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Abstract. The large deviation properties of equilibrium (reversible) lattice gases are mathematically
reasonably well understood. Much less is known in nonequilibrium, namely for nonreversible sys-
tems. In this paper we consider a simple example of a nonequilibrium situation, the symmetric simple
exclusion process in which we let the system exchange particles with the boundaries at two different
rates. We prove a dynamical large deviation principle for the empirical density which describes the
probability of fluctuations from the solutions of the hydrodynamic equation. The so-called quasi
potential, which measures the cost of a fluctuation from the stationary state, is then defined by a vari-
ational problem for the dynamical large deviation rate function. By characterizing the optimal path,
we prove that the quasi potential can also be obtained from a static variational problem introduced
by Derrida, Lebowitz, and Speer.
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1. Introduction

In previous papers [3, 4] we began the study of the macroscopic properties of
stochastic nonequilibrium systems. Typical examples are stochastic lattice gases
which exchange particles with different reservoirs at the boundary. In these sys-
tems, there is a flow of matter through the system and the dynamics is not re-
versible. The main difference with respect to equilibrium (reversible) states is
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the following: in equilibrium the invariant measure, which determines the ther-
modynamic properties, is given for free by the Gibbs distribution specified by
the Hamiltonian. On the contrary, in nonequilibrium states the construction of
the appropriate ensemble, that is the invariant measure, requires the solution of
a dynamical problem.

For equilibrium states, the thermodynamic entropy S is identified [6, 20, 22]
with the large deviation rate function for the invariant measure. The rigorous study
of large deviations has been extended to hydrodynamic evolutions of stochastic in-
teracting particle systems [10, 17]. Developing the methods of [17], this theory has
been extended to nonlinear hydrodynamic regimes [15]. In a dynamical setting one
may ask new questions, for example what is the most probable trajectory followed
by the system in the spontaneous emergence of a fluctuation or in its relaxation
to equilibrium. In the physics literature, the Onsager—Machlup theory [23] gives
the following answer under the assumption of time reversibility. In the situation
of a linear macroscopic equation, that is, close to equilibrium, the most probable
emergence and relaxation trajectories are one the time reversal of the other.

In [3, 4] we have heuristically shown how this theory has to be modified for
nonequilibrium systems. At thermodynamic level, we do not need all the infor-
mation carried by the invariant measure, but only its rate function S. This can
be obtained, by solving a variational problem, from the dynamical rate function
which describes the probability of fluctuations from the hydrodynamic behavior.
The physical content of the variational problem is the following. Let p be the rele-
vant thermodynamic variable, for instance the local density, whose stationary value
is given by some function p(u). The entropy S(p) associated to some profile p ()
is then obtained by minimizing the dynamical rate function over all possible paths
m(t) = m(t, u) connecting p to p. We have shown that the optimal path 7w *(¢) is
such that 7 *(—t) is a solution of the hydrodynamic equation associated to the time
reversed microscopic dynamics, which we call adjoint hydrodynamics. This rela-
tionship is the extension of the Onsager—Machlup theory to nonreversible systems.
Moreover, we have also shown that § solves an infinite-dimensional Hamilton—
Jacobi equation and how the adjoint hydrodynamics can be obtained once S is
known.

In the present paper we study rigorously the symmetric one-dimensional exclu-
sion process. In this model there is at most one particle for each site of the lattice
{—=N, ..., N} which can move to a neighboring site only if this is empty, with
rate 1/2 for each side. Moreover, a particle at the boundary may leave the system
at rate 1/2 or enter at rate y_/2, respectively y, /2, at the site —N, respectively
+N. In this situation there is a unique invariant measure u" which reduces to
a Bernoulli measure if y_ = y,. On the other hand, if y_ # y., the measure
u” exhibits long range correlations [7, 24] and it is not explicitly known. By us-
ing a matrix representation and combinatorial techniques, Derrida, Lebowitz, and
Speer [8, 9] have recently shown that the rate function for 4" can be obtained solv-
ing a nonlinear boundary value problem on the interval [—1, 1]. We here analyze
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the macroscopic dynamical behavior of this system. The hydrodynamic limit for
the empirical density has been proven in [12, 13]. We prove the associated dynam-
ical large deviation principle which describes the probability of fluctuations from
the solutions of the hydrodynamic equation. We then define the quasi-potential via
the variational problem mentioned above. By characterizing the optimal path we
prove that the quasi-potential can also be obtained from a static variational problem
introduced in [8, 9]. Using the identification of the quasi-potential with the rate
function for the invariant measure proven in [5], we finally obtain an independent
derivation of the expression for the thermodynamic entropy found in [8, 9].

2. Notation and Results

For an integer N > 1, let Ay := [-N,N]NZ = {—N, ..., N}. The sites of
Ay are denoted by x, y, and z while the macroscopic space variable (points in
the interval [—1, 1]) by u, v, and w. We introduce the microscopic state space as
Yy := {0, 1}*¥ which is endowed with the discrete topology; elements of X,
called configurations, are denoted by 7. In this way n(x) € {0, 1} stands for the
number of particles at site x for the configuration 7.

The one-dimensional boundary driven simple exclusion process is the Markov
process on the state space Xy with infinitesimal generator

Ly:=L_ny+Lon+Lin
defined by

=

-1

[f@ ) — f()],

—N

NZ
(Lon f)() = >

N2
(Len () = 5 [ys 4+ (A — yInEMI[f (@0 — f()]

for every function f: ¥y — R. In this formula ¢*77 is the configuration obtained
from 5 by exchanging the occupation variables n(x) and n(y):

nly) ifz=x,
(0" Im(z) := 1 nx) ifz=y,
U(Z) if z ?é X,y

and o7 is the configuration obtained from 7 by flipping the configuration at x:

(0™ (2) == (@)1 = 8 ]+ 8 [1 — n(2)],

where 6, , is the Kronecker delta. Finally, y.+ € (0, o0) are the activities of the
reservoirs at the boundary of Ay.

Notice that the generators are speeded up by N?; this corresponds to the diffu-
sive scaling. We denote by 7, the Markov process on Xy with generator Ly and
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by IP, its distribution if the initial configuration is . Note that I, is a probability
measure on the path space D(R_, X ), which we consider endowed with the Sko-
rokhod topology and the corresponding Borel o -algebra. Expectation with respect
to P, is denoted by E,.

Our first main result is the dynamical large deviation principle for the measure
IP,,. We denote by (-, -) the inner product in L,([—1, 1], du) and let

M= {p e Lo([-1,1], du) : 0 < p(u) < lace.} (2.1)
which we equip with the topology induced by weak convergence, namely p, — p
in M if and only if (p,, G) — (p, G) for each continuous function G: [—-1, 1] —
R; we consider M also endowed with the corresponding Borel o -algebra. Let us
define the map 7V: Ty — M as

N

1 1
V=Y n(x)l{[%—ﬁ,%—l—ﬁ)}, 2.2)

x=—N

where 1{A} stands for the indicator function of the set A; namely 7V = 7" (1) is
the empirical density obtained from the configuration 7. Notice that 7V () € M,
i,e. 0 <7V (n) <1, because n(x) € {0, 1}.

Let n"V be a sequence of configurations for which the empirical density 7" (n™)
converges in M, as N 1 oo, to some function p, namely for each G € C([—1, 1])

) NN A5 +7x)
lim (x" (). G) = Jim _Z " (x)/ G (w)

(=DVGr—2v)
:/ du p(u)G(u), (2.3)
—1

where we used the notation a A b := min{a, b} and a VvV b := max{a, b}. If (2.3)
holds we say that the sequence {n" : N > 1} is associated to the profile p € M.

For T > 0 and positive integers m, n we denote by Cy"" ([0, T] x [—1, 1]) the
space of functions G: [0, T] x [—1, 1] — R with m continuous derivatives in time,
n continuous derivatives in space and which vanish at the boundary: G (-, £1) = 0.
Let also D([0, T'], M) be the Skorokhod space of paths from [0, T'] to M equipped
with its Borel o-algebra. Elements of D([0, T'], M) will be denoted by () =
w(t,u).

Let p+ := y+/[1+y+] € (0, 1) be the density at the boundary of [—1, 1] and fix
a function p € M which corresponds to the initial profile. For H € Cé’z([O, T] x
[—1,1D, let Jr u, = Ju: D([0, T], M) — R be the functional given by

T
Ju(mw) = (JT(T),H(T))—(,O,H(O))—/ de(m (), 0,H(t) + AH (1)) +
0

o+ [T o— [T
+2 | @vHG, 1)——‘/ dtVH(, —1) —
2 2 )

0
1 T
- fo de(x (x (1)), (VH®)?), (2.4)

[\
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where V denotes the derivative with respect to the macroscopic space variable u,
A is the Laplacian on (—1, 1), and we have set x(a) := a(l — a). Let finally
I (-1p): D([O0, T], M) — [0, +oc] be the functional defined by

I7(m|p) = sup Jpg (). (2.5)
HeCy?(10,T1x[~1,1])

Notice that, if 7 (¢) solves the heat equation with boundary condition 7 (¢, +1) =
p+ and initial datum 7 (0) = p, then I (7 |p) = 0.

THEOREM 2.1. Fix T > 0 and a profile p € M bounded away from 0 and
1, namely such that there exists § > O with § < p < 1 — § a.e. Consider a
sequence 0" of configurations associated to p. Then the measure P o ()1
on D([0, T], M) satisfies a large deviation principle with speed N and convex
lower semi-continuous rate function Ir(-|p). Namely, for each closed set C C
D([0, T], M) and each open set @ C D([0, T], M),

1
lim sup ﬁloanN[nN eCl< — in(f:a I (| p),
Te

N—o00
. . 1 N .

— > — .
l}&nlan logP v[r"™ € O] > ;relg Ir (| p)

It is possible to obtain a more explicit representation of the functional I7(-|p),
see Lemma 3.6 below. If the particle system is considered with periodic boundary
conditions, i.e. Ay is replaced by the discrete torus of length N, this theorem has
been proven in [17]. As we shall see later, the main difference with respect to the
case with periodic boundary condition is the lack of translation invariance and the
fact that the path 7 (¢, -) is fixed at the boundary.

We now define precisely the variational problem mentioned in the Introduction.
Let p € M be the linear profile p(u) := [p—(1 —u) + p. (1 +u)]/2,u € [—1, 1],
which is the density profile associate to the invariant measure ", see Section 3
below. We then define V: M — [0, 4-00] as the quasi potential for the rate function
Ir(-1p):

% = inf inf Ir(|p 2.6
(0) L S 7(7T]0) (2.6)

which measures the minimal cost to produce the profile p starting from p.

Let us first describe how the variational problem (2.6) is solved when y_ =
y+ = y.Inthis case p = y/(1 4 y) is constant and the process is reversible with
respect to the Bernoulli measure with density p. We have that I7(w|p9) = O if
7 (t) solves the hydrodynamic equation which for this system is given by the heat
equation:

ap(t) = (1/2)Ap(1),
p(t, £1) = pg, (2.7)
p(0,) = po(").

Note that p(t) —> p ast — o0.
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It can be easily shown that the minimizer for (2.6), defined on the time interval
(—o00, 0] instead of [0, +00) as in (2.6), is given by 7*(t) = p(—t), where p(¢) is
the solution of (2.7) with initial condition py = p. This symmetry of the relaxation
and fluctuation trajectories is the Onsager—Machlup principle mentioned before.

Moreover the quasi-potential V (p) coincides with the entropy of the Bernoulli
measure with density p, that is, understanding 0log 0 = 0,

1
Vi(p) = So(p) = /1 du[p(u)IOg % +[1— p(u)]log I p; )] (2.8)

In the context of Freidlin—Wentzell theory [14] for diffusions in R", the situa-
tion just described is analogous to the so called gradient case in which the quasi
potential coincides with the potential. This structure reflects the reversibility of
the underlying process. In general for nongradient systems, the solution of the
dynamical variational problem, or of the associated Hamilton—Jacobi equation,
cannot be explicitly calculated. The case y, # y_ is analogous to a nongradient
system, but for this particular model we shall prove that the quasi potential V (p), as
defined in (2.6), coincides with the functional S(p) defined by a time independent
variational problem introduced in [8, 9] which is stated below. This is the second
main result of this paper.

Denote by C'([—1, 1]) the space of once continuously differentiable functions
f:[=1,1] — R endowed with the norm || fl¢c1 := sup,¢_; {1/ @) + [ f'@)|}.
Let

Fo={feC(-1,1D : f(ED = ps.,[or — p-1f"w) > 0,
e[-1, 11}, (2.9)
where f’ denotes the derivative of f. Note that if f € &, then
O<p_Apr < fw)<p_Vvpr<1 forall —1<u<l.
For p € M and f € F we set

s ) 1 — p(u)
G(p, ) = /;1 du[p(u)log ) [1—,0(M)]10gm+
J'(u)
log ———— 2.10
s [p+—p—]/2} 210
and
S(p) := sup §(p, f). @.11)

feF

Theorem 4.5 below, which formalizes the arguments in [9], states that the supre-
mum in (2.11) is uniquely attained for a function f which solves a nonlinear bound-
ary value problem. We shall denote it by F = F(p) to emphasize its dependence
on p; therefore S(p) = G(p, F(p)).
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THEOREM 2.2. LetV and S as defined in (2.6) and (2.11). Then for each p € M
we have V (p) = S(p).

In the proof of the above theorem we shall construct a particular path 7*(¢) in
which the infimum in (2.6) is almost attained. As recalled in the introduction, by
the heuristic arguments in [4], 7 *(—?) is the solution of the hydrodynamic equation
corresponding to the process with generator L%, the adjoint of Ly in L,(Zy, du™)
and initial condition p. In analogy to the Freidlin—Wentzell theory [14], we expect
that the exit path from a neighborhood p to a neighborhood of p should, with
probability converging to one as N 1 0o, take place in a small tube around the path
T*(1).

The optimal path can be described in a rather simple fashion. Recalling that
we denoted by F' = F(p) the maximizer for (2.11), consider the heat equation in
[—1, 1] with boundary conditions p. and initial datum F:

%@ (1) = (1/2)Ad(1),
(1, £1) = py, (2.12)
@(0,) = F(p).

We next define p*(¢) = p*(¢, u) by

. AD (1)
p () = D)+ P@)[1 — P(1)]

—(VCD(t))z' (2.13)

In view of (4.3) below, p*(0) = p and, by Lemma 5.6, lim,_, », p*(t) = p. The
optimal path 7*(¢), defined on the time interval (—oo, 0] instead of [0, +00) as
in (2.6), is then given by 7w*(¢) = p*(—1t).

From the dynamical large deviation principle we can obtain, by means of the
quasi potential, the large deviation principle for the empirical density when the
particles are distributed according to the invariant measure of the process n;. Note
that the finite state Markov process 1, with generator L y is irreducible, therefore it
has a unique invariant measure u” .

Let us introduce Py := u" o (x")~! whichis a probability on M and describes
the behavior of the empirical density under the invariant measure. In [7, 12, 13, 24]
it is shown, see also Section 3 below, that $y satisfies the law of large numbers
Py = J; in which = stands for weak convergence of measures on M and p is the
linear profile already introduced.

Since p is globally attractive for (2.7), the quasi-potential with respect to p
defined in (2.6) gives the rate function for the family #y. In [3, 4] we have heuristi-
cally derived this identification via a time reversal argument. For the present model
a rigorous proof, in the same spirit of the Freidlin—-Wentzell theory, is given in [5];
that is we have the following theorem.

THEOREM 2.3. Let V as defined in (2.6). Then the measure Py satisfies a large
deviation principle with speed N and rate function V.
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The identification of the rate function for &y with the functional S now follows
from Theorems 2.1, 2.2 and 2.3.

COROLLARY 2.4. Let S as defined in (2.11). The measure Py satisfies a large

deviation principle on M with speed N and convex lower semi-continuous rate
function S. Namely for each closed set C C M and each open set O C M,

1
lim sup Nlog uNrV e @] < _})22 S(p),

N—o00

N N{_N .
— > —
l}énlnf N log u'[x" € O] > pnel(fo S(p).

As already mentioned, the rate function S has been first obtained in [8, 9]
by using a matrix representation of the invariant measure " and combinatorial
techniques. By means of Theorems 2.1, 2.2, and 2.3 we prove here, indepen-
dently of [8, 9], the large deviation principle by following the dynamical/variational
route explained in [4] which is analogous to the Freidlin—Wentzell theory [14] for
diffusions on R”".

We remark that it should be possible, modulo technical problems, to extend
Theorems 2.1 and 2.3 to other boundary driven diffusive lattice gases, see [4] for
a heuristic discussion. The characterization of the rate function for the invariant
measure as the quasi potential allows to obtain some information on it directly from
the variational problem (2.6). In particular, in Appendix, we discuss the symmetric
simple exclusion in any dimension and get a lower bound on V in terms of the
entropy Sy of the equilibrium system. In the one-dimensional case, this bound has
been proven in [8, 9] by using instead the variational problem (2.11).

Outline. In Section 3 we recall the hydrodynamic behavior of the boundary
driven exclusion process and prove the associated large deviation principle de-
scribed by Theorem 2.1. In Sections 4 and 5, which are more technical, we state
and prove some properties of the functional S which is then shown to coincide
with the quasi potential V. Finally, in Appendix, we consider the symmetric simple
exclusion in any dimension and prove a lower bound on V.

3. Dynamical Behavior

In this section we study the dynamical properties of the empirical density for the
boundary driven simple exclusion process in a fixed (macroscopic) time interval
[0, T']. In particular, we review the hydrodynamic limit (law of large numbers) and
prove the corresponding large deviation principle. This problem was considered
before by Kipnis, Olla and Varadhan in [17] for the exclusion process with periodic
boundary condition. For this reason, we present only the modifications needed in
the argument and refer to [2, 16, 17] for the missing arguments.
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As already stated, the invariant measure " is not known explicitly but some
of its properties have been derived. For example, the one-site marginals or the
correlations can be computed explicitly. To compute the one-site marginals, which
will be used later, let pV (x) = E, ~[n(x)]for —N < x < N. Since w” is invariant,
E, ~[Lyn(x)] = 0. Computing L yn(x), we obtain a closed difference equation for
p" (x):

(AypM(x) =0 for —N+1<x<N-1,
PN (N = 1) — pN(N) + y4[1 = pN(N)] = p"(N) =0,
PV (=N +1) — pV(=N) + y_[1 — p¥(=N)] — p" (=N) = 0.

In this formula, Ay stands for the discrete Laplacian so that (Ay f)(x) = f(x +
1)+ f(x — 1) — 2 f(x). The unique solution of this discrete elliptic equation gives
the one-site marginals of u" .

N N . . .
Denote by v =v,’ the product measure on Xy with marginals given by

vV ine) =1} = p"(x)

and observe that the generators L_ y, L y are reversible with respect to v/,
Denote by {7, : x € Z} the group of translations in {0, 1}* so that (1,¢{)(z) =
¢(x + z) for all x, z in Z and configuration ¢ in {0, 1}%. Translations are extended
to functions and measures in a natural way. Eyink ef al. [12] and De Masi et al. [7]
proved that
lim E ~[tuny f1= Ey;,[f]

N—o00

for every local function f and u in (—1, 1). Here p is the unique solution of
(1/2)Ap =0, p(xl) = p4,

namely p is the linear interpolation between p_ and p; and {v, : 0 < a < 1}
stands for the Bernoulli product measure in {0, 1% with density @ and py =
y+/[1 + y+] is the density at the boundary of [—1, 1].

3.1. HYDRODYNAMIC LIMIT

Recall that, for each configuration n € Xy, we denote by 7V = 7V () € M
the empirical density obtained from 7, see Equation (2.2). We say that a sequence
of configurations {n" : N > 1} is associated to the profile y if (2.3) holds for
all continuous functions G: [—1, 1] — R. The following result is due to Eyink,
Lebowitz and Spohn [13].

THEOREM 3.1. Consider a sequence n™ associated to some profile py € M.
Then, forallt > 0, 7N (t) = ™ (n,) converges (in the sense (2.3)) in probability
to p(t, u), the unique weak solution of



240 L. BERTINI ET AL.

dp = (1/2)Ap,
p(t, £1) = px, (3.1)
p(0,-) = po().

By a weak solution of the Dirichlet problem (3.1) in the time interval [0, T],
we understand a bounded real function p which satisfies the following two condi-
tions.

(a) There exists a function A(z, u) in L?>([—1, 1] x [0, T]) such that
t 1
/ ds f du p(s, u)(VH) (1)
0 -1

t 1
={p HQ)—p_H(—D}t —f ds/ du A(s, u)H (u)

for every smooth function H: [—1, 1] —0> R andlevery 0<r<<T. A(t,u) will
be denoted by (Vp)(t, u).

(b) For every function H: [—1,1] — R of class C'([—1, 1]) vanishing at the
boundary and every 0 <t < 7,

i 1
/du,o(t,u)H(u)—f du po(u) H (1)

1 -1
t 1
= —(1/2)/ dsf du (Vp)(s, u)(VH)(u).
0 -1

The classical H_; estimates gives uniqueness of weak solutions of Equation
(3.1). Note that here the weak solution coincides with the semi-group solution
o) =p+e %2 (0o — p), where p is the stationary profile and A is the Laplacian
with zero boundary condition.

3.2. SUPER-EXPONENTIAL ESTIMATE

We now turn to the problem of large deviations from the hydrodynamic limit. It
is well known that one of the main steps in the derivation of a large deviation
principle for the empirical density is a super-exponential estimate which allows
the replacement of local functions by functionals of the empirical density in the
large deviations regime. Essentially, the problem consists in bounding expressions
such as (V, f?) «~ in terms of the Dirichlet form (—Ly f, f),~. Here V is a lo-
cal function and (-, -),,~ indicates the inner product with respect to the invariant
state uV.

In the context of boundary driven simple exclusion processes, the fact that the
invariant state is not known explicitly introduces a technical difficulty. Follow-
ing [19] we fix vV, the product measure defined in the beginning of this section, as
reference measure and estimate everything with respect to v". However, since v"
is not an invariant state, there are no reasons for (—Ly f, f),~ to be positive. The
first statement shows that this expression is almost positive.

W
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For a function f: Xy — R, let
N—-1
Dy(f)= ) / [f @ ) — fFoI dv™ ().
x=—N

LEMMA 3.2. There exists a finite constant Cy depending only on y. such that

2

N
(Lo f flov < _TDN(f) + CoN(f, fhow

for all functions f: Xy — R.

The proof of this lemma is elementary and left to the reader. Notice, on the
other hand, that both (=L y f, f),~, (=L_ .y f, f),~ are positive because v" is a
reversible state by our choice of the profile p".

This lemma together with the computation presented in [2, p. 78] for non-
reversible processes, permits to prove the super-exponential estimate. The state-
ment of this result requires some notation. For a cylinder function W, denote the
expectation of W with respect to the Bernoulli product measure v, by W (a):

(o) := E, [V].

For a positive integer £ and —N < x < N, denote the empirical mean density on a
box of size 2¢ + 1 centered at x by n*(x), namely

where
Ae(x) =Aye(x) ={y € Ay : |y —x| < £}
Let H € C([0, T] x [—1, 1]) and ¥ a cylinder function. For ¢ > 0, define also

1 -
Vil () = = D H @ x/N){rw () — B (™ ()},

where the summation is carried over all x such that the support of 7, ¥ belongs to
A y. For a continuous function G: [0, T] — R, let

T
Wg = f ds G(5)[ns (£N) — p].
0

THEOREM 3.3. Fix Hin C([0, T]1x[—1,1]), G € C([0, T)), a cylinder function
W, and a sequence {n" € Ly : N > 1} of configurations. For any § > 0 we have

T
/ Vit n,) dte
0

1
lim sup lim sup v log }P’,IN[ > 8:| = —00,

e—0 N—oo

1
lim sup ﬁlogIP’nNUWGil > 8] = —00.

N—o0
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3.3. UPPER BOUND

The proof of the upper bound of the large deviation principle is essentially the same
as in [17]. There is just a slight difference in the definition of the functionals Jy
due to the boundary conditions.

For H in Cé’z([O, T]x[—1, 1]) consider the exponential martingale MtH defined
by

M = eXP{N[(ﬂN(t), H(n) — (z"(0), H(0)) —

1

t
_ N e—N(ﬂN(S),H(S»(aS + N2LN)eN<HN(S)-,H(5)) ds] }
0

An elementary computation shows that
M =exp N{Jy(@" 1) + Vi, + Cu(e)},

where lim,_,o Cy(e) = 0, ¢, stands for the approximation of the identity ¢, (1) =
(2e)~"1{u € [—e, €]}, * stands for convolution,

T
H H, W + -
VN,s = /o Ve (t,m,) dr + WVH(-,I) - WVH(~,—1)

and Wo(n) = n(O)[1 —n(D].
Fix a subset A of D([0, T'], M) and write

1 1 _
ﬁlog]P’nN[nN € Al= ﬁlogEnN [M7 M) "= e A}].
Maximizing over 7" in A, we get from previous computation that the last term is
bounded above by

. 1 H_—NVH
—;Ielg JH(n*LS)+N10gEnN[MTe N,E] — Cg(e).

Denote by }P’fN the measure P, v M H . Since the martingale is bounded by exp{C N}

for some finite constant depending only on H and T, Theorem 3.3 holds for P%,
in place of P, v. In particular, the second term of the previous formula is bounded
above by Cy (e, N) such that lim,_,¢ limsup,_, ., Cru (e, N) = 0. Hence, for every
¢ > 0, and every H in Cé’2([0, T] x [—1,1]),

1
limsup — logP,v[7" € Al < — inf Jy(w * 1) + Cy (),
N—o00 TeA
where lim,_,o C},(¢) = 0.
Assume now that the set A is a compact set K. Since Jy (- *t.) is continuous for
every H and ¢ > 0, we may apply the arguments presented in Lemma 11.3 of [25]
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to exchange the supremum with the infimum. In this way we obtain that the last
expression is bounded above by

1
lim sup ﬁlogIP’nN[nN eKl|<— in£ sup{JH(n * ) + C}{(s)}.
S H,e

N—o00

First, letting ¢ | 0, since Jy (7w ¢, ) converges to Jy (;r) for every H in Cé’z([O, T]x
[—1, 1]), in view of the definition (2.5) of I7(r|y), we deduce that

lim sup ilogIP’,,zv[er e K| < —inf Ir(m|y),
N—o0 nek
which proves the upper bound for compact subsets.
To pass from compact sets to closed sets, we have to obtain ‘exponential tight-
ness’ for the sequence P, v [7V € -]. The proof presented in [1] for the noninteract-
ing zero-range process is easily adapted to our context.

3.4. HYDRODYNAMIC LIMIT OF WEAKLY ASYMMETRIC EXCLUSIONS

Fix a function H in Cé’z([O, T] x [—1, 1]) and recall the definition of the mar-
tingale M¥ . Denote by IP’nHN the probability measure on D([0, T'], ¥) defined by

PWHN[A] = E,~[M{1{A}]. Under P,,Hm the coordinates {n, : 0 <t < T} form a

Markov process with generator L = L, y + Lg v T L_ n, where

(Lo y ) ()

N2 N—-1
— e—{H(t,[X+1]/N)—H(t,X/N)}{n(X-&-l)—ﬁ(X)}[f(GX,X-H,7) _ f(n)]

2

x=—N

The next result is due to Eyink ez al. [13]. Recall x(p) = p(1 — p).

LEMMA 3.4. Consider a sequence n™ associated to some profile y € M and fix
H in Cy*([0, T x [—1,11). Then, for all t > 0, a™(t) = 7" (n,) converges in
probability (in the sense (2.3)) to p(t, u), the unique weak solution of

ap = (1/2)Ap — V{x(p)VH},
p(t, £1) = pg, (3.2)
PO, ) =y().

As in Subsection 3.1, by a weak solution of the Dirichlet problem (3.2) in the
time interval [0, T'], we understand a bounded real function p which satisfies the
following two conditions.

(a) There exists a function A(z, u) in L?>([—1, 1] x [0, T]) such that
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t 1
/ ds / du p(s,u)(VG)(u)
0 -1

t 1
- {,0+G(1)—,0_G(—1)}t—/ ds/ du A(s, u)G (u)
0 1

for every smooth function G: [—1, 1] - R an_d every 0 <t < T. A(t, u) will
be denoted by (Vp)(t, u).

(b) For every function G € C!([—1, 1]) vanishing at the boundary and every
t >0,

1 1
fdup(t,u)G(u)—/ duyu)Gu)

1 -1
t 1
:/o del du (VG)){ = (1/2)(Vp)(s, u) + x (o(s, w))(VH)(s, u)}.

The classical H_; estimates gives uniqueness of weak solutions of Equation (3.2).

3.5. THE RATE FUNCTION

We prove in this subsection some properties of the rate function I7(-|y). We
first claim that this rate function is convex and lower semi-continuous. In view
of the definition of I7(-|y), to prove this assertion, it is enough to show that Jg
is convex and lower semi-continuous for each H in Cé’2([0, T] x [—1,1]). It is
convex because x (a) = a(l —a) is a concave function. It is lower semi-continuous
because for any positive, continuous function G: [0, T] x [—1, 1] — R and for any
sequence " converging to 7 in D([0, T], M),
T

T
/0 dt {x (@), G®) = lim ; dr (x (7w (1) * 1c), G(1))
T

= lim lim dt (x (" (1) * 1), G(1)).

e—>0n—o0 Jo

Since x is concave and G positive, a change of variables shows that this expression
is bounded below by

T T
lim lim sup/ dt{x (7" (1)), G() * ) = lim sup/ dt{x (x" (1)), G())
0 0

e=>0 p500 n— 00

because G is continuous and y is bounded. This proves that Jy is lower semi-
continuous for every H in Cé’z([O, T]x[—1,1]).

Denote by D, the subset of D([0, T'], M) of all paths 7 (¢, u) which satisfy the
boundary conditions 7 (0, ) = y(:), #(-, £1) = p4, in the sense that for every
0< th<h <T,

1 1 —1+6
lim dl‘g/ w(t,u)du = (t; — to) p—
-1

§—0 fo

and a similar identity at the other boundary.
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LEMMA 3.5. Ir(w|y) = oo if w does not belong to D,,.

Proof. Fix m in D([0, T], M) such that Ir(w|y) < oo. We first show that
7(0,-) = y(-). For § > 0, consider the function Hs(¢, u) = hs(t)g(u), hs(t) =
(1—-8't)*, g(-) vanishing at the boundary £1. Here a™ stands for the positive part
of a. Of course, H; can be approximated by smooth functions. Since 7 is bounded
and since t — m (¢, -) is right-continuous for the weak topology,

15%1 Juy(w) = (7(0), g) — (v, &),

which proves that 7 (0) = y a.s. because I (|y) < oo.

A similar argument shows that 7 (t, 1) = p.; to prove this statement we may
consider the sequence of functions Hs(¢, u) = h(t)gs(u), where h(t) approximates
the indicator of some time interval [f, #;] and where

) — A—(A+b)(A+u)/s, if —1<u<—1+3,
§W =1 _p if —1+6<u<l.

Here A > 0 is large and fixed and b = b(A, §) > 0 is chosen for the integral over
[—1, 1] of g5 to vanish. O

Fix 7 in D, and denote by #f;(;r) the Hilbert space induced by C(l)’z([O, T] x
[—1, 1]) endowed with the inner product (-, -), defined by

T 1
(H, G), =/ dt/ du x () (VG)(VH).
0 -1

LEMMA 3.6. Fix a trajectory m in D, and assume that It (w|y) is finite. There
exists a function H in # (1) such that v is the unique weak solution of

g = (1/2)An — Vi{x(@)n (1 — 7)VH),

w(t, 1) = p4, 3.3)
7(0,) =y().
Moreover,
T 1
Ir(aly) = (1/2) f dr / du x () (VH)?. (3.4)
0 -1

We refer the reader to [16, 17] for a proof. One of the consequences of this
lemma is that every trajectory ¢ — 7 (¢) with finite rate function is continuous in
the weak topology, = € C([0, T']; M). Indeed, by the previous lemma, for 7 such
that I7(r|y) < 0o, and every G in Cé([—l, 1],

(7(1), G) — (7(s). G)
= (1/2)/ dr{m(r), AG) —i—/ dr{x(m(r)), VGVH) —
— (1/DUVG)() py — (VG)(=1) p_}(t — 5)
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for some H in #, (). Since G is smooth and H belongs to #; (), the right-hand
side vanishes as |t — s| — O.

3.6. LOWER BOUND

Denote by Dg the set of trajectories 7 in D ([0, T'], M) for which there exists H in

Cé’z([O, T] x [—1, 1]) such that 7 is the solution of (3.3). For each 7 in D?, and
for each neighborhood V,; of &

1 N
l}vnlloréfﬁlogPﬂN[n e N = —Ir(m|y).

This statement is proved as in the periodic boundary case, see [16]. To complete
the proof of the lower bound, it remains to show that for every trajectory mw such
that I7(mw|y) < oo, there exists a sequence 7y in Dg such that limy 7, = 7,
limy I (mrly) = It (|y).

This is not too difficult in our context because the rate function is convex
and lower semi continuous. We first show that any path = with finite rate func-
tion can be approximated by a path which is bounded away from O and 1. Fix a
path 7 such that I7(w|y) < oo. Fix § > 0 and denote by p(¢, u) the solution
of the hydrodynamic equation (3.1) with initial condition y instead of py. Let
ms = 8p + (1 — §)m. Of course, s converges to w as § | 0. By lower semi-
continuity, I7(mw|y) < liminfs_. I7(ms|y). On the other hand, since I7(-|y) is
convex, I7(ms|y) < (1 —68)I7(w|y) because p is the solution of the hydrodynamic
equation and I7(p|y) = 0. This shows that lims_.g s = 7, lims_o I7(7Ts|y) =
I(m).Since 0 <y < 1,0 < px < 1, ms is bounded away from O and 1, proving
the claim.

Fix now a path 7 with finite rate function and bounded away from 0 and 1. We
claim that this trajectory may be approximated by a path in Dg. Since Ir(wly) <
oo, by Lemma 3.6, there exists H in #,(;r) satisfying (3.3). Since 7 is bounded
away from 0 and 1, #¢;(;r) coincides with the usual Sobolev space H; associated
to the Lebesgue measure. Consider a sequence of smooth functions H,: [0, T] x
[—1, 1] — R vanishing at the boundary and such that V H,, converges in L*([0, T]x
[—1, 1]) to VH. Denote by 7" the solution of (3.2) with H, instead of H. We claim
that lim,, oo 7" = 7w, lim,,_, » I7 (" |y) = I7 (T |y).

The proof that 7" converges to 7 is divided in two pieces. We first show that
the sequence is tight in C ([0, T'], M) and then we prove that all limit points are so-
lution of Equation (3.2). We start with a preliminary estimate which will be needed
repeatedly. Recall that p is the stationary profile. Computing the time derivative of

[, du (2" (t) — p)?, we obtain that

T 1
/ dr / du (Va" ()’ < C (3.5)
0 —1

for some finite constant independent of .
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From the previous bound and since 7" (¢, #) belongs to [0, 1], it is not difficult
to show that the sequence n” is tight in C([0, T'], M). To check uniqueness of
limit points, consider any limit point 8 in C ([0, T'], M). We claim that 8 is a weak
solution of Equation (3.2). Of course B is positive and bounded above by 1. The
existence of a function A(s, u) in L>([—1, 1] x [0, T']) for which (a) holds follows
from (3.5), which guarantees the existence of weak converging subsequences. The
unique difficulty in the proof of identity (b) is to show that forany 0 < ¢t < T, G
in L>([0, T] x [—1, 1]),

t

1
lim [ ds(x (" (s)), G(5)) = / ds(x (B(s)), G(s)) (3.6)
for any sequence 7" converging to 8 in C([0, T], M) and satisfying (3.5). This
identity holds because for any § > 0

t

lim [ ds(x(@"(s) *15), G(s)) =/ ds(x (B(s) *15), G(s))

and because, by Schwartz inequality and |x (a) — x(b)| < |a — b|,

2

(/0 ds (x (7" (s) * 15) — X(?T"(S)),G(S))>

< / ds(G(s)?) / ds([7" (s) * 15 — "()]%).
0 0

It is not difficult to show, using estimate (3.5), that this term vanishes as § | O,
uniformly in n, proving (3.6). In conclusion, we proved that the sequence 7" is tight
in C([0, T], M) and that all its limit points are weak solutions of Equation (3.2).
By uniqueness of weak solutions, 7" converges in C ([0, T'], M) to 7.

It remains to see that Iy (x"|y) converges to Iy (w|y). Since 7" — m and
I (- |y) 1s lower semi-continuous, we just need to check that lim sup, I (z"|y) <
Iy (r|y). Here again the concavity and the boundness of x help. Since VH" con-
verges in L? to VH and x is bounded, the main problem is to show that

T T
lim sup /O dt (x (" (1)), (VH())*) < fo dt (x (7w (1)), (VH(1))?).

n—oo

Since 7 * (5 converges almost surely to 7 as § | O,
T
/ de {x (7w (1)), (VH (1))
0

T
— lim / A (x (T (t) % 15), (VH(1)?)
§—0 0

T
= lim lim de (x (" (2) % 15), (VH(1))?).

§—0n—o00 0
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Since y is concave, the previous expression is bounded below by

T

lim lim sup/ de (x (2" (1)) * 15, (VH(1))%).
=0 nso0 Jo

Since x is bounded and (V H)? integrable, a change of variables shows that the

previous expression is equal to

T
limsup/O dt (x (7" (1)), (VH(1))?),

n—oo

concluding the proof of the lower bound.

4. The Rate Function for the Invariant Measure

In this section we discuss some properties of the functional S(p) which are needed
later. The results stated here are essentially contained in [9], but, for the sake of
completeness, we review them and give more detailed proofs. Without any loss
of generality, from now on we shall assume that 0 < p_ < p;, < 1. Recall the
definitions of the set ¥, (2.9), and of the functional 4(p, f), (2.10).

The Euler-Lagrange equation associated to the variational problem (2.11) is
given by the nonlinear boundary value problem

F"=(p— F)ﬂ in (—1,1)
PeEACF) e @.1)
F(£1) = p+.
We introduce the notation, which we will use throughout this section,

F'(u)

RW) = R(p, Fyu) = (p(u) — Fu)) - (4.2)
Fu)(1 — F(u))
Using this notation, Equation (4.1) takes the form
F'=F&®R in(—1,1), 4.3)

F(£1) = ps.

In order to state and prove an existence and uniqueness result for FF € £ we
formulate (4.3) as the integro-differential equation

[*, dvexp{ [’ dw R(p, F; w)}
f_ll dvexp{ [’ dw R(p, F; w)}'
We will denote its solution by ¥ = F(p) to emphasize its dependence on p. We
observe that if p = p then F = F(p) = p solves (4.4) and (4.3).

Notice that if F € C*([—1, 1]) is a solution of the boundary value problem (4.3)
such that F'(u) > O for u € [—1, 1], then F is also a solution of the integro-
differential equation (4.4). Conversely, if F € C '([—1, 1]) is a solution of (4.4),

then F'(u) > 0, F"(u) exists for almost every u and (4.3) holds almost everywhere.
Moreover, if p € C([—1, 1]), then F € C?>([—1, 1]) and (4.3) holds everywhere.

F(u)=p_+ (pr — p-) (4.4)
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Remark 4.1. There are nonmonotone solutions of Equation (4.3). For example,
for the constant profile p = 1/2, it is easy to check that the functions

F(u) = 5[1 + sin(iu + 9)1;

satisfy Equation (4.3) for countably many choices of the parameters A and ¢ (fixed
in order to satisfy the boundary conditions in (4.3)). However only one such func-
tion is monotone. In fact, under the monotonicity assumption on F, we will prove
uniqueness (and existence) of the solution of the boundary value problem (4.3).

The following theorem gives us the existence and uniqueness result for (4.4)
together with a continuous dependence of the solution on p. Recall that we de-
note by C!([—1, 1]) the Banach space of continuously differentiable functions
f:[=1, 1] — R endowed with the norm || f|lc1 := sup,¢_; ;{1 f@)| + | f'(w)]}.

THEOREM 4.2. For each p € M there exists in ¥ a unique solution F = F(p)
of (4.4). Moreover:

() ifp € C([—1,1]), then F = F(p) € C*([—1, 1]) and it is the unique solution
in ¥ NC*([—1,1]) of (4.3);
(i1) if p, converges to p in M as n — oo, then F, = F(p,) converges to F =
F(p) in C'([—1,1]);
(iii) fix T > 0 and consider a function p = p(t,u) € CH°([0, T1x [—1, 1]). Then
F=F(t,u) = F(p(t,))u) € C"*(0, T] x [—1, 1]).

The existence result in Theorem 4.2 will be proven by applying Schauder’s fixed
point theorem. For each p € M consider the map K,: ¥ — C'([—1, 1]) given by

[Y, dvexp{ [, dw R(p, f;w)}

Kp(fHW) == p- + (p+ — p-) . 4.5)
R P Prop f_ll dvexp{ [’ dw R(p, f; w)}
Let us also define the following closed, convex subset of C!([—1, 1]):
B:={feC' (1,1 : fED =pe, b< fW<B}CF, (46

where, recalling we are assuming y_ < y.,

P+ — P-Y- B PPV

b= ,
2 Vi 2 y_

LEMMA 4.3. For each p € M, K, is a continuous map on ¥ and K,(F) C B.
Furthermore K ,(8B) has compact closure in C'([—1, 1]). Hence, by Schauder’s
fixed point theorem, for each p € M Equation (4.4) has a solution F = K,(F) €
B. Moreover, there exist a constant C € (0, 00) depending on p+ such that for any
0 € Mandany u,v € [—1, 1] we have |F'(u) — F'(v)| < C |u — v|.
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Proof. It is easy to check that X, is continuous and K ,(f)(£1) = p+. Let us
define g, := K,(f), we have

exp{ /", dw R(p, f; w)}
_) 1 v ’
[, dvexp{ [’ dw R(p, f; w)}

Since p(w) — f(w) < 1— f(w), p(w) — f(w) =2 —f(w), and f'(w) = 0, we get

/ /

a-7 <R< f

1—f f
which implies b < g;(u) < Bforall u € [—1, 1]. In particular KX ,(F) C B.

To show that KX ,(8) has a compact closure, by Ascoli—Arzela theorem, it is
enough to prove that g/, is Lipschitz uniformly for f € 8. Indeed, by using (4.7), it
is easy to check that there exists a constant C = C(p_, p;) < oo such that for any
u,v €[—1,1],any f € B,and any p € M we have |g;(u)—g;)(v)| < Clu—v|.O

g, ) = (py — p 4.7)

Proof of Theorem 4.2. The existence of solutions for (4.4) has been proven in
Lemma 4.3; to prove uniqueness we follow closely the argument in [9]. Consider
a solution F € ¥ of (4.4). Since it solves (4.3) almost everywhere, we get

u

F'(u) = F'(—1) +/ dw F'(w)R(p, F; w) (4.8)
-1

for all u# in [—1, 1]. Moreover, taking into account that F is strictly increasing, we
get from (4.3) that

F(1-F)\
ST R N A
(FF7) =rere
holds a.e., so that

Fwl - Fu]  p-[1-p] +/

F'(u) - F'(=D 4

dv[l — F(v) — p(v)] (4.9)

forall u in [—1, 1].

Let Fi, F, € ¥ be two solutions of (4.4). If F{(—1) = F;(—1) an application
of Gronwall inequality in (4.8) yields F; = F,. We next assume F{(—1) < F;(—1)
and deduce a contradiction. Keep in mind that F/ > 0 because F; belongs to ¥
and recall (4.9). Let u := inf{v € (—1,1] : F;(v) = F>(v)} which belongs to
(=1, 1] because Fi(£1) = F,(£1) and F{(—1) < F;(—1). By definition of i,
Fi(u) < Fy(u) forany u € (—1, ), Fi(u) = F,(i) and F{(u) > F;(u). By (4.9),
we also obtain

@il - RG] _ H@ll — K@)
Fi(u) Fy(u)
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or, equivalently, F|(u) < F,(u), which is a contradiction and concludes the proof
of the first statement of Theorem 4.2.

We turn now to statement (i). Existence follows from identity (4.3), which now
holds for all points u in [—1, 1] because p is continuous. Uniqueness follows from
the uniqueness for the integro-differential formulation (4.4).

To prove (ii), let p, be a sequence converging to p in M and denote by F, =
F(p,) the corresponding solution of (4.4). By Lemma 4.3 and Ascoli—Arzela the-
orem, the sequence F, is relatively compact in C '([—1, 1]). It remains to show
uniqueness of its limit points. Consider a subsequence n; and assume that F,
converges to G in C '([—1, 1]). Since Pn; converges to p in M and F,; con-
verges to G in cl([-1,1)]), by (4.5) JCpnj (Fnj) converges to K ,(G). In particular,
G = lim; F,; = lim; X o (Fn;) = K,(G) so that, by the uniqueness result,
G = F(p). This shows that F(p) is the unique possible limit point of the sequence
F,,, and concludes the proof of (ii).

We are left to prove (iii). If p(¢, u) € c'0([0, T] x [—1, 1]), we have from (i)
and (ii) that F (¢, u) = F(p(t, ) () € C%?([0, T] x [—1, 1]). We then just need
to prove that F' (¢, u), as a function of ¢, is continuously differentiable. This will be
accomplished by Lemma 4.4 below. a

In order to prove the differentiability of ¢t — F(t,u) = F(p(t,-))(u) it is

convenient to introduce the new variable
F(t,u)
¢(t,u) :=log [ Few (t,u) € [0,T] x [—1, 1]. (4.10)

Note that ¢ € [¢_, ¢ ] where ¢ :=log[p+/(1 — p+)] = log y+ and u — @(t, u)
is strictly increasing. We remark that, as discussed in [4], while the function F is
analogous to a density, the variable ¢ can be interpreted as a thermodynamic force.
The advantage of using ¢ instead of F' lies in the fact that, as a function of ¢, the
functional § is concave. This property plays a crucial role in the sequel.

Let us fix a density profile p € clO([0, T1x[—1, 1]). By (1)—(i1) in Theorem 4.2
and elementary computations, we have that ¢ € C 0210, T]1 x [—1, 1]) and it is the
unique strictly increasing (w.r.t. u) solution of the problem

AUL) + =p(t,u), (t,u)el0,T]x(—1,1)
(Vo(t,u))? 1+estw - P ’ T @1
o, £1) =y, te][0,T].

Note also that, by Lemma 4.3, there exists a constant C; = C;(p—, p+) € (0, 00)
such that

1
& <Vt <Ci VL) € [0.T]x 1,11, (4.12)
1
LEMMA 4.4. Letp € C'0 ([0, T] x [—1, 1]) and ¢ = ¢(t, u) be the correspond-
ing solution of (4.11). Then ¢ € C'2 ([0, T] x [—1, 1]) and ¥ (t, u) := d,¢(t, u)
is the unique classical solution of the linear boundary value problem
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[ Yvew ] e
(Vo(t, u))? (14 er))2

for (t,u) € [0, T]x (—1, 1) with the boundary condition ¥ (t, £1) = 0,¢ € [0, T].

Proof. Fix t € [0,T], for h # 0 such that ¢t + h € [0, T] let us introduce
Ypt,u) = [t + h,u) — ¢(t,u)]/h. Note that, by (i)—(ii) in Theorem 4.2,
Yn(t, ) € C?([—1, 1]). By using (4.11), we get that v, solves

Vi (t, u) P 1) eh¥ntu) _ 1
|:V(p(t, u)Vo(t + h, u)] (14 e#tm) (1 4 e#ltthu) h
_ ,O(t +h,l/{) _Io(tau)
B h
for (t,u) € [0, T] x (—1, 1) with the boundary condition v, (¢, £1) = 0, ¢ €
[0, T].
Multiplying the above equation by v, (¢, u) and integrating in du, after using
the inequality x(e* — 1) > 0 and an integration by parts, we get

/1 du (Vi (t, u))?
1 Vo, u)Ve( + h,u)

Y(t,u) =0,p0(t, u) (4.13)

(4.14)

1 —
< '/‘ duwh(t,u)p(t—i_h’uh) o(t, u)
-1

1 1! t+hu) — pt,u)\>
< 8/ du (¢, u)* + —f du puthu) = plt,u) ,
-1 4e -1 h

where we used Schwartz inequality with ¢ > 0. Recalling the Poincaré inequality
(with f(£1) =0)

1 4 1
[Larwr <l [ awr
1 T J

using (4.12) and choosing & small enough we finally find
1

1
limsup/ du [V, 0] < CZ/ du [8,0(, 0]’
h—0 -1 -1

for some constant C, depending only on p4, p_.

Hence, by Sobolev embedding, the sequence v, (¢, -) is relatively compact in
C([—1, 1]). By taking the limit # — 0 in (4.14) it is now easy to show any limit
point is a weak solution of (4.13). By classical theory on the one-dimensional
elliptic problems, see, e.g., [21, IV, §2.1], there exists a unique weak solution
of (4.13) which is in fact the classical solution since 9,p0(¢, -) € C([—1, 1]). This
implies there exists a unique limit point 1 (¢, u) which is twice differentiable w.r.t.
u. The continuity of ¢ — (¢, -) follows from the continuos dependence (in the
C?([—1, 1]) topology) of the solution of (4.13) w.r.t. 3,p(t, -) (in the C([—1, 1])
topology). a
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The link between the boundary value problem (4.3) and the variational prob-
lem (2.11) is established by the following theorem.

THEOREM 4.5. Let S be the functional on M defined in (2.11). Then S is bounded,
convex and lower semi-continuous on M. Moreover, for each p € M, we have that
S(p) = G(p, F(p)) where F (p) is the solution of (4.4).

Proof. For each f € ¥ we have that (-, f) is a convex lower semi-continuous
functional on M. Hence the functional S(-) defined in (2.11), being the supremum
of convex lower semi-continuous functionals, is a convex lower semi-continuous
functional on M. Furthermore, by choosing f = p in (2.11) we obtain that 0 <
So(p) < S(p). Finally, by using the concavity of x +— log x, Jensen’s inequality,
and f(+1) = p4, we get that G(p, f) is bounded by some constant depending
only on p_ and p,.

In order to show the supremum in (2.11) is uniquely attained when f = F(p)
solves (4.4), it is convenient to make, as in Lemma 4.4, the change of variables ¢ =
¢ (f) defined by ¢(u) := log{ f(u)/[1— f(u)]}. Note that f(u) = e*® /[14+e?™].
We then need to show that the supremum of the functional

G(p,9) = (0,9 (@)
1
= / du{p(u)logp(u>+[1—p(u)]log[l—p(u>]+
-1

_ () @' (u)
+[1 — p(w)lpu) —log[1 + e”™] + log FRErRTA p_]/2} (4.15)
for

peF =¢F) ={peC (11D : ol =gs, ¢'u) >0}

is uniquely attained when ¢ = ¢ (F (p)). We recall that F(p) denotes the solution
of (4.4).

Since the real functions x + log x and x > —log(1 +e") are strictly concave,
for each p € M the functional 9(,0 ) is strictly concave on F . Moreover, it is
easy to show that 9(,0 -) is Gateaux differentiable on ¥ with derivative given by

80,0) \ ' [&w) 1
<73¢ ,g> = /_1 du{(p/(u) + [1 e —p(u)}g(u)}.

By standard convex analysis, see, e.g., [11, I, Prop. 5.4], for any ¢ # ¢ € F we
have

3§(p,
g(p w),w_q))

G(p,¥) < §<p,¢>+< ;
%

By noticing that (Sg(p (p) /3¢ = 01if ¢ solves (4.11) a.e. we conclude the proof
that the supremum on ¥ of 9(,0 -) is uniquely attained when ¢ = ¢ (F(p)). O
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Remark 4.6. Given p € M, let us consider a sequence p, € C>([—1, 1]) N M
with p,(£1) = p4, bounded away from 0 and 1, which converges to p a.e. Then, by
dominated convergence and (ii) in Theorem 4.2, we have S(p,,) = (o, F(pn)) —

3o, F(p)) = S(p).

5. The Quasi Potential

In this section we show that the quasi potential for the one-dimensional boundary
driven simple exclusion process, as defined by the variational problem (2.6), coin-
cides with the functional S(p) defined in (2.11). In the proof we shall also construct
an optimal path for the variational problem (2.6).

Let us first recall the heuristic argument given in [4]. Taking into account the
representation of the functional I7(;|p) given in Lemma 3.6, to the variational
problem (2.6) is associated the Hamilton—Jacobi equation

1 VSV (1 )VSV + 1% 1A _0 5.1)
2 Sp’p P 8p 8p’2p_’ ’

where V denotes the derivative w.r.t. the macroscopic space coordinate u € [—1, 1].
We look for a solution in the form

sV o f
— =log —log
8p 1—0p 1—f

and obtain a solution of (5.1) provided f solves the boundary value problem (4.3),
namely f = F(p). On the other hand, by Theorem 4.5, we have

5S(p) _ 84(p, f) +59(,0»f) SF(p)
5p 50 lr=rp L
o ) F(p)

og ———
l—0p 1 —F(p)

= log

since (4.3) is the Euler—Lagrange equation for the variational problem (2.11). We
get therefore V = § since we have V(p) = S(p) = 0.

Let 7*(t) = m*(¢,u) be the optimal path for the variational problem (2.6)
and define p*(¢) := m*(—t). By using a time reversal argument, in [4] it is also
shown that p*(¢) solves the hydrodynamic equation associated to the adjoint proces
(whose generator is the adjoint of Ly in L,(d”)) which takes the form

1 8S(p)
dp*(t) = —5Ap*(1) +V(p*(t)[1 —p (OIV—— ) (5.2)
2 3o lp=p*()
We will not develop here a mathematical theory of the Hamilton—Jacobi equa-
tion (5.1). We shall instead work directly with the variational problem (2.6), mak-
ing explicit computations for smooth paths and using approximation arguments to
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prove that we have indeed V = S. Of course, the description of the optimal path
will also play a crucial role.

To identify the quasi potential V with the functional S we shall prove sepa-
rately the lower bound V' > S and the upper bound V < S. For this purpose we
start with two lemmata, which connect S defined in (2.11) to the Hamilton—Jacobi
equation (5.1), used for both inequalities. The bound V > S will then be proven
by choosing the right test field H in (2.4). To prove V < S we shall exhibit a path
m*(t) = m*(¢, u) which connects the stationary profile p to p in some time interval
[0, T'] and such that I7(7*|p) < S(p). As outlined above, this path ought to be the
time reversal of the solution of the adjoint hydrodynamic equation (5.2) with initial
condition p. The adjoint hydrodynamic equation needs, however, infinite time to
relax to the stationary profile p. We have therefore to follow the time reversed
adjoint hydrodynamic equation in a time interval [0, T}] to arrive at some profile
p*(T1), which is close to p if T is large, and then interpolate, in some interval
[Ty, T + T3], between p*(T;) and p.

Recall that we are assuming p_ < p; and pick §p > 0 small enough for §y <
p- < py <1 —34p.Foréd € (0,8]and T > 0, we introduce

Ms = {p € C*([=1,1]) : p(£1) = ps+.8 < p(u) < 1 -6}, (5.3)
Dr;s:={m € C"*(0,T] x [-1,1]) :
m(t,£1) = pg, 8§ < w(t,u) <1 -6} (5.4)

LEMMAS5.1. Let m € Dr s and denote by F(t,u) = F(m(t,-)) (u) the solution

of the boundary value problem (4.3) with p replaced by 1 (t). Set
w(t, u) F(t,u)
C,u) =1 —1 . 5.5
) =g T T T T R )

Then, for each T > 0,

T
S(ﬂ(T))—S(JT(O))ZfO de (9, (1), I'(1)). (5.6)

Proof. Note that F(z,-) is strictly increasing for any t € [0,7] and F €
C'2([0, T] x [—1, 1]) by (iii) in Theorem 4.2. Moreover, since F(t,+1) = p4,
we have 0, F(t, 1) = 0. By Theorem 4.5, dominated convergence, an explicit
computation, and an integration by parts, we get

d d
SSG0) = <960, F)
= (9,70 T()) +<atF(r>, =7 _ ”(”>+< 1 ,a,VF(t>>
1 — F(r) F(t) VF(t)
Fi)—mn() AF(1)
FOL—FO] (vm))z>'

= (1), ') + <8zF(t),
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The lemma follows by noticing that the last term above vanishes by (4.3). a

LEMMAS5.2. Let p € Ms, denote by F(u) = F(p) (u) the solution of the
boundary value problem (4.3), and set

Cog P FW
['(u) = log o log [ F@
Then,
{p(1 = p), (VI)?) + (Ap,T) = 0. (5.7)

Proof. Note that F' € M; by Theorem 4.2. After an integration by parts and
simple algebraic manipulations (5.7) is equivalent to

\Y vE 1 vE 2 =0 5.8
v w0 (7s) ) o >

We rewrite the first term on the left-hand side as

< VF > < VF >
—~VF, ———— ) —{(V(p—F), ————
F(l1 —F) F(1-F)

which, by an integration by parts, is equal to

< VF > < AF (1—2FXVFV>
—(VF, ——— )+ (p—F, - .
F(1—F) F(1—F) [F(1 — F)J?

Hence, the left-hand side of (5.8) is given by

AF VF)?
<p—F >—< v (p—mﬁ

"F(1—-F) [F(1 - F)]*’
_ 2
:<L,AF—(,0—F)&>=O
F(1—-F) F(1-F)
thanks to (4.3). O

Note that, for smooth paths, Lemma 5.1 identifies, in the sense given by Equa-
tion (5.6), I' as the derivative of S. Lemma 5.2 then states that this derivative
satisfies the Hamilton—Jacobi equation (5.1).

5.1. LOWER BOUND

We can now prove the first relation between the quasi potential V and the func-
tional S.

LEMMA 5.3. Foreach p € M we have V(p) = S(p).
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Proof. In view of the variational definition V, to prove the lemma we need
to show that S(p) < Ir(r|p) for any T > 0 and any path 7 € D([0, T']; M)
which connects the stationary profile p to p in the time interval [0, T]: 7 (0) = p,
7w (T) = p.

Fix such a path 7 and let us assume first that # € Dz s. Denote by F(t) =
F (7 (¢)) the solution of the elliptic problem (4.3) with 7 (¢) in place of p. In view
of the variational definition of /7 (7t |p) given in (2.5), to prove that S(p) < Ir (7 |p)
it is enough to exhibit some function H € Cé’2([0, T]1x[—1, 1]) for which S(p) <
Jr.1,5(m). We claim that I' given in (5.5) fulfills these conditions.

We have that I" € Cé’z([O, T] x [—1, 1]) because: m € Dy s by hypothesis,
F e C"2([0,T] x [—1, 1]) by (iii) in Theorem 4.2, I'(t, £1) = 0 since 7 (¢, -)
and F(t,-) satisfy the same boundary conditions. Recalling (2.4) we get, after
integration by parts,

T
Jr.r.5 () =f0 dr (0,7 (1), T (1)) —

1 T
_5/ d [{T @), A )+ {r(O[1 — 7)1, [VTOF)].
0

By Lemmata 5.1 and 5.2 we then have Jr r 5(r) = S(p).

Up to this point we have shown that S(p) < Iy(w|p) for smooth paths 7
bounded away from O and 1. In order to obtain this result for general paths, we
just have to recall the approximations performed in the proof of the lower bound of
the large deviation principle. Fix a path & with finite rate function: I (7 |p) < o0.
In Section 3.6 we proved that there exists a sequence {m,, n > 1} of smooth
paths such that m, converges to = and Ir(7,|p) converges to I7(|p). Let 77, be
defined by (1 — n~ Y, + n~!5. Since m, converges to m, 7, converges to . By
lower semi-continuity of the rate function, I7(w|p) < liminf,_,  I7(7,|p). On
the other hand, by convexity, I7(7,|p) < (1 — nYIr(m)p) + n U (plp) =
(1 — n~=YI;(m,|p) so that lim Sup,,_, o Ir (@, |p) < Ir(m|p). Since 7, belongs to
Dy s for some § = §, > 0, each path 7 with finite rate function can be approx-
imated by a sequence 7, in Dr s, , for some set of strictly positive parameters &,
and such that I'7(|p) = lim, I'7(7,|p). Therefore, by the result on smooth paths
and the lower semi-continuity of S, we get

Ir(w|p) = lim I (77,|p) 2 liminf S(7,(T)) = S (T)),

which concludes the proof of the lemma. O

5.2. UPPER BOUND

The following lemma explains which is the right candidate for the optimal path for
the variational problem (2.6).
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LEMMA 5.4. Fix § € (0, 8], a profile a € Ms, and a path w € Dr s with finite
rate function, Iy (w|a) < oo. Denote by F(t,u) = F(m(t,-)) (u) the solution of
the boundary value problem (4.3) with p replaced by m(t). Then there exists a
function K € F#, () such that w is the weak solution of

o, = —%An + V(n(l — n)V[log& + K})

(t,u) [0, T] x (—1,1), (5.9)
w(t, 1) =py, te€[0,T],
70, u) =a(), uecl[-1,1].

Moreover,
1 T
Ir(wlo) = S((T)) — S(a) + 5/ dr (m()[1 — ()], [VK(®T). (5.10)
0

The optimal path for the variational problem (2.6) will be obtained by taking a
path 7 * for which the last term on the right-hand side of the identity (5.10) (which
is positive) vanishes, namely for a path 7* which satisfies (5.9) with K = 0. Then
p*(t) = m*(—t) will be a solution of (5.2).

Proof. Denote by H the function in #f;(7r) introduced in Lemma 3.6, let I'
as defined in (5.5), and set K := ' — H. Note that K belongs to #;(w) be-
cause w € Dr s by hypothesis, F' € CcY2([0, T] x [—1,1]) by Theorem 4.2, and
I'(z, 1) = 0. Then (5.9) follows easily from (3.3). To prove the identity (5.10),
replace in (5.6) 0,7 (¢) by the right-hand side of the differential equation in (5.9).
After an integration by parts we obtain

T
S@(T)) - S(@) :fo dt{§<r(t>,An(t)>+(ﬂ(f)[1—”(’)]’[VF(”]2>_
—(r [ =7 @®)], VK (1) VF(”)}

T
= / dr <71(t)[1 — ()], %[VF(r)]z — VF(t)VK(t)>,
0

where we used Lemma 5.2. Recalling K = I' — H, we thus obtain

1 T
S (T)) — S(a) + 5/0 dr (m(O[1 — ()], [VK ()]

2

which concludes the proof of the lemma in view of (3.4). O

1 T
5 [ @i -zoLIHOP)
0

We write more explicitly the adjoint hydrodynamic equation (5.2). In the present
paper, we shall use it only to describe a particular path which will be shown to be
the optimal one. For p € M, consider the nonlocal differential equation
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80" = LAp* — v<p*(1 —p")Vlog - F), (t,u) € (0, 00) x [—1, 1],

F(t,u) = F(p*(t, )W), (t,u) € (0,00) x [—1,1], (5.11)
p*(t, £1) = px, 1 €(0,00),
p*0,u) = pw), uel=11],

where we recall that F (¢, u) = F(p*(¢,-)) (1) means that F'(¢, u) has to be ob-
tained from p*(z,u) by solving (4.4) with p(u) replaced by p*(¢,u). Since
Vlog[F/(1—F)] > 0,in (5.11) there is a positive drift to the right. Let us describe
how it is possible to construct the solution of (5.11).

LEMMA 5.5. For p € M let ®(t) be the solution of the heat equation (2.12) and
define p* = p*(t, u) by (2.13). Then p* € C12((0, 00) x [—1, 1]) N C([0, 00); M)
and solves (5.11). Moreover, if § < p(u) < 1 — 6§ a.e. for some § > 0, there
exists ' = 8'(p_, py,8) € (0,1), for which §' < p*(t,u) < 1 — 8§ for any
(t,u) € (0,00) x [—1, 1].

Proof. Let F(u) = F(p) (u), then, by Theorem 4.2, F € C'([—1, 1]) and,
by Lemma 4.3, there is a constant C € (0, oo) depending only on p_, p, such
that C™! < F'(u) < C for any u € [—1, 1]. Since ® (¢, u) solves (2.12), there
exists C; = Ci(p—, p+) € (0, 00) such that Cl_1 < (VD) (t,u) < C for any
(t,u) € [0,00) x [—1,1]. Moreover, ®(¢,£1) = pi so that A®(t,£1) =
20,®(t, 1) = 0. Hence, p* defined by (2.13) satisfies the boundary condition
p*(t, £1) = ®*(¢t, £1) = p4. Furthermore, p* € C2((0, 00) x [—1,1]) .

For the reader’s convenience, we reproduce below from [4, Appendix B] the
proof that p*(¢, u), as defined in (2.13), solves the differential equation in (5.11).
From (2.13) we get that

p (1 —p*) AD (AD)?

P10 14 (1 2¢)(V¢')2 o1 — D) Vo)
recalling (2.12), by a somehow tedious computation of the partial derivatives which
we omit, we get

AD - p*
(3 — 1a)| @1 — @) _ _y(2LU=Pg,
(V)2 D(1 — D)
from which, by using again (2.13), we see that p* satisfies the differential equation

in (5.11).
To conclude the proof of the lemma, notice that p* is the solution of

dp* = 3Ap* — V{p*(1 — p*)VH},

p*(t, £1) = pg,

p*(0,) = p(-),
for some function H in C"!([0, 00) x[—1, 1]) for which V H is uniformly bounded.
Though H does not vanish at the boundary, we may use a weakly asymmetric
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boundary driven exclusion process to prove the existence of a weak solution A (%, u),
in the sense of Subsection 3.4, which takes values in the interval [0, 1]. Since V H is
bounded, the usual H_; method gives uniqueness so that A = p* and 0 < p* < 1.
In particular p* € C([0, 00); M).

Assume now that § < p < 1 — 6 for some § > 0. Fix r > 0 and assume
that p*(¢, -) has a local maximum at —1 < ug < 1. Since p* is a smooth solution
of (5.11), a simple computation gives that at (¢, u¢)

p*(1 = p*)(VF)?

20— F) (p*+F—1)

(@p") = 380" —

because
(0" +F = 1)

F2(1 — F)?
Since ug is a local maximum, Ap* < 0. On the other hand, assume that p* (¢, ug) >
1 — p_, in this case, since p_ < F, p* + F — 1 > 0 so that 9,0* < 0. In the
same way we can conclude that (9;0*)(¢, #;) > 0 if u; is a minimum of p*(¢, -)

and p*(t,u;) < 1 — p,. These two estimates show that min{5, 1 — p,, p_} <
p*(t,u) < max{l —§, 1 — p_, p,}, which concludes the proof of the lemma. O

(V") (t,up) =0 and Alog{%} = (VF)

We now prove that the solution of (5.11), as constructed in Lemma 5.5, con-
verges, as t — 00, to p uniformly with respect to the initial datum p. We use
below the usual notation || f'{loo := sup,¢(_y.1y |f ()]

LEMMA 5.6. Given p € M, let p*(t) = p*(t, u) be the solution (5.11). Then,

fim sup [[0"(®) = 5 = 0.

Proof. Let us represent the solution @ () of (2.12) in the form ® (¢, u) = p(u)+
W(t, u). Then W(t) = POW(0) where P? is the semigroup generated by (1/2)A”,
with A the Dirichlet Laplacian on [—1, 1]. Since W (0) = F(p) — 5 and since the
solution F(p) of (4.4) as well as p are contained in the interval [p_, p. ], we have
that || (0)||eo < |p+ — p—| < 1. Therefore, by standard heat kernel estimates,

lim sup {[W()[los + VYD)l + AV (D)o} =0,
t—00 pEM
the lemma follows recalling that, by Lemma 5.5, p*(¢) is given by (2.13). a

Lemma 5.6 shows that we may join a profile p in M to a neighborhood of the
stationary profile by using Equation (5.11) for a time interval [0, 7}] which at the
same time regularizes the profile. On the other hand, from Lemma 5.4 we shall
deduce that this path pays S(p) — S(p*(71)). It thus remains to connect p*(7T}),
which is a smooth profile close to the stationary profile p for large Ti, to p. In the
next lemma we show this can be done by paying only a small price. We denote by
Il - |l the norm in L,([—1, 1], du).



THE BOUNDARY DRIVEN SYMMETRIC SIMPLE EXCLUSION PROCESS 261

LEMMA 5.7. Let o € Ms, be a smooth profile such that ||a — pllec < 80/(16).
Then there exists a smooth path 7 (t), t € [0, 1] with 8p/2 < T < 1 —8¢y/2, namely
7 € Dy sy with(0) = p, 7 (1) = o and a constant C = C(8y) € (0, 00) such
that

Li(#1p) < Clla = plI3.-
In particular V(a) < Clla — ,0||2

We remark that by using the ‘straight path’ 7 (t) = p (1 — t) + « ¢t one would
get a bound in terms of the H; norm of « — p. Below, by choosing a more clever
path, we get instead a bound only in term of the L, norm.

Proof. Let (e, Ax), kK = 1 be the spectral basis for —(1/2)A°, where A° is
the Dirichlet Laplacian on [—1, 1], namely {ex}r>; is an complete orthonormal
system in L,([—1, 1], du) and —(1/2) A% = Aey. Explicitly we have e, (1) =
cos(kmu/2) and Ay = k*>m?/8. We claim that the path () = 7 (t,u), (t,u) €
[0, 1] x [—1, 1] given by

1
(1) —p+2 Sl pade (5.12)

fulfills the conditions stated in the lemma.

It is immediate to check that 7 (0) = p, 7 (1) = « and 7 (¢, &=1) = p.. Further-
more, by the smoothness assumption on «, we get that 7 € C2([0,1] x [—1, 1]).
In order to show that §y/2 < 7 < 1 — 8y/2, let us write 7 () = p + g(—1), then
q(t) =q(t,u), (t,u) € [—1,0] x [—1, 1] solves

dq(t) = 3Aq(1) + g,
q(t,£1) =0,
q(—=1,u) = a(u) — p(u),

where g = g(u) is given by

Ak _
= — o — s
8 E_l o 1( P ex)ek
Let us denote by |lgllg, := Ilg'll> the H; norm in [—1, 1]; a straightforward

computation shows

2 )
8
2 = 2 = 2
lela, = E 2f\k< Ak_1> (o —p.e)” < o kE_l<a—p,ek)
2

8 8\° (&) 1
< — < (=) 2(—=) ===3,
=Pl <n) (16) 2720

where we used that, for A > 0, we have e* — 1 > A2/2.
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Let P? = exp{tA°/2} be the heat semigroup on [—1, 1]; since [glloc <
\/illgIIHl, we have

sup [lg(#) ]l
te[—1,0]

= sup
1€[-1,0]

t
Phae=p+ [ Pl
~1

‘ o0

so that 7 € DI,SQ/Z-

We shall estimate I;(7|p) by using the representation given in Lemma 3.6. To
this end, let us define h = h(¢t,u) € C([0, 1] x [—1,1]1by h := —8,7 + (1/2) A7
and let H = H(t, u) be the solution of

V(71 —#IVH) = h,

H(,£1) =0,
so that 77 solves (3.3) with H as above which belongs to J, (7).
Let us denote by || - ||z_, the usual negative Sobolev norm in [—1, 1], namely
(f, h)? — 1
Inl = sup  ——— (h, e)?.

0. r@&n=0 (VL V) — 2

By using that 7[1 — 7] > (80/2)* a simple computations shows that

1 4 1
/ dr (7011 = 7O (VHO)) < = / G
0 0

0
By using the explicit expression for 7 we get

hence, by a direct computation,

<1 etk —

1 2
2 — 2 : = 2
||h(l‘)”1LL1 = 2 <)\,k o 1 ) (¢ — p, ex)

k=1

o0
< Z 8he™ o — p, er)?,
f=1

where we used that for A > A; we have e* > 2. We thus get

2! 8 — } 8 )
L(#1p) < —2f A7, < 5 Y (o —pre)’ = 5l — 53
30 0 k=1 30

which concludes the proof of the lemma. a

We can now prove the upper bound for the quasi potential and conclude the
proof of Theorem 2.1.
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LEMMA 5.8. For each p € M, we have V (p) < S(p).

Proof. Fix 0 < ¢ < 80/(32), p € M and let p*(¢, u) be the solution of (5.11)
with initial condition p. By Lemma 5.6 there exists 77 = T} (¢) such that || p*(¢) —
Plloo < € forany ¢ > Ty. Let @ := p*(T)) and let 7 be the path which connects p
to « in the interval [0, 1] constructed in Lemma 5.7.

LetT :=T; + 1and 7*(¢), ¢t € [0, T] the path

w(t), forO<r <,

() = { (T —1), forl <t <T. 5.13)

By Remark 4.6, given p € M as above, we can find a sequence {p,, n > 1} with
on € M, for some §, > 0 converging to p in M and such that S(p,) converges to
S(p). Let us denote by p™* the solution of (5.11) with initial condition p,, and set

- a™*@), for0<t<1,
o = { (T —1), forl<1<T, (5.14)
where 7"*(¢) is the path joining p to @, := p™*(T}) in the time interval [0, 1]
constructed in Lemma 5.7. We claim that the path 7™* defined above converges in
D([0, T], M) to mr*, as defined in (5.13). Before proving this claim, we conclude
the proof of the lemma.

By the lower semi continuity of the functional I7(-|p) on D([0, T], M) we have

Ir(7*|p) < liminf I7(7"*|p). (5.15)

On the other hand, by definition of the rate function and its invariance with respect
to time shifts we get

Ir(2"*|3) = L(7"*(5) + In, (0" (T1 = )] 0™*(T). (5.16)

By Theorem 4.2, F, := F(p,) converges to F = F(p) in C'([—1,1]) so
that ®,(¢), the solution of (2.9) with initial condition F,, converges to ®(¢) in
C%([—1,1]) for any ¢+ > 0. Hence, by (2.13), p™*(T}) converges to p*(T;) in
C([—1, 1]). Recalling that ||p*(T1) — pllec < & < 80/(32), we can find Ny =
No(8p) such that for any n > Ny we have ||p™*(T1) — plleo < € < 80/(16). We can
thus apply Lemma 5.7 and get, for n > Ny

Li(#"*]5) < Clp™*(T1) = plI3 (5.17)

for some constant C = C(§y).

By Lemma 5.5, p™*(T} — t), t € [0, T1] is smooth and bounded away from 0
and 1, namely it belongs to Dy, 5, for some 8, > 0. We can thus apply Lemma 5.4
and conclude, as p™*(T; — t) solves (5.9) with K = 0,

Iny (P (T = )]0 (1)) = S(pa) — SO"*(T1)) < S(pa)- (5.18)
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From Equations (5.15)—(5.18), we now get
Ir(@*1p) < liminf [S(p,) + Cllp™* (1) — p3]
= S(p) + Clp*(Th) — pli; < S(p) 4 2C¢?

and we are done by the arbitrariness of ¢.

We are left to prove that #* — w* in D([0, T'], M). We show that 7™* con-
verges to w* in C([0, T']; M). Pick ¢; € (0, T1]; since p™*(t) converges to p*(¢)
in C([—1, 1]) uniformly for ¢ € [¢;, T;] we conclude easily that 7™* converges to
m*in C([1, T — &1] x [—1, 1]). We recall that, by Lemma 4.3, VF,,(¢) and VF (¢)
are uniformly bounded. Moreover, 7"*(T —¢t) and n*(T —1t),t € [T — T, T] are
weak solutions of (5.11); for each G € C([—1, 1]) we thus get

limlimsup sup  |(x"*(t), G) — (x*(1), G)| = 0.

eld0 n T te[T—¢,T]

This concludes the proof that p™* converges to p* in C([1, T']; M). Since p*"(T})
converges to p*"(T}) in C>([—1, 1]) it is easy to show that 7"* converges to 7* in
C([0, 1] x [—1, 1]). Hence =™ * converges to 7* in C ([0, T']; M). O

Appendix: A Lower Bound on the Quasi-Potential (d > 1)

In this appendix we prove a lower bound for the quasi potential in the d-dimensional
boundary driven simple exclusion process. For d = 1 this bound has been derived
from (2.11) in [8, 9].

Let A C R? be a smooth bounded open set and define Ay := ZYNN A. Let also
y (1) be a smooth function defined in a neighborhood of d A. The d-dimensional
boundary driven symmetric exclusion process is then the process on the state space
Ty := {0, 1}*¥ with generator

2

N
Lufon = — Y [f@™m—fm]+

{x.yICAy
l—yl=1

2

N
2 <n(x>+[1—n(x)]y(%))[f(a"m—f(n)],

YeAN yEAN
b=yl=1

where oY and o have been defined in Section 2.
The hydrodynamic equation is given by the heat equation in A, namely
ho=3Ap, u€A,
p(t,u) =am), u€dl,
p 0, u) = po(u),
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where a(#) = y (u)/[1 + y (u)]. We shall denote by p = p(u), u € A the unique
stationary solution of the hydrodynamic equation.

By the same arguments as the ones given in Section 3 it is possible to prove the
dynamical large deviation principle for the empirical measure. The rate function is
still given by the variational formula (2.5), but we now have

Jr.m.p(m) = (m(T), H(T)) = (p, H(0)) —

T
_/ de ((r), 0, H(1) + LAH 1)) -
0

1 T
- fo dt (x Gr (). (VH®)*) +

T
+1/ dt/ do (u)a(u)d; H(t, u),
2 Jo IA

where 9; H (¢, u) is the normal derivative of H (¢, u) (n being the outward normal
to A) and o (u) is the surface measure on 0 A.
Let us define the quasi potential V (p) as in (2.6) and set

So(p) == / du [p(u) log @ +[1 — p(u)]log 1—6(14)}
A p(u) I —pu)
THEOREM A.1. For each p € M we have V(p) = So(p).

Proof. We shall prove that I7(;r|p) = So(p) for any 7 (-) such that 7(0) = p
and 7 (T) = p. Let us assume first that 7 € CH2([0, T]1 x A), w (¢, u) = a(u) for
(t,u) € [0,T] x 0A, and 7 is bounded away from O and 1. Given such = we use
the variational characterization of I and chose

7 (t, u) 1 p(u)
—— —log ———.
1—7m(t,u) 1—pu)
Note that H(¢f,u) = 0 for (t,u) € [0, T] x 0A since w and p satisfy the same

boundary condition. By dominated convergence and an explicit computation we
get

H(t,u) =log

T d T
So(7w(T)) — So(w(0)) = / dtaSo(ﬂ(t)) = / dr (0,7 (t), H(1)).
0 0
Recalling that J7 g ;(7r) has been defined above, a simple computation shows
Jr.1.5()

T
= So((T)) + %/ de (VH(1), Vo (1) — ([l — w(0)]VH (1))
0

_ e (Vup)? .
_So(ﬂ(T))+§L dt<m (YT(t)—,O) >,
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since the second term above is positive we conclude the proof of the lemma for
smooth paths. To get the general result it is enough to repeat the approximation
used in Lemma 5.3. O
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