form

v(x) =e " (3.6)
10



we find that o must solve
Poo /dyJ(U,y)e_“y =1 (3.7)

We are using the convention that when the domain of an integral is not specified then it coincides
with the whole R.

3.1 Lemma.
There is a strictly positive, decreasing C* function a,, p € (0,1), so that +a, are the only

solutions of the equation
p/dy J(0,y)e N =1, AeR (3.8)

Proof.
Given p € (0,1) let

fO) =p / dyJ (0,y)e ™

Then f(0) < 1, f/(A\) > 0 for all A > 0 and f(\) — +o0 as A — 400, hence there is a unique
value o, > 0 for which (3.8) holds. By the symmetry of f()), —a,, is also a solution of (3.8).
is obviously a decreasing function of p. Lemma 3.1 is proved. [

We shorthand a := ap__, poo = (1 — m%), and we introduce the following kernel which will be

consider later on:

K(2,y) := poo(a,y)e” W™ (3.9)

This kernel can be considered as the asymptotic expression for x and y large of the transition
probability P(z,y) given by (2.7).

3.2 Theorem.
There are M > 0 and ¢ € (0,«) positive so that

lim e (z) = M, lim % (ewm'(:c) - M) ~0 (3.10)

r—+00 xr——+00

Theorem 3.2 will be proved later. Observe that an analogous statement holds for x — —o0,
as m(z) is antisymmetric (and m'(z) symmetric). Without loss of generality we thus restrict to

xz > 0.
11



Given a positive integer s we consider the following equation in C° (R)

p(x) Jxv(x) for = > s

{ v(x) =m/(x) for z <s

c
—~
8
—
I

(3.11)

m’ obviously solves (3.11) and it is its only solution, as we will see. We will also prove that for s

large enough there is a Green function G4 (z,y) for (3.11). We will then obtain an expression for

m'(z), © > s, in terms of G(+,-) and of m/(y), s — 1 < y < s, and that will eventually lead us to

the proof of Theorem 3.2.

The Green function Gs(z,y)
We are going to prove an identity satisfied by m/(+), namely for any x > s

m'(z) = /_1 dy Gs(z,y)m/(y)

where

Gu(z,y) => R (z,y)
n=1

ans, setting r = yp and y = y,, n > 1,

S S

Rg”)(yo,yn) :/ dyl"'/ dyn—1 Hp(yz'—l):](yi—layi)v
i=1

The series in (3.13) converges exponentially fast.
If v solves (3.11), for all x > s

o) = (o) [y Iae) + o) [ dyTealy)

1

After N iterations, we get

where for x > s and y € R

N
GM(ayy) =Y RM(x,y),  RM(wy) = pla)](z,y)

n=1

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

The above quantities have an interpretation in terms of functional integrals over the space of

trajectories of the jump process with intensity p(z)J(z,y). Gs(z,y)contains trajectories from z to
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y with an arbitrary number of jumps, remaining on the right of s. Rgn)(x,y) contains the same

type of trajectories taking place in a time n (n= number of jumps).
Since p(x) decreases (because m(x) increases), for all yg > s

R (yo,y) < p(s)™J"™ (Yo, y) (3.17)

iFrom (3.1) we have
p(s) = Bl —m(s)?] < B[1— (mg —ce™™)?] <1 (3.18)

for all s large enough to which we hereafter restrict.

By (3.17) the second term on the right hand side of (3.15) is bounded by p(s)¥||v||o (because
J™(yo,y) is a probability density). ||v]c < 0o because by definition any solution v of (3.11) is
bounded. The second term in (3.15) thus vanishes as N — +o0 and

v@0=:/:dyGA%nyw) (3.19)

where G4(x,y) is defined in (3.13) and, by (3.17), the series in (3.13) converges exponentially fast.
(3.19) proves that there is a unique solution to (3.11), which is therefore m’(z), hence (3.12).

Reduction to a probability kernel

The purpose is now to bound from above and below the Green function Gg. Since p(z) is a
strictly decreasing function of x for x > 0,

p() > poo = inf p(z) (3.20)
By (3.1) there is ¢ so that for > 0
p(x) < poo + ™™ (3.21)
Let o = o,
K(z,y) := poo (,y)e” W), / dyK (z,y) =1 (3.22)

and for y < s <z
sew) =Y [ e [ g TIK (i) (3.23)
n=1v% 8 i=1
In (3.23) we have written z = yo and y = y,,.
gs(,y) is the analogue of the previously defined G, (see (3.13)) with the transition probability
K(z,y) (see(3.9)) in place of the unnormalized weights p(z)J(x,y). Now the functional integrals

assume a probabilistic meaning.
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For any yo > s the series converges uniformly (in y) because its n-th term is bounded by

n—1

e [y [y pdae0) [T o) < 0 (321)

=1

having bounded J(y,_1,¥) < ||J/|l«o and then used that J"!(yo,y,_1), n > 1, is a probability
density.

We will prove that for any 2 > s and y € [s — 1, s)
e Vg (2, y) < Gs(w,y) < e "1 4 €(s)]gs(w, y) (3.25)

where

€(s) :=ce (3.26)

with ¢ a suitable, positive constant.

The lower bound in (3.25) follows from (3.20). We will prove the upper bound by studying
auxiliary problems of the type (3.11) with kernels obtained by replacing p(z) by a constant p,
where po < p < p(s). We call Gs(x,y;p) the corresponding Green function and since p is a
constant the kernel pJ(z,y) is translationally invariant so that

Gs(z,y;p) = Go(z — s,y — sip) (3.27)
where for x > 0 and y < 0
Golz,y;p) = an/ dml../ drp,1J(x,z1).. J(Tpn-1,Y) (3.28)
n=1 0 0

Let s—1<y<s<N <z< N +1, then by the monotonicity of p(z)

N-1

Gs(z,y) S/ dx; GN(I,M;P(N))/ droGn—_1(z1,22;p(N — 1)). ..

N-1 N—-2

s+1
. / Qs Gy (@, v p(5)) (3.29)

with m := N — s.
In (3.29) we have decomposed the space of trajectories by specifying the points reached at the
first hitting times to the left of N — 1, N — 2,...s 4+ 1 respectively; we have introduced, moreover,

the corresponding estimates for p(z).
14



We will prove later that for any p* € [poo, 1) there is ¢* so that for any p € [poo, p*], ally € (—1, 0]
and z € (0, 1]
Go(z,y;p) < Go(, Y5 poo)[1 + (P — Poo)] (3.30)

Then by (3.21), (3.29) and (3.30)

N s+1
Gs(z,y) < / d:l?l../ A2 m G N (T, 15 Poo) -G (T, Y3 Poo ) [1 + e ™™ - [1 + c*c'e ™)
N-—-1 s
= Go(x,y; poc)[1 4+ eV - [1 + ¢* e ] (3.31)

Since Gy (1, y; poo) = €W g (2,7), (3.31) proves the upper bound in (3.25) with €(s) as in (3.26)
and ¢ determined by ¢*, ¢ and 7.

Proof of (3.30).
By (3.28) d*Go(z,y;p)/dp? > 0, hence, since p > poo,

Go(z,y;p) < Go(2, Y5 pc) + (p—poo)an”_l/ dz..
n>1 0
. / dan 1T (@ 20) T (01 y) (3.32)
0

Since y < 0 and J(x,y) = 0 if |x —y| > 1, we have 2,1 < 1 and z,_o < 2. We then bound
J(xnf%xnfl) by ||J||c>o]-a:n_2§2 and get

Go(z,y;p) < Go(®, ¥; pss) + (P — Do) S(2,y) (3.33)
where oo
S(a.y) = Ja) +C [ dad(e) (3.34)
0
and )
C = Z(p*)“_ln/ dxl../ A, _oJ(x,21)..J (Xn_3, Tn—2)||J]lco (3.35)
0 0

n>2

Supposing, without loss of generality, that C' > 1, we have

S(.9) < C(Iw0) + [ () (3.36)
The aim is now to bound S(x,y) in terms of Go(z,y;p). We will use a lemma that appears

frequently in this paper. For such a reason it is stated in a slightly more general form than
required by the present context.

15



3.3. Lemma.
For any integer n > 2 there is a positive integer k,, (with k,, < n? for all n large enough) and
for any k > k,, there is ¢ > 0 so that for any x € [0,n] and y € [0, n]

/ dary- - / dapy T a1) - J(@proy) > (3.37)
0 0

Proof.

We first prove that for any x and y in [0,n] there is a positive integer k > 1 and x7..25_1 in
[0,n] so that J(z,z1) - J(zk_1,y) > 0.

By the assumption that sup{z : J(0,z) > 0} = 1, it follows that there is € > 0 so that

J(0,2) >0 forl—4e<z<1 (3.38)

Let a be the midpoint of this interval, i.e.

o= %(1 +(1-40)) (3.39)

and N the smallest integer such that eN > n — 1.
For 0 <7< N —1 we set

A; == J(ei,ei+a)J(ei+a,e(i+1)) >0 (3.40)
observing that the points €i, €i + a are in [0,n]. Let x <y <n —1, ¢ and j the integers such that
€ <z <e(i+1), e <y<e(j+1)

and
Ty(z,y) = J(z,ei+a)J(ei+a,e(i+1))Ajy1--Aj_1J(ef,ej +a)J(ef +a,y) >0 (3.41)

We define I' _(z,y), 1 <x <y <n, exactly as we did for I}, but going from the right to the left.
We next define I'(x,y),  and y in [0,n] by setting I'(z,y) = I'y(x,y) for z < y < n — 1;
I(z,y) ==T_(z,y) for 1 <z <yandy>n-—1 I(z,y) =T (x,n/2)[_(n/2,y) for z < 1 and
y>n—1and I'(z,y) =T (y,z) for 0 <y <z <n.
We then set for x and y in [0,n], A(z,y) := ['(z,n/2)I'(n/2,y). By definition A(x,y) is strictly
positive and
Alw) = J(,1) - J(zx1,9)

where k is an even integer that depends on = and y, all the points x; are in [0,n] and one of them
is equal to n/2. Moreover the range of values of k when = and y vary in [0,n] has a maximum

denoted by k,, which is bounded proportionally to n.
16



Since n/2 + a € [0,n] and
Jn/2,n/2+a)J(n/2+a,n/2) >0 (3.42)
we conclude that for any « and y in [0, n] there are points z; ...z, —1 in [0,n] so that
J(x,x1)- - J(xk,—1,9) >0 (3.43)

and the same property holds as well for all the even integers larger than k,,. It also extends to the
odd integers larger than k,,: in fact by (3.42) it is enough to prove it for k = k,, + 1. Suppose first
y —a € [0,n], set ¥ := y — a, then by (3.43)

J(z,21) - J(2p, —1,9) I,y +a) >0

and Yy +a=y. fy—a ¢ [0,n], y+ a € [0,n]. We then set vy := y + a and repeat the previous
argument. We have thus shown that given x and y in [0,n] and k > k,, there are x1,..,z5_1 in
[0, n] so that

J(x,x1) - J(rp—1,9) >0

Let J,.(x,y) be the restriction of J(x,y) to [0,n]%. By the continuity of .J,, and the above inequality
we deduce that also J¥(x,%) > 0 which, being a continuous function in [0,n]?, is strictly positive.
Lemma 3.3 is proved. [

By Lemma 3.3 and (3.28) there are an integer k and ¢ > 0 so that for any = € [0,1] and
y e [_17 O)

1
Go(, i poc) = pocd (2, 9) + i+ / dzCJ(zy) (3.44)
0
Then there is C’ > 0 so that
C/
Gole,ipo) 2 €' (Ja) + [ d7(211)) = & S(ow) (3.45)

(the last equality is (3.34)). (3.30) follows from (3.33) and (3.45). Thus (3.25) is proved.

Estimates on gs(x,y)
By the translation invariance of K(z,y), see (3.22), by (3.23) for x > s and y < s
9s(z,y) = go(x — s,y — 5) (3.46)
We will first prove that for all x > 0

0
/ dy go(z,y) =1 (3.47)
-1
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This is a consequence of the law of large numbers for independent variables. Indeed by the
definition of K(x,y), see (3.22),

/dy K(z,y)(ly —x)=:b<0 (3.48)

Calling P the probability on RY product of identical copies of K (0, z)dz, and denoting by z; the
i-th coordinate in RY, we have, for any € > 0,

n—oo

lim P({‘ i(z - b)‘ > en}> ~0 (3.49)

Given = = yp > 0, by (3.24) the series (3.23) converges uniformly in y so that

0 N 0 o0 (o) n
dy go(z,y) = lim dyn, dyy- - - dyn—1 | | K(yi-1,v:)
N—oos = J 1 0 0 i=1

—1

= lim {1—P<{£L’+izi>o; VnSN})}

N-oo
i=1
Zlgiinoo{l—P<{x+§;zi>0}>}:1 (3.50)

(3.47) is proved.

3.4 Proposition.
There are 61 > 0 and a probability density p(y), y € [—1,0], so that

0
lim go(z,y) = ply),  lim e / dy |go(z,y) — p(y)| = 0 (3.51)

T—00 T—00 1

Proof.
We are going to show that for any y, g(z,y) is a Cauchy sequence as z — co. Let s be a positive

integer and

baly) = sup |90(2,9) — go(2',y)| (3.52)
s<x<s
sg_m’<s—|—1

We will prove later that there is v € (0, 1) such that for any y € (0,1)

bs(y) < vbs—1(y) (3.53)
18



Let then x € [s,s+ 1) and 2’ € [n,n+1),n>s. Ifn=s

|l90(z,y) — go(@', y)| < bs(y) < ¥°bo(y) (3.54)

If instead n > s we write

s+1
go(z',y) = / dz gs11(2',2) go(2,y)
S

Then by (3.47) the function A(z) := gs11(2, 2) is a probability density so that

s+1
|90(x,y) — golz',y)| = ‘/ dz A(2)[go(z,y) — go(zay)]‘ < bs(y) < 7°bo(y) (3.55)

{g90(z,y)}»>0 is thus a Cauchy sequence, hence the first limit in (3.51) exists and it defines p(y).
By letting 2/ — 400 in (3.55) we get

1p(y) — go(x,y)| < ~°bo(y)

so that using (3.24)

0 0
/ dy |p(y) — go(z,y)| < 275/ dy sup go(z,y)
1 —1 0<z<1

0 2a

_ _ (&

SW/ dy D sup e IpL | loo < 29% |0 7
-1 n200§x<1 Poo

This proves the second limit in (3.51) with §; < logy~! and together with (3.47) that p is a
probability density.

Proof of (3.53)

We first show that there are ¢ € (0,1/2) and ¢ > 0 so that for all x € [0,1] and y such that
ly+1/2|<c
go(z,y) > ¢ (3.56)

By the assumption on J, there are 2’ € [0,1], ¢ € (0,1/2) and ¢’ > 0 so that

inf inf  J(z,y) >

lz—a'|<c |y+1/2|<c

By Lemma 3.3 there are h > 0 and € > 0 so that for all z € [0, 1] and z € [0, 1]

/ dazl---/ dep_1J(x,x1) - J(xp_1,2) > €
0 0
19



Then for z € [0,1] and |y +1/2| < ¢

o0 oo :ﬂ+c
go(z,y) > pitte@=v) / dxy--- / drp_1 / J(x,z1) - J(xh-1,2)J(2,9)
0 0 T

'—c

> plleacd’
which proves (3.56).
We can suppose that ¢ in (3.56) is less that (2¢)~1. We set

9s(, 2) := gs(2,2) = C1(|lz = (s = 1/2)[ < ¢)

which by (3.56) is non negative. For x and 2’ both in (s, s 4+ 1] we have

e~ oo’ )| = | [ dlantes) - 0 2ol

Letting v := 1 — 2(c we get

nte.) -~ aoe's)| =7 [ [t 2 oot 0) - ol )]

S

1
< bs—l')/_l / dz.és(xwz)/ dz' gs(xlvzl) = 7b8—1
s—1 s—1

which proves (3.53).
Proposition 3.4 is proved. [

Proof of Theorem 3.2

Let x > s and

L(x) = / dy go(r = 5. 5+ )

By (3.12) and (3.25)
I(z) < e m'(z) < Iy(z) (1 + €(s))

Let 0
o= [ dy pla)le e (s + )

-1

By (3.51) there are ¢ and d; positive so that

|Ls(w) = I}| < ce 107 ‘Sl|1<p e**m'(z)

Calling M and M the liminf and limsup of e®*m/(x) as z — +oo, we get from (3.60)

I <M< M<I;(1+¢(s))
20
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Therefore for s > sg, so large enough,

0
M- M < o)L < e(s) [ dypls) (1+ o) (s + ) (3.64)

—1

having used (3.60) with so to derive the last inequality.
By (3.60) and (3.63)

lim sup Iy, (s 4+ y) < limsup e/ (s +y) < I3 11+ €(s0)]

s——400 s——400

Then by (3.26) the right hand side of (3.64) vanishes as s — +oo which proves the first limit in
(3.10). The proof of the second one is similar. Indeed both M and m/(x)e*® are in the interval
with extremes min{/,(x), I’} and [1 + €(s)] max{I(x), I>}. Then by (3.62) there is ¢ > 0 so that
for all s large enough and all x > s

| M — i (2)e | < |Ls(x) = I| + () [Ls () + 7] < e 7 477
< 2ce™9'®
having chosen s such that (x — s)d; = ns and set

01
5/ = 77
N+ 01

Theorem 3.2 is proved. [J
Theorem 2.2 is a consequence of Theorem 3.2 and of the following corollaries of Theorem 3.2.

3.5. Theorem.
Let a:= Mo~ and 0 < 8 < & with § as in Theorem 3.2. Then

lim el@t0)2 [m(z) — (mg — ae”*")] =0 (3.65)

r——+00

Proof.

Since m(x) — mg as x — 400

ma —m(x) = [ " aym'(y)
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Then, recalling that M = aa,

‘e(o‘J“‘S/)x [m(:z:) — (mg — ae_o“'”)] ’ = ’e(aM/)x/ dy [ace™ Y — m’(y)]’

x

S/ dy e(o‘M/)y‘Me_ay - m'(y)‘
:/ dye_(‘s_‘sl)ye‘;y‘M—eo‘ym'(y)|

which by Theorem 3.2 vanishes as x — +o00. Theorem 3.5 is proved. [

3.6. Theorem.
Let 6 > 0 be as in Theorem 3.2. Then

lm e’ |e*™m” (z) + aM| =0
T— 400

Proof.
By differentiating (3.2) we get

m' (z) = =2Bm(x)m/(x)J xm/(x) + p(x)JJ *m/ (z)
where J'(z,y) := 0J(x,y)0z. By Theorem 3.2

lim e @t)?[—28m(x)m/ (x)J «m'(z)] =0

r——+00

so that

lim %
r——+00

i (z) = pla) [ dy ' (,)e 0 e ()] =0

We have
p(a) [ dy ()0l (y) - M|

x+1
<pla) [yl Gy)lem 0 e () — )
z—1

which by Theorem 3.2 vanishes as x — +00. Then by (3.69)

lim e®
r—+00

e**m’ (z) — p(x) /dy J' (z, y)e_a(y_I)M‘ =0
22
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By (3.7) we have

/dy J'(z,y)e" W) = —a/dy J(z,y)e W) = — (3.71)
Poo

(recall & = ay, ). (3.70) then becomes

lim e |e*®m” (z) + @QM‘ =0 (3.72)

r—+00 Poo
We have )
B 1= g (g — ()
Since 0 < § < a, by Theorem 3.5
lir}rfl e lmg — m(x)] =0
Then by (3.72)
11111 e’ (z) + aM| = 0 (3.73)

Theorem 3.6 is proved. [J

Theorem 3.2, 3.5 and 3.6 prove Theorem 2.2.

4. A Perron Frobenius theorem in finite intervals

In this Section we will prove Theorem 2.1 with several other properties of the maximal eigenvalue
Am,¢ and the corresponding left and right eigenvectors u,, , and v,, ;. We are not yet supposing
that m is close to a double instanton, thus our statements refer to general m € C™([0,¢]), but

the results are not uniform in /.

4.1 Lemma.
The operator A, ¢ is selfadjoint in L([0, €], pm(z)~1dz), i.e. for any x and y in [0, /]

1 1
mAm,ﬂ(xay) = m!‘lm,e(y»@ (4.1)
Moreover for any f € C([0,4])
L {+1
| v stan o) = [ dy A (Relw) (4.2
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Proof.
Recalling the definition of A,, ¢, (4.1) becomes Jy(x,y) = J¢(y, z), where

Since J(z,y) = J(y,x), we need only consider the case when there is ¢’ ¢ [0,¢] and J(z,y") > 0.
Then there is 2’ ¢ [0,¢] with R,(z’) = x and by the symmetry of J, J(z,y') = J(y,2’) and
consequently Jy(x,y) = Jy(y,x). (4.1) is therefore proved.

To prove (4.2) we write its left hand side as

l l
/0dy[Am(:v,y)+1Re<yf>:y,y'¢[o,e}f4m(w,y’)]f(y)Z/O dy Am(z,y) f(y)

+ / dy’ Am(z,y")f(Re(y))
y' ¢[0,4]
Lemma 4.1 is proved. []
Since A, ¢ is selfadjoint in L?([0, 4], dz), (2.5) follows from the observation that by multiplying
a left eigenvector by p,, we obtain a right eigenvector with the same eigenvalue.

To prove Theorem 2.1 we follow a strategy usual in equilibrium statistical mechanics, [17], [14].
We start from the left eigenvalue problem. Let

Xy = {pEC([O,E];I&.) :/Ogdxp(aj)zl} (4.3)

and N, ¢ the [non linear] map on X, defined by setting

¢ ¢ ¢ 1
Nons o) = [ dop@)Ansto){ [ dy [ dz o) Ao} (4.4
0 0 0
Observe that if N, ¢ has a fixed point wu:
Npe(u) =u (4.5)
then u is a left eigenvector
U * Am,g = \u (4.6)
with
¢ ¢
A= / dx/ dyu(z)Am (2, y) (4.7)
0 0
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4.2 Lemma.
There exists a fived point u,, ¢ solution of (4.5) and there is a constant ¢; > 0 (independent of
m and {) so that for all ¢ large enough

0 < umye(r) < V21, |up,  (z)] < e, for all x € [0, /] (4.8)

Proof.

R, the sup-norm closure of N,, (Xg), is a closed convex subset of X,. We are going to show
that R is compact. To simplify notation we drop (in the course of the proof) the indices m and ¢.
If p € X then u = N(p) is differentiable with derivative

Vi) o @ Ay
© [dy [dzp(x) Az, y)

(A’(z,y) denoting the derivative with respect to y). There are positive constants ¢’ and ¢’ so that
|A’(z,y)| < ¢ and for any x € [0, /]

/dyA(w,y) > c”/dy J(x,y) ="

We then conclude that there is ¢ (that we take > 1) independent of ¢ so that |u/(y)| < ¢ for all
y € [0,4]. To prove that u < v/2c we argue by contradiction. Suppose that the maximum of w is
attained at * > 0 and that u(z*) > u* := v/2¢. Then

uw(x) > [—c(@™ — ) + u'] 1 _yre—1<p<a

(the right hand side being a function in [0, ¢] for ¢ large enough). Since the inequality is strict for
some x, by integrating over x and recalling that the integral of u is 1, we reach a contradiction:

[w*]”

2c

1> =1

which implies that the second and the third inequalities in (4.8) are verified in the whole R. By

the Ascoli Arzela theorem, Theorem IV.6.7 in [12], R is compact and the existence of a solution

U, ¢ o (4.5) follows from the Schauder-Tychonoff fixed point theorem, Theorem V.10.5 in [12].
It only remains to prove the first inequality in (4.8) which is again proved by contradiction. If

u(y) = 0 for some y then u(z) = 0 for all x such that A(z,y) > 0 (recall that u > 0, by definition).

By iteration v = 0 which is in contradiction with w being a probability density. Lemma 4.2 is

proved. [J

By (4.7)

B > Sup pim () > A > inf pp () > Beosh™?(3) (4.9)
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In fact, since for all z € [0, /]
+1
/ dy J(z,y) =1

-1

we have using (4.2)

¢ ; ¢ (41
A, :/ da;umyg(:z;)/ dy A e(z,y) :/ d.rum7g(.r)/ dy pm (x)J (z,y)
0 0 0

—1

V4
= / dx um,e(l“)pm ()
0

which is then bounded from above and below respectively by sup p,,(z) and inf p,,(z), hence (4.9)
after recalling the definition of p,,(z) and that ||m||. < 1.

4.3 Lemma.
For any ¢ > 1 there are ¢ > 0 and r < 1 so that the following holds. Let m € C(|0,¢],[—1,1]),

Ame > 0, Up e and vy, ¢ normalized so that

¢
/ Az V0 () U e(z) =1
0

and, given w € C([0,/], let

¢
e (W) ::/0 dz w(z)um,e(z), w(z):=w—m, (0)vm(2)

Then, for any n > 1
[A7 ¢ * Wlloo < c[Ar]™[|0]o

Proof.
Let Q¢ be as in (2.6). By Lemma 3.3 there are ( > 0 and k € N so that for any |z| < ¢ and
ly] < ¢, Qf‘fme(x,y) > (. By classical arguments in the theory of Markov chains (that we recall

below) there are then ¢ > 0 and r < 1 so that for all n € N and y € [0, /]

sup |Qn, o(z,y) — Qn, (2, y)| < er” (4.10)

x,x’

In particular this shows that the chain @, is ergodic.
Proof of (4.10)
Call p(x,y) := fme(x,y) > ( and, given y,

5n(m7$/) = pn(x,y) _pn(x/ay) ,  Op = sup 5n(x7x/)
r#x!
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We are going to show that
Oon < (1=¢)"
which implies (4.10). We have
¢

satea) = | [ @lpte )~ G~ [ o) - e

Calling u(z) = p(x,2) — ¢ and i/ (2) = p(2’, z) — ¢, we notice that they are both non negative and
have the same integral. Then, since p"~!(z,y) > 0,

L

‘ /Og dz[p(z) — M’(Z)]p”’l(z,y)‘ < 6n_1/0 dzp(z) = (1= )by

which completes the proof of (4.10).

The probability density
P () 1= U 0(2) Vs 0 ()
is invariant (i.e. a left eigenvector)

Pm.e* Qm,@ = Pm,L

Then ,
Q?n,e(ﬂf,y)—pm,e(y)) S/ dx'pm,e(w’)‘Q?n,z(%y)— ez y)| < e (4.11)
0
Rewriting
) = | "y poa ()2
’ 0 Um,ﬁ(y)
we have

)

x{ /Ozdyczmx,w wly) ~ e0)}

'Um,ﬂ(y)

¥/
/0 dy AT, (2, 9) [w(y) — 7 (@)0()] = Comt) "0 ()

w(y)
Um,f(y)

¢
< ()\m,z)nvm,e(x)/ dy | QoY) — pme ()|
0
Then by (4.11) the last term is bounded by
c(rAm,o)" [[vm,ell oo Vel [wllos

and since ||w| < ¢||0] o0, ¢ & constant, Lemma 4.3 is proved. O

Conclusion of the proof of Theorem 2.1

The spectral gap property, the only one still to prove, is a consequence of (i) and (ii) below:
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(i) the subspace of the functions w is invariant under A,, ;.
(ii) on such a space the norm of A,, ; is bounded by rA, ¢.

The proof of (ii) follows directly from Lemma 4.3. To prove (i) we write
Ap o0 = Ay, pw — W%’K(M)Amjvm,g = A ow — Tt (Am,gw)vm’g

and since u,, ¢ is a left eigenvector,

/ Y4
7 () = / dzw(z) / 0 i (5 A (5, ) = 7 o (A g0)

Thus A, 0 = w' — 7w

(W), w' = Ap, pw, which is (i).

4.4. Lemma.
There is b > 1 so that for any |x —y| <1

p1 < Pmtl®) (4.12)
'Um,f(y)

Proof.
Dropping the subfix m and ¢ in the course of the proof, by Lemma 3.3 and by the translational

invariance of J(-,-), there are k and ¢ > 0 so that for any z, y, 2’ such that |z —y| < 1 and
2" —y| <1, J¥(z,2")| > (. Then

o() :A—k/dxl.../da;kpm(xl)---pm(xk)J(x,xl).--J@k_l,xk)v(xk)

> cosh™2* 3 dx'¢v(x)
|’ —y|<1

because, by (4.9), A=' > 3~ and p,, > Bcosh™? 3. On the other hand, using again (4.9), we have

v(y) <A da’ J(y, " )v(z')

|z —y|<1

< ||J|oo cosh® 3 dx’ v(z')

|2’ —y[<1
We have thus obtained the first inequality in (4.12) with

b = (||| cosh™*3(B)

The second inequality in (4.12) is equivalent to the first one. Lemma 4.4 is proved. [
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5. Preliminary bounds

In this section we ourselves restrict to functions m close to a double instanton and derive a lower

bound on the maximal eigenvalue A, ¢ of A, , and upper and lower bounds on u,, ¢ and v, .

The lower bound on Ay, ¢
Given ¢ > 2¢, € > 1, and m € C([0,4],[—1,1]), we set

d(z,&,m) _p—(f—x) 0<z</ (5.1)
bz, €) = (€ Re(x))), <e<lit1 (5.2)
m'(§ - x)
We recall the definition
P(z,y) == P({— Re(x), 6 —y), a,y €[-1,0+1] (5.3)

and denote by E,, = € [—1,¢ 4 1], the expectation of the corresponding Markov chain {z,},>0
starting from x, i.e. o = x, and by E the expectation starting from w,, ¢(x)dz, when wu,, ¢ is
normalized to have integral 1.

5.1 Lemma.
For all & large enough

Y(x,&) > 1, forallz e [—1,0+1] Y(x, &) =1, forallxe[l,0—1] (5.4)

For anyn > 1

e =B TR o &m}{ [Tow.0}) (5.5)

and for any and x € [0, /)

% o) = B (m' (¢ ;_fé(ﬂi));%:ge(xn)) { 1:[01 6 (Ro(wi), & m}{ iljw(xi’ g)}) (5.6)

Proof.
The second statement in (5.4) follows directly from the definition of R,. By (2.10) m/(z)
is strictly decreasing when z is large, hence there is £ > 1 so that for all £ > ¢ and all z,

P(x,&,m) > 1. (5.4) is proved.
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We simplify the notation writing in the course of the proof, u = wn, ¢, v = Vi, A = Ay r and
¢(z), ¥ (z) dropping £ and m from the arguments. We write \"u(x) = [u* A}, /J(z) and integrate

over x, recalling that u is normalized to have integral 1. We then get

¢ ¢ ¢
A" :/ dxo/ dxl../ dxy, u(zo)Am (X0, 1) Am (1, 22) . A o (Tr—1, Tn)
0 0 0

and by applying repeatedly (4.2)

V4 +1 +1
A" :/ dmo/ dml../ dxy, u(zo)Am (0, 1) Am (Re(21), 2) ... Ay (Re(Xn—1), 20)  (5.7)
0 1

—1

Then

n—1 . B n—1 ~ . n—1 pm(Re(CCz)) m/(f—Re(L))
H Am(R€< 1)7 1+1) - {H P( i Z—H)} H {pm(é—Rg( )) _/(é_xi—f—l) }

i=0 i=0 i=0 Li
B n—1 _ . n—1 N m/(5_ Rﬁ(x())) n N
— {E} P( 79 z—|—1)} {};I(; ¢(R€( z))} T_n/(f — Rg(l‘n)) {g ¢( z)} (58)

which inserted into (5.7) proves (5.5). The proof of (5.6) is completely analogous and omitted.
Lemma 5.1 is proved. [

As a corollary of the above result we have:

5.2 Lemma.
There is & > 1 so that for all € > &y, € > 26 and m € C([0,4],[-1,1])

VA
log A > /O d xe (z) log 6 (z, €, m) (5.9)

where x¢.o(x) is the invariant density of the chain Q¢ o(z,y).

Proof.
By Lemma 5.1 and with the simplified notation used in its proof, for all £ large enough

<ﬁ1/7§f,(g ffx(f;))) exp { nz;; log (b(Rg(J?Z)) })

By (2.10) there exists C' = C(¢,£, m) > 0 so that

VvV
=

)\n

in —
—1<zy<t+1 m(E—y) —
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Then

n—1

AT > CE(exp{Z log ¢ (Re(x:)) })

i=0
and, by the Jensen’s inequality,

n—1

nlog A > log C —l—]E(ZlOg ¢(R£(~’L‘z’))}>

=0

The expectation involves functions of { R;(x;)}i>0 hence it coincides with the expectation E of the

chain in [0, /] with transition probability Q¢ . Then

n—1

nlog A > log C + E( Z{lOg (]5(361)})

=1

We divide by n, let n — 400 and get

log A > lim inf Eu<%{ nz_:llog qb(xz)})
i=1

n——4oo

By the ergodicity of the Markov chain, see the proof of Lemma 4.3, we then obtain (5.9). Lemma

5.2 is proved. [J

A lower bound on A, depends on the sign of log¢. Observe that if m(z) = m(§{ — z) for
x € [0,/] then log¢ = 0 and A, o > 1. We restrict hereafter to m € G ¢ ), see Definition 2.3.

Proof of the first inequality in (2.17)

We drop the subfixes m and ¢ from the notation, when no ambiguity may arise. We write

and observe that there is ¢; > 0 so that for x € [0, /]
[log é(x,&,m)| < exldem(x)] < crc2e™2 ¢l

The last inequality is obtained recalling (2.13) and using (8.42) below. Then
¢ ¢
[ e xeeteionot) = - [ dr et osei
0 0
¢
> —01026_20‘5/ dx 208wl gale—x]
0

which proves the first inequality in (2.17). O
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Proof of (2.18)
Since m € G|, ¢ ¢) we can use the first inequality in (2.17), hence there are c¢; and ¢, that depend

on ¢ only, so that
-1 I —alé—x| /. —2a€
)\m’epm(x) <q(z):=p + cqe , P = Poo + C1E (5.13)

Let oy, be as in Lemma 3.1. Recalling that «,, is a regular, decreasing function of p, there is a
constant ¢/, determined by ¢, such that

ay > a—ce 2% = o, a=a, (5.14)

We now proceed as in the proof of Theorem 3.2, we just outline the main steps. Let &, s and r be
such that £ :==¢ —s > 0and ¢(x) <r <1for [ —z| > s— 1. Since v, ¢ = )‘;TEAml * Upy ¢ and
since, for 0 < yg < &

Ame(yo,y) = Am (Yo, )

using (2.1) we have .
U, e(Yo) = )\;:g/ A (Yo, y)vm,e(|yl)

so that

¢
Umn,e(Yo) ZA;Q/ dypm (Y0)J (Y0, ¥)vm,e(|y])

s

)

+ A;fe/ dypm (Y0)J (Yo, ¥)vm,e(|yl)
€o<|y|<Et1

Iterating the first integral, similary to the proof of the Theorem 3.2 we get, by (5.13),

omsla) < [ dy G (o, y)vm.e () (5.15)
Es<|y|<€s+1
where
n—1
s(Y0,y / dy .. / QY1 ¢(Yn—1)T (Yn-1,9) [ ai-1)I (vi-1, v:) (5.16)
=1

We introduce the transition probability kernel
T(z,y) = w@) 'pJ(@,y)w(y), w)=e"+e " (5.17)

T'(z,y) is the analogue of the kernel K (x,y) of Section 3. We want to show that

G, (,y) < [1+€(5)]5e, (v, y) (5.18)
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where

Ge. (Yo, y Z/ dys- - / dyn—1 T(yo,y1) -+ T (Yn-1,Y) (5.19)

and €(s) vanishes as s — 0o. We define the Green functions G¢, (z,y;p), p € [p/,1) by replacing
¢(z) in (5.16) by p. By the monotonicity of ¢(x), similarly to (3.29) we have, for N —1 < |z| < N,

Ge. (z,y) S/ dwl--/ drmGN (2, 215 9(N))..Ge, (Tm, y39(&s))  (5.20)
N<|z1|<N+1 Eo—1<|@m |<Es

Analogously to (3.30), for any p* € [p/,1) there is ¢* > 0 so that for all N and all z, y such that
N—-1l<|zf]<Nand N< |y <N+1

Gn(z,y;p) < Gn(z,y; 0" )1+ (p—p)] (5.21)

We omit the proof of (5.21), very similar to that of (3.30). By (5.20) and (5.21), there are ¢ > 0
and 1 > 0, so that

w(x

~—

Ge. (,y) < [L+ ce™™ge, (z.0) o (5.22)
We have thus proven (5.18).
Then, by (5.15), for any = € [0, &),
_ w(z)
() < dy [1 + €(s)]ge. (2, y) ——v(|y]) (5.23)
€s<[y[<&s+1 w(y)
By Lemma 4.2 v is bounded, moreover there is ¢ > 0 so that for & < |y| < & + 1
wlz) _ e He "t g (5.24)
w(y) e¥V 4 ey
Since the integral over y of g, (z,y) is equal to 1, for a suitable constants ¢’ > 0
v(z) < e[l + e(s)]e F=8) < e (E=s—2) (5.25)

which proves the first bound in (2.18).
The case x > £ is completely analogous, reflections around 0 are replaced by reflections around
¢, we omit the details. (2.18) is proved. O

Lower bounds on v, ¢
The lower bound in (4.8) cannot be strict uniformly in ¢, because, as we have just seen, vy, ¢(x)
is bounded by a decreasing exponential. There is however a strictly positive lower bound on vy, ¢()
for |z — £| in a compact which is uniform in ¢. This is established in the next Lemma:
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5.3. Lemma.
For any s > 0 there is (* > 0 so that if £ > 2§, § > s and m € G ¢ ¢), then

Ume() > ¢ ume(z) > (%, forall |z —¢&| <s (5.26)

Proof.

Let w,, ¢ be normalized to have integral 1. By (2.18) there is s; > 0, independent of ¢, so that

§+s1 1
/ dx U, () > = (5.27)

§—s1 2

Then there is z € (£ — s1,& + s1) such that
1

m > 5.28
Um,e(2) 2 4 o (5.28)

By the second inequality in (4.8) there is € € (0, 1) uniquely determined by s; and by the constant
c1 in (4.8), so that

1
U o(T) > — for |x — z| < e (5.29)
881
By Lemma 3.3, given s > s; there are an integer k£ and ¢ > 0 so that for any = € (§ — s,& + s)
THey)2¢  Jy—2 <1
Then since p,,(z) > Bcosh™2(3) =: p

E+s §+s
U, o(T) > )‘;»fg/ d$1---/ Az U, e (21)Pm (T1)J (21, T2)..pm(2k) I (T, T)

z+e€
) . 1
> (pA)" / day J* (@, xp)um o (xr) > (pA)})5C ™

Lemma 5.3 is proved. [J

5.4. Lemma.
There are s >0, v > 0 and ¢ > 0 so that if £ > 2§, £ > s and m € Gc¢ 0, then

U (), Upo(x) > ce V16~ for all x € [0, /] (5.30)

Proof.
By Lemma 5.3 there are ( > 0 and s > 0 for which (5.26) holds. By choosing ¢ < ( we then
have (5.30) for |z — &| < s. Let us next consider z > & + s, the other case being analogous is

omitted. We write
z—R/2
U e(z) = A;jg/dy Ao, 9)Vm e (y) > C/ dy J(z,Y)Vm,e(y) (5.31)

rz—R
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where R > 0 is such that J(0, R) > 0 and C > 0 such that )\T_n{f > (), see (4.9). Then
z—R/2
Co ::C/ dy J(z,y) >0
z—R
By iterating (5.31) till y < £ + s we get

2z — €~ s)

V() > CoN¢, N := [ 7

1

which proves (5.30). Lemma 5.4 is proved. [

6. Markov chains: exponential bounds

In this Section we will prove that the auxiliary Markov chains introduced in Section 2 are
exponentially localized uniformly in £. We will exploit the properties of the instanton established
in Section 3. We start from the simpler case:

The chain Q¢
s will hereafter denote a positive integer and

N, = min  m/(z) (6.1)

s—1<|z[<s

Given £ > s and [(| < «, we define the weight function

Yot () = Laglcs + Lpogpms Nom! (€ — 2) Hef (e 78179) (6.2)

6.1 Proposition.

For any |(| < « there are s* > 0 and r < 1 so that for all s > s* and all £ > & > s+ 1 the
following holds.

For any x: |x —¢&| > s —1:

/ Ay Qen(@, 9) s (1) < 170 (2) + Lpo—glcoin (6.3)

For z: |x —&| < s—1 the left hand side of (6.3) is equal to 1.
35



Proof.
Writing simply @ for Q¢ ¢, we have for z € (6 +s— 1,0 —1)

[ Q@) = [ dyple — ) o) TN ) e

&+s
T /g dy Q(z, y) (6.4)

+s—2

the last term being absent if x > £ + s + 1. The first integral on the right hand side is equal to

N, ¢
s C(x—E€—s), (¢ C(y—=x) (£ -1
- e pm (& 93/ dy J(x,y)e < s, z)pm(§ —x)p

where p¢ < 1 is such that a,, = ¢, namely

pc/dy J(2,y)et™") =1 (6.5)

By Lemma 3.1 o, is a decreasing function of p. Recalling that o = v, _, Do = limy—.00 pin (),
and |¢| < a, we have p; > po so that we can choose s* > 0 and r < 1 so that

pin (€ — as)pc_1 <r for all |z — & > s* —1 (6.6)

and (6.3) holds for x > £ + s (s > s*).
Let £ +s— 1<z <&+ s and consider first the case ( < 0. By (6.4)

/dy Q) vsc(y) Spm(§ —2) = + 1 =pm(l — 2)vsc(x) +1

hence (6.3), because, by (6.6), pm(§ —x) < per <.
If ¢ > 0, by (6.4)-(6.5)

/dy Q2,9)s,c(y) < pin(€ — )pg 'S T ETN 11 <y () + 1

because €(*7¢75) < 1 = v, (z) since x < £ + s and ¢ > 0.

The same proof works when 1 < z < { — s+ 1 and (6.3) obviously holds when |z — &| < s — 1.
We are thus only left with z <1 and x > ¢ — 1, the two cases are similar and we only consider the
former. We have

~
—~
Iy
S—

V4 2 B _
/ dy Q(z, y)vs,.c(y) = / dy pm (€ — x)J (x, y)g—_yNsm’(g ) lelEsy)
0 0

A
I
\/

0 _
+/1 dypm(ﬁ—w)z]( )Z Eg )N /(5_ |y|)*1e<(5*5*|y|)

(6.7)
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We will prove afterwards that given ¢, || < «, there is {, > 0 so that if £ > &y for any w € [0, 1]
m' (€ +w)elslY < m/ (€ —w)el¢lw (6.8)

When ¢ < 0 using (6.8) the second integral in (6.7) is bounded by

/ " dyp( — 2) (@) — Y SlEs) (6.9)
-1 m (€ — @)

and we get from (6.7) and (6.6)

/ Ay Qs y)1sc(y) < Yo (@) (€ — ) /R dy J (2, )@ < ry, () (6.10)

because for £ large enough, ps (£ — ) — poo < 1 as £ — +00.

When ¢ > 0 we use that m (¢ — y) < m(€ — |y|) and that eS(E=571vD) < ¢C€=5=¥) Using these
bounds in the second integral in (6.7) we reduce to the previous case. It thus only remains to prove
(6.8).

Proof of (6.8).
By (2.10) for £ large enough

' (€ +w) < (€ —w) — 2waae” Y1 — ¢ (€)]
where €1 (§) > 0 vanishes as £ — +o00. To prove (6.8) it is then enough to show that

M (€ — w) — 2walae™*EFI[1 — ¢ (€)] < m/ (€ — w)e 2l

hence that
1 2ua( 2 (@) < el (6.11)

By (2.10)
1 2ua( "2 () < 1 200l - afe) (6.12)

where €3(§) > 0 vanishes as £ — +o0. Since || < a there is ¢ > 1 so that if £ is large enough the
right hand side (6.12) is bounded by 1 — 2w|(|ge=2%“. There is wg > 0 so that

1 — 2w|¢|ge 20w < e~ 2IClw for all w < wy (6.13)

We have thus proved that there are &) and wq positive such that (6.8) holds for any & > & and
w < wp. We have

' (€ 4+ w) < ace™*EFT9[1 + e5(€)]

m' (€ —w) > e *ET[1 — ¢5(¢)]
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where €3(£) > 0 vanishes as £ — 4o0.
(6.8) is then implied by the inequality

—2(a—|chw - L —€s(§)
¢ S T e(d)

Recalling that o > || this is verified for all w > wy provided that

T-e(8) o —aga—Ichws
1+ €3(8) =

that is verified for all £ large enough. Proposition 6.1 is proved. [

The existence of an invariant measure for Q)¢ ¢, including the case ¢ = +oo0, follows directly from
Proposition 6.1:

6.2. Theorem.
Given any |C| < «, let s* and r be as in Proposition 6.1 and set n = a+ ¢ € (0,2«). Then there
is ¢ > 0 so that for any & > s*, £ € [2¢,+00], >0 andn € N

14 ns*
/0 dy QF ((w,y)e"* ¥ < C(r"e""s_x' + 16_ T) (6.14)

Moreover the chain Q¢ ¢ has an invariant measure ve ¢(dx) = x¢ edz and

¢ s
/ dz xe o(x)e"E < ¢ (6.15)
0 1—7r
Proof.
Writing @ for Q¢ » we have
£ *
/ dan(x’y)en\ﬁ—yl < en(s™+1) +/ dle(l’,yl)---/ dyQ(yn_lyy)enlﬁ—yl
0 [E—y1|>s*+1 |€—y|>s*+1

n—1
+ / Q" (w,2) / dy1Q(z, 1) / dy Qyi 1, y)e"EY!
i=1 Y €—z|<s*+1 |€—y1[>s*+1 |€—y[>s*+1

By (6.3)

(6.16)

/ dy1Q(z, yl)---/ Ay Q(Yn—1,Y)Vs,c(y) < 1r"ys.¢()
|§—y1]|>s*+1

[E—y|>s*+1



By (2.10) there is ¢ > 1 so that for [ —y| > s*

LY (0O < () < eela Okl (a0 (6.17)

Then the second term on the right hand side of (6.16) is bounded by

/ dy1Q(z,y1)... / dy Q(yn—1,y)ce TV v ((y) < er™e @Oy ()
[E—y1]|>s*+1 |€—y|>s*+1

< 2pnelat)le—al

By the same argument we bound the third term on the right hand side of (6.16) by

n—1 1
3 piglet"+D) < 1 2o+ (s"+1)
- - T

which proves (6.14).
Let n > 1 and

v (dy) - ZQZ x,y)d (6.18)

Then there is ¢ so that for all n
V(™ (dy)e™¢ Yl < ¢ (6.19)

By the Prokhorov theorem the sequence of probability measures {v,,} is relatively compact and
converges weakly by subsequences to a measure vg that satisfies (6.19). It is easily seen from (6.18)
that v invariant and that (6.15) holds. Theorem 6.2 is proved. O

A statement analogous to that in Proposition 6.1 holds also for the chain with transition proba-
bility P(x,y), see (2.7). The proof is the same without the complication which for Q¢ , was due to
x € [0,1] and [¢ — 1, /]: here we have only one instanton and that problem is absent. The density
m/(x)?/pm(x) is invariant, as it can be seen by direct inspection, so that the analogue of (6.15)
holds trivially.

The chain Q¢
Strictly speaking, this subsection should be read after the parts in Sections 7 and 8 which
refer to the chain Q¢ . In fact here we will use the first inequality in (2.17) which was proved
in the previous Section using (8.42). In fact we suppose £ > 2§, & > 1 and m € Gc¢), 50
that A\ > 1 — c_e 2%¢ by the first inequality in (2.17), moreover we will use (2.18) and that
)\;;gpm(x) is bounded as in (5.13), i.e. A me( T) < Poo + 167298 4 cpe 2,
Let
Cs =[1+€(s)]ch
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where b is as in Lemma 4.4, €(s) and ¢ as in (5.23) and (5.24). Recall that e(s) — 0 as s — 00, so
that C; is a bounded function of s.
After setting

Nt .= i N = i .2
sm i =Cs min_ - Um(7) sm=Cs  min - Um(7) (6.20)

we define the new weight function
’Ys,(,m(m) = ]-\a:—§|§s + 1$>£+3N5_|:mvm,€(x)—leqx_g_s) + 1x<£—sN5—,mvm,€(x)_lqu_s_m) (621)

The weight function dangerously depends on m, but the bounds that will be proved in the next
Proposition, analogous to Proposition 6.1, do not depend on the particular choice of m in G, )
We now prove that there is ¢ so that s ¢, > 1. To this end we consider the case z > { + s and

we write Ce—t—s)
U (z)e =578
1=l @) (6.22)
By (5.23) and (5.24)
Um () < / dy[1 + e(5)]ge. (z, y)ee™ = Dun(|y) (6.23)
E+s—1<y<&+s

Since v, (y)[N,,] 71 <bC;! and ge, is a probability density, from (6.22) and (6.23) we get
1<¢ll+ e(s)]sz_le_(a/_O(w_g_s)’ys,g,m(x) = e(_a/_|C|)(m_€_s)787<,m(:1;) (6.24)

Therefore for any s and for any ¢ < o/, vsc.m(z) > 1 for x > £ + 5. The proof for z < £ — s is
analogous and it is omitted.

6.3 Proposition.

Let £ > 1 and ¢ > 0 be fized.

There are (* = (*(c) > 0, (see (2.18)), s* = s*(¢,() and r = r(c¢,() < 1, so that for any s > s*,
¢ € (=¢*a') and m € G.¢) the following holds.

For any x: |x — & > s —1,

/dy Qm,e(T,Y)Vs,com (YY) < 1Vs,cm(x) + [1 4 0Cs] 115 ¢)<st1 (6.25)

For x: |z —&| < s—1 the left hand side of (6.25) is equal to one.

Proof.
For x € (£ +s—1,£+ s), using that A, , > 1 we have

NY,. st
/@@Mmm%mwnu+ ’ mmm/ dy J(z, y)eS W6
Um, ¢ (33) E+s
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If ¢ < 0 the right hand side is obviously bounded by 1 + bCs. If ( > 0, using that there is s* so
that

sup pm’g(a:)pc_l =r<l1 (6.26)
lo—§|>s*—1

we get

E+s+1

/dy Qm(x,y)Vs,cm(y) <1+ szpmvg(:v)eC(x_f_s)/ dy J(x,y)eqy_x) <1+bC4
§+s

Forz e (E+s,6+s+1)

+

Nsm — r—&E—S
[ Qu 901 ) € 1+ S @) ) < 1k 1 )

For x € (§+ s+ 1, —1) we get the above bound with only 7y ¢ m(2). The proof is completely

analogous for x € (1,£ —s+1). The last statement in Proposition 6.3 trivially holds so that we are
left with € (0,1) and x € (¢ — 1,¢). We only consider the former case as the other is completely

analogous.
We have
N— 2
/dy Qum,e(T,y)7s,c(y) < {me“é_“x)}{kfn}wm,e(w)/ dy J(z,y)et 1Dy
m, —1

If { > 0 we bound the right hand side by replacing |y| — y so that the second curly bracket is
bounded by r < 1. If ( < 0, by (6.26) the second curly brackets is strictly smaller than 1 for ¢*
small enough, hence (6.25). Proposition 6.3 is proved. [

6.4. Theorem.
In the same context as in Proposition 6.3, there is ¢ > 0 so that for any & > s*, £ € [2&, +o0],
z>0andn e N

£
| 0@ a0 cm0) < 7o) + (6:27)
0

Proof.
We write the analogue of (6.16) with Q = Q¢ and s ¢.m(y) instead of enl€-vl.

Y/
/ Yy Q@ Y Ysem@) €SI Yacm(¥)
0 ly—¢&|<s+1

+ / Qe 1) / 4y Q1 1) 7s.com (V)
[E—=y1|>s+1 |€—y|>s*+1

n—1
+Z/ Q”Z(I,Z)/ dle(z,yl)---/ dy Q(Yi—1,Y)Vs,c.m(Y)
i—1 7 1§—=|<s+1 [E—y1][>s+1 [E—y|>s+1
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By Lemma 4.4 the first term on the right hand side is bounded by bel¢!. The second term by
r"vs,¢c,m(2) and the third term by

n—1 ¢
Z belslyi < bel*!
p —1-—r

Theorem 6.4 is proved. [

Remark. The invariant measure for the chain Q. ¢ 1S Xm ¢dZ 1= U, ¢(2) Vs o(2)dx as it is easy to
see by direct inspection. From (6.27) and (2.18) it follows that the analogue of (6.15) holds also

for Xm.e.

We conclude this subsection by proving some bounds on A” ,(z,y) that are corollaries of Propo-
sition 6.3.

6.5. Proposition.
In the context of Proposition 6.3 and given ¢ € (0,a/), there is ¢* > 0 so that for alln > 1 and
for all (z,y) such that either x, y are both < &+ 1 or both > & — 1

oo, y) < crem el (6.28)
If either x > € >y ory > & > x then

nol@,y) < crnemSl=uyn (6.20)

Proof.
Let us consider the case y > x > £. We define s by setting s := s* if x < £ + s*. Otherwise s is
the smallest integer such that £ + s > x. Given y > £ 4+ s we set

f(Z) = )\;LlAm,Z<z7y)
Calling n in (6.28) as n + 1, we have
Ap AT (2, ) = A / dz AT, (2, 2)f(2)
< V(@) [N / 0z QP (2, 2y (2)e G- £ (2)

< ce_C(y_x)/dZQZ%e(%Z)’Ys,C(Z)
42



because f has support on |z —y| < 1, f(z) < ¢ and vy, (x)N, ), is bounded using (4.12). (6.28)
then follows from (6.27).

By observing that

AT () = AT (y, 2) L)

we prove (6.28) for x > y > £. By an analogous argument we prove (6.28) when both x and y are
< . To prove (6.29) for instance in the case y > & +1 > & > = we write

and apply the previous results. We omit the details.
Proposition 6.4 is proved. [

7. Markov chains: decay of correlations

For each finite ¢ the Markov chains @, ¢ and Q¢ ¢ satisfy the Doblin condition and there is a
spectral gap, as proved in Lemma 4.3. The estimates however are not uniform in . The idea is then
to use the bounds in Propositions 6.1 and 6.3 to control the tails, i.e. the behavior for |£ — x| large.
Notice however that the distance travelled by the chain in one step is at most 1, so that chains that
start at distance D from each other are singular with respect to each other at all “times” n < D
steps: the decay therefore is not uniform in /. To overcome this difficulty we will use, as in the
previous Section, weighted norms and in such a context we will prove a uniform Déblin theorem.
The proof follows by showing that for a suitable n the n-th iterate of the transition probability
satisfies a “Dobrushin uniqueness condition” which implies the above statements.

We will in the sequel suppose s, &, £ and m as in Proposition 6.3 and s, £, ¢ as in Proposition
6.1, when referring to P .

Definitions
Joint representations. Let p and v be two probability measures on [0, ¢]. o is a joint represen-
tation of u and v if it is a probability on [0, /]2, with marginals i and v, i.e. if for any continuous,
bounded function f on [0, /]

[ [ottnanf@ = [wanser [ [otinar)zw) = [vidnse
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The Vaserstein distance. For any x and 2’ in [0, ¢] we set

0 ifx =2

ds.com(z,2') = { (7.1)

Ys.com (@) + Vs.com(@) if w#£ 2

and then define the Vaserstein distance Dg ¢, (pt, V) of p and v (relative to ds ¢ ) as

Dy ¢om(p,v) = zl{ng//a(da:,dx/)ds7<7m(x,w’) (7.2)

where {o} denotes the family of all the joint representations of x4 and v.

7.1. Theorem.
Let |u(dx) — v(dz)| be the total variation of u — v. Then

Dy cmlpisv) = / 1(dz) — (d2) e e () (7.3)

Theorem 7.1 is Proposition 4.7 in [6] to which we refer for a proof. Analogous results appear in
the original work of Dobrushin, [11], and in earlier papers.
The strategy is now to derive good upper bounds on the D; ¢, distance of Q7 ,(z,y)dy and

m,{

n (@', y)dy by constructing suitable joint representations of these measures, analogous properties

hold for Q¢ ¢, that we state without proofs at the end of the Section.
We postpone the proof of the following statements:

(1)  There is an integer so > s* and for any integer s > sg there is bs € (0,1) so that for all
|x — &] < s and y such that |y — & < 1/2

2

%,E(mvy) > bs (74)

(2)  There are integers s; > so and Sy > s; so that for all the integers s > sy and all
|z — & < 2s

(7.5)

N | =

32—S%
dy@Q,,, (z,y) >
‘y*€|§81

(3)  For any € > 0 there is an integer s3 > so so that for any integer s > s3 and any x such
that |z — &| < 2s

2
dy Qo (,y)vs,cm(y) <1+ € (7.6)
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(4)  There are r* < 1 and an integer sy > s3 so that for all the integers s > s4 and all x such
that |z — &| > 2s

2 *
dy Q. o(T,Y)Ys.cm (Y) < 779s.¢m () (7.7)

(5)  There is an integer s5 > s4 so that for all the integers s > ss

Vs,com(x) > 2 all x such that |x — &| > 2s (7.8)

We choose sg > s5 in such a way that (7.6) holds with

1—7r* b,

5 T} (7.9)

¢ = min{
and in the sequel we shorthand s := sg.
7.2. Definition.
For any x and ' in Ry, © # o', we define 0, ./ (dydy’) as the following joint representation of
Qiz(a@,y)dy and Qiz(ac',y)dy. If either |z — &| > 2s or |2/ — &| > 2s we set
2 2
o, (dydy') := Qy, o(x, y)dyQy, ,(2",y)dy’ (7.10)

In the remaining case we set

b,
Ouo (Aydy') :=—11y_¢1<1/20(y — ¥ )dydy’

2
be, \ —1 2 b
+(1-=) {Qm,e(w,y)dy - 711|y_g|g1/zdy}{ y—y }
(7.11)
The definition is well posed because for |y — £| < 1/2 and |z — £] < 2s,
s2 s2—s? 52 bsl
ez [ aen el ez (712)
z—E&|<s1

having used (7.4) and (7.5).
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7.3. Proposition.

For any x and x’

/J%x/(dydy’)ds,g(y,y’) <r'dsc(z,a’) (7.13)
1+7r* b
I 1 — 251 1 14
' := max { 5 1 } < (7.14)
Proof.
Let x # 2. Suppose first that |z — &| > 2s, |2’ — €| > 2s. Then by (7.7) and (7.10)
1 *
/axwl(dydy')dsyg(y,y’) < r*dgc(z,2’), < —;T <7
Suppose now |z — &| > 2s and |2’ — &| < 2s. Then by (7.10), (7.6), (7.7) and (7.9)
1 ok
/Ufff@’(dydy')ds,c(yv V) S Yeem(@) + 14 € <rysem(@) + 14+ 2T
147" 147" . 147 N
= ecml@) + 5=+ (I = S eem(@) + (1 =1))
1 *
< T () < V(o)

because vs ¢,m(x’) > 1 and, by (5), vs,¢,m(x) > 2 so that

1+7r*
2

*

[r* — ¥s,com(z) + (1 —77) <0

When |z — | < 2s, |2/ — | < 2s we use (7.11). Recalling that d, ¢(z,z) =0, by (7.6)
/ / b81 b51 / /
O (dydy )ds ¢ (y,y') < 21+ e = TF] < 201 = ] < 1'ds ¢ (2, 27)

having used the second inequality in (7.9) and (7.14).
Proposition 7.3 is proved. [

As a corollary of Proposition 7.3 and Theorem 7.1 we have:

46



7.4. Theorem.
Letc>0,0>0, —(*<(<a,s=sg. Then there arec >0 andr <1 so that for all{ > s+1,
€ € [2¢,4+00] and m € G(c5¢.0)

[ @3 s(2.) = Qs ) rocon®) < €T rgon(a) Y@ (115

for all x # 2’ and all positive integers n.

Proof.
Dropping ¢ from the subfix, we write the positive integers n as

n =: s2n0 +ny,, np < s?

with ng and nq, non negative integers. We postpone the proof that

/dy ‘Q%,e(% y) — Qo2 y) | Ys.com (y) <1 [20 + 7 (Ys,com () + %,c,m(fc'))} (7.16)

with 7’ as in Proposition 7.3 and r; equal to the parameter r of Proposition 6.3.
Then (7.15) follows from (7.16) with

ri= (7")1/52

recalling that vs ¢ o (2) + Vs,c.m (') > 2.

Proof of (7.16)
We consider the joint representation 6, ./ (dydy’) of Qy, ,(z,y)dy and Q7, ,(z',y)dy defined as

/ / dyodyh Q™ (2, yo)Q™ (', ) / Gy ot (1) -
[ ity 1), ()

where 0, ,/(dydy’) is defined in Definition 7.2.
By Theorem 7.1 the left hand side of (7.16) is bounded by

/ 600 (dydy)dsc(y,y') < / / dyodyly Q™ (, 50 Q2 (& Y)™ Dy o (50) + o.c.on ()]

having applied ng-times Proposition 7.3. (7.16) is then a consequence of Theorem 6.4.

Theorem 7.4 is proved. [J
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A corollary of Theorem 7.4 is that the measure

U 0(d2) 7= Xm0 (2)dx = U, 0(2)Vpy 0 (x)d

is the unique invariant measure for the chain @,, ¢, with £ = 400 included in the statement.

7.5. Theorem.
In the context of Theorem 7.4 there is ¢ (independent of the particular choice of £, m and ¢
compatible with the requests of Theorem 7.4) so that

[ 0] @3c.) = o t0) precon0) < 7" (o) + ) (7.17)

and if p(y) is any invariant density, then p(y) = xm,e(y), Lebesgue almost everywhere.

Proof.

Since X, ¢ is invariant

Yoin® = [ A1 @) [ 45 o) (@) ~ Q')
< [ xste!) [ dy| Qi oto) ~ @ity

/dy’Qme T,Y) = Xm,e(y)

VS,C,m(y)

(7.17) then follows from (7.16) with ¢” not smaller than

/ d:L‘/ Xm,é(x/)fys,g,m(x/)

which is finite recalling that x,,, := %,V and using the analogue of (6.15) valid for y,,, as discussed
at the end of the proof of Theorem 6.4.

It thus remain to prove the uniqueness of the invariant measure, it can be easily seen that any
invariant measure is absolutely continuous and it thus have a density p. If p is such that v, ¢ €
LY(p(y)dy) the statement p = x,, is a direct consequence of (7.17). Without this assumption we
observe that if p is invariant and I, I’ are compact intervals, then

/dyp /dy/ﬂhdemMy)()

= // dxp(x)/jdy@"m’e(x,y)—i—/ﬂh\p d$ﬁ($)/ldyQ%,e(may)

For any € > 0 let I’ be so large that

/ drp(x) >1—¢€
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By (7.17) there is n so that for any = € I

/Idy (Q"m,z(flf,y) - Xm,f(y)’ <e

Then
‘/Idyp(y) _/Idme,E(y)‘ < 3e

By the arbitrarity of € and I, p(y)dy = Xm.¢(y)dy.
Theorem 7.5 is proved. [J

We conclude this subsection with the analogues of Theorems 7.4 and 7.5 for the chains Q¢ ».

7.6. Theorem.
For any n € (0,2a) there are ¢ > 0 and r < 1 so that for any ¢ € (0,+0o0], any n > 1 and any
x # 2z in [0,/

[ av[Q2 o)~ Q2 e < o (e 4 ) o

Moreover denoting by xe¢ ¢(x) the invariant density of the chain Q¢

/dy ‘Q?,e(x,y) - Xg,e(y)‘€n|y_€| <er™ (e"'*ﬁ—””| + 1) (7.19)

Proof.
By proceeding as in the proof of Theorem 7.4 we prove that for any |(| < a there are ¢/ > 0
and rg < 1 so that for s large enough

[ 5|Q2e.9) = Q2 ) pescon () < 0" (@) +7cm @)

After recalling the definition of 7, ¢ m (), setting 7 := a + ¢ and using (2.10), we conclude that
there is C' > 1 so that
C—len|§—x| < Yo ¢ m(x) < C€U|§_$|

hence (7.18).
We omit the proof of the analogue of (7.17) and proceeding as above we derive (7.19). Theorem

7.6 is proved. [
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For future reference we state the analogue of Theorem 7.6 for P, the proof being completely
analogous to the previous one is omitted.

7.7. Theorem.
For any n € (0,2«) there are ¢ > 0 and r < 1 so that for anyn > 1 and any © # =’ in R

/dy ‘P”(:I:,y) — P (2, y)‘e”'y| <er” <e”|“| + e"|m1|> (7.20)
Recall that L (2
Pla,y) = Pay) = 2 ey i)
Moreover
/dy ‘P"(x, y) — ply) e < erm (e”'l’| + 1) (7.21)
where o (2)?
A= OB ey

Decay of correlations (CONTINUED)

Proof of (1).

There is ¢ > 0 so that for all z and y

Um,é(y)
U, 0()

Qm,é(xa y) > pm(x))\:n}e‘](xv y) > CJ(iIZ, y)

having used (4.9) to bound )‘;1%13 and pp,(z) and Lemma 4.4 to bound vy, ¢(y)vm, (z) !, (the first
inequality is needed for € (0,1) and x € (¢ — 1,1)).
(1) is then a consequence of Lemma 3.3.

Proof of (2).
Let s* be as in Proposition 6.3, s” > s’ > 2s*, |x — ¢ < 25" and n = §”

¢ from the subfix and denoting by N s_*}m the largest between those with =+,

2 _ g%, Then, dropping

/ dy Qy, (2, y) =/ dy Qi (2, y) s+ 0,m (Y) Ny Um e (y)
ly—¢&|>s’ ly—&|>s’

< ce‘“*S/N;?m/dy Qo (T, Y)Vs*,0,m (Y)
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where we have used (2.18) with a* = &/(s*) to bound v, ¢(y), ¢ being a suitable constant. By

Theorem 6.4
/ Ay Q™ (2,9 yse 0 (4) < T Yer 0 (@) +

so that
/ dy Qnm(x’y) < Ce—oz*s/ <N5_*?m + rne’Y|§—I|>
ly—§&|>s’

having used Lemma 5.4 to write for suitable C' > 0 and v > 0
Um7g($>_1 < O lelé—=l

Let s1 be the first integer such that

* x 1
ce”® et < =
4
and s” the largest for which

* 112 2 17
ce~ ¥ S1ps —sle'y2s >

A

(2) is then proved with such a value of s; and sy = s” + 1.

Proof of (3).
Let s > s and |z — &| < 2s. Then

/dy Q5 (2, ) Vs.com(y) <1 +/ dy Q2 (2, y)Vs.c.m (Y)

ly—§&[>s

(7.22)

(7.23)

(7.24)

We consider in the last integral the contribution of {y — & > s} (the argument for the other one is

similar and omitted) which can be rewritten as
NS

—((s—=s")
e
+
Ns*,m

/ dy Qy, (2, y)Vsx ¢,m (Y)
y—E>s

Ns—’—m *
€ D ) (1) )

s*,m
eSs”

+
Ns*,m

< co— (@ +0)s <Ts2 NE | cerHichs 4 c)

having used Theorem 6.4 and (7.23); stim is either N, or N .

(7.25)

according to the value of x.

Since |(| < a*, by choosing s3 large enough and s > s3 we make the last term smaller than e.

(3) is therefore proved.

Proof of (4).
Let s > s3 and |z — &| > 2s. From Theorem 6.4 it follows that

2 2
/dy Qi (T, Y)Ys,com (y) < 7% yer c(x) 4+
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iFrom (6.24) it follows that for |z — &| > 2s
1< e (@ =IDsy, (@) (7.27)

Therefore
/dy ij (.CL’, y),}/s’qym(y) < ’Ys,{,m(x) (7‘82 n Ccle—(a*_\d)s)

Thus given any 7* < 1 we choose s4 > s3 as the first integer for which the last bracket is smaller

than r*. (4) is therefore proved.

Proof of (5).
By (7~27) when |gj — §| > 2s
Yocm () > (¢)Lele = 1EDs

Then s5 is the first integer > s4 for which the right hand side is larger than 2. (5) is proved.

52



8. Markov chains: invariant measure

In this Section we complete the analysis of the Markov chain with transition probability Q¢ ,
by improving the estimates on its asymptotic behavior and its invariant measure.
We preliminary observe that from (3.2) it follows that

(8.1)

is the invariant density of the chain P(§ — x,& — y). We also immediately get from (3.2) and the
symmetry of J(z,y) the following reversibility condition:

Xe(@)P(€ -2, —y) = x¢(W)P(E —y, & —x) (8.2)
In the next theorem we write

dly,4):= inf [y -z, y=20, ACR, (8.3)

8.1 Theorem.
There is C > 0 such that for anyn € N, £ > & > s* (s* as in Proposition 6.1)

QF o(x,y) < Ce 20w {we) o,

whenever either y < & and x >y ory > € and x < y.

Proof.
We write Q for Q¢ ¢ and, for y and z positive, we set

fy(2) = Q(zy),  sup|fy(2)llec = ¢ <00 (8.5)
y
Hence for all x and y positive and all n € N

Q" (x,y) = /dz Q" (z,2)fy(z) < (8.6)

Let s* > 0 and r < 1 be the parameters in Proposition 6.1 corresponding to ¢ = 0 and set
s:=s8"+2. Let y <& —s— 1. For i <n we shorthand (z = xg, y = x,,41)

n

,UJ@(CZZ‘Z Ce dl‘n> = Q(mi,xiﬂ) IL’n 1,Tn H m3<£_s_1d£l?j] (87)
Jj=t
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Then

Q”+1(x,y) =1,ce s /,ul(dxl oo dzy)Q(z, 1) fy ()
—l—Z/ dz Q" (x z)/ui(drz:z-...dxn)Q(z,:z:i)fy(:z:n)

For i < k < n we define
k
,u?’k(dxi coodry) = Q(xg, xig1) - Q(Tk—1, Tk) H lics,<e—s—1dx;)

Prtin(dxpgr - dry) == 1g, <1 pipg1 (dTpqr - . dy)

We can then rewrite (8.8) as
3

Q" (w,y) =) (N +TY)

=1

where the I';’s refer to the first term and the I'}’s to the second term in (8.8):

D Lo [ 4 (dor o d) Q) fy (o)

I = Z/ dz Q'™ 1 (x z)/,u?’n(dxi o dzn)Q(z, x;) fiy ()
To define the other I’s let N = N(y) be the first integer such that
rVe® <1
and b > 0 (independent of y) such that

N <b(y+1)

We then set (with the understanding that if n < N then n — N should be replaced by 0)

[y i=T1pces Z /ulk (dy .. dfck)/uk+1n(d:vk+1 -dzy)

k=n—N

X Q(x,21)Q(Tk, Try1) fy (Tn)

Iy —Z Z / dzQ" Yz z)/,u?’k(daci...dmk)

=2 k=n—N

x / i - d1)Q(2, 2)Q, Than) fy ()
54

(8.8)

(8.9)

(8.10)
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We are tacitly supposing in the above sum (and in the sequel) that k& > ¢. Finally

T3 i=Tloce s /ulk (dzy ... dog) 1,0 (dep - dey)
k<n—N

< [ Qo) QUar, pis) fy (o) (3.18)

A —Z Z / dz Q" !z z)/u?ﬂk(dxi...da:k)

=2 k<n—N

X /Mk+17n(dwk+1 oo dxn)Q(2, %) Q(zk, Tig1 ) fy (20) (8.19)

Let i <k, z;...xp allin (1,£ — s), P(x,y) as in (2.7). Then, from (8.2) for z € (( —s—1,{ —s)
we get

Q(z,7:)Q(wi, Tig1) - - Q(Th, Thy1) =

§— Tps1,§ — )

(
)m/(§ — Tp41)’pm (€ — 2)

P e ) e (e — ) (8:20)
By (8.6) Q" !(z,2) < ¢’ so that we have from (8.13) using (8.20)
I < Z / Z/H[11<:vj<£s1d$j]P(€ = Tn,§ — Tp_1)
=2 j=i
- P(€ — x5, € — z)ce” 20E W2l £ () (8.21)

having used (2.10) and that |z,, —y| < 1 as in the complement f,(z,) vanishes. ¢ is a constant,
determined by (2.10).

Let u<&—s5—1and

E—s

k
m(u, k) = / H[11<mj<§_s_1d:cj]/ dzP(§ —x, & —xp) -+ P& —x1,6—2) (8.22)

E—s—1

the probability that the Markov chain with transition probability P({ — u,§ — w) on R starting
from x is for the first time in (£ — s —1,£ — s) at time k 4+ 1 without being ever before in {x < 1}.
Then

—_s—1 n

I < [C/ce—m(f—y)eza(sﬂ)] / dx,, Zw(xn, n—1i)fy(z,)

1 i=2

Then since |z, —y| <1land > , m(zy,n—1i) <1,

I < [ ce?5H 9o 206~y (8.23)
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In an analogous way we prove that there is a constant ¢ > 0 so that

D < Loces [ T] e, ety o) PAE~ 00§~ 1)
j=1
- P(§ —x9,& — xl)ce*%‘(g*y)eza(f*@ (8.24)

Similarly to (8.6) there is ¢” > 0 so that for all z, y and n >0, P"({ — xz,§ —y) < ¢”. Then

y+1
I‘1 S 1w<£—s/ dxnc'P”_l(f - $n7£ - $)66_2O‘(x_y)
y—1

< 1pee 20 e 2@ (8.25)

To bound T'; and I'} when ¢ > 1 we recall (6.2) and write, using that |z, —&| > s, |z; — &| > s+ 1,
foralli=k+1,...,n— 1, and using again (2.10) and Proposition 6.1,

-1
/Nk+1,n(dfl7k+1 - dxn)fy(xn) = /Nk+1,n(dxk+1 - -dxn)fy(xn)’Ys*,O(xn> <Ns*m/(€ - xn)_l>
<ernF (8.26)

with ¢ a suitable constant. We use (8.26) when n — k > N, while, for n — k < N, we bound the
left hand side of (8.26) by ¢’. Thus by (8.14)

c ifn—k<N

n(dx ...dx, Tyn) < 8.27
[ s o) gy ) {M S .27

We then have for a suitable constant ¢,

I, < Z Z / dz Q" Nz z)/ugk(dwi...dmk)Q(z,xi)élmkSQ (8.28)

=2 k=n—N

which, for each k, is a term like T} with y < 2. Hence
I}, < ée %N (8.29)
with ¢ > 0 a suitable constant. Analogously
Ty < 1,ce sce 2%N (8.30)

For I';, we use the second alternative in (8.27) and get instead of (8.28)

Iy < Z Z / dz Q' 1 (x z)/,u?’k(dmi...dxk)lmkggcr”_k_N (8.31)

1=2 k<n—N
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The factor 7" ~*~N allows to control the sum over k so that we can avoid the term N in (8.31)
obtaining
T} < ce 26 (8.32)

Analogously
T3 < 1,cesce 2 (8.33)

We get from (8.11) using (8.15) with the bounds on I'; and I"; obtained so far that there is ¢ > 0
so that

Q" (@,y) < o Ty o720 €728 (y 4 1) 4 7208 4 [ T2 e m20E(y 1) o o720
(8.34)

Hence
Q" (@) < e T2 4 em20E(y 4 1)} (8.35)

thus proving (8.4) for y <& — s — 1.
The same proof works for y > £+ s+ 1 with ¢ playing the role of the origin. For ease of reference
we state the final bound

Q" (z,y) < c{1m>g+se—2a<y—f> +e 20—y + 1)} (8.36)

When |y — &| < s we use (8.6) and obtain (8.4) if C' is suitably large. Theorem 8.1 is proved. [

8.2 Definition.
Given n € (0,2«) and r < 1, let q be the first integer such that

rie" <1 (8.37)

and for x, y in Ry, n € N,

Toym = Plgzo,  B:=[n—(l&—2[+$—yl)dq (8.38)

8.3 Proposition.
Let 7 and r be as in Definition 8.2. Then there is ¢ > 0 so that for any x # x’, y and n such
that 75y n > 0,

‘Q’g’g(m, y) — Qg’g(a:’, y)‘ < crTea’me MYl if Towr >0 (8.39)

< erTeememmEyl if Twgm >0 (8.40)
o7
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Proof.
Renaming n — n + 1 and recalling (8.5), the left hand side of (8.39) is bounded by

A= [ de] Q2 te,2) - Q2(a’,2)| () (8.41)
By using first (7.18) and then (8.37), having supposed that 7 = 7, 4/ ,, > 0,
A < e E=yl=1) ol pn (emm—a n en\m'—a)
< ¢ (ceM)eMEl T palle—el+lg=a']) <en|m—a| n en|z’—5|>
< 2 (ceM)eME—vlpT

In an analogous way we prove (8.40) starting from (7.19).
Proposition 8.3 is proved. [

8.4 Proposition.
There is C > 0 so that for all y € [0, /]

Xe.o(y) < Cem 26! (8.42)
Proof.
By (8.40) for each y
Jim Q2 () = xe(v) (8.43)

(8.42) then follows from (8.4). Proposition 8.4 is proved. [

8.5 Proposition.
Let either x >y > & orx <y <&. Then

/

c if Toen =0

8.44)
crTeeme=ME=Yl 1 ce=20l8=yl  otherwise (

Q?,K(xay) < {

with ¢ as in (8.6), ¢ as in (8.39) and r as in Definition 8.2.

Proof.
8.44) is (8.6) when 7, ¢, = 0. For 7, ¢, > 0 we write
75? 7£7

Q?,é(x7 y) < Q?,E(xa y) - Q?,K(é? y) + Q?,Z(fa y)
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(8.44) is then a corollary of Theorem 8.1 and (8.39).
Proposition 8.5 is proved. [

The following theorem provides an approximation of x¢ , with Xg, see (8.1).

8.6 Theorem.
For any 6 € (0,1] there is ¢ > 0 so that for all y € [0, ]

o)~ xE)| <o et Mgt 4 ey 4 1)1

n [e_za(e—.g)e—mlﬁ—yl(g — MO 200 (p —y 4 1)] 1y>£)
(8.45)

Proof.
Let first y < . We write @ for Q¢ and let n be the smallest integer such that

n > ¢ito (8.46)
By (8.40) there is ¢/ > 0 so that

1Q™(&,y) — xee(y)| < rmev=el (8.47)

whose right hand side is bounded by that in (8.45) for a suitable choice of c.
Let

T(z,y) == Q(z,y)L1<a<e—111<y<e—1 (8.48)
We first prove that for z € [ — s,§ — s+ 1]
IT"(&,2) — Q% (&, 2)| < cke ¢ (8.49)

In fact the difference on the left hand side is bounded by the probability that at some time j < k
the chain with transition probability @ is either in [0, 1] or [¢ — 1,/]. This probability is bounded
using the argument of proof of Theorem 8.1 and recalling that ¢ > 2¢. (8.49) is proved.

Renaming n — n + 1 we use (8.8) to rewrite Q" 1(¢,y). When x = £ the first term in (8.8) is
equal to 0. Thus

n E—s+1 '
@ en-Y [ a1 [mldn )@ fy o)
=2 V&7S

n E—s+1
< ce208 Z z/ dz /,ul-(dxi oo dxn)Q(2, x5) fy(zn)
i=2 -

< ce 2% pCe 20yl (8.50)
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The first inequality follows from (8.49). The second one is obtained bounding i < n and observing
that the resulting sum has already been analysed in the proof of Theorem 8.1 (estimates of terms
like T, T'%, T%).

The leading term in the sum on the left hand side of (8.50) is obtained by replacing u; by ,ugm
that has the same structure as the term I'|, see (8.13). The remaining terms are again like I', and
I'; and are bounded by the second and the third terms in the second square bracket in (8.34). We
then have for a suitable ¢,

Q™ (€, ) ; /

< é[Cne‘2a56_2a|£_y| + e 28 (y + 1)} (8.51)

E—s+1

dz Ti_l(é, z) /,u?}n(d:ci o dzn)Q(z, ;) fy ()

—S

The right hand side of (8.51) is again bounded by that in (8.45). We omit the proof of the analogous
bound for y > £.

Since Theorem 8.1 and all the subsequences results hold as well for the chain P(§ — x,& — y)
on R with invariant density Xg» we get the same expressions (8.51) and (8.47) with @ replaced by
P and x¢ ¢ by Xg. We finally observe that the second term on the left hand side of (8.51) is the
same both for ) and P, by the definitions of ,u?’n and T, and we obtain (8.45). Theorem 8.6 is
proved. [

Observe that by letting £ and £ to 400 (with £ > 2£) we get, for any fixed z and y in R,

lim  Q¢e(z,y) =: Qoo (,y)

£,6—+o0
where
Que(29) = Poo{ T @, 1)) + I (@, —)e™ V= po = B —m3) (8.52)
By (2.10) there are ¢ > 0 and o > « so that for x < ¢
Qo) (1 = ce™ @™} < Q) < Qoo (,y) (14 ce™ (07 E) (8.53)

Qo (x,y) is a transition probability on R, and we denote by IP;OO), x € R4, the law of the Markov
chain {x;},>0 with transition probability Qo (x,y) that starts from z¢ = x. Let

() = P <{.ri >1,i> 1}), z>0 (8.54)
_ 1 +oo 1 eQO‘y(aOA)Q ;
) =33 | tnlen = h )@k ) (8.55)
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8.7 Theorem.
Both ~(x) and k(x) are strictly positive and finite. Moreover for any X > 0 there are § > 0 and
¢ > 0 so that for all x € (0,X) and all £ > 2¢, £ > 8X,

Xeo(2) — e 2% k(z)| < ce~(2at0)¢ (8.56)

Proof.
Proof that v(z) > 0. Let n € (0,2«), x > 1, then

/ dy Qoo (z,y)e™ " =poo/dy J(z,y)el@mye—ow

= Poo e N —: pe=® (857)

Pa—n

where p¢ is such that a;,, = ¢ and r < 1 because |a — | < o and if [(| < @, p¢ > pa = Poo -
Analogously if x € (0,1)

2
/ dy Qoo (2, y)e™" = poc / dy J(z,y)el @0

0
+poo/ dy J(:zc,y)e("”r")ye_o“‘c Spoo/dyJ(x,y)e(a_”)ye_m (8.58)
-1 R

having bounded the second integral by changing n — —n. Thus the bound (8.57) holds for all
xz > 0. Then for z > sand X >0

PP ({a; < X3) < /OX dy Qi (2,y)e et < rlete (8.59)
For any s > 0 and x € (0, 1) there are k and ¢ > 0 so that
P() ({xi >1,i=1,., k)N {z > s}) > ¢ (8.60)
Then

y(z) > P ({JL’Z >1i=1,.,k}n{zp >stn{x, >1,n> k})

> e(l — sup P(>) ( Un<1 {zn > 1}>
z>8

and, by (8.59),

1
() > e<1 — e = T) (8.61)
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We choose s so large that the right hand side is positive, thus completing the proof that ~(x) > 0.
By an analogous argument we are going to show that x(z), x < X, is bounded. Since Q(-,-) is

bounded, we call ¢ its sup, for z > s and * < X:

X+1
Qo (z,2) = / dyQm 1 (z,y)c < ernlen(XF1=9)
0
Then, calling n; = ik, we have for y € (0,1)m

Qu(y,2) <3 (1—e)f sup Q™ (z,2) < 3 (1 — e)ipmimmi—len(X+1-9)

j<i z2s j<i

This shows that the sum in (8.55) converges exponentially and x(x) is therefore finite; since it is
obviously strictly positive, we are only left with the proof of (8.56).

Proof of (8.56). Let

Qf o(7,y) = Qep(y,7), Qi(2,y) = Qu(y,7), X =Xer (8.62)

so :=&/2 and © = xg < s9. We have

S0 S0 so+1 n
X@) =y /O dy .. /0 dz, / don 1 {] [ Qo) 2j51) bx(2nia) (8.63)
n>0 S0 §=0

Recalling that Xg(x) =m/ (£ —2)?pm(€ — )71 and (2.15), using (2.10) we have for any x > 0

20
lim e2°y%(z) =: A\z) = Cp, (ac 2¢ 8.64
(dm " xe () =2 Az) (a)™—— (8.64)
With this in mind, by analogy with (8.63), we define
S0 S0 so+1 n
pla)im 26 [Cdor [ dwy [ dene ([ Qaelesiari) )

n>0"0 0 50 j=0 (8.65)

We will show, see (8.71) below, that p(z) and x(z) are close to each other.

By (8.45) and (2.10) there are ¢ > 0 and ag > « so that for any = € [sg, so + 1]
[x(@) =7 A(2)] < [x(x) = x*(@)] + [x°(2) — e7***A(2)]

< 0{6720[5(![‘ +1)+ 67(a°+a)(§*x)} < e 2atE () (8.66)

where ¢ and ¢ are positive constants, we take § < (g — @)&/2. By using (8.53) and (8.66) we get

S0 S0 so+1 n
x(@) < e ¢y (1+ 0655/2)%1/ dml"/ dw”/ drn 1 { [ [ @@y 2541 A @n11)
n>1 0 0 50 j=0 (8.67)
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The lower bounds holds as well with ¢ — —¢. Letting < X and recalling that Q (-, ) is bounded,

z€[s0,50+1]

S0 S0 so+1 n
/ dml../ dxn/ dxn+1{H Qo (@, x4 1) N @pg1) < ce®¥0 sup P (mn <X+ 1>
0 0 S0 ]:0
< (a0 enX pn (8.68)

having used (8.59); ¢ and ¢’ are constants, n € (0,2a) and r < 1. For £ large enough there exists
b > 0 such that
Z 20T nsenX (1 + 66_55/2)n+17’” < g2 (8.69)
n>b¢

On the other hand for n < b&
(14 ce™®/2)" 1 < 2009/ 2p¢ (8.70)
so that there is a new constant ¢ such that

(@) — pla)] < (e Ep(x) + ) (8.71)

We will complete the proof of (8.56) by relating p(z) to k(x). Letting = = =,

S0 S0 so+1 n
p(m) = 6—2045 Z Z/ d$1/ dmi—i—n/ dy1$i<1 H ].szl
0 0

i>0 n>0 S0 j=i+1
n+1
< A ] Q@i 2541)} Q% (Tisn, ¥)AY)
J=0 (8.72)
Since x; > 1 for j > i:
Q5o (Tis Tiv1) - Q5 (Tign, YY) = M:) Qoo (Ti, Tig1) -+ Qoo (Titn, V) (8.73)

and for x; < 1 using (8.59) we get

S0 So so+1 n+i
Z/l dwz’ﬂ--/l ity /80 dy{g Q% (5, 7j41) Q% (Tign, Y)A(y) — y(@i)A(2i) = 0 (8.74)

n>1

The above identity (8.73) can be interpreted as the reversibility condition for the Markov chain
Qo with respect to the weigth A(x)
We write

S0 S0 1—1 S0 S0 1—1

Z/ dﬁCl/ dr;_1 H on(xﬁxj—kl) = { Z + Z }/ dml/ dr;_1 H Q;O(IL’j,l'j+1)

i>0 70 0 §=0 i<e/a  i>e/a U0 0 §=0
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In the first sum we can extend the integral to the whole R, because, at each step, the chain moves
by one, at most. Thus

s s i—1
‘ Z/ i dl‘l/ i dl‘i,1 H ng(xﬁijrl)_Z QZ')O(IL'Z,$>‘ S 2 Z ngc:o) (Infl S X+1> (875)
0 0 =0

i>0 i>0 n>¢/4

The last probability is then bounded using (8.59) and by (8.74) and (8.75) we conclude that, given
X, there are ¢ > 0 and § > 0 so that |p(z) — e 2% k(z)| < ce~(22H9¢ for all 2 < X. Together with
(8.71) this proves (8.56). Theorem 8.7 is proved. [

By an analogous argument with the interval between ¢ and ¢ playing the role of the previous
one, between 0 and &, we have for z € [0, X]

Xeu (£ — x) — e 228 g(z)| < e PatDE=9) (8.76)

9. Eigenvalues and eigenvectors: sharp estimates

In this section we will prove Theorem 2.4 and several other properties of u,, , and v,, . We
suppose m € G(.¢ ¢), see Definition 2.3 with £ > 2§ and § large enough and recall that in Section
5 we have proved (2.18) and the first inequality in (2.17). At some point we will also suppose
that m satisfies (2.14). To simplify notation we write A, u and v for the maximal eigenvalue and
eigenvectors and use other shorthand notation that will be specified as they occur. We proceed as
in Section 5, writing identities which are consequence of the eigenvalue equation and manipulating
them to evidentiate the terms that will be then recognized as the leading ones.

The first identity
Let n = [¢%] (the integer part of ¢*) and denote by mg(x) == m/(§ —z), m’ being proportional
to m’ and satisfying the normalization condition (2.15). We will in this first subsection prove the
following identity valid for all = € [0, ¢]:

No(z) = mg(g;){@mgmgg + e 2N B(E) ealycae + Uz, €, )\)} (9.1)

Before explaining the notation we should keep in mind that the first term on the right hand side
is the leading one, the second one represents its main correction and the last one is a negligible

remainder term.
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For any function f € C([0,/]) we are writing

_ [ f@)
(f) -—/0 d:cpm(g_x) (9.2)

The condition z < 4¢ in (9.1) actually means x not larger than the min between 4¢ and ¢, analogous
meaning is tacitly given to other analogous conditions. The first term on the right hand side of
(9.1) is thus completely defined.

The coefficient ¢, is:

A<l —c e 28 <2 (9.3)
i=[¢?]

S|

C) ‘=

by the first inequality in (2.17) and supposing £ large enough.
The parameter B({) has fundamental importance in the computation of A. Its expression is

l
BE) =3 Bi(6),  Bj(€) = e / 0 ve o (2) () (9.4)

0

with x¢ ¢(z) the invariant density of the Markov chain on [0, ¢] with transition probability Q¢ ¢(x, ),
its existence is proved in Theorem 6.2, other of its properties are established in Section 8. The
functions f;(x) are defined in (9.11), (9.12) and (9.13) below. We will see that the B;(£) and A"
are bounded functions of £ so that the second term on the right hand side of (9.1) will be of the
order of £%e72%¢ recall n = [¢4]. The term U(x, &, \) has a very complicated expression, we will
prove that it goes like £3e72%¢ and it will thus be negligible.

Proof of (9.1)
We start from (5.6) that we rewrite as

2w 0@ & (TTrte, o V(Be(n)
N —Er<g[g( ) + 1 n>m,£(Re(xn))) (9.5)

where x = z¢ € [0,¢], Re(zo) = zo; the expectation refers to the Markov chain on [—1,¢ 4 1] with
transition probability (5.3),

g(@) = b(x)¢(Re(x)) — 1 (9.6)

where ¢(x) = ¢(z,£, m) is defined in (5.1) and ¢ (x) = ¢(x,§) in (5.2).
By expanding the product of the [g(z;) + 1]’s we get

() g (Re(x))
n—1 ~ n—1 U(R@(l’n))
+ 3 B (g(x»jzzﬂﬂ[g(%) e (In))) (9.7)



By conditioning on z;41 and using (9.5) we get

n () —FE T V(Be(2n)) = n—(i+1) 7 . v(Re(wig1))
A E. (1( n)mé(RZ(%))) +;A E, (o Z)mé(RZ(xm))) (9.8)

Since 1 (z¢) = 1 (because z¢g = x € [0, /]), the term with ¢ = 0 in the last sum is equal to

o)~ 1) [ dy Pla, y>% 99)
We write
9g=g1+92+93, g1 =0—-1, ga:=v—-1, gz:=(6—1)(xv —1) (9.10)
f=h+f+/]s (9.11)
550) = () = [ [ s Pa) Pl st el (9.12)
£
o) = Fo(Re) = [ dyﬁ(x,y)mw% (913)
Then
n U(:B) . U(xn) = r = (1) 7
M) mx(m) +Eo (f2(2n-1)) +;A CHOR, (f (Rifei)))
+ A" () — ]/dyP(x y)% (9.14)

Since for the first three terms on the right hand side, we have only expectations of functions of
Ry(x), they are equal to the expectations relative to the Markov process on [0, ¢] with transition
probability Q¢ ¢(z,y), denoted by E,, z € [0,¢]. We thus have for x € [0, /]

@) g <v<§z<w_n>>> b B (fa(tn-1)) + z N R, (f(i-2))

g (2) i () —

n— 1 _ £+1 > (Rﬁ(y))
+ A 1]/ ~/(Rz(y)) (9.15)

U is defined so that (9.15) is equal to (9.1). We next write U(:) to make explicit the leading
dependence on &, the coefficients a; and b; below still depend on £ (and on = € (0, ¢)) but they are
bounded.

U(‘,Ea ‘Su >‘) = 6_2a£{§3a0 (Z‘, 5) + 62&56(a—a/)\£—x| 1x>4€a'1 (1’, 5)
+nA" [e 728Dy (2,6, A) + eloH@moNEpy (€ M) 1,5 4]
4 ang2elata—alE=alp, (¢ \) 4 Ang2 (2611 e + 167711, ge | ba(z, €, N)

+bs(, €) + AnLelalama)le=alp. 5)} (9.16)
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There is ¢ > 0 so that
|ag(z, &) + -+ |bs(2,§, M) < ¢ (9.17)

The explicit expression of the coefficients a; and b; is:

ap(z, &) := e2a£€—31x§45{E:€ (%) — <m~n’5>}

ai(x,§) = 1oc>4§e_("‘_"‘l)|5_:‘|I[§,JC (M)

(@)

bl(l',f, )\) = 10§m§4£€4a£% Z )\_z{Em (f(CL'Z_Q)) — 8_2a£B(§)}
i=[¢?]

’ 1 .
b A) =1 " 2a€ ,—(at(a—a’))|{—z] AR, ;
Q(x,f, ) 4¢<z€ € - E (f(m 2))

i=[¢?]
/ -1
b(x,€,A) i= 2t (aHeman)lemrle=2 N AT N R (f(2io2))
i=2 §=1,3

[€%]-1
ba(m, &, 0) 1= e [e 21 e + e, 4 ]2 Y T AT B (fa(is2))
i—2

bs(x, &) := 2™ E, (fa(zn-1))

bg(, €) = e2€e (ot la—ale=2lrg ) 1] /dy P(z,y)

Proof that |B(§)| is bounded.
There is C' > 0 so that, using the notation (5.10),

‘gb(w) - 1| = ‘pm(?—@pf(j)— 2) ‘ < C}5§m| < Ce2e 208 e0leal (9.18)

The second inequality is proved in (5.11). % (x) is bounded, as seen using (2.10), and the ratio
v/m' can be bounded using (2.18) and (2.10). Then, for j =1, 3,

fi(z)| < ce—20€ p(at(a—a))|E—z| 9.19
J

and by (8.42) and for £ large enough (so that a — o’ is small) we conclude that B;(£) and Bs(§)
are bounded. Since (z) =1 for 1 <x < /¢ —1, see (5.4), fo(x) is supported by the two intervals
[0,1] and [¢ — 1,£]. By (8.42) and (2.18)-(2.10)

1
/ dy xe.0(y)| f2(y)| < ce™208el@m0)E < o208
0
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Analogously

¢
/ dy Xeo ()| fo(y)] < ce 20O ela=a)l=0) < = (Ramce™2 ) (E=0)
-1

The last term is bounded by ¢’e~2%¢ uniformly in ¢ > 2¢. With this we conclude that also | Bz ()|
is bounded. [

Proof that a; and b; are bounded
Proof that ag is bounded. Let x < 4¢, r < 1 and n € (a — &/, 2a). By (2.18)-(2.10) (to bound
the ratio v/m;) and by (8.40) there are constants ¢’ and ¢” so that

Ef’f( o _/Ogdf"’xs,e(fc) v(2n)

mlg(ajn) m,,g (xn)

= /dy ‘Q?vf(“’vy) — Xeu(y)|celem)IE=Y]
0

< c’rTz,é,n/ dye(a—o/—n)lﬁ—yl < C”rn/Q (9.20)
0

because, see (8.38), Toen =n — |€ — x|g > n — 3&q > n/2 for £ large enough ( recall n = [¢4]).
By Theorem 8.6 with § = 1/2 and using again (2.18)-(2.10) for the ratio v/m, there are
constants ¢’ and ¢” so that

‘/Oedxxg(a:)Lx))—/ogdmxg(x) j}/(x) ‘

m(z

¢
< C// d (@) [E—2] ;20 (e—2a\§—x|£3/2+(x+1)1x<§>
0

< (lem208e3/2 (9.21)

with ¢ and ¢” suitable constants. By (8.1) and (9.2)

¢
v(x s
/ dz x2(z) ~,( ) _ (vrg) (9.22)
0
By (9.20), (9.21) and (9.22) we conclude that aq is bounded.

Proof that a; is bounded. The proof follows from (2.18) and (6.14) with 7 := a — o’ (that for £
large enough is smaller than 2«).

Proof that by is bounded. The contribution of f; and f3 is bounded using (9.19) and (8.40) with
n > a+ (a—«a'). The sum over i is bounded as in (9.3). The contribution of f; is bounded using

again (8.40) and recalling that fy is bounded and supported in [0, 1].
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Proof that by is bounded. Let & > 4¢, €2 —3 <k <nand j =1,3. By (9.19)

L
B, (fi()) < ce ¢ [ dy Qb (a,)eleriee e
0

We distinguish the values of y > z from the others and use, respectively, (8.4) and (8.6), obtaining:

4
E, (f (1)) < ce2Selot @Dl / dy e—201v=al (a+(a=a')la—y]

n ce—Qagcl/ dy elat(a—a’))lg—y]
0
< C//e—2a£e(a+(a—a/))|f—x| (9.23)

for a suitable constant ¢”.
By (8.4) and (2.10)-(2.18), there is ¢ > 0 so that

Ea:(f2(xk)1mke[0,1])‘ < cem 2k plamal)s (9.24)

which is therefore bounded by ¢/e=2*¢. The remaining contribution of fs is bounded by

Ex(fz(xkﬂmke[g_l,z])‘ < ‘Ex(enlﬁ—:ckl)‘e(a_a/_n)(e—g)

having used again (2.10)-(2.18). We take n = « in Theorem 6.2, then there are r < 1 and ¢’ so
that for all £ large enough the right hand side is bounded by

c/e(a—a'—n)(f—é){Tkenlé—wl n 1}

since o (¢ — £) > 2a€ for all £ large enough and ¢ > 4¢, the only case when by is relevant. Hence

E, (fQ(xk)lxkE[ﬂ—l,é])‘ < cem 26 [eleml 4] (9.25)
By (9.23), (9.24), (9.25) we conclude the proof that by is bounded.

Proof that bs, by and bs are bounded. The proof for b3 is like in (9.23), for by like in (9.24) and
(9.25) as well as for b5 and are omitted.

Proof that bg is bounded. It follows from (2.10)-(2.18) and (9.18), after observing that, by the
definition of P, the integral in bg is over |y — z| < 1.
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9.1 Lemma.
There are B(€), B(€) and a constant ¢ > 0 so that

AT = (o) + (uig)e 2 nAmB(),  |B(E)ex — B(E)] < 5 (9.26)
N o) = (i) + e A B(E),  [BEer— B < ¢ (9.27)

Proof
We multiply both sides of (9.1) by v(x)/pm(z) and integrate. We use below the convention that
if the upper limit of an integral is larger than /¢, then the integral is understood to be extended

only up to /.

A" =((vmg) + Dle_zo‘é){@m’g) + 6_20‘591)\"3(5)0)\}

+ e300 + Co + 72NN (Cy + Ca) + N"€2Cs + A"€Cy + Cs + A" C )
(9.28)

where the coefficients D and C are defined as follows:

D, = €2a€</04§ d—xv(x)m%(x) — (vm@)

pm ()
Co = /]R ) pj(xx)v(ac)m%(m)ao(m7§)
Co 1= 2 A :O pjfx)u(x)m'&@)e(a—a’ﬂf—xlal(x,g)
Oy = /R ) pjfx)v(x)mé(a:)bl(x,ﬁ,)\)
Cp = 2 /4 :OO pn‘ffx)v(a:)m' (w)eletemaDlealp, (g ¢, N)
Cs = /R ) pjfx)v(x)mg(x>e<a+<a—a’>>|€—wlb3(a:,g, A)
ci=g [ (@) @) i+ e b,

Coim [ g,

Cs ::/ dr v(x)mé(m)e(o"L(o‘_o‘,))'g_w'bG(x,f)
R
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By multiplying both sides of (9.1) by mj(z)/pm(§ — =) and integrating we get

i) = (1 = Die ) { (ving) + e 2 nA" B(€)ex |

+ e*Qaf{g?’C() +Chq + e 72NN (C) 4 Ch) + A"E2C% + N30 + CL + A"*lcg}
(9.29)

where

[e’e) =/ _ 2

D) = e2o¢ / i TE =) (9.30)
a¢ pm(§ — )

and the coefficients C; are obtained from the C; by replacing v(z)/pm (§ — ) by mg(x)/pm(§ — ).

All the coefficients D;, C;, D and C! are bounded as it follows recalling that the a; and b; are

bounded and using (2.18) and (2.10). The right hand side of (9.28) can be written in the form

]

- - - - b
< wig > +a < vimg > +b=<wvmg > + <vmg > [a+ ———
<vmg >
which identify B(£) in (9.26) in terms of a, b and < vy >. To prove the inequality in (9.26) we
need a lower bound on < Uﬁbé > which is derived next.
For ¢ large enough <vﬁ1’§>2 > 1/2: in fact either (vﬁzé)z > 1 and then the statement is obviously
true or (vmg) < 1. In such a case by (9.28), since A > 1 — c_e~2%¢ there is ¢ > 0 so that

<Uﬁll§>2 >1—ce 2%p >

N =

for £ large enough. Lemma 9.1 is proved. [

Proof of the second inequality in (2.17)
We can solve explicitly (9.26) and (9.27) in the unknowns y := A" and z := (vry) with B = B(¢)
and B = B(€) thought of as known. Calling ¢ := e~2*nB and ¢’ := e 2*nB we get

x 1
y = m7 T = 5 (6// — ¢ + 44+ (E” _ 6/)2) (9.31)
Hence
‘(mﬁé) - 1’ < c%e—Qaf (9.32)
A" —(1+ e_2a5nB)‘ < ce_2°‘§g (9.33)

It follows from (9.33) and (9.3) that there is ¢ > 0 so that
A< 1+ ce 2% (9.34)

We have thus proved (2.17) with ¢4 a suitable constant. [
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i From (9.34) there is ¢/ > 0 so that
cx>1—ce 2 (9.35)

o From (9.35) and from the first inequality in (2.17) we get for some ¢ > 0 that

BO-BOI<F  1BO-BE<S (9:36)
Proof of (2.19)
We go back to (9.1) that for | — 2| < 3¢ becomes
v(z) = ﬁlé(x){ [1 — (1 — )f”(mﬁé))} + e*QQSnB(S)cA + A "U(x, ¢, /\)} (9.37)

We have by (9.32) and (9.33)
‘1 — A‘”(v'rh@‘ < cne 208 < e 2abed

Analogously e~2%n|B(¢)|cy < e™29¢¢4. To bound the term with U in (9.37) we use (9.16). The
terms with a; and by drop out because |§ — x| < £/2, in the others we use that the functions a;
and b; are bounded and that U in (9.37) is multiplied by mj. Then the term with by is bounded
by c£2e€=* and all the others by ¢£3, ¢ > 0 a suitable constant. It is thus the term with by in
U which is responsible for the factor e*l€~%| that appears on the right hand side of (2.19) which is
thus proved.

9.2 Proposition.
Let B;(§), i =1,2,3, be as in (9.4). Then

(Jim  Bs(€) =0 (9-38)

Moreover, letting x(x) as in (8.55) and supposing that

lim 62@&—204(6—.5) _ 6—2aw
£,§—+o0

with w € [0, +00], we have

1 1 2
lim Bg(f):[1+e_20‘“’][ﬂ(1—m%)]2/0 dxkc(:v)/o dy/ dz J(z,y)

£,$—>—|—OO —1
X J(y,z)e (1 — e 2W) (1 + e 20%)e ==l (9.39)
If m satisfies (2.14), By > D/2, for all £ large enough, where
D := Qﬁ/ dx ml(x)Qm(x)a sinh(am){l + 6_20‘“} (9.40)
R Pm(T) -




Moreover, if (5gm = (52’1m + 52’2771 and, for all x,

2a€

Jim —BT B2 m(e — x) — 60 m(E + @) = A%(z) > 0 (9.41)

while for some ¢ and & positive
’ / dx (52’2m(aj)m'(f —z)%m (6 — x)| < ce 2t
le—¢g|<gr/2

then

Jim Bi(€) =D+ /R 28! (x)2m(x) A% (z) > 0 (9.42)

Proof.
(9.38) follows from (8.42) using (9.19) and that f3(z) is supported by x <1 and > ¢ — 1.
The explicit expression of B; is obtained from (9.12) using the invariance of x¢ ¢

¢ ) — s (€ —2) [* v
Bi(§) = 62&6/() dx Xﬁ,f(x)pm( p)m(fpn—lf) | /0 W Qe.elz,9) m;éi)

We use (9.18) and (2.19)-(2.10) when |¢ — 2| < ¢'/2 and (2.18)-(2.10) otherwise. We get

_ 2a¢ v ()P (E) — P (€ — 2)
il /ls—m|<§1/2 Foxeelw) pm(§ — ) ’

< ce20€ / dx X&E(x)[e—2a§ea\£—x|][e—2a§ea|£—x|£4ea|€—w|]
|§—z|<EL/2

+C€2a£/ dxX&E(x)[e—ZozEeocIﬁ—m\][e(a—a/)lm—€|]
|E—x|>€1/2

where c is a suitable constant.
In the two integrals on the right hand side we bound x¢ ¢(x) by using (8.42). Thus there are c
and ¢’ so that

_ p2af - . pm () — pm(§ — )
O L ==

< c[e‘)‘€1/2§’46_20‘€ + 6_0/51/2] < demeE?

We next estimate the integral on the left hand side. There is ¢ > 0 so that

Pm(®) = Pm(€ =) 26%me (2)[1 — me(z)?]

pm(§ — @) pm(§ — @)
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We use (5.11) and (8.42) to bound the term with c¢dem(z)?, giving rise to the second term on the
left hand side of the equation below.
By (8.45) and recalling the definition of py,, there is ¢ > 0 so that

i (x)?

EAGEEES /|U|§€1/2 S (- 26me(@)6em(x)) |

< c<e‘0"51/2 1 20Egl/2 e_2a$+2a£1/2>

We then get

’Bl (&) 4 e?o¢ /

da i (2)*203me (x)d¢m(x) ’ < cem @€
|§—z|<EM/2

with ¢ > 0 a suitable constant.
We write dgm = 5gm +m® — m, the term mgig(:z:) — m(§ — x) produces in the limit & — +o0
the term D on the right hand side of (9.42). By (2.14) with a suitable 4,

g (9.43)

lim inf —e20¢ / da il (2)2Bme (2)60m () > —
oo j§—|<E1/2

so that B1(§) > D/2 for all £ large enough. For the same reason the contribution of (52’2m vanishes
as £ — +00. Since ﬁz'g(x)ng (z) is an odd function of £ — x, the contribution of the even part of
52’1m in (9.43) also vanishes. The odd part of 52’1m converges to AY by (9.41) and since

e2a£(52m(a:)7h’€ (x)2m£ (I‘) < cetlé—al —2alg x|

by the Lebesgue dominated convergence theorem we obtain (9.42).
The proof of (9.39) is more delicate as it involves the estimate of v(x)/m(z) for z close to 0

and ¢. While this ratio was proved to be close to 1 when |{ — x| < £/2, this is no longer true when
x is close to 0 and ¢:

9.3 Proposition.
There are ¢ >0 and § > 0 so that for x € |0, 2]

‘vm,g(m) — C’:h/zaae_o‘f(ew +e79%)| < cem (@t (9.44)

and
Um () ¥ 4 e "

< ce % (9.45)

mg(z) ear
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Proof.
Since (9.45) follows from (2.10) and (9.44) we only need to prove the latter. We proceed as in
the proof of (8.56). Let so := [£/2], o = x, A = Ay ¢. Then

S0 S0 so+1 n
U e(z) = Z/o dwl../o dxn/ dmn+1{H A;:ZAm’g(mj,xj+1)}vm7g(mn+1) (9.46)
n>1 S0 j=0

Call
Ao (337 y) = Poo (J(xv y) + J(Iv _y)) (947)

By (2.10) and (2.17) there is ¢ > 0 so that for all x < sg + 1
Aco(, y)[1 = ce™ ] <AL A o(2,y) < Aco(,y)[1 + ce™ ] (9.48)

We set
V(z) = C’,lﬁ/QaaeaI (9.49)

and, in analogy with (9.46),

So S0 so+1 n
o(x) = Z/o d:cl../o dx, /0 dwn+1{H Ao (j,j51) YV (Tn41) (9.50)
n>1 S 7=0

By (2.19) and (2.10), there are constants ¢ and ¢’ so that for = € [sg, so + 1]

|vm’g(x)—e*a£V(x)‘ < ‘Um7g(£l}) - m{g(x)‘ + !fné(a:) — e*O‘&V(m)‘
< C<e—2a§€a(§—x)£4 +6—a0(§—x)) < C/€_§€V<l‘)

with 0 < § < (a9 — «)/2. Then

S0 S0 so+1 n
V() < e Z[l + 0665]”“/ dml../ dmn/ daan{H Aso(zj,xj41) }V (2p41)
0 0 S0 jIO

n>1

(9.51)
The lower bound holds as well with ¢ — —ec.
Since p < 1 there is b > 0 so that for all £ large enough

S0 S0 so+1 n
Z 1+ C€_6£]n+l/ dxl../ d:)sn/ daan{H Ao (2, 2541) }V (Tp41) < e~
n>be 0 0 S0 j=0

On the other hand for n < b&
[1+ ce %"t < (bge0¢

so that there is ¢ > 0 and for = € [0, 2]

|Um,e(z) — 6_0‘50(33)‘ <267 4 cle OV (z)e ¢ (9.52)
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To estimate V' (x) we introduce

T(z,y) == w(z) A (@, y)w(y) (9.53)

where

so that

A *w = w

Therefore T'(z,y) is a transition probability. Denoting by E, the expectation for the Markov chain
{n}n>0 that starts from xg = =, we then have

i=1

Since

1/2 _
—C’m/ aa‘ < ce2as0

For z <2

‘O‘(l’) - w(m)C}ﬁﬂaa‘ < ce 20

which together with (9.52) proves (9.44). Proposition 9.3 is proved. O
The same estimates of Proposition 9.3 hold for z € [¢ — 2, /], we omit the details.

Conclusion of the proof of Proposition 9.2.
It remains to prove (9.39). We rewrite explicitly

Ba(€) = e2¢ / daxe (o) / dy / d2P(z,y)P(Jyl, »)
y (mguy\) _1> D

e (y) e (|2])

By (8.56) we can replace in the above expression e2*¢y¢(x) by k(z), the error vanishing exponen-
tially as & — 4+o00. Moreover by (8.53) we can replace

Pe(a,b) — pooJ(a,b)e @)

with an error that again vanishes exponentially as £ — 4o00. Then using (9.45) we get

1 0 2
Jim Bo(e) = [ don(e) [ dy [ deptoa(egpa(il e el
—Tee 0 -1 -1

X (e—a(y—lyl) —1)(e** + e—ow)e—aIZI
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which proves (9.39). Theorem 9.2 is proved. O

Proof of (2.20). It follows immediately from (9.1) and Proposition 9.2. [

10. Spectral gap

In this Section we will prove Theorem 2.5.
We write

et wlleee < e 3 llAT el

n>0

A bound as in (2.23) is then obvious when w = vy, . By writing
W =W+ Ty o (W)U 0(), Tme(W) =0

the proof of (2.23) is reduced to that of (2.24), that we prove next.

Proof of (2.24). We drop m, £ and ¢ when no ambiguity arises. We have

y4
AMi(z) = /\"v(x)/o dy Q" (x, y)v(y)~w(y)

Q = Qm,e. Letting v(dz) := u(z)v(z)de,

and since v is invariant for @), i.e.

¢
/O v(dr') Q(a’,y)o(y) () = 0

we have

£ £

Q" (o) i) ~ [ vd) Q6 y)oly) () )

0

AMi(x) = X'o(x)] /0

hence ’

¥/
Ai(z) = Xo(z) / v(dr') / Q" (2, y) — Q" (') Y y)u(y) ™
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Then, letting || - [| = || - [|¢.c.e;

¢ ¢
| A" ()] < A"v(x)/ u(dx’>/ dy|Q" (z,y) — Q"(z',y)|v(y) ~*|w]|esleY!
0 0
Let s be as in Theorem 7.4, let Ny, = min(N}, , N7, ), see (6.20), then

s,m?

w(y) e < N e () Le—y s + Lgmy <sv(y) el
By Lemmas 5.3 and 5.4 there is ¢ so that

v(y) e Y < ey ()
hence, by Theorem 7.4 there are ¢ and r» < 1 so that

0 ¢
[ A" ()| < CIIU)HVU(Q«“)/0 V(dw')/o dy|Q"(z,y) — Q" (2", y)|Vs.c.m (%)

£
< A o) (acon(@) + [ (e
0

The last integral is bounded by a constant, see the remark after the proof of Theorem 6.4. Hence
recalling that vs ¢ (z) > 1, there is ¢ so that (if £ is large enough)

| A" ()| < ellwl[rA]"v(2)ys.cm ()

and
JA™ ]| < cllwl A" sup {e = o(@) e ¢ m (@)}
o<zt

Recalling that vs ¢ m(z) = 1if [z — &| < s, by (2.18),
sup {e_qg_x'v(x)%yc,m(x)} < elSls sup v(z) <c
lz—¢|<s |[z—¢|<s
Moreover there is a new constant ¢ so that
sup {e” (@) v, cm(2)} < ¢
|z—¢&|>s
In conclusion if € is large enough, there is ¢ > 0 so that

- N _ [rAt]™
A" < ef[wl[[rA]", le"mw|| < cflwlle™ > ==

n!
n>0
hence (2.24).

Proof of (2.26) and (2.25). The integral in (2.26) converges in the || - || norm, then (2.26) follows

from standard arguments. (2.25) follows from the eigenvalue equation L™'v = (\,, — 1)"!v and
the inequality (2.17). Theorem 2.5 is proved. O
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11. Eigenvalues and eigenvectors: dependence on £

To simplify notation we will write in this subsection A¢, L¢ ve and A¢ respectively for Amg,g’
nge, Umg , and )‘mg,g’ ve normalized as in (2.16).

We denote by vé and )\’g the derivative of v¢ and A¢ with respect to &, whose existence follows
from classical perturbation theory, see [18]. By differentiating Asve = A¢ve and then taking the
scalar product in R with ug (the left eigenvector) we get

)\/5 = (u§,Aé’U§) (11.1)

and
(Ag — )\g)vé = (Aé — )\é)vg (11.2)

By shorthanding 7 := m,,, we have from (11.1)
7 (14 = XeJue ) =0 (11.3)

We can then use (2.26) to solve (11.2) as an equation in v obtaining:

11.1 Theorem.
For any n € (0,3a/2) there are £ and c® > 0 so that for all £ > £°

IXe| < P (11.4)

v(a) — (€ —a)| < e for ¢ —a] < €/2

v (@)] < €Pve(x)  for |€ — 2] > €/2 (11.5)

Proof.

To simplify exposition we give an explicit proof only for the case ¢ = oco. It will be clear that
all the arguments extend with minor changes to the case ¢ > 2¢.

Let x > 0. By definition

d
Ay(a,9) = (Ggpmy(@)) T(a.) (11.6)
By (2.10) there is ¢ > 0 so that
|Ag (2, y)| < cem 71T (2,y) (11.7)
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Then, recalling that ug¢(x) := vg(a:)/pmg (x), there is ¢ > 0 so that

/ rh’(f - 33) —2ag (at20')E/2
_ A |
A /|s e dmp—m< — /dy c(mym/ (€ —y)| < cle ¢t +e ] (11.8)

The first term on the right hand side bounds the terms that arise when we replace ve(x) by mg ()
and Py (x) by pm(§ —x) for [ — x| < &/2. When [ —z| > £/2 we bound vg using (2.18). We have
also used (11.7).

We set

Be(w.9) = pa(€ ) (@0), Bilow)i= (Gon(€ ~0))T(a0) (11.9)

By (2.10) there is ¢ > 0 so that for any = > 0
|Bi(e.y)| < e (@,y); | A(a,y) - Biley)| < ce e (@) (1110)
We then obtain from (11.8)

[ _ (€ —z) e
. /|£ x|<§/2dxpm(€—£€) /dyBé(l“ y)m'(§ - y)( < ce” (11.11)

with ¢ > 0 a suitable constant. Then there is ¢/ > 0 so that

r mm/(f—x) " co—30E/2
A /Rd p—m(é_x)/dyBg( ,y)m' (€ — y)) < (11.12)

The integral on the left hand side is equal to 0 because it is the derivative with respect to £ of the
maximal eigenvalue of Be := Ay, which is identically 1, Bermyg = mj as obtained by differentiating
(1.7) with respect to . We have thus proved (11.4).

Recalling (11.3) and shorthanding w := (A; — A;)vg, by (2.26) and (11.2) we have, for all £ large
enough,

+o0o
vg = —/ dt elle=(e=Dlty, (11.13)
0

Let 7:=¢2 and [{| < «/, then by (2.24) and since 0 < A\¢ — 1 < ¢1e72%¢ there is ¢ > 0 so that

‘vé +/ dt eL’Etw|< ¢ < ce208g2 (11.14)

0 )
because |w|¢ ¢ < +00. We have
/ dt e™<* Apve = )\é/ dt ePe =Dty

0 0

hence by (11.4) and (2.17) there is ¢ > 0 so that

\vg+/0 dt "' Apve |, < e (11.15)
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Since

d 1 d A
A = [+ ———A = [ S 11.1

(o) = [ggpm Gl 5 Acte(2) = [ ()= 50e(2) (11.16)

and Hdpmg/deoo < oo there is ¢ > 0 so that for | — x| > /2
’/o dt eLgtAévg(m)‘ < C/o dt eLgtvg(x) < 0526(’\5_1)71)5(33) < v () (11.17)

which proves the second inequality in (11.5).
We shorthand

V() := Lig_gp>e 2 (Arve) (2) (11.18)

and write

ety =Y 5 [ayazent) = X [an@umre.s (1119

where )
T(y,x) :=ug(x)Ae(z,y) —— 11.20
(y, ) := ug(2) Ae( ))\gug(y) (11.20)
is the transition probability associated to A¢ via the left eigenfuction we.
We have
T"(y.5) = [ d=T"(y Tz, 0)
T(z,z) < J(z,x) sup e () <c
|z—z|<1 US(Z)
having used (4.12), after recalling that ue(z) = ve(z)pm, (z)~!. Then
Agt (Aet)" 1
sl <) e dy [y (y)ue(y)| (11.21)
n>0
By (11.7) and (2.18) there is ¢ > 0 so that
V(W) ue(y)| < 06_(20‘/+a)|£_y‘1\g_y|2g/2 (11.22)
By (2.19) and (2.10) for [§¢ — z| < &/2
ue(z) "1 < celéel (11.23)
By (11.21) there are ¢ and ¢’ so that for | — x| < £/2
’eAftv(x)| < ceMele 2082 < e kel (11.24)
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because, by (2.17), A¢t <t + (Ae — 1)t <t + ce™2%6¢2 < t + ¢. Moreover by (2.18) o/¢ > af + ¢,
with ¢ a suitable constant. Therefore for |¢ — 2| < £/2 we have elety(z)] < 'e™¢¢, then, by

(11.15) for any n € (o, 3a/2), there is ¢ > 0 so that for all [ — x| < &/2

vg () +/0 dt [e"€' 1 ey <ejaAbve] (2)] < ce™ 4¢P
By (11.10) we have for |y — &| < &/2

)Agvg(y) — Bévg(y)’ < ce 208Ul gup we(z) < dem28
lz—y|<1

Then using (2.19) and (11.25) there is a constant ¢ > 0 so that

”é(w)JF/O dt[e"" Ly <e/2 By (x)| < ce™ g7

We write
I(z):= /dy Lje_aj<e/2Bi (2, y)me (y)

pue(dey...dy, ) = >0 1$k—1211xk€[0,1)dx1 < day

so that

A (x) = / dey - drply,>1-1g,>14¢(z,21) - - Ae(Tp—1, 20)(20)
+ z": /,uk(dxl...dxn)Ag(x, x1) - Ag(xn_1, ) (xy)
k=1
Recalling (11.20) and setting
S(x,y) =

- Aewe(w)

we rewrite the k-th term of the sum in (11.29) as

Ae(z,y)ve(y)

)\?/uk(dml...dxn)T(xk,a:k_l)---T(xl,x)S(:L'k,ka)---

ug (zg)ve () —20€ g2
e S(xpo1, o)D) ———— < cA\fe” “e”
1 ug(@)ve(an) =

To prove the last inequality we have used (2.18) to bound wug (zy)ve(x); (11.23) to bound wue(x)™".

(11.25)

(11.26)

(11.27)

(11.28)

(11.29)

(11.30)

(11.31)

1

Moreover by (2.19) I'(z)ve(x) ! is bounded and, as we have already seen, 7" (z,y) is bounded for

all n, x and y. It is clear that we can treat in a similar way the quantity BgF(x) obtaining the

same estimate as (11.31) for the analogous quantity.
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We write in the first term on the right hand side of (11.29)

Ae(xi, ig1)

1+ 1)
Belwnain)

A¢(xi, xi1) = Be(wi, Tiv1) <[

Thus the product of the A¢(z;,x;41)’s is equal to the product of the Be(x;, x;41)’s times the
product of the bracket terms. We then get (writing = = z)

‘A?F(x) - B?F(.ﬁlf)‘ < c)\?e_QO‘§+O‘5/2n + / dxy--- / dx,Be(x,x1) - -
Tp>1

mlzl
n—1
Ag (i, i41)
o Be(wnr,ea)| [T {1+ (Gt = 1) b = 1| ()
¢ H Be (w1, wi11)
There is ¢ > 0 so that for all positive z and y
Be(,y)
Then )
T A&(iﬁi,xiﬂ) - —
1+(——1>}—1‘ <1+ -1
‘ z];[ { Bg(xi,:lfi_H) ( )
and

dxq... dr,Be(x,x1) - - B n_,nrn:~/_ dre
/a:1>1 1 / onBe (2, 21) e(@n—1,@p)|T(zn)] = m'(€ x)/ 1

Tn2>1 z1>1
I'(z,
--/mn21 den,P(§ — 2,6 —x1) - P(§ —xp_1,§ — xn)% <c
for all z and n.
‘AQF(x) — B{T'(z)| < c)\ge_%‘geo‘&/zn + c{[l + G~ — 1} (11.32)
Calling € := e~ ¢ we use the inequality
(14+e)"—1<en(l+e)"*
Then going back to (11.26)
vé(x)—l—/OT dt [e PV Ly < o Bemg](z)| < ce” 02
+ /T dte tc Z 2—7:{/\?6_30‘5/271 + en(l + e)”_l}
0 nso v
<ce e 4 C/T dt e_t{e_3"‘€/2t)\£e>‘5t + teet(HE)}
< ce” ¢ 4 05406_0‘5 (11.33)
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By using the same arguments starting from
Beiit (€ — @) = i (€ — @)

we obtain

m' (€ — x) +/ dt e(Bﬁ_l)tBéTh'(ﬁ —z)| < demot¢t (11.34)
0

Theorem 11.1 is proved. [

We conclude the subsection with a corollary of Theorem 11.1.

11.2 Theorem.
There are £° and ¢ > 0 so that for all £ > £° and all |€ — x| < £/2

d d

d—gvg(:p) + %Ug(l') < cemotgt (11.35)
Proof.
By (11.5)
a e - < Vel 11.36
JEve() + (€~ )| < e (11.36)
For [ — [ < ¢/2 . ;
sl (e =)= [ dy( 5 pne(0) T )] )€ - v (11.37)

Recalling the definition of m, there is a constant ¢’ > 0 so that for |[§ — x| < £/2

d d o € —a T
’%pm& (%) = G Pme (x)’ < demaler), ’pmg () —me(w)‘ < dem ) (11.38)

Moreover by (2.19) (whose validity can be extended to | — x| < £/2 4+ 1) we conclude that for a
suitable constant ¢’ > 0

i€ =) = [ dy( oy @) (0))uely)| < eI 4 eI (11.30)

Then p
‘ ) = Ae=—ve(a )‘ < ¢l B8/ 2 (11.40)

(11.35) then follows from (11.36), (11.40) and (2.20). Theorem 11.2 is proved. [
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