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`badcfehgjilk�mhgonqpra
L > 0
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i z){ c�| { n5ilm9n~}�a����fg { eha�ilg*�onq}ha kjL �uadc k ∈ R+ � �4a�e�}�m { g�}haYnr�Jnqm�}hgjm�ki2nqg�xdk�m�}�gj�4glilk�gf| { n5ilm9n~}�g Qj−1(k)

r
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» g�� { m9n L�� Ek
0
� Ek

1
� Ek

2

¼ a�go���f½�xya��d��gon5p�a7���fk�nq�'xdnqmhgonqmhk�ilg
i
| { k�e�}hg¾ehgon5cla�nBi { k�nBi { k�ilg�eh�dg { c�}hgmhgj�9�fg�k�ilgonqpra¿�9�fkÀehgon �

2kL < L⇒ k <
1

2Á k4t2cfgon5p�a�n5����adm�n �
Ck =

∞⋂

n=0

E(k)
n

Â



ÃrÄ�Ä�ÅÇÆ�ÈfÉfÊÇËvÌHÍÎÅÐÏJÑ�Ò2ÓÕÔqÖ<×dØ

V 0(k) = { Ù5ÚuÛ4Ü ÓÕÝuÓbÞqÓ Qi0(k), i = 1}
V 1(k) = { Ù5ÚuÛ4Ü ÓÕÝuÓbÞqÓ Qi1(k), i = 1, . . . , 4}ßßß
V j(k) = { Ù5ÚuÛ4Ü ÓÕÝuÓbÞqÓ Qij(k), i = 1, . . . , 4j}

Ô�àáà�× Û ÔYÔyâ�âãÓÕÔqä�×�Ýãå Ú Ø

| V 0(k) | = 4

| V 1(k) | = 4 · 4ßßß
| V j(k) | = 4 · 4j

ÃrÄ�Ä�ÅÇÆ�ÈfÉfÊÇËvÌHÍÎÅçæTÑ�è[Óoéãêfà Ü ÔdØ

∀j V j(k) ⊆ E(k)
s ∀s ∈ {0, 1, . . . , j}

ë ÚuÛ Ýãåfì ë ÚuÛ Ý9×�é Ü>Û ê�íuÓÕ×qÖ Ú
V j(k) ⊆ E

(k)
j ⊆ E

(k)
j−1 ⊆ . . . ⊆ E

(k)
0

î-ï Ô�à Ü>Û Ô ë Ô ÛuÜðÚ ë ×~ÓÕÝãåfì�ÔyÞY×hñ5Ö2Ó ë Ô~é9é�×�Ý9×qÖféãÓÕÞ ÚuÛ ÓòÔqä�×�óuêJÔdÞ Û Ô Ü ÓôÝ9å�ÓáêÇéãÓoõ Û Óoéãêfà Ü ÔyØ

∀j V j(k) ⊆ E(k)
r ∀r > j

ö ÖBÝ9×qÖ<Ý�à÷ê�éãÓÕ×qÖ Ú Ø
∀j V j(k) ⊆ E(k)

n ∀n ≥ 0óuêÇÓáÖ<ÞqÓ
V j(k) ⊆

∞⋂

n=0

E(k)
n = Ck

ÃrÄ�Ä�ÅÇÆ�ÈfÉfÊÇËvÌHÍÎÅ�øTÑ�ùú×qä Ú Ôdâ�âuÓÕÔqä¿×sÖH× Ü Ô Ü ×�ÞyÔ�àvà�Ôúû
ñ5ê Û Ô#ü�õ�ÔyÞ#×�ñ5ÖfÓ ë Ô�é9é�×�éãÓWÝ Û�Ú Ô5ýÖ<×#Ö2ê2× Ù Ó'þ>âuê2Ýãå�Ó�ÿ Ü>Û Ô�ÓúóuêJÔyÞ Û Ô Ü Ó ß ùWÓWÓáÖ ÜðÚuÛ�Ú é9é�Ô�Ý9Ô�à�Ý�×�à�Ô Û�Ú Ó àÎÞqÓòÔqä Ú4Ü Û ×#ä#ÓáÖfÓáä�×�Þ~Ó
Ü Ô�à Ó�þ>âuêJÝ9å�Ó þ ß
ü ß � à ë Ô~é9é�× 0

Ý9×qä ÚsÙ�Ú Þ~ÓÕÔqä�×�ÞyÔ�àáà�Ô�û
ñ5ê Û Ô��YÖH×qÖ Ù Ó��#Ô�à�ÝuêÇÖ�þ>âãêJÝ9×fÿ Ø
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» gj� { m9n Â���
 �T�Jnqe�eha
�4k�mha�cfadc��4g�eha�cfa���� { ���fg��
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» g�� { m9n �f� ��� { �9�lg��snq���fmhg�pra��Jn5eheha

� ß � à ë Ô~é9é�× 1
Ó>à*ÞqÓòÔqä Ú4Ü Û ×�ä#ÓvÖ2Óáä¿×�� ë Ô Û ÓôÔ

L− kL− kL = L(1− 2k)

� ß � à ë Ô~é9é�× 2
Ý�×qä Ú'Ù�Ú ÞqÓòÔqä�×�ÞdÔ�àáà�Ô�û
ñ5ê Û Ô! �Ô�àTþ>âuê2Ý9×fÿbÞ Ú à ë Ô~é9é�× ë Û�Ú Ý Ú Þ Ú Ö ÜðÚ Þ~ÓÞ~ÓÕÔqä Ú4Ü>Û ×sä#ÓvÖ2Óáä�× (1−2k)L

é Ú Ö Ú ��Ô�ñ�ñ5Óvê�Ö Ü ×sêÇÖ�é Ú Ý9×qÖHÞy×sÓ àHÝuêÇÓWÞqÓÕÔqä Ú4Ü>Û ×ä�ÓáÖ2Óvä�×"�
kL− k2L− k2L = k(1− 2k)L

 ß � à ÜðÚuÛ í�× ë Ô~é9é�×�Ô Ù�Û�Ú ä�×�þ>âuêJÝ9å�Ó�ÿ¾ÞqÓôÞqÓòÔqä Ú4Ü Û Ó�ä#ÓáÖfÓáä#ÓòØ
(1− 2k)L

k(1− 2k)L

k2(1− 2k)L
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» g�� { m9n # � ��� { ���fg��snq��ehk��4a�c2ilar�Jn5eheha

DôêÇÓáÖ<Þ~Ó
ä¿ÔqÖ<×Rä¿ÔqÖ<×rÝãå Ú ÔqÖHÞqÓÕÔqä¿×¿Ô Ù ÔqÖ Ü Ó$Ý9×~Ö�à Ú Ó ÜðÚuÛ Ô�íuÓÕ×~Ö2Óvõ
éãÓ$Ý Û�Ú ÔRê�Ö<Ô)éãê2Ý9Ý Ú éuýéãÓÕ×~Ö Ú Þ Ú Ý Û9Ú é�Ý Ú Ö ÜðÚ ÞqÓ¾þ>âuê2Ýãå�Ó�ÿ�õ Ú ÞrÓáÖ-ñ Ú Ö ÚuÛ Ô5à Ú Ô�à ë Ô~é9é�× j Ó à�þ>âuêJÝ9×fÿ ë ÓFE ë ÓòÝ9Ý9×�à�×��óuê Ú àáà�×YÞ~ÓôÞqÓÕÔ~ä Ú4Ü>Û ×�ä#ÓáÖfÓáä�× kj−1(1− 2k)L ßG a����jgonqpra7e�}�g�p�n5m�k � �4a�prkçnH�I�fgon5praKJ>n~}h}ha7cfk�� ��n5eha7�Jnqm�}�gj�4a��on5m�kçilg k = 1
3
��onÐilg�eh}9n5cI��n }�m�nÐi { k�| { nq�jehgon5ehg¾xyk�m�}hgo�ug ilg V j(k) wML g��Ga�cfk�adm�n gj���fm�aN�f��k�p�nÐilgilg�e�}�g�cf� { k4mhkÀgj����nqe�a�g�c�� { g��on#ilgje�}ãnqcI��n�}hm9n#i { k�xyk4m�}�gj�4g�ilg { cfare�}�k4e�ehar| { n5ilm9n~}�a zehgj� { m9nqprk�c�}hk prgjcladm�kÀilk����on�ilgje�}9n5cI��n)}�m�nsxyk�m�}hgo�ugTilgT| { n5ilm�nq}�g<ilg�eh}hgjcy}�g�Oát2� { m�nQPNRúkx�gj�4k4xyk4mhe9nSOát2� { m�n�TUR �

V�VV�VV�VW�WW�WW�W

X�XX�XX�XY�YY�YY�Y Z�ZZ�ZZ�Z
[�[[�[[�[

\�\\�\\�\]�]]�]]�]

kL

kL

» g�� { m�n
P � ¼ nqehe�arilg�m�goi { ��gja�cfk k ≤ 1
3

ÃrÄ�Ä�ÅÇÆ�ÈfÉfÊÇËvÌHÍÎÅ_^*Ña`ç×~é Ü>Û ÓÕÔqä¿×�à Ú é Ú ñ5ê Ú Ö Ü ÓôÝ�×~é Ú Øü ß Ò Ú k ≤ 1
3

Ô�àáà�× Û Ô
∀a, b ∈ V j(k) Ý9×qÖ a 6= b ⇒ ‖ a− b ‖≥ kjL

� ß Ò Ú k > 1
3

Ô�àáà�× Û ÔyØ
∀a, b ∈ V j(k) Ý9×~Ö a 6= b ⇒ ‖ a− b ‖≥ kj−1(1− 2k)L

P



b�b�bb�b�bb�b�bb�b�bb�b�bb�b�b
c�c�cc�c�cc�c�cc�c�cc�c�cd�d�dd�d�dd�d�dd�d�dd�d�dd�d�d
e�e�ee�e�ee�e�ee�e�ee�e�e

f�f�ff�f�ff�f�ff�f�ff�f�ff�f�f
g�g�gg�g�gg�g�gg�g�gg�g�g

h�h�hh�h�hh�h�hh�h�hh�h�hh�h�h
i�i�ii�i�ii�i�ii�i�ii�i�i

kL

kL

» g�� { m�n�T � ¼ nqehe�arilg�m�goi { ��gja�cfk k > 1
3

î Óáä¿×~é Ü>Û Ô�íuÓÕ×qÖ Ú ß L w 
 �T�Jn5eheha
�4k�mha¿�4a�p { c2| { kÀ�fmhk�ehg a � b ∈ V 0(k)
ehg��2n �

‖ a− b ‖= L

a��f� { m�k
‖ a− b ‖= L

√
2j c�k�cy}�m9nqpk�fgT��kÀe�g�} { nH��g�a�cfg

‖ a− b ‖≥ L = k0L
 i { cB��k�cfk�mhgj�4a��Jn5eheha j ≥ 1
�4a�p { c2|ykr�fm�k�ehg a � b ∈ V j(k)

ehg$�Jnqcfcfa�i { k��n5ehg �
• L k a k b n5�f�Jnqm�}hk�cf��adcfa�nq�j��are�}�k�ehehar| { n�ilm�nq}ha�nq�j��a�m9n �

‖ a− b ‖= kjL

a��f� { mhk
‖ a− b ‖=

√
2kjL > kjL

• L k a k b cfa�c�nq�f�Jnqm�}�k�cl�da�cfa�nq���jare�}�k�eheha¿| { n5ilm�nq}ha�n5����adm�n��Gk�m'�ml a�ehehk�monx�np�4gja�cfkqJ>n~}h}9n#e { gr� { �9�fg �
‖ a− b ‖≥ kj−1(1− 2k)Ls n#a�ehe�k�m x�gon5p�a¿�9�fk �

kjL ≤ kj−1(1− 2k)L⇔ k ≤ 1− 2k ⇔ k ≤ 1

3¼ k�m }ãnqc�}�a�g�c�} { }h}hgTgÎ��nqehg�mhg�e { ��}ãn �
‖ a− b ‖≥ kjL

T



Â w 
 ���Jnqehe�a���k�m�a¿�4a�p { c2| { kÀ�fmhk4e�g a � b ∈ V 0(k)
e�gT�Jn �

‖ a− b ‖= L

a��f� { m�k
‖ a− b ‖= L

√
2j c�k�cy}�m9nqpk�fgTg���n5ehg

‖ a− b ‖≥ L = k0L ≥ k0(1− 2k)L
 i { cB��k�cfk�mhgj�4a��Jn5eheha j ≥ 1
�4a�p { c2|ykr�fm�k�ehg a � b ∈ V j(k)

ehg$�Jnqcfcfa�i { k��n5ehg �
• L k a k b n5�f�Jnqm�}hk�cf��adcfa�nq�j��are�}�k�ehehar| { n�ilm�nq}ha�nq�j��a�m9n �

‖ a− b ‖= kjL

a��f� { mhk
‖ a− b ‖=

√
2kjL > kjL

• L k a k b cfadc-nq�f�Jnqm�}�k4cf�da�cfa�n5����areh}hk�ehe�ar| { n5ilm9n~}�a � �4a�prkÀ�fmhg�p�n �
‖ a− b ‖≥ kj−1(1− 2k)Ls n#a�ehe�k�m x�gon5p�a¿�9�fk

kj−1(1− 2k)L < kjL⇔ 1− 2k < k ⇔ k >
1

3kÀ�Gk�m }9n5c�}harg�c�} { }�}�gTgÎ��nqehg�mhg�e { ��}ãn �
‖ a− b ‖≥ kj−1(1− 2k)L

t u Zwv ]'\�QÎZ4OR\Y]yx O{z NPORV�\�SWZ�\"| ^�Z
Ck

}�~o� �������
k ≤ 1

3¼ k4m�ilk4t2clg���g�a�cfk
dimB Ck = lim

δ→0+

logNδ(Ck)

log 1
δÁ aN�I�lgvnqpra�| { gjc2ilgÇi�k4}�k�m�prgjc2n5mhk Nδ(Ck) w�� a�c z mhk�e�}hmhg�}h}�g�xya�e { �f�Ga�mhm�k δ ∈ (0, kL] w��ehehk�m�x�gonqpra¿���fk

(0, kL] =
∞⋃

i=1

(ki+1L, kiL]

�



�4a�c
(ki+1L, kiL] ∩ (kj+1L, kjL] = ∅ ∀i 6= j� { k�e�}�a�x { a��$ilgjm�kr���fk�ehk δ ∈ (0, kL] ⇒ ∃!j ≥ 1

}9n5��ks�9�fk
δ ∈ (kj+1L, kjL]

k
�Gk�m }9n5��k

j
xdnq��ks�on#m�k��vnH��g�a�cfk �

kj+1L < δ ≤ kjL

⇒ kj+1 <
δ

L
≤ kj

⇒ k−(j+1) >
L

δ
≥ k−j

⇒ log k−(j+1) > log(
L

δ
) ≥ log k−j

⇒ −(j + 1) log k > log(
L

δ
) ≥ −j log k

⇒ (j + 1) >
log(L

δ
)

− log k
≥ j

��ehehk�m�x�gonqpra¿���fkÀk�ehe�k�cfila
k < 1/2

ehg��Jn
log k < 0

ks| { g�c2ilg − log k > 0 wL gvn F �on�J>nqprg����jgonrilk�g δ nð| { n5ilm9n~}�gÎ�9�fkÀg�c�}�k�m�e�k���n5cfa Ck w G a��d��gon5p�a¿�4k�m���nqmhk)ilge�}�g�p�nqmhk
Nδ(Ck) w

���~Ë��DÉ��*É����*É2Ä�Ä�Ì��WË
Nδ(Ck)

s a�e�}�mhgonqpra#g�cfcJnqcI��gH} { }h}ha#�9�fk e�k P ∈ F nq�j��a�m9n
P
� {I� �4a�c�}�k�cfk�m�k�n5���fg�� { cDxyk�m�}hgo�uk�ilg V j−1(k) � �Gk�mRn5ehe { m�ila�e { �f�Ga�cfgvnqpra����fk

a, v ∈ P � �4a�c a 6= v
k
a, v ∈ V j−1(k) w P z�{ c | { n5ilm�nq}�a ilg'�vn~}�a δ | { g�c2ilgehg n�x�mhk��I�Gk ‖ a − v ‖≤
√

2δ < k−1δ ≤ k−1kjL = kj−1L w Om� go�4a�m�i�gvnqpraD���fk
k < 1/2⇒ k−1 > 2 >

√
2
R w � { k�e�}�a z'{ c�n5ehe { m�ilaÀ�Gk�m����f½�n�xdk4xdnqpra�x�g�e�}�as�9�fk'ehk

a, v ∈ V j−1(k)
k
a 6= v

nq�j��a�m9n ‖ a− v ‖≥ kj−1L w Á { c2| { k�g�c�a��dcfg δ nð| { n�ilm�nq}ha Px�gf½¾nq�2�fg�� { c�xyk�m }�gj�4k � a��dcfglxyk�m }�gj�4k�ilk4xyk¾nq�f�Jnqm�}�k4cfk�mhk¾n�i¿nq��prk�cfa { c δ nð| { n5ilm9n~}�a�Gk�m }9n5cy}�a | V j−1(k) |≤| F | k�x�n5��ks| { g�c2ilg��vn�mhk��onp�4gja�cfk �
Nδ(Ck) =| F |≥| V j−1(k) |= 4j

���~Ë��DÉ��*É ���¢¡�É �£��Ì¤�WË
Nδ(Ck)

¼ k�m��uade�}�m { ��g�adcfk�e9n5�l�fgvnqpraÐ���fk Ck ⊆ E
(k)
n ∀ng�c �Jnqm�}hgo�4a��on5m�k

Ck ⊂ E
(k)
j

�Gk�m�| { k���}9n5��k j ���fk�eha�ililgje¥J>n kj+1L < δ ≤ kjL w
L k�pr�lmhk �Gk�m �uade�}�m { ��g�adcfkÀnp�I�lgvnqpra��9�lk Ck ⊆ E

(k)
j =

⋃4j

i=1 Q
j(k)
i

k�| { g�c2ilgHx�n5��k �onmhk4�vnH��g�adcfk �
Nδ(Ck) ≤ Nδ(E

(k)
j ) ≤

4j∑

i=1

Nδ(Q
j(k)
i )

¦



`bg�ehgon5prar| { g�c2ilg�mhgj�4a�c2ila5}h}�g*n#��nq�o�4a��on5m�k Nδ(Q
j(k)
i ) w

Q
j(k)
i = [x0, x0 + kjL]× [y0, y0 + kjL]

�Gk�m�| { n5�j�9�fk x0, y0 ∈ [0, L] w�L gon lj(k)
g����on~}�a¿ilk���| { n5ilm9n~}�a Qj(k)

i
w�L gT�Jn �

lj(k) = x0 + kjL− x0 = kjL < k−1δ

⇒ lj(k)

δ
< k−1 < [k−1] + 1

O L R
L gon5cfa �

Ij = [x0, x0 + kjL]

Hj = [y0, y0 + kjL]

G n5��kÀg���ehk�� { k�c�}�kÀmhg�e { ��}ãn~}�a �
Nδ(Q

j(k)
i ) = Nδ(Ij) ·Nδ(Hj)

O Â R
`[n5�j�4a��jgonqpra

Nδ(Ij) w 
 �§�fgvnqprari { ks�Ga�ehehg��fg���g�}©¨ �` nqeha L��
x0 = mδ wj c�}9n5����n5ehari2n5���on L � kÀa�ehe�k4m�x�n5c2ila��vnRt2� { m�n � � ehk�� { k)���fk �

)([ k−1

1 0 2 ...

]+2

0

0

[( k−1 +1] 0)

» g�� { m9n � � ` nqeha L

Nδ(Ij) ≤ [k−1] + 2

` nqeha Â��
mδ < x0 < (m+ 1)δ wj cç| { k�eh}ha���nqeha�Oò�4a�prk��Ga�ehe�gonqpraYadehehk�m�x�nqmhk#i2nq���vn¿t2� { m9n ¦ R�ehk�nqc2ilgvnqpra�n�uadc�}9n5m�k�g

δ
nð| { n5ilm9n~}�g����fk��JnqcfcfaBgjcy}�k�mhehk��4gja�cfk�cfadc�x { a5}ãnD�4a�c g��'�vn~}�a IjnH�I�fgonqpra { c��fm�gjp�ar| { n�ilm�nq}har�9�lk z k�e9nq}�}ãnqprk�c�}hk [mδ, (m+ 1)δ]

k � �Gk�m[�vn
ª



)([ k−1

1 0 20 ...

]+2 0

[( k−1 0)+1]

» g�� { m9n ¦f� ` nqeha Â
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