MANY PARTICLE APPROXIMATION OF THE
AW-RASCLE-ZHANG SECOND ORDER MODEL FOR
VEHICULAR TRAFFIC

MARCO D1 FRANCESCO AND SIMONE FAGIOLI

DISIM, Universita degli Studi dell’Aquila,
via Vetoio 1 (Coppito), 67100 L’Aquila (AQ), Italy

MASSIMILIANO D. ROSINI

Instytut Matematyki, Uniwersytet Marii Curie-Sklodowskiej,
pl. Marii Curie-Sklodowskiej 1, 20-031 Lublin, Poland

ABSTRACT. We consider the Follow-The-Leader approximation of the Aw-
Rascle-Zhang (ARZ) model for traffic flow in a multi-population formulation.
We prove rigorous convergence to weak solutions of the ARZ system in the
many particle limit in presence of vacuum. The result is based on uniform BV
estimates on the discrete particle velocity. We complement out result with nu-
merical simulations of the particle method compared with some exact solutions
to the Riemann problem of the ARZ system.

1. INTRODUCTION

The Aw, Rascle [4] and Zhang [15] (ARZ) model is a second order system de-
scribing vehicular traffic. In its continuum formulation, it can be written as the
2 x 2 system of conservation laws in one space dimension

pe+ (pv), =0, t>0, r€R,
(o (v+p(p)), + (pv(v+p(p), =0, t>0, zeR.

The conserved variables p and (p (v+p(p)) describe respectively the density and
the generalized momentum of the system. v is the velocity. The quantity

(1)

w=v+p(p)

is called Lagrangian marker. The function p in (1) is the pressure function and
accounts for drivers’ reactions to the state of traffic in front of them. While traffic
flow is one of the main motivating applications behind the system (1), we see a
growing interest nowadays on different applications as crowd dynamics and bio-
mathematics.
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The instability near the vacuum makes the mathematical theory for (1) a chal-
lenging topic. For this reason, as in [1, 2, 12], we study (1) in the Riemann invariant
coordinates (v, w) and use the following expressions for the density

p=p t(w—).

It is well known since [3] and the earlier work by [11, 13] that the discrete La-

grangian counterpart of (1) is provided by the second order follow-the-leader system
'fi = sz )

V :p/ K s ‘/i-‘rl - ‘/; (2)
‘ Ti41 — X4 ($i+1 - xi)z ’

where z;(t) and V;(t) are location and speed of the vehicles at time ¢, and & is the
length of a car. In terms of the discrete Lagrangian marker

K
41 T L

the system (2) reads in the simpler form

. K
Ti = Wi — )
P ($i+1 - xz) (3)

w; =0.

In the simpler form (3), the follow-the-leader system (2) assumes the form of a
particle system with many species, or a multi population model, in which the ith
vehicle has length 1/p~!(w;) and maximal speed w;, which are constant in time and
depend on the initial datum of the Lagrangian marker.

The goal of this paper is to approximate (under reasonable assumptions on p)
the 2 x 2 system of nonlinear conservation laws (1) with the first order microscopic
model (8) that describes a multi population interacting many particle system. The
technique we adopt is a slight variation of that introduced in [9], which applies to
the approximation of first order LWR models by the (simpler) first order version of
the follow-the-leader system. Despite the second order nature of (1), the strategy
developed in [9] surprisingly applies also in this case. This reveals that the multi-
species nature of the ARZ model is quite relevant in the dynamics. Our rigorous
results only deal with the convergence toward a weak solution to (1). The problem
of the uniqueness of entropy solutions for (1) is quite a hard task, and we do not
address it here, see [1, 2]. Our main convergence result is stated in Theorem 3.2
below.

We also perform numerical simulations that suggest that the solution of the
microscopic model (8) converges to a solution of the macroscopic model (1) as the
number of particles goes to infinity. In particular, we will make the tests considered
in [8] to show that we do not have the spurious oscillations generated, for instance,
by the Godunov method near contact discontinuities. We will also make the test
considered in [3] to show that our algorithm is able to cope with the vacuum.

Our approach deeply differ from that one proposed in [3]. Indeed, there the
authors show how the ARZ model written in Lagrangian mass coordinates can be
viewed away from the vacuum as the limit of a time discretization of a second
order microscopic model as the number of vehicles increases, with a scaling in space
and time (a zoom) for which the density and the velocity remain fixed. On the
contrary, we consider the ARZ model written in the Eulerian coordinates, so that
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the vacuum is a state eventually achieved by the solutions, and we introduce the
underlying microscopic model without performing any time discretization.

We recall that the numerical transport-equilibrium scheme proposed in [8] is
based on both a (Glimm) random sampling strategy and the Godunov method. As
a consequence, this method is non-conservative. Moreover, it cannot be applied in
the presence of the vacuum state. On the contrary, our method is conservative and
is able to cope with the vacuum. Let us finally underline that the approximate
solutions constructed with both methods have sharp (without numerical diffusion)
contact discontinuities and show numerical convergence.

The present paper is structured as follows. In Section 2 we recall the basic
properties of the discrete follow-the-leader model and of the continuum ARZ system.
In particular we prove a discrete maximum principle in Lemma 2.3 which was not
present in the literature to our knowledge. In Section 3 we construct the atomisation
scheme and prove its convergence in the Theorem 3.2. In Section 4 we perform
numerical tests with simple Riemann problems, including cases with vacuum.

2. PRELIMINARIES

In this section we recall basic facts about the ARZ model (1) and the discrete
follow-the-leader system (3).

2.1. The ARZ model. Consider the Cauchy problem for the ARZ model (1)

pt+ (pv), =0, t>0, zeR,
(pw); + (prw), =0, t>0, z€R, )
v(0,z) = v(z), r eR,

w(0,z) = w(z), z € R,

where (v, w) is the unknown variable and (7, w) is the corresponding initial datum.
More precisely, (v, w) belongs to W = {(v,w) € R%: v < w} and

p=p (w—v) € Ry
is the corresponding density, where p € C%(R;Ry) N C2(]0, +oo[; Ry ) satisfies
p(07) =0, p'(p)>0 and 2p(p)+pp”(p) >0 forevery p>0. (5)

The model (1) was first introduced in [4]. The version stated in (1) is the so-called
conservative form in the Riemann invariants coordinates (v, w).

Example 2.1 (Examples of pressure functions). In [3] the authors consider
gl
Vet {ﬂ] 40,
Y LPm
Uref lOg |:p:| ,» 7=0,
p

m

p(p) =

where p,,, > 0 is the maximal density and vt > 0 is a reference velocity. The above
choice reduces to the original one proposed in [4] when v = vef > 0 and p,,, = 1.
We also recall that in [6] the authors consider
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By definition, we have that the vacuum state p = 0 corresponds to the half line
Wo = {(v,w)T € W: v =w} and the non-vacuum states p > 0 to W5 = W\ Wj.
As in [1, 2], we consider initial data (7,w) € BV (R; W) such that

((0,@)(z7), (v,w)(z")) € &, z R, (6)

where (v, w)(z~) and (v,w)(x") denote the traces of (v, w) along a Lipschitz curve
of jump (see [14] for a precise formulation of the regularity of BV functions) and

(Ueawe) € WO
(Uraw'r) 6 WO
6 = ((veawé)v (’UvaT)) S WQZ and

b G WC
Ezi Zi)) € W?)} = (vr, wy) = (we, we)

The introduction of the condition (6) to select the physically reasonable initial data
of (4) in the Riemann invariant coordinates is motivated in [1, Remark 2.1]. We
emphasise that such condition is not needed in the proof of our main analytical
result. However, (6) is partly motivated by our numerical tests.

Following [1], we use the following definition for weak solutions of (1).

} = (ve, we) = (vp, wr)

Definition 2.2 (Weak solutions). Let (7,w) € L*(R; W). We say that a function
(v,w) € L>®(R4 x R; W) N CO(Ry; L (R; W)) is a weak solution of (1) if it
satisfies the initial condition (v(0,x),w(0,z)) = (v(x),w(x)) for a.e. z € R and for
any test function ¢ € CX(]0, +oo[xR; R)

[ [rwm e (,) aar= (7). g

For the existence of weak solutions to (1) away from vacuum we refer to [10],
see [12] for the existence with vacuum, and [5] for the existence of entropy weak
solutions.

Let us briefly recall the main properties of the solutions to (4). If the initial
density p = p~!(w — ¥) has compact support, then the support of p has finite
speed of propagation. The maximum principle holds true in the Riemann invariant
coordinates (v, w), but not in the conserved variables (p, pw) as a consequence of
hysteresis processes. Moreover, the total mass is time independent: fR p(t,z)dx =
M = [, p(x)dz for all t > 0.

We remark that a simple byproduct of our result is an alternative proof of the
existence of weak solutions in the sense of Definition 2.2.

2.2. Follow-the-leader model. Multi population microscopic models of vehicular
traffic are typically based on the so called Follow-The-Leader (FTL) model.

Consider N +1 ordered particles localised on R. Denote by ¢ — z;(t) the position
of the i-th particle for ¢ = 0,...,N. Then, according to the FTL model, the
evolution of the particles (which mimics the evolution of the position of N 4 1
vehicles along the road) is described inductively by the following Cauchy problem
for a system of ordinary differential equations

N (t) = wn_1,

K
i) =v [ —2 ), i=o,...,
0 (xiﬂ(t)—xi(t))
xi(O):@, i=0,...,N,
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where

vi(p) = wi = p(p),
wo, ..., wy are N + 1 strictly positive constants, p € C%(Ry;R,) satisfies (5),
Ty < ... < Ty are the initial positions of the particles, and x > 0 is the mass of

each particle. The quantity w; = v;(0) is the maximum possible velocity allowed for
the i-th particle. Clearly, only the leading particle x reaches its maximal velocity
wy, as the vacuum state is achieved ahead of z .

The quantity R; = p~*(w;) > 0 is the mazimum discrete density of the i-th
particle, so that /R, is the length of the i-th particle, v;(R;) = 0 and we assume
that at time ¢t =0

Fipr — 5> =, i=0,....N—1. 9)
R;

System (8) can be solved inductively starting from ¢ = N. Indeed, we immedi-

ately deduce that
£L‘N<t) =N +wn_1t.
Then, we can compute ¢ — z;(¢) once we know ¢ — x;41(¢). In fact, according with
the system (8) the velocity of the i-th particle depends on its distance from the
(74 1)-th particle alone via the smooth velocity map v;. In order to ensure that the
(unique) solution to (8) exists globally in time, we need to prove that the distances
[z;41(t) — x;(t)] never degenerate. This is proven in the next lemma, which extends
a similar one in [9] to our multi population system.
Lemma 2.3 (Discrete maximum principle). For alli=0,...,N — 1, we have
Ri <@g (t) —zi(t) Ty —To+wn_1t for all times t > 0.
i

Proof. We first prove the lower bound. At time ¢ = 0 the lower bound is satisfied
because of (9). We shall prove that

. K .

inf [z () - ai(t)] 2 B i=0,...,N—1, (%)
by a recursive argument on ¢. The statement is true for i = N — 1. Indeed, since
Zn—1(t) <wny_1 = zn(t) we have that xy_1(t) < xn(¢) for all ¢ > 0 and

t) =

{EN(t) — ZL'N_l(

TN TN /ot [le oo (fN(S) jﬂ?N—l(S)ﬂ as

_ _ +/t K ds > 7 _ S K
=IN —ITN_ S>IN —ITIN— ,
N N-1 o p xN(s)—xN_l(s) Z TN N-1Z2 Ryt

because p(p) > 0 for all p > 0. Assume now that
i f|: i t) —x; t} >
inf [wir2(t) =z t)| 2 7

and by contradiction that there exist t5 > t; > 0 such that
K
R;

K
zip1(t) —@i(t) = R
0< Z‘H_l(t) — in(t) < i for all t € ]tl,tg] . (*)

(2

K

i1 (t) — zi(t) > for all t € [0, 4],
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Since v; is strictly decreasing, for any t € |t1,t2] we have that ;(t) < v;(R;) =0 =
Vit1(Riy1) < 4;41(t). Consequently, for any ¢ € Jt1, 2]

zi(t) < @i(th), Tip1(t) > @i (ta),
and therefore .
Tip1(t) — 2i(t) = wipa1(t) —@i(t) = =

which contradicts (x). Hence, (x) is satisfied and the lower bound is proven.
Finally, the upper bound easily follows from the lower bound. Indeed, by the

first equation of (8) and the lower bound x < [x1(t) — ()] Ro just proved, we have

that l’N(t) =IN+twn-1T and l’o(t) Zi’o+U0(Ro)t:f0. O

We emphasise that the above discrete maximum principle is a direct consequence
of the transport nature behind the FTL system (8), similarly to what happens in the
first order FTL system considered in [9]. Indeed, the global bound for the discrete
density is propagated from the last particle xn back to all the other particles, as
emphasised by the recursive argument in the proof of Lemma 2.3.

3. THE ATOMIZATION SCHEME AND THE STRONG CONVERGENCE

We now introduce our atomization scheme for the Cauchy problem (4). Let
(v,w) € W satisty (6). Denote by Zmin < Tmax the extremal points of the convex
hull of the compact support of p = p~!(w — v), namely

m [ay b] = [i'mirn i‘max] .
[a,b] Dsupp(p)

Fix n € N sufficiently large. Let M = |[p[|,1(g) > 0 and split the subgraph of p in
N, = 2" regions of measure x,, = 27" M as follows. Set

538 = i‘mirﬂ (103,)
and recursively
xr
j?isup rzeR: / ﬁ(l“)d],‘<l€n N 1=1,...,N,. (IOb)
iy

It is easily seen that Ty, = ZTmax, and T3 _; = f"NJngﬂmi foralli=0,...,N,.

We approximate then the initial Lagrangian marker @ by taking
u‘;? = ess sup (ﬂ))7 iZO,...,Nn—l. (11)

[z 23]

We have then that the assumption (9) is satisfied as follows,

Tit1
linZ/ p(z)dw < (2}, — z}) R}, i=0,...,N, —1,
a

with R} = p~'(w}'). We take the values Zf},...,Z}; as the initial positions of the
N, + 1 particles in the n—depending FTL model

x?{fn (t) = w}(fnfh

K
irt)=v (| ———— ), i=0,...,N, -1, (12)
) <J3?+1(t n@))

‘r:l(o)::z.na Z’:O,...,,Z\In7
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where

n

Fo) = &} — p(p), i=0,.. Ny~ 1. (13)

The existence of a global-in-time solution to (12) follows from Lemma 2.3. Moreover,
from (12) we immediately deduce that

v,

2y, () = Tmax + Wiy, 1 t.

Finally, since v} is decreasing, and its argument r,/[z},(t) — 2} (t)] is always
bounded above by R}, we have

xg (t) > Tmin + UO(ROn) U= Tmin-

By introducing in (12) the new variable

Rn

M) = —————— i =0,...,N, — 1, 14
WO = ™y =0, (14
we obtain

-n (Z’/?V,LA)Z n

UN,—1 = ————— PN, -1),

n\2 Fin

o W) nion 0 N _9 (15)

Yi =~ Ko [Ui+1(yi+1)_vi(yi):|ﬂ t=VU,..., Np — 4,

y?(O):gj?i%7 i=0,...,N, — 1.

Tiy1 — T4

Observe that k,/ [imax — Tmin + WY, 4 t] < y(t) < RP for all t > 0 in view of
Lemma 2.3. The quantity y;' can be seen as a discrete version of the density p in
Lagrangian coordinates, and (15) is the discrete Lagrangian version of the Cauchy
problem (4).
Define the piecewise constant (with respect to z) Lagrangian marker
wy if x € |—o0, 2 (t)[,
Wh(t,z) = < o if v € [al(t), 2 ()], i=0,...,N, — 1, (16)
wh _y ifxe [z (1), +oo,

and the piecewise constant (with respect to z) velocity

wy if x € ]—o0, 23 (¢)[,
Vi(tx) = Qor(y(t) ifwe [a(t), 2t (t)], i=0,...,N, =1, (17
oy if z € [2% (t),+o0].

Proposition 1 (Definition of w). Let W™ be defined as in (16). Then there exists
a function w € L2 (Ry x R) such that

loc
(W™)pen converges to w in Liy. (R x R),
and for any t,s >0
TV [w(t)] < TV [w], (18a)
[0 llgeo ) < [@]lLee gy (18b)

/R fw(t, 2) — w(s, 2)| dz < TV [@] @]l g It — 51 (18¢)
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Proof. Directly from the definition (16) of W™ follows that for any ¢ > 0

TV [W"(t)] < TV [w] and W™ (D)L @) < NDlge (gy-
Moreover, since the speed of propagation of the particles is bounded by |||l g
by the above uniform bound for the total variation we have that

Agwm@@)*wm@ﬂmdxﬁTVWﬂWMhMmV‘3L

Hence, by applying Helly’s theorem in the form [7, Theorem 2.4], up to a subse-
quence, (W™),en converges in Ll _ (R4 x R) to a function w which is right contin-
uous with respect to = and satisfies (18).

Finally, observe that by Definition (11) of @, for any n € N we have

Cessinf (w) < W™t 2) < W™ (t,x) < esssup (w) forall (t,2) € Ry x R,

Tmin,T Tmin,T
min,Tmax ZLmin;Lmax

Therefore the whole sequence (W"),cn converges to w and a.e. on Ry x R. O

Proposition 2 (Definition of v). Let V™ be defined as in (17). Then there exists
a function v € LS, (R4 x R), such that

(V™) nen converges up to a subsequence to v in L, (Ry x R),

and for any t,s >0

TV [u(t)] < Cy = 2|l gy + TVI@] + Lin(p) TV(7, (19a)
Jo(E) ey < 10 (19D)
AW@J%*M&@M%SQWEMMMH*ﬂ- (19¢)

Proof. For notational simplicity, we shall omit the dependence on ¢ whenever not
necessary. By construction, see (9), (14) and (17), we have that

TV [V™(0)] =
Np—2
= |wg — vy (5)] + Z |Uzn@?) - U?+1(§?+1)| + |U17(rn—1 (gjrifn—l) - TD%L—1|
i=0
N, —2 N, —2

<p@)+ D ot — | +Lipm) Y |7 - 3| e (T, 1)
1=0

N, —2

< p(Rg) + TV[w] + Lip(p) Y

=0
' B Z7 o B
]{ p(y) dy —][ p(y) dy
i=0 T x

< 2| gy + TV[@] + Lip(p) TV,

+p (R%—l)

Moreover

d n B
STV ()] =

4
dt

N, —2
lwg — v (yo)| + Z ’Uzn(yf) - v?—i—l(y?—&-l)’ + ‘UJT\LI,L—I(yRLI,,L—l) - w&—lﬂ
i=0

N,—2

d .

T [p(yS)Jr S o) = o W] + ek, 1)
1=0
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N,—2
=P/ (ye) 05 + Y sen [of (uF) — o (uis )] [0 (i) 97 — 0/ () 97
1=0
+ 7' (YN, —1) Un, 1

N,—1
=P W) is + Y sen [ol (viy) — ol ()] P W) 4
=1
N, —2
= > sen [Pyl — ol (i) P W) B P (R, 1) SR,
=0

= [1 - sen 0§ ) — o3 )] 208 48

{1 sen [v, o (9, —2) — R, 2 (i, — )] | (1) 9,
Np—2

+ > [sgn [y (yey) = o ()] — sen [v] (y}') — U?+1(y?+1)]} P gi
=1

We claim that the latter right hand side above is not positive. Indeed (15) implies
that the following quantities are not positive

|1 = sem of (45) — o2 D)) | P/ ) 36 =

=~ [t - senlop ) — v )] o ) L

() — v )l

(14 s [ue, o (9, —2) — 2 (i, )] | P (0, 1) 9,1 =

) (y}\bfnq)Z

=- [1 + sgn [U%n—Q(yjr\Lrn—z) - U%n—l(yﬁrﬂ,—l)ﬂ p’(yz’izn_l -

p(y’r]\Lfn—l)a

[sgn Vi1 (yi1) — o' (u7")] — sen [v (u7") — v?+1(y?+1)ﬂ Py g =

= — [sen o1 (i) = o2 ()] — sem [0} (82) — 04 (2]
()

< p'(y;") (Vi (yit) — ol ()] -

Therefore, TV [V"(t)] < TV [V"(0)] < Cy = 2||0[|p,(z) + TV[w] + Lip(p) TVI[p]
for all ¢ > 0. The estimate [|[V"(¢)||gg) < [|0][p ) is obvious. Moreover, since
the speed of propagation of the particles is bounded by HwHLOO(]R)? by the above
uniform bound for the total variation we have that

/R VA (t,2) = V7 (5, 2)] do < Cy [ gy It — 51

Hence, by applying Helly’s theorem in the form [7, Theorem 2.4], up to a subse-
quence, (V™),en converges in L (R4 x R) to a function v which is right contin-
uous with respect to = and satisfying (19). O

We are now ready to prove our main result. Let us define some technical ma-
chinery. We start with the piecewise constant density

N,—1
pr(t,x) = p (Wt a) = V(6 2) = >y (1) Xan ) wr,, (01(2)

i=1
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and the empirical measure

Np—1
ﬁn(t) = Kp Z 596:’(1&)
=0

Set

My = {,u Radon measure on R with compact support : p >0, pu(R) = M} .

It is easily seen that p"(t),p"(t) € Mys for all t > 0. Now, for a pp € Mys we
consider its generalised inverse distribution functions

Xu(z) = inf{ac eR: u(] —o0,2]) > z},
and define the rescaled 1- Wasserstein distance between uq, puo € My, as

dy(prs p2) = [ Xy — Xy llL o, a1))-

Let us set
Np—1
p(t, z) = p"(t, Xpn (1) (2)) = Z Y’ () Xinn, (i4+1)5n[(2);
i=0
and
Np—1
V(1 2) = V(X (2) = 0P () Xan 4100 (2) @R, 1 90 (2)
i=0

= W™t Xpn(1)(2)) = p(p" (¢, 2))-

Lemma 3.1 (Compactness of p" and V"). The sequences (5™)nen and (V*)nen
are relatively compact in Ll (R4 x [0, M]).

loc

Proof. From the uniform (w.r.t. n and t) bound for the total variation of V" (t) ob-
tained in the proof Proposition 2 we deduce a uniform bound for the total variation
of V(t): TV[V™(t)] < TV[V"(t)] < C,. The uniform bound for the total variation
of W™(t) obtained in the proof of Proposition 1 then implies that p(p"(t)) has uni-
formly bounded total variation, and the assumptions on p then imply TV[p"™(¢)] is
uniformly bounded. Now, one can prove that there exists a constant C' > 0 such
that

d (7" (1), 7"(s)) < Ct — s|.

The above estimate can be proven in the same way as in the proof of [9, Proposi-
tion 8], with few unessential changes that are left to the reader. Consequently, [9,
Theorem 5] implies the assertion for ™. The assertion for V™ then follows by the
continuity of p and by the dominated convergence. (|

Theorem 3.2 (Convergence to weak solutions). Let (0,w) € BV(R; W). Let
n €N, N, =2 k, =2"M with M being the initial mass of p = p~1(w — v).
Let 7y < ... < T} be the atomization constructed in (10). Let xg(t),..., 27 (t)
be the solution to the multi population follow-the-leader system (12) with initial
data g, ..., T . Let wy,...,wy _; be given by (11). Set W™ and V" as in (16)
and (17) respectively, where v and y are defined by (13) and (14) respectively.
Then, up to a subsequence, (V™,W™) converges in Li, .(Ry x R) as n — 400 to a
weak solution of the Aw, Rascle and Zhang system (4) with initial datum (0, ).
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Proof. The proof is very similar to the proof of [9, Theorem 3]. Due to the results
in Proposition 1 and Proposition 2, the sequence

§=p T W=V

converges a.e. and in L, (Ry x R) to p = p~'(w —v) € L' (R4 x R). Due to the
estimates in Lemma 2.3 we have

supp(p") C {i‘minajmax + (|0l gy t} :

Hence, for a given T > 0, up to a subsequence ("), ey converges to p in L1([0, 7] x
R). The simple estimate

/ / ’X (t) Xp(t)(z)’ dzdt =

zmnxJ"“wHLx(R)T R
/ / / (p"(t,y) — p(t,y)) dy’dwdt

min

T
< (Tma + ||zD||Lm(R)T—:Emm>/O /]Rmn(t,x) — p(t, )| dz dt

0" (t,y) — p(t,y)) dy‘ dz dt

implies that, up to a subsequence, (p"),en converges to p also in LY([0,7]; dy).
Now, similarly to [9, Proposition 1], we can easily see that

T M (i+1)kn
/ / ’Xﬁn(t)( (z)|dzdt = / Z yi( / (z —iky,) dt
0 0 iKn

T N,—1 ko T
|2 @) = 0)dt € T [t [0l T = Fin] 250,

and the fact that X~ is monotone with respect to n imply that (5™)nen and (5™)nen
have the same limit p in L*([0,7]; d1).

We now turn to the limit of (V"),cn. Lemma 3.1 implies that, up to a sub-
sequence, we have (V"),ey converges to V in LL (R, x [0, M]) for some V €
LY(R, x [0, M]). Moreover, for all ¢ € C°(R. x R), by a simple change of variable
we have

M
[ ] e xppendza= [ [ o v o) dod,
R, Jo R, JR

and the strong L . compactness of (V™),en, (Xpn)nen, (™)nen, and (V™) en,
imply

~ M ~
/ / V(t, F(t,x)) p(t,x) o(t,x) dedt = / / V(t,2) ¢(t, X,p4)(2)) dzdt
Ry JR Ry J0O

_/R+/Rp(t,:1:)v(t,z) (t,x) dz dt

where

Fta) = [ pley)ay

— 00

is the cumulative distribution of p. Hence, V (t, F(t,z)) = v(t, z) for all = € supp(p).
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Now, let ¢ € C°(]0, +oo[xR).

i=0 ‘R
Np—1

= 2 [ (onteane) + @r = plor () ot (0)

= /R+ /OM (01t X0 (2)) + V7(1,2) 6t X (2)) ) dz .

Sending n — 400 we get

0= /R+ /OM (@(t, X, (2) + V(t,2) (bz(t,Xp(t)(z))) dzdt,

and the change of variable x = X ,;)(2) implies
0= / / (¢t(t, x) + v(t, x)ds (8, x)) p(t,x)dzdt. (20)
Ry JR

Since by strong compactness of (V"),en and (W™),eny we have p = p~H(w — V),
(20) identity is equivalent to the first row of (7).
Similarly, we get

N,—1 d
0= kn Z/ — (L, x(t)) dt
i=0 /R

+ dt
N,—1
= 2t [ (oeat ) + (01 = ol 1) oxttst0)

M ~
— [ [ 0002 (908 X () + V7 (1,2) (0 X (2)))
R+ JO

and the n — 4oco limit gives
0= /R+ /R <¢t(t, z) +v(t,x) %(t,x)) w(t,x) p(t,r)dzdt, (21)

very similarly to (20). (21) is the second row of (7), and the proof is complete. O

4. NUMERICAL EXPERIMENTS

In order to test the proposed atomization algorithm, we consider four Riemann
problems leading to four solutions of interest. The first three coincide with those
done in [8, Section 4] and are used to check the ability of the scheme to deal with
contact discontinuities. The last one is the example given in [3, Section 5] and is
used to check the ability of the scheme to deal with the vacuum. In each case, the
method is first evaluated by means of a qualitative comparison of the approximate
solution pa, va, wa with the exact solution p, v, w. Two initial mesh sizes are
automatically determined by the total number of particles N and the two density
values of the Riemann data. The qualitative results corresponding to N = 500 and
final time ¢ = 0.2 for the Test 1, Test 2 and Test 3 and ¢t = 1 for Test 4 are presented
on Figure 1 and Figure 2.
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FIGURE 1. Left column for Test 1 and right column for Test 2.
Initial conditions are specified in the tables on the top.
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Then, for several values of N, a quantitative evaluation through the L!-norm (of
the difference between the exact and approximate solutions) is then made, they are
given on Table 1.
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Test 3 Test 4
p(p) = 1.4427 log(p), p(p) = 6p,
pe = 0.5, v, = 1.2, pe = 0.05, v, = 0.05,
pr =0.1, v, = 1.6, pr = 0.05, v, = 0.5,
Density Density
05 — T T T T T — . . .
\ _mawmmam [
exact solution exact solution
0.45 E =
04
035
03
025} |
02 ‘
0.02 \ |
\ |
0.15 X
\ \
o 0.01 ‘
0.05
o n " " n L " . " " L 0 n . t i "
-06 -0.4 -0.2 0 0.2 0.4 0.6 08 1 1.2 -05 o 05 1 15
18 Yelocly T T T o7 r [ Velocly T
exact solution exact solution
iy 1 0.6 4
0.5 =
04t
s // ]
o
0.2
0.1
ol
1.1
-0.1
1 " n " L L L L L " L L L L L
0.6 0.4 02 0 0.2 0.4 0.6 0.8 1 12 05 o 0.5 nl 15
Lagrangian marker 3 Lagrangian marker
T T T T T T T r T T T T T T
02 exact solution d exact solution
09 L
o}
(Y18
02k
04t 1 o7p
06}
061
08} 4
-1E J 05
12 1 oaf
14}
03
16}
18} 1 o2}
06 04 02 [ 02 04 o6 08 1 12 05 o 05 1 15

FIGURE 2. Left column for Test 3 and right column for Test 4.
Initial conditions are specified in the tables on the top.
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