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Abstract. This paper presents a systematic existence and uniqueness theory
of weak measure solutions for systems of nonlocal interaction PDEs with two
species, which are the PDE counterpart of systems of deterministic interact-
ing particles with two species. The main motivations behind those models
arise in cell biology, pedestrian movements, and opinion formation. In case of
symmetrizable systems (i. e. with cross-interaction potentials one multiple
of the other), we provide a complete existence and uniqueness theory within
(a suitable generalization of) the Wasserstein gradient �ow theory in [3, 20],
which allows to consider interaction potentials with discontinuous gradient at
the origin. In the general case of non symmetrizable systems, we provide an
existence result for measure solutions which uses a semi-implicit version of the
JKO scheme [43], which holds in a reasonable non-smooth setting for the in-
teraction potentials. Uniqueness in the non symmetrizable case is proven for
C2 potentials using a variant of the method of characteristics.

1. Introduction

Several phenomena in particle physics, cell and population biology, and social
sciences, can be modelled by a discrete set of N interacting agents, or particles,
with positions X1(t), . . . , XN (t) ∈ Rd depending on time, and with given masses
m1, . . . ,mN > 0. In a classical dynamic framework, and by neglecting both inertial
e�ects (or persistence e�ects, in the language of cell biology) and the interaction of
a particle with itself, the movement of the particles can be described through the
Cauchy problem on RdN{

Ẋj(t) = −
∑
k 6=jmk∇G(Xj(t)−Xk(t))

Xj(0) = X0
j .

(1)

Thinking in terms of the empirical measure µ(t) of the particles, one has in the
transport PDE

∂µ

∂t
= div(µ∇G ∗ µ). (2)

the continuum counterpart of (1). The equation (2) is coupled with an initial
condition µ0 ∈P(Rd), where P(Rd) denotes the space of probability measures on
Rd. Here G plays the role of an interaction potential, which is typically assumed
to be (at least) continuous on Rd (with the possible exception of a singularity at
x = 0), and even, a property which ensures conservation of the center of mass

xc =

∫
Rd
xdµ(x).

A more precise choice of G depends on the phenomenon under study. In population
dynamics, µ measures the spatial distribution of individuals, and the interaction
potential is often depending on the distance between them. In this case, G is radial,
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and we use the notation G(x) = g(|x|). We say that G is attractive if g is non-
decreasing on [0,+∞), G is repulsive if g is non-increasing on [0,+∞). We use the
term attractive�repulsive to denote the case in which G is repulsive on a sphere
|x| ≤ R and attractive outside the sphere.

The setting posed in (1)�(2) can be cast in a very classical context of mean-�eld
limits of large particle systems arising in statistical mechanics. We refer to [34] and
the references therein for a very exhaustive description in that direction. Let us
just emphasize here that this problem has several similarities with very longstanding
problems in classical particle physics, cf. for instance the classical reference [50], [28]
for Vlasov equations, [53] for vortex dynamics. In those contexts, the potential G
features a singularity at the origin, which renders the rigorous analytical framework
of the model a challenging issue. A di�erent situation arises in more recently
developed models in kinetic theory, cf. [8, 61, 21], in which (2) has been used to
describe the large time dynamics of granular media. In those cases, G has the shape
of a convex attractive potential, typically G(x) = |x|α with α > 1.

More recently, (1) and (2) have been recovered to provide a biologically meaning-
ful description of aggregative phenomena in population dynamics, in particular for
swarming phenomena, see [48, 15, 52, 60]. In those works, the nonlocal interacting
forces in (1) are coupled with stochastic e�ects, which produce linear and nonlinear
di�usions in the large particle limit, see [35, 63, 51]. Typical forms for the inter-
action potential in these cases are the attractive Morse potential G(x) = −e−|x|,
attractive-repulsive Morse potentials G(x) = −Cae−|x|/la + Cre

−|x|/lr (where la
and lr are scales for the `attractive range' and the `repulsive range' respectively),

combination of Gaussian potentials G(x) = −Cae−|x|
2/la + Cre

−|x|2/lr , or char-
acteristic functions of a set G(x) = αχA(x). A mathematical property of these
models which gained the attention of several researchers lately is the �nite time
explosion, or blow-up, of solutions. Without di�usion in the model, such property
has been addressed in [46, 17, 22, 9, 11, 10, 12]. In [22], an optimal transport based
theoretical approach led to a global well�posedness for (2) in the Wasserstein space
of probability measures, with minor assumptions on G allowing to include the most
relevant examples producing �nite time blow-up, such as the attractive Morse po-
tential. Part of the results in [22] generalize the theory previously developed in [3],
which can be adopted for (2) with smooth potentials.

A modelling framework strictly related to (2) is that of cell movement by chemo-
taxis. More precisely, the two dimensional Patlak�Keller�Segel system [55, 45] in
its parabolic�elliptic version corresponds to (2) with G(x) = 1

2π log |x|. The litera-
ture on this topic is extremely dense, we refer for instance to [42, 56, 13, 14]. The
results in [12] cover a class of singular potentials which also include the Newtonian
potential in all dimensions. However, most of the results in the literature do not
provide a theory for measures as initial data (with the exception of [56, 29], in
which however uniqueness is lacking), which would allow to describe concentrated
solutions in a rigorous form. As far as the 2d Patlak�Keller�Segel is concerned,
such hard problem has been recently successfully tackled in [47].

As pointed out in [27], time evolving measures resulting from binary interactions
can be also applied to the modeling of pedestrian movements. Here, it was �rst
modelled by Helbing that a `social' force �eld biases the direction of the individuals
according to the nearby distribution of neighbours, see [39, 36, 37, 38] and the
references therein. In this framework, models with a nonlinear dependence on
∇G ∗ µ in (2) allow to describe over-crowding e�ects in a simpler way, see [23]. As
a �nal interdisciplinary example, we mention opinion formation dynamics, in the
was it was modelled in [58] and later studied in [62, 1]. In this case, the space
variable should be rather regarded as a multi-dimensional string representing a set
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of opinions. A simple one-dimensional example is the political opinion, see [7] and
the references therein.

Finite time concentration phenomena are sometimes considered as a very simple
mathematical way to mimic self-organization, in the way they are opposed to a
di�usive behavior, accounting for spreading of the individuals. The Patlak�Keller�
Segel system for chemotaxis represents a very illustrative example in this sense, as
it provides both �nite time blow up and di�usive behavior (decay of solutions in the
L∞ norm for large times) for solutions to the same model with di�erent initial data.
Such a level of complexity in the large time behavior can be also obtained in more
general systems including nonlinear di�usion, in which the interaction potential is
smooth, see [18]. Here, the self-organizing behavior is represented by the emergence
of spatial L1 patterns for large times. Although the occurrence of a spatial pattern
is more evocative of self�organization rather than a single particle delta measure
(in particular because it incorporates more qualitative information in itself), the
analysis of concentration phenomena can provide very meaningful insight to the
phenomenon under study, see e. g. the recent [6]. Models allowing for solutions
given by an absolutely continuous part and by a sum of particle deltas provide
an easier way to detect multiple `local' concentration phenomena, which should
be distinguished by global concentration, or global collapse, which occurs when all
particles stick together in one point. This fact is also pointed out in [22], in which
absolutely solutions featuring `multiple' concentrations before the total collapse are
constructed.

A situation in which multiple collapse phenomena can provide an even deeper
understanding of the qualitative behaviour is that of models with more than one
species. For simplicity, in this paper we shall only consider the case of two species.
Assume X1, . . . , XN are particles of the �rst species with masses n1, . . . , nN , and
Y1, . . . , YM are particles of the second species with masses m1, . . . ,mM . A very
natural way to generalize (1) is then the following:{

Ẋi(t) = −
∑
k 6=i nk∇H1(Xi(t)−Xk(t))−

∑
kmk∇K1(Xi(t)− Yk(t))

Ẏj(t) = −
∑
k 6=jmk∇H2(Yj(t)− Yk(t))−

∑
k nk∇K2(Yj(t)−Xk(t))

(3)

with i = 1, . . . , N and j = 1, . . . ,M . Denoting with µ1, µ2 ∈ P(Rd) the empirical
measures of the sets Xj 's and Yj 's respectively, one easily obtain the following
system as continuum PDE counterpart of (3){

∂tµ1 = div (µ1∇H1 ∗ µ1 + µ1∇K1 ∗ µ2)

∂tµ2 = div (µ2∇H2 ∗ µ2 + µ2∇K2 ∗ µ1) .
(4)

In (3) and (4), H1 and H2 are called self-interaction potentials, whereas K1 and K2

are called cross-interaction potentials. By mass re-normalization, one can re-name
the potentials in (4) in order to have µ1 and µ2 in the space of probability measures
on Rd. More details about this are provided in Remark 3.1.

A typical case in which multi species modeling improves signi�cantly the under-
standing of the phenomena under study is the modelling of pedestrian movements.
Here, models with two species are better designed in order to describe phenom-
ena such as lane formation and segregation, see for instance the case of two-way
multi lanes in a corridor in [5]. A mathematical theory with two species, though
only allowing for `smooth' interactions, has been performed in [24, 26]. In opinion
formation, models with many species have been considered in [44, 30, 31].

In cells aggregation, transport models through di�usion and chemotaxis for two
cells species have been considered in [40, 41, 25, 59, 65]. In [33], the question of
simultaneous vs. non simultaneous blow-up in a Patlak�Keller�Segel type model
with two species has been addressed. Segregation phenomena have been studied
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in [32] for a related multi-component model. See also [2, 57] for applications of
multi-component chemotaxis �ow in tumor growth.

In the present paper we aim at providing a systematic general theory for the
system (4) under quite general assumptions on K1, K2, H1, and H2. Our �rst aim
is to address the case in which there exists a constant α > 0 such that

K2 = αK1. (5)

We shall call symmetrizable systems those which satisfy condition (5). Such condi-
tion is met in several applied cases such as chemotaxis modeling, see e. g. [33], and
the explanation in Remark 3.1. In this case, there is a conserved quantity, which is
the joint center of mass of the system

cM,α := α

∫
xdµ1(x) +

∫
xdµ2(x).

Such information is useful as it provides a natural candidate for a point in which
total collapse of particles of both species can occur, namely the initial joint center
of mass. We want to stress here an essential di�erence between the two species
particle system (3) and the model with one species (1) in the following example.
Assume all potentials Hi, Ki, i = 1, 2 in (4) are all attractive and produce �nite
time collapse of particles in single species models, and assume that H1(x) 6= K2(x)
for all x ∈ Rd. Assume two particles Xi and Yj of separate species collide at some
time t. Then, it is very unlikely that they will stick together after time t, and it
is indeed very easy to produce examples in which this does not happen. Despite
such a major structural di�erence to single species models, the symmetrizable case
(5) features many similarities with the theory developed in [3, 22], in particular it
can be cast in a variational Wasserstein gradient �ow approach by means of the
interaction energy functional

F(µ1, µ2) =
1

2

∫
Rd
H1 ∗ µ1dµ1 +

1

2

∫
Rd
H2 ∗ µ2dµ2 +

∫
Rd
H1 ∗ µ2dµ1.

More precisely, in the spirit of [54, 3], under the symmetry assumption (5), and by
suitably re-normalizing the potential H2, the system (4) can be formally written as

∂tµ1 = div

(
µ1∇

δF

δµ1

)
∂tµ2 = αdiv

(
µ2∇

δF

δµ2

)
,

(6)

where the terms δF
δµ1

and δF
δµ2

can be interpreted at this stage as functional derivative

in the spirit of Frechét derivative. As in the case of one species, see [20], the gradient
�ow structure will allow to stretch the regularity assumption on the interaction
potentials in a way to allow for Lipschitz singularity at the origin.

The symmetry condition (5) may become too restrictive in other applied con-
texts, such as opinion formation, see e. g. [30, 44]. We shall therefore devote
the second part of this paper to the case in which (5) is not necessarily satis�ed.
In this case, the classical gradient �ow approach of [3] does not provide a direct
tool to be used, in particular because the model is not endowed with a reasonable
Lyapunov functional accounting for the total interaction energy of the system. An-
other applied context in which the absence of symmetry is of interest is in particle
systems of predator-prey form, when H1 and H2 are either zero or attractive, K1

is attractive, and K2 is repulsive. For the use of nonlocal interaction models for
predation-prey modeling, see e. g. [49].

A key aspect concerns with the regularity of the potentials. Clearly, when the
potentials in (4) are smooth enough (say C2), a classical characteristic method in
the spirit of [28, 19] can be used to prove existence and uniqueness of solutions in
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a measure sense. However, such regularity assumption does not allow to include
models producing singular phenomena such as �nite time blow-up, separation, and
total collapse. Most of our results are proven in way to include mildly singular
potentials of Morse-type, which indeed will allow to detect those phenomena.

The paper is organized as follows. In Section 2 we recall the basics on the
Wasserstein spaces of probability measures, and their generalization to product
spaces needed in our theory. We also set up the exact set of assumptions on the
interaction potentials, which will be used during the paper. Section 3 is devoted to
the symmetrizable case. Here we prove:

• Existence and uniqueness of gradient �ow solutions for mildly singular and
λ convex potentials, the main result being that in Theorem 3.1.

• Total collapse for Non-Osgood potentials and total separation under further
assumptions in Theorem 3.2.

In Section 4, we address the case of non symmetric systems. More precisely:

• In Theorem 4.1 we prove existence of weak measure solutions for locally
Lipschitz self-interaction potentials and C1 cross-interaction potentials.

• In Theorem 4.2, we prove uniqueness of solutions with smooth potentials.

Whereas the techniques used in Section 3 are rather reasonable generalizations of
the Wasserstein gradient �ow theory in [3], the existence result in Section 4 uses a
semi-implicit version of the JKO scheme which is, to our knowledge, totally new.
Since no gradient �ow structure can be used in this case, and the regularity of
the potentials is too weak to use the characteristic method, Theorem 4.1 can be
considered as the main result of this paper. The uniqueness result in Section 4 is
based on a simple generalization of the strategy used in [19].

2. Preliminaries on probability measures

For a given integer n ∈ N, we denote with P(Rn) the space of all the probability
measures on Rn and with

P2(Rn) =

{
µ ∈P(Rn) : m2(µ) =

∫
Rn
|x|2 dµ(x) <∞

}
.

Consider a measure µ ∈ P(Rn) and a Borel map T : Rn → Rk. We denote with
T#µ ∈P(Rd) the push-forward of µ through T , de�ned by∫

Rk
f(y)dT#µ(y) =

∫
Rd
f(T (x))dµ(x) for all f Borel functions on Rn.

We endow the space P2(Rd) with the Wasserstein distance, cf. for instance [3]

W 2
2 (µ, ν) = inf

γ∈Γ(µ,ν)

{∫
R2d

|x− y|2dγ(x, y)

}
(7)

where Γ(µ1, µ2) is the class of transport plans between µ and ν, that is the class
of measures γ ∈P(R2d) such that, denoting by πi the projection operator on the
i-th component of the product space, the marginality condition

πi#γ = µi i = 1, 2

is satis�ed. By introducing Γo(µ, ν) as the class of optimal plans, in which the
minimum in (7) is achieved, we can rewrite the Wasserstein distance as

W 2
2 (µ, ν) =

∫
R2d

|x− y|2dγ(x, y), γ ∈ Γo(µ, ν).

The metric structure of (P2(Rd),W2) (see [64, Chapter 7] for more details) can be
seen as a length-space structure, as the distance between two measures µ and ν can
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be computed as the `length' of a geodesic curve connecting them, in a suitable Rie-
mannian structure, see [54, 3]. We recall that a constant speed geodesic connecting
µ1 to µ2 can be constructed by setting

γt = ((1− t)π1 + tπ2)# γ,

with γ ∈ Γo(µ1, µ2), see [3, Theorem 7.2.2]. This concept allows to introduce the
notion of λ-convexity of a given functional along geodesics. Let φ : P2(Rd) →
(−∞,∞] be a proper functional on P2(Rd). We say that φ is λ-convex along
geodesics if, for all µ1, µ2 ∈ P2(Rd) there exists γ ∈ Γo(µ1, µ2) and λ ∈ R such
that, for all t ∈ [0, 1],

φ(γt) ≤ (1− t)φµ1 + tφ(µ2)− λ

2
t(1− t)W 2

2 (µ1, µ2).

In order to match the `multi-species' structure (6) of our modeling setting, we
shall work in the product space P2(Rd)×P2(Rd) endowed with a product structure
which can be adapted to the structure of the system. In particular, a weighted
structure can be used to cast the symmetric case in a gradient �ow theory, see
Appendix A.
Remark on the notation: Throughout the whole paper we shall use bold

symbols to denote elements in a product space. For instance, we use

µ = (µ1, µ2) ∈P2(Rd)×P2(Rd),
or

x = (x1, x2) ∈ Rd × Rd.
Let α > 0 be �xed. For all µ,ν ∈ P2(Rd) ×P2(Rd), we de�ne the α-product

Wasserstein distance as follows

W2
2,α(µ,ν) = W 2

2 (µ1, ν1) +
1

α
W 2

2 (µ2, ν2).

The choice of the factor 1/α above is justi�ed in the toy model in the AppendixA.
In the case α = 1 we adopt the notationW2,α = W2. The notion of geodesics can be
similarly generalized to the product space, and we get the following representation
for a constant speed geodesic γt ∈P2(R2d × R2d) connecting µ and ν:

γt =
(
γ1
t , γ

2
t

)
,

γ1
t = ((1− t)π1 + tπ2)# γ1 γ2

t = ((1− t)π1 + tπ2)# γ2, (8)

with γ1 ∈ Γo(µ1, ν1) and γ2 ∈ Γo(µ2, ν2). We shall use the notation P2(Rd)2
α to

denote the metric space (P2(Rd) ×P2(Rd),W2,α), with the convention P2(Rd)2

when α = 1.
We can now generalize the notion of λ convexity for a functional on P2(Rd)2

α.

De�nition 2.1 (λ convexity). Let F : P2(Rd)2
α → (−∞,+∞] be a proper func-

tional. We say that F is λ-convex along geodesics on P2(Rd)2
α if for all µ =

(µ1, µ2),ν = (ν1, ν2) ∈P2(Rd)×P2(Rd) there exists a geodesic curve γt as in (8)
such that, for all t ∈ [0, 1],

F(γt) ≤ (1− t)F(µ) + tF(ν)− λ

2
t(1− t)W2

2,α(µ,ν).

Throughout the paper we shall work with di�erent sets of assumptions on the
interaction potentials. Let us try to collect the basic properties in the following
de�nition.

De�nition 2.2 (Interaction potentials). A function K : Rd → R is called an
admissible potential if

(Adm1) K ∈ C(Rd) and K(0) = 0,
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(Adm2) K(−x) = K(x).

An admissible potential K is said to be λ-convex for some λ ∈ R if

(Co) the map Rd 3 x 7→ K(x)− λ
2 |x|

2 ∈ R is convex.

K is said to be smooth if

(Sm) K ∈ C1(Rd).
K is said to be mildly singular if

(MS) K ∈ C1(Rd \ {0}).
K is said to be sub-quadratic at in�nity if there exists a constant C > 0 such that

(SQ) K(x) ≤ C(1 + |x|2) for all x ∈ Rd.
K is said to be an attractive non-Osgood potential if

(Rad) K is radial, i.e. there exists a function k such that K(x) = k(|x|),
(Mon) k is increasing on r > 0, and the function [0,+∞) 3 r 7→ k′(r)/r is non

increasing,
(N-Os) the non-Osgood condition holds for some ε > 0:∫ ε

0

dr

k′(r)
<∞. (9)

Given K11,K22,K12 admissible potentials satisfying (SQ), we now introduce the
interaction energy functional

F(µ1, µ2) =
1

2

∫
Rd
K11 ∗ µ1dµ1 +

1

2

∫
Rd
K22 ∗ µ2dµ2 +

∫
Rd
K12 ∗ µ2dµ1. (10)

The functional F is well de�ned on P2(Rd)×P2(Rd) in view of (Adm1) and (SQ).
It is well known [3] that if K is λ-convex for some λ < 0, then the interaction
energy functional

K =
1

2

∫
Rd
K ∗ µdµ

is 2λ-geodesically convex in the usual 2-Wasserstein space. The following lemma
extends such property to the two-species functional (10).

Lemma 2.1. Let K11,K22,K12 be admissible potentials satisfying (SQ), and as-
sume Kij is λij convex. Then, the interaction energy functional F on P2(Rd) ×
P2(Rd) is λ-convex along geodetics on P2(Rd)2

α, with

λ = 2 min {(λ11 + λ12), α(λ22 + λ12)} .

Proof. Let us consider

µ = (µ1, µ2), ν = (ν1, ν2)

with µi, νi ∈ P2(Rd), i = 1, 2. Let γt = (γ1
t , γ

2
t ) be a constant speed geodesic

connecting µ and ν constructed as in (8). For the sake of convenience, we split the
functional F as follows

F(µ) = F1(µ1) + F2(µ2) + F12(µ), (11)

with

Fi(µi) =
1

2

∫
Rd
Kii ∗ µidµi, i = 1, 2,

and

F12(µ) =

∫
Rd
K12 ∗ µ1dµ2.
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Similarly to [20], we compute

F1(γ1
t ) =

1

2

∫
Rd
K11 ∗ γ1

t dγ
1
t

=
1

2

∫
Rd
K11 ((1− t)(x1 − x2) + t(y1 − y2)) dγ1(x1, y1)dγ1(x2, y2).

Using the λ11-convexity of K11, we get

F1(γ1
t ) ≤ 1

2
(1− t)

∫
Rd
K11(x1 − x2)dγ1(x1, y1)dγ1(x2, y2)

+ t

∫
Rd
K11(y1 − y2)dγ1(x1, y1)dγ1(x2, y2)

− λ11

4
t(1− t)

∫
Rd
|(x1 − x2)− (y1 − y2)|2 dγ1(x1, y1)dγ1(x2, y2)

= (1− t)F1(µ1) + tF1(ν1)− λ11

4
t(1− t)

∫
Rd
|(x1 − y1)− (x2 − y2)|2 dγ1dγ1

≤ (1− t)F1(µ1) + tF1(ν1)− λ11t(1− t)W 2
2 (µ1, ν1),

which means that F11(γ1
t ) is 2λ11-convex w.r.t. t. Similarly, for F22(γ3

t ) we obtain

F2(γ2
t ) ≤ (1− t)F2(µ2) + tF2(ν2)− λ22

4
t(1− t)

∫
Rd
|(x1 − y1)− (x2 − y2)|2 dγ2dγ2

≤ (1− t)F2(µ2) + tF2(ν2)− λ22

α
t(1− t)αW 2

2 (µ2, ν2).

Finally, by using the de�nition of λ12-convexity for K12 in the mixed term F12(γt),
we obtain

F12(γt) =

∫
Rd
K12 ∗ γ1

t (x)dγ2
t (x)

=

∫∫
Rd

∫∫
Rd
K12((1− t)(x1 − y1) + t(x2 − y2))dγ1(y1, y2)dγ2(x1, x2)

≤ (1− t)F12(µ) + tF12(ν)− λ12t(1− t)
[
W 2

2 (µ1, ν1) +
1

α
αW 2

2 (µ2, ν2)

]
.

we can combine the above computations with (11) as follows

F(γt) ≤ (1− t)F(µ) + tF(ν)− λ11t(1− t)W 2
2 (µ1, ν1)− λ22

α
t(1− t)αW 2

2 (µ2, ν2)

− λ12t(1− t)
[
W 2

2 (µ1, ν1) +
1

α
αW 2

2 (µ2, ν2)

]
Since all λij 's are negative

F(γt) ≤ (1− t)F(µ) + tF(ν)− λ

2
t(1− t)W2,α

2 (µ,ν)

�

Remark 2.1. Following [20, Remark 1.1], assuming all Kij satisfy assumptions
(Co) and (SQ), we can easily prove that

|∇Kij(x)| ≤ C(1 + |x|) (12)

for some positive constant C independent of x.
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3. Symmetric cross-interaction

In this section we analyse the symmetrizable case{
∂tµ1 = div (µ1∇K11 ∗ µ1 + µ1∇K12 ∗ µ2)

∂tµ2 = αdiv (µ2∇K22 ∗ µ2 + µ2∇K12 ∗ µ1) .
(13)

Throughout this section we shall assume that all the kernels Kij in (13) are admis-
sible and satisfy (Co), (MS), and (SQ).

Remark 3.1 (Motivation). In order to justify the structure (13) let us consider
the more general system{

∂τ µ̃1 = div (µ̃1∇G11 ∗ µ̃1 + µ̃1∇G12 ∗ µ̃2)

∂τ µ̃2 = div (µ̃2∇G22 ∗ µ̃2 + µ̃2∇G21 ∗ µ̃1) ,
(14)

endowed with the condition

G21 = βG12

for some β > 0, with ∫
Rd
dµ1(x) = M1,

∫
Rd
dµ2(x) = M2.

Such situation occurs e. g. in the case of two aggregating species of cells ρ1 and
ρ2, with motion driven up the gradient of a chemical substance c by two chemical
coe�cients χ1, χ2 > 0, namely{

∂ρ1
∂t = χ1div(ρ1∇c)
∂ρ2
∂t = χ2div(ρ1∇c)

and the concentration of the chemical being nonlocally regulated by the two species
as

c = B ∗ (aρ1 + bρ2), a, b > 0

with B being an admissible attractive kernel. In chemotaxis [33, 40], B is the
Newtonian potential. Let us go back to system (14). By re-normalizing the masses

µi :=
1

Mi
µ̃i, i = 1, 2,

one obtains 
1
M2
∂τµ1 = div

(
µ1∇M1

M2
G11 ∗ µ1 + µ1∇G12 ∗ µ2

)
1

βM1
∂τµ2 = div

(
µ2∇ M2

βM1
G22 ∗ µ2 + µ2∇G12 ∗ µ1

)
.

By time-normalization

t = M2τ

we obtain (13) with α = βM1

M2
, K11 = M1

M2
G11, K22 = M2

βM1
G22, K12 = G12.

3.1. Gradient �ow structure of the system. System (13) can be studied by
generalizing the theory of gradient �ows on probability spaces developed in [3], [4]
and [20] for nonlocal interaction equations with one single species. We shall adopt
the `product' metric structure on P2(Rd)2

α introduced in Section 2, with α being
the constant in the second equation of (13). The system (13) will be recovered as
the gradient �ow on P2(Rd)2

α of the functional F de�ned in (10). For simplicity,
from now on we shall use the notation

L2(µ) = L2(dµ1)× L2(dµ2),
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and for v = (v1, v2) ∈ L2(µ),

‖v‖2L2
α(µ) =

∫
Rd
v2

1(x)dµ1(x) +
1

α

∫
Rd
v2

2(x)dµ2(x).

We recall that, given an admissible potential K that satis�es (Co), we can de�ne
the sub-di�erential of K as:

∂K(x) =
{
ξ ∈ Rd : K(y)−K(x) ≥ ξ · (y − x) + o(|y − x|),∀y ∈ Rd

}
.

For the a potential K being admissible, λ-convex and mildly singular, we can easily
prove that the element of minimal L2-norm in ∂K(x), called ∂0K(x), is given by:

∂0K(x) =

{
∇K(x) x 6= 0

0 x = 0
.

Let F be the functional (10) de�ned on P2(Rd)2
α. Following the strategy in [3, 20],

we want to introduce the notion of sub-di�erential ∂F[µ] for the functional F on an
element µ = (µ1, µ2) ∈P2(Rd)2

α, as well as the concept of minimal sub-di�erential
∂0F[µ], i. e. the set of elements in ∂F[µ] with minimal L2

α(µ) norm. The sub-
di�erential of the functional F : P2(Rd)2

α → R.

De�nition 3.1. Let F be the functional (10) on P2(Rd)2
α and let µ ∈ P2(Rd)2

α.
A vector �eld k = (k1, k2) ∈ L2(µ) is an element of the sub-di�erential of F in µ,
in formulas k ∈ ∂F[µ], if

F(ν)− F(µ) ≥ inf
γi∈Γo(µi,νi),i=1,2

∫
R2d×R2d

[k1(x1) · (y1 − x1)

+αk2(x2) · (y2 − x2)] dγ1(x1, y1)dγ2(x2, y2)+

+ o
(
W2

2,α(µ,ν)
)

∀ν ∈P(Rd)×P(Rd).

We denote with ∂0F[µ] the set of elements of minimal L2(µ) norm in ∂F[µ].

Since the functional F is λ-convex in view of Lemma 2.1, the condition in the
above de�nition can be easily proven to be equivalent (we omit the details, see [20])
to:

lim inf
t→0

F(γt)− F(µ)

t

≥
∫
R2d×R2d

[k1(x1) · (y1 − x1) + αk2(x2) · (y2 − x2)] dγ1(x1, y1)dγ2(x2, y2) (15)

for all γi ∈ Γo(µi, νi). Now we can state our de�nition of solution for the system
(13).

De�nition 3.2. We say that an absolutely continuous curve µt = (µ1,t, µ2,t) :
[0, T ]→P2(Rd)×P2(Rd) is a gradient �ow for F if µ1,t and µ2,t solve the system
of two continuity equations:

∂tµ1,t = div (µ1v1,t)

∂tµ2,t = div (µ2v2,t) , (16)

with vi,t ∈
(
∂0F[µ]

)
i
for i = 1, 2.

Proposition 3.1. Let Kij be admissible potentials satisfying (Co), (SQ), and
(MS). Then the vector �eld

∂0F[µ](x) =

(
∂0K11 ∗ µ1 + ∂0K12 ∗ µ2

1
α∂

0K22 ∗ µ2 + 1
α∂

0K12 ∗ µ1

)
(17)

with

∂0Kij ∗ µj(x2) =

∫
x1 6=x2

∇Kij(x1 − x2)dµj(x1). (18)
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is the unique element of minimal subdi�erential of F.

Proof. Decompose Kij as

Kij(x) = K̃ij(x) +
λij
2
|x|2,

with K̃ij convex and such that 0 ∈ ∂0K̃ij . De�ne

F̃ij(µi, µj) =
εij
2

∫
Rd×Rd

K̃ij(x− y)dµj(x)dµi(y)

Q(µi, µj) =

∫
Rd×Rd

|x− y|2dµj(x)dµi(y),

with εij = 1 if i = j and εij = 2 if i 6= j. Let us consider γit = ((1− t)π1 + tπ2)]γi,
i = 1, 2, and γi ∈ Γo(µi, νi). We get

F̃ij(γ
i
t , γ

j
t )− F̃ij(µi, µj)

t

=
εij
2t

∫
R2d×R2d

(
K̃ij((1− t)(x1 − y1) + t(x2 − y2))

−K̃ij(x1 − y1)
)
dγ1(x1, x2)dγ1(y1, y2).

Let us �rst consider the diagonal term i = j = 1. We obtain

F̃11(γ1
t , γ

1
t )− F̃11(µ1, µ1)

t

=
1

2t

∫
R2d×R2d

(
K̃11((1− t)(x1 − y1) + t(x2 − y2))

−K̃11(x1 − y1)
)
dγ1(x1, x2)dγ1(y1, y2).

In the limit for t→ 0 (see [20, Proposition 2.2]), as K̃11 ≥ 0, ∇K̃ is even, and K̃11

satis�es (SQ), we obtain

F̃11(γ1
t , γ

1
t )− F̃11(µ1, µ1)

t

≥
∫
x1 6=x2

∇K̃11(x1 − y1) · (x2 − x1)dγ1(x1, x2)dγ1(y1, y2).

Similarly, we get

F̃22(γ2
t , γ

2
t )− F̃22(µ2, µ2)

t

≥
∫
x1 6=x2

∇K̃22(x1 − y1) · (x2 − x1)dγ2(x1, x2)dγ2(y1, y2).

Let us consider now the mixed term

F̃12(γ1
t , γ

2
t )− F̃12(µ1, µ2)

t

=
1

t

∫
R2d×R2d

(
K̃12((1− t)(x1 − y1) + t(x2 − y2))

−K̃12(x1 − y1)
)
dγ1(x1, x2)dγ2(y1, y2).
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As K̃12 ≥ 0 and ∇K̃ is even, we get as above

F̃12(γ1
t , γ

2
t )− F̃12(µ1, µ2)

t

≥ 1

t

∫
x1 6=x2

(
K̃12((1− t)(x1 − y1) + t(x2 − y2))

−K̃12(x1 − y1)
)
dγ1(x1, x2)dγ2(y1, y2),

which converges as t↘ 0 to∫
x1 6=x2

∇K̃12(x1 − y1) · (x2 − x1)dγ2(y1, y2)dγ1(x1, x2)

+

∫
x1 6=x2

∇K̃12(y1 − x1) · (y2 − y1)dγ1(x1, x2)dγ2(y1, y2).

The quadratic term Q satis�es the following limit as t↘ 0

Q(γit , γ
j
t )− Q(µi, µj)

t
=

=

∫
R2d×R2d

(
|(1− t)(x1 − y1) + t(x2 − y2)|2 − |x1 − y1|2

)
dγi(x1, x2)dγj(y1, y2)→

2

∫
x1 6=x2

(x1 − y1) · (x2 − x1 − y2 + y1)dγj(x2, y2)dγi(x1, y1).

Summing all the contributions, and using the de�nition (18) of ∂0, we obtain

lim inf
t→0

F(γt)− F(µ)

t
≥
∫
∂0K11 ∗ µ1(x1) · (x2 − x1)dγ1(x1, x2)+

+

∫
∂0K22 ∗ µ2(y1) · (y2 − x2)dγ2(y1, y2)+

+

∫
∂0K12 ∗ µ2(x1) · (x2 − x1)dγ1(x1, x2)+

+

∫
∂0K12 ∗ µ1(y1) · (y2 − y1)dγ2(y1, y2),

and this proves the assertion with simple manipulations. In order to show that ∂0F

is the element of minimal L2
α-norm, one can retrace the argument in [20, Proposition

2.2].

�

3.2. Existence and uniqueness of solution. We are now ready to prove that
we can construct solutions to (13) as the gradient �ow of the functional F in the
sense of De�nition 3.2. As suggested by the preliminaries in subsection 3.1, we shall
retrace the strategies in [3, 20]. Some steps in our construction are very similar to
those in [3, 20], and they will therefore be skipped. In order to prove the existence
of the solution of the equation in the gradient �ow framework, we shall �rst state
the existence of a curve of maximal slope for the functional F. Let us recall the
de�nitions for

• slope of a functional F:

|∂F|[µ] = lim sup
ν→µ

(F(µ)− F(ν))
+

W2,α(µ,ν)
;

• metric derivative of an absolutely continuous curve µt : [0, T ]→P(Rd)2
α:

|µ′|(t) = lim sup
s→t

W2,α(µs,µt)

|s− t|
.
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We recall the de�nition of a curve of maximal slope for the functional F, that is a
curve of maximal slope with respect to |∂F|[µ].

De�nition 3.3. An absolutely continuous curve µt : [0, T ]→P(Rd)×P(Rd) is a
curve of maximal slope for the functional F if t→ F[µt] is an absolutely continuous
function, and the following inequality holds for all 0 ≤ s ≤ t ≤ T :

F[µs]− F[µt] ≥
1

2

∫ t

s

[
|µ′|2(τ) + |∂F|[µτ ]2

]
dτ

We obtain the existence of a curve of maximal slope by means of the Jordan-
Kinderlehrer-Otto (JKO) scheme [43], which we shall recall here for the reader's
convenience: given an initial product measure µ0 ∈ P(Rd) ×P(Rd) and a time
step τ > 0, we de�ne the recursive sequence µτk via µτ0 = µ0 and

µk+1
τ ∈ argminµ∈P2(Rd)2α

{
1

2τ
W2

2,α(µkτ ,µ) + F [µ]

}
.

The convergence of the scheme can be proven by retracing the proof in [20, Propo-
sition 2.5-2.6 and Theorem 2.8], without adding any element of relevance. We shall
therefore omit it. A key step in the proof is the energy inequality

F[µ(0)]− F[µn(T )] ≥ 1

2

∫ T

0

‖vn‖2L2
α(µn)(t) + |∂F|[µ̃(t)]2dt,

where µ̃(t) is the De Giorgi variational interpolation [3], obtained thanks to the
lower semi-continuity of the slope, which can be proven similarly to [20, Lemma
2.7]. The (possibly multiple) curve of maximal slope obtained as a limit of the JKO
scheme can be proven to be actually a gradient �ow solution to (13) in the sense
of De�nition 3.2 by following the same technique in [3, Theorem 11.1.3]. We shall
omit this step. Please notice that in Section 4 we shall rigorously prove (in detail)
the existence of weak measure solutions in a more general setting.

In order to prove uniqueness of gradient �ow solutions, we shall now employ
the convexity properties of the functional F described above in Section 2 in order
to prove the Evolution Variational Inequalities (E. V. I.) in the spirit of [3], and
consequently the W2 |λ|-contraction of the gradient �ow. Before tackling this task,
we state the di�erentiability of the Wasserstein distance along the gradient �ow: if
µt is a gradient �ow of the functional F, for all ν ∈P2(Rd)2

α we have

1

2

d

dt
W2

2,α(µt,ν) =

∫
R2d×R2d

vt(x) · (x− y)dγ1(x1, y1)dγ2(x2, y2).

t-a.e in [0, T ]. Here vt = (v1,t, v2,t) with vi,t as in De�nition 3.2. Once again, the
proof can be omitted as it can be obtained by adapting the proof in [4, Theorem
2.21]. We are now ready to state the E. V. I. in the following Theorem.

Theorem 3.1. Let Kij be admissible potentials satisfying (Co), (SQ) and (MS),
and let µt be a gradient �ow solution to (13) according to De�nition 3.2. Then, µt
satis�es the following Evolution Variational Inequality (E. V. I.)

1

2

d

dt
W2

2,α(µt,ν) +
λ

2
W2

2,α(µ,ν) ≤ F(ν)− F(µ), (19)

for all ν ∈P2(Rd)×P2(Rd). In addition, given two gradient �ow solutions µ1, µ2

corresponding to the initial data µ1
0 and µ2

0, we have the |λ|-contraction property
in W2,α

W2
2,α(µ1

t ,µ
2
t ) ≤ e|λ|tW2

2,α(µ1
0,µ

2
0). (20)

In particular, for a given initial condition in W2,α there exists a unique gradient
�ow solution to (13) in the sense of De�nition 3.2.
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Proof. Given µ,ν ∈P2(R)×P2(R), due to the λ−convexity of F,

F(γt) ≤ (1− t)F(µ) + tF(ν)− λ

2
t(1− t)W2

2,α(µ,ν)

where

γt = (γ1
t , γ

2
t )

γ1
t = ((1− t)π1 + tπ2)# γ1 γ2

t = ((1− t)π1 + tπ2)# γ2,

γ1 ∈ Γ(µ1, ν1), γ2 ∈ Γ(µ2, ν2)

Following a standard computation as in [3, 4],we can write

F(γt)− F(µ)

t
≤ −F(µ) + F(ν)− λ

2
(1− t)W2

2,α(µ,ν). (21)

Then, using the characterization of the sub-di�erential (15) and passing to the limit
as t↘ 0 in (21), we obtain:∫

R2d×R2d

∂0F(x)·(x−y)dγ1(x1, y1)dγ2(x2, y2)+
λ

2
W2

2,α(µ,ν) ≤ F(ν)−F(µ). (22)

Then, let µ = µt in (22) be a solution for the (13), one can reconstruct the
derivative of the Wasserstein distance from the �rst term in the left hand side of
the above equation,∫

R2d×R2d

∂0F(x) · (x− y)dγ1(x1, y1)dγ2(x2, y2) =
1

2

d

dt
W2

2,α(µt,ν)

and then get the E.V.I.

1

2

d

dt
W2

2,α(µt,ν) +
λ

2
W2

2,α(µ,ν) ≤ F(ν)− F(µ).

�

Remark 3.2 (Particle solutions). Similarly to [20], we remark here that par-
ticle solutions are gradient �ow solutions. More precisely, let X1(t), . . . , XN (t),
Y1(t), . . . , YM (t) solve (globally and almost everywhere in time) the system

Ẋi = −
∑
k∈Ci

mk
X∇K11(Xi −Xk)−

∑
j∈Di

mj
Y∇K12(Xi − Yj) i = 1, .., N

Ẏj = −
∑
h∈Ej

mh
Y∇K22(Yj − Yh)−

∑
i∈Fj

mi
X∇K12(Yj −Xi) j = 1, ..,M,

(23)
with Ci = {k ∈ {1, . . . , N} : Xk 6= Xi}, Di = {j ∈ {1, . . . ,M} : Yj 6= Xi},
Ej = {h ∈ {1, . . . ,M} : Yj 6= Yh}, Fj = {i ∈ {1, . . . , N} : Yj 6= Xi}, and let

µ1(t) =

N∑
i=1

mi
XδXi(t), µ2(t) =

M∑
j=1

mj
Y δYj(t). (24)

Then, the curve [0,+∞) 3 t 7→ µ(t) = (µ1(t), µ2(t)) is a gradient �ow solution to
(13) in the sense of De�nition 3.2. Conversely, let the initial condition for (13) be
given by µ0 = (µ1,0, µ2,0) with

µ1,0 =

N∑
i=1

mi
XδX0,i

, µ2,0 =

M∑
j=1

mj
Y δY0,j

,

then, the unique gradient �ow solution to (13) is of the form (24). The proof of such
two statements would be trivial if no collisions occur, see also [20, Remark 2.10].
In the case of one single species, though, only a �nite number of collisions occur,
which simpli�es the problem of giving sense to the ODE system (23). However,
as stated in the introduction, in our case collisions between particles of di�erent
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species do not necessarily imply (almost never, actually) that those particles will
stick together inde�nitely. Therefore, in�nitely many collisions are likely to occur.
However, it is easily seen that they can only be of a countable number, since one
can always `restart' the particle system after each collision, and since the number of
particles is �nite there always exists a nonzero waiting time before the next collision
occurs. Nevertheless, this argument alone cannot guarantee the global existence of
particle solutions almost everywhere in time, as the sequence of collision times could
accumulate at a �nite time. In the Appendix B, we prove that such task can be
achieved by means of a �nite dimensional gradient �ow structure, which ensures that
the solution is almost everywhere globally de�ned in time (and unique!). Please
notice that here we have assumed α = 1 without restriction, since we are not
requiring any normalization condition on the masses.

3.3. Finite time blow-up phenomena. We turn now on the studying of the
large time behaviour of the symmetrizable system (13), in particular the case of
attractive non-Osgood potentials Kij in the sense of De�nition 2.2. More precisely,
we shall assume that, further to the conditions needed to obtain a unique gradient
�ow solution, Kij also satisfy conditions (Rad), (Mon), and (N-Os). Similarly to
the case of a single species, the Non-Osgood condition (N-Os) is responsible for
the collapse in �nite time of the particles of both species at one single point, for
all compactly supported initial measures. On the other hand, we shall also prove
that the total separation of the two species is also possible before the total collapse
occurs.

The strategy follows the basic idea used in [20], namely to study the behaviour
of �nite particle solutions and to use the stability property (20) in order to pass to
general solutions. Let us consider the particle system with two species

Ẋi = −
∑
k∈Ci

mk
X∇K11(Xi −Xk)−

∑
j∈Di

mj
Y∇K12(Xi − Yj) i = 1, .., N

Ẏj = −
∑
h∈Ej

mh
Y∇K22(Yj − Yh)−

∑
i∈Fj

mi
X∇K21(Yj −Xi) j = 1, ..,M,

(25)
with

Ci = {k ∈ {1, . . . , N} : Xk 6= Xi}
Di = {j ∈ {1, . . . ,M} : Yj 6= Xi}
Ej = {h ∈ {1, . . . ,M} : Yj 6= Yh}
Fj = {i ∈ {1, . . . , N} : Yj 6= Xi},

in which both total masses satis�es

N∑
k=1

mk
X =

M∑
h=1

mh
Y = 1.

We remark that, unlike in Remark 3.2, we are re-normalizing the masses and as-
suming the condition

K21 = αK12 (26)

holds for some α > 0.
For future use, for a general pair of measures µ = (µ1, µ2) ∈P(Rd)2

α, we de�ne
the partial center or masses

XC(t) =

∫
xdµ1(x), YC(t) =

∫
ydµ2(y),
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and recall the de�nition of joint center of mass

CM,α =
αXC + YC

2
.

We recall that, whereas XC(t) and YC(t) may vary on time, the quantity CM,α is
preserved in time, as it can be easily seen by a simple computation. For simplicity
in the notation, we shall often skip the subscript α in CM,α.

Without loss of generality we can assume that CM = 0. In the following proposi-
tion we will show �nite-time total collapse for particles under the crucial assumption
(N-Os)

Proposition 3.2. Let Kij be admissible potentials satisfying (Co), (SQ), (MS),
(Rad), (Mon) and (N-Os). Let the initial datum for (25) be given by Xi(0) = X0

i ,

Yj(0) = Y 0
i , with masses mi

X and mj
Y respectively for the particles X0

i and Y 0
j .

Then then there exists T ∗ > 0 such that the unique solution to the ODE system
(25) satis�es

Xi(t) ≡ Yj(t) ≡ 0

for all t ≥ T ∗, or equivalently, the unique gradient �ow solution of (13) with initial
datum

µ0 =

 N∑
i=1

mi
XδX0

i
,

M∑
j=1

mj
Y δY 0

j


satis�es

µ(t) = (δ0, δ0) ∀t ≥ T ∗,
and T ∗ only depends on the initial largest distance of the particles to the total center
of mass:

R0 = max
i,j

{
|X0

i |, |Y 0
j |
}
.

Proof. Consider

R(t) = max
i,j
{|Xi(t)|, |Yj(t)|}

and we want compute
d

dt
R2(t)

Since the number of particles is �nite, for all t ≥ 0 there exist two subsets of indexes
SX(t) ⊂ {1, . . . , N} and SY (t) ⊂ {1, . . . ,M} for which |Xi(t)| = |Yj(t)| = R(t) for
all i ∈ SX(t) and j ∈ SY (t), with one of the two subsets being possibly empty.
Assuming without restriction that SX(t) 6= ∅ for a given a time t, we get

d

dt
R(t)2 =

d

dt
|Xi|2(t)

for some i ∈ SX(t), and therefore

d

dt
R(t)2 = −2

∑
l∈Ci

ml
X

(Xi −Xl) ·Xi

|Xi −Xl|
k′11(|Xi −Xl|)+

− 2
∑
j∈Di

mj
Y

(Xi − Yj) ·Xi

|Xi − Yj |
k′12(|Xi − Yj |).

Notice that, while the two set of indexes SX(t) and SY (t) are well de�ned for all
times, the above identity and the estimates below are only valid almost everywhere.
Both the quantities (Xi −Xk) ·Xi, (Xi − Yj) ·Xi are nonnegative, e. g.

(Xi − Yj) ·Xi = |Xi|2 − Yj ·Xi ≥ 0
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due to |Yj | ≤ R. Hence, due to the assumption (Mon) and to |Xi−Xk|, |Xi−Yj | ≤
2R we have

d

dt
|Xi|2(t)

≤ −k
′
11(2R)

R

∑
l∈Ci

ml
X(Xi −Xl) ·Xi −

k′12(2R)

R

∑
j∈Di

mj
Y (Xi − Yj) · xi

= −k
′
11(2R)

R

α

α

N∑
l=1

ml
X(Xi −Xl) ·Xi −

k′12(2R)

R

M∑
j=1

mj
Y (Xi − Yj) ·Xi

≤ −min

{
K ′11(2R)

αR
;
k′12(2R)

R

}(
αR2 − αXC ·Xi +R2 − YC ·Xi

)
= −min

{
k′11(2R)

αR
;
k′12(2R)

R

}
(α+ 1)R2,

and then
d

dt
R ≤ −min

{
k′11(2R)

αR
;
k′12(2R)

R

}
(α+ 1)R.

A similar estimate can be obtained in case the set SX(t) is empty, involving the
potentialK22 as well. Using the non-Osgood condition on the interaction potentials,
one can easily see that the quantity R(t) goes to zero in a �nite time which depends
only on the initial radius of the support R0, (see [20, 10]).

�

We prove now that, under the additional hypothesis on the cross interaction
potential

|∇K12(x)| → 0 for |x| → +∞, (27)

the two species produce a two-delta separation before the total collapse on CM
occurs. The main idea behind this fact is that, if the two species are initially
separated, and if the cross-interaction kernel is weak enough at large distances,
then the two species remain separated and collapse each one onto its center of
mass. The two particles thus obtained will then collapse on the total center of mass
CM in �nite time. Once again, a major issue is to prove that the time of partial
collapse does not depend on the number of particles. In order to simplify the proof
below, we shall also replace the assumption (N-Os) with the simpler (and more
restrictive) one

(Str-Attr) K(x) = k(|x|) with k′(0+) > 0.

Proposition 3.3. Assume that the admissible potentials K11 and K22 satisfy (Rad),
(Mon) and (Str-Attr) and assume K12 is admissible and satis�es (Rad), K12(x) =
k12(|x|) and k′12 non-increasing, and (27). Let the initial datum for (25) be given

by Xi(0) = X0
i , Yj(0) = Y 0

i , with masses mi
X and mj

Y respectively for the particles
Xi and Yj. Let XC and YC denote the partial center of masses of µ0

1 =
∑
im

i
XδX0

i

and µ0
2 =

∑
jm

j
Y δY 0

j
respectively. Then, there exist positive constants T ∗, T̄ and λ

such that, if

λ < |XC − YC |,
then the unique solution to the ODE system (25) satis�es

Xi(t) = CX(t), Yj(t) = CY (t)

for all t ∈ [T ∗, T̄ ], or equivalently the unique gradient �ow solution of (13) with
initial datum

µ0 =
(
µ0

1, µ
0
2

)
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satis�es

µt =
(
δXC(t), δYC(t)

)
for all t ∈ [T ∗, T̄ ], and moreover

µt = (δCM , δCM )

for all t ≥ T̄ .

Proof. Consider the distance between the particles of a single species and the
center of mass of the same species, e. g. for the X-type

RX(t) = max
I=1,...,N

|Xi −XC |.

Assume the particle Xi achieves the maximum above, and compute the time evo-
lution

d

dt
|Xi −XC |2(t) = −2

∑
k∈Ci

mk
X

(Xi −Xk) · (Xi −XC)

|Xi −Xk|
k′11(|Xi −Xk|)

− 2
∑
j∈Di

mj
Y

(Xi − Yj) · (Xi −XC)

|Xi − Yj |
k′12(|Xi − Yj |)

+ 2

N∑
h=1

∑
j∈Dh

mh
Xm

j
Y

(Xh − Yj) · (Xi −XC)

|Xh − Yj |
k′12(|Xh − Yj |).

Grouping the terms that depends on i in the second and third summation and by
considerations similar to those of the previous proposition

d

dt
|Xi −XC |2(t) ≤ −k′11(2RX)RX + 2

(
1−mi

X

) ∑
j∈Di

mj
Y |Xi −XC‖k′12(|Xi − Yj |)|

+ 2
∑
h 6=i

∑
j∈Dh

mh
Xm

j
Y |Xi −XC‖k′12(|Xh − Yj |)|.

Thanks to the assumption (27), we can choose a constant λ > 0 such that

k′11(0+) + k′22(0+) ≥ 4k′12(λ/2). (28)

Then, we choose
RX(0) +RY (0) < λ/2

and
|XC − YC | ≥ 2λ.

Then, at least in a small time interval (0, T ∗), we have

λ < |XC(t)− YC(t)|
and

λ > RX(t) +RY (t).

We observe that, for all h, j,

λ ≤ |XC(t)− YC(t)| ≤ RX + |Xh − Yj |+RY ,

which implies
|Xh − Yj | ≥ λ− (RX +RY ).

the monotonicity assumption on k′12 yields

d

dt
R2
X(t) ≤ −k′11(0+)RX + 4

(
1−mi

X

)
RXk

′
12(λ− (RX +RY ))

and then
d

dt
RX(t) ≤ −k′11(0+) + 4

(
1−mi

X

)
k′12(λ− (RX +RY )).
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A similar computation holds on the Y -particles, leading to

d

dt
RY (t) ≤ −k′22(0+) + 4

(
1−mj

Y

)
k′12(λ− (RX +RY )).

Consider now the sum of the two distance f(t) = RX + RY , which satis�es the
di�erential inequality

d

dt
f(t) ≤ −c+ 4k′12(λ− f(t)),

with c = k′11(0+) + k′22(0+). We consider the di�erential equation

d

dt
y(t) = −c+ 4k′12(λ− y(t)).

Now, our choice of λ ensures that y(t) ≤ y(0) as long as y(0) < λ/2. Hence, as k′12

is a decreasing function, we get

d

dt
y(t) ≤ −c+ 4k′12(λ− y0) < 0,

and this is true as long as y(0) < λ/2 and a �xed, small enough time interval.
Therefore, y(t) = 0, for t ≥ t̄(y0) and the time t̄(y0) depends continuously on y0

and satis�es t̄(0) = 0. By comparison principle, the assertion is proven. Please
notice that blow up time does not depend on the number of particles, but only on
the quantities RX(0) and RY (0), apart from the distance |XC − YC |.

�

Theorem 3.2. Let Kij be admissible potentials satisfying (Co), (SQ), (MS), and let
µ(t) the unique gradient �ow solution to (13) with initial datum µ0 = (µ0,1, µ0,2).

(1) Assume that all the potentials Kij satisfy (Rad), (Mon) and (N-Os), and
assume µ0 is supported in B̄ (XC , R0)× B̄ (YC , R0). Then, there exists T ∗

depending only on R0 such that µ(t) = (δCM , δCM ) ∀t ≥ T ∗.
(2) Assume that K11 and K22 satisfy (Rad), (Mon) and (Str-Attr) and K12

satis�es (Rad) and (27). Then that there exist 0 < T̄ < T ∗ and 0 < R1 <
R2 such that, if:
• µ0,1, µ0,2 are supported in B̄ (xC , R1) and B̄ (yC , R1) respectively,

• d
(
B̄ (xC , R1) , B̄ (yC , R0)

)
≥ R2;

then

µ(t) = (δxC , δyC ) ∀t ∈ [T̄ , T ∗],

and µ(t) = (δCM , δCM ) ∀t ≥ T ∗.

Proof. The proof can be obtained as in [20, Theorem 4.3, Corollary 4.7]. For
an arbitrary constant η > 0, approximate the initial datum with

ν0 =

 N∑
i=1

mi
xδx0

i
,

M∑
j=1

mj
yδy0j


with {(

x0
i , y

0
j

)}
i,j
∈ B̄ (xC , R0)× B̄ (yC , R0)

such that W2
2,α(µ0,ν0) ≤ η using the stability results 3.1 and the Propositions 3.2,

3.3, we get the desired result.

�
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4. Non symmetric system

In this section we address the existence and uniqueness theory of measure solu-
tions for (4) without assuming any correlation between the cross-interaction kernels.
More precisely, condition (5) does not necessarily hold in this section. Admissible
kernels with possible singularities as in condition (MS) in De�nition 2.2 are still of
interest, as they are still expected to produce collapse of solutions in a �nite time.
Nevertheless, when no correlation such as (5) is assumed, the system (4) cannot be
endowed with a gradient �ow structure, not even at a particle level. Hence, one
cannot bene�t of convexity properties of the functional providing stability prop-
erties such as (20), and uniqueness of solutions becomes then a non-trivial task.
However, we can adopt the JKO scheme to prove existence of solutions in a quite
general set of assumptions for the potentials, possibly including kernels leading to
�nite time collapse. We shall perform this task in Subsection 4.1. Uniqueness of
solutions can be achieved in the case of smooth kernels. This will be proven in
Subsection 4.2.

4.1. Existence theory. Let us consider the general system{
∂tµ1 = div (µ1∇H1 ∗ µ1 + µ1∇K1 ∗ µ2)

∂tµ2 = div (µ2∇H2 ∗ µ2 + µ2∇K2 ∗ µ1)
(29)

with Hi and Ki admissible potentials, H1 and H2 satisfying (MS), and furthermore

(GL) Hi and Ki are globally Lipschitz on Rd, i = 1, 2,
(RK) ∇K1 and ∇K2 are continuous on R2.

We state our de�nition of weak measure solution for (29).

De�nition 4.1. A curve µ(·) = (µ1(·), µ2(·)) : [0,+∞) → P(Rd)2
2 is a weak

measure solution to (29) is, for all φ, ψ ∈ C∞c (Rd), we have

d

dt

∫
φ(x)dµ1(x, t) = −1

2

∫∫
∇H1(x− y) · (∇φ(x)−∇φ(y))dµ1(x)dµ1(y)

−
∫∫
∇K1(x− y) · ∇φ(x)dµ1(x)dµ2(y)

d

dt

∫
ψ(x)dµ2(x, t) = −1

2

∫∫
∇H2(x− y) · (∇ψ(x)−∇ψ(y))dµ2(x)dµ2(y)

−
∫∫
∇K2(x− y) · ψ(x)dµ2(x)dµ1(y).

Please notice that the de�nition of weak solution 4.1 uncovers the lack of sym-
metry of system (29). Indeed, the cross interaction terms cannot be symmetrized as
the self-interaction terms can. As a consequence of that, a notion of solution with
atoms in case either ∇K1 or ∇K2 are not continuous at zero cannot be recovered
straightforwardly. This fact explains the need of a slightly stronger regularity (RK)
assumed for the cross-interaction kernels.

Our strategy to prove global existence of weak measure solutions for (29) relies
on a semi-implicit version of the JKO scheme. As the system cannot be recovered
as a gradient �ow with respect to the Wasserstein space, we shall solve the JKO
scheme by freezing the non symmetric part of the system. In order to perform this
task, we need to introduce the following relative interaction energy functional. Let
ν ∈P2(Rd)2 be a �xed, time independent reference measure. For all µ ∈P(Rd)2

we set

F[µ|ν] =
1

2

∫
Rd
H1 ∗ µ1dµ1 +

∫
Rd
K1 ∗ ν2dµ1 +

1

2

∫
Rd
H2 ∗ µ2dµ2 +

∫
Rd
K2 ∗ ν1dµ2.
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In some sense, F[µ|ν] is the combination of an interaction energy functional and
of an external conservative force �eld constructed via ν. We now construct the
following semi-implicit JKO scheme recursively. Let τ > 0 be a �xed time step,
and let µ0 = (µ0,1, µ0,2) ∈ P(Rd)2 be a �xed initial pair of probability measures.
For a given µτn ∈P(Rd)2, we de�ne the sequence µτn+1 as

µn+1
τ ∈ argminµ∈P2(Rd)×P2(Rd)

{
1

2τ
W2

2(µnτ ,µ) + F [µ|µnτ ]

}
.

By re-tracing the arguments in [20, Lemma 2.3, Proposition 2.5] it is very easy to
prove that the above sequence is well de�ned. For a given choice of the sequence
µnτ = (µn1,τ , µ

n
2,τ ), we de�ne the piecewise constant interpolation

µ̄i,τ (t) = µni,τ t ∈ ((n− 1)t, nt] .

Proposition 4.1. Let T > 0. There exists an absolutely continuous curve µ̄ :
[0, T ]→P(Rd)2

2 such that the family µnτ (up to a converging subsequence) satis�es
µnτ → µ̄ as τ ↘ 0 uniformly on [0, T ].

Proof. Using the notation µnτ = (µn1,τ , µ
n
2,τ ), µn+1

τ = (µn+1
1,τ , µ

n+1
2,τ ), and by

de�nition of the minimizing scheme, we have

1

2τ
W2

2(µnτ ,µ
n+1
τ ) ≤ F [µnτ |µnτ ]− F

[
µn+1
τ |µnτ

]
=

2∑
i=1

1

2

(∫
Rd
Hi ∗ µni,τdµni,τ −

1

2

∫
Rd
Hi ∗ µn+1

i,τ dµn+1
i,τ

)

+
∑
j 6=i

(∫
Rd
Ki ∗ µnj,τdµni,τ −

∫
Rd
Ki ∗ µnj,τdµn+1

i,τ

)
=

2∑
i=1

Ii +
∑
i 6=j

Jij . (30)

Let us compute

Jij =

∫
Rd
Ki ∗ µnj,τdµni,τ −

∫
Rd
Ki ∗ µnj,τdµn+1

i,τ =

=

∫
Rd

(∫
R2d

(Ki(x− y)−Ki(x− z)) dγni,τ (y, z)

)
dµnj,τ

for all γni,τ (y, z) ∈ Γo(µ
n
i,τ , µ

n+1
i,τ ). Then,

|Jij | ≤
∫
Rd

(∫
R2d

∣∣K̄i(x− y)− K̄i(x− z)
∣∣ dγni,τ (y, z)

)
dµnj,τ (x) ≤

≤ Lip(Ki)W2(µni,τ , µ
n+1
i,τ ) ≤ 1

4τ
W 2

2 (µni,τ , µ
n+1
i,τ ) + Cτ

for some constant C > 0 independent of τ . Combining the previous estimate with
(30) we get

1

4τ
W2

2(µnτ ,µ
n+1
τ ) ≤

2∑
i=1

1

2

∫
Rd
Hi ∗ µni,τdµni,τ −

1

2

∫
Rd
Hi ∗ µn+1

i,τ dµn+1
i,τ + Cτ.

Taking the sum with respect to n, we obtain a telescopic sum, and therefore

1

4τ

n∑
k=m

W2
2(µkτ ,µ

k+1
τ )

≤
2∑
i=1

1

2

∫
Rd
Hi ∗ µmi,τdµmi,τ −

1

2

∫
Rd
Hi ∗ µn+1

i,τ dµn+1
i,τ + C(n−m)τ.
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Similarly to [3, Section 3.3], using assumption (SQ) for the potentials Hi, we can
easily obtain the uniform estimate for the interpolant µ̄τ for t ∈ ((n − 1)τ, nτ ] by
triangulation with the initial condition µ0

W2
2(µ̄τ (0), µ̄τ (t)) ≤

(
C(µ0) +

1

2
W2

2(µ̄τ (0), µ̄τ (t))

)
nτ + Cm2τ2

Hence, the second moment of µ̄τ (t) is uniformly bounded on compact time intervals.

Consider now two times 0 ≤ s < t with m =
[
|t−s|
τ

]
. We similarly get

W2
2(µ̄τ (s), µ̄τ (t)) ≤ Cmτ + Cm2τ2

Hence, we can apply the re�ned version of Ascoli's theorem in [3, Section 3] to
obtain the uniform narrow compactness of µ̄τ on compact time intervals.

�

We now prove that the approximating sequence µ̄τ constructed above converges
to a weak measure solution to (29). The strategy of the proof relies on the well
known technique developed in [43].

Theorem 4.1. Let µ0 ∈ P(Rd)2
2 be �xed. There exists an absolutely continuous

curve µ(·) : [0,+∞) → P(Rd)2
2 such that µ(0) = µ0 and µ(t) is a weak measure

solution to (29) in the sense of De�nition 4.1. Such solution can be constructed as
the limit (up to subsequences) of the approximating curve µ̄τ .

Proof. From the minimizing property of µn+1
τ , for all µ = (µ1, µ2) ∈P2(Rd)2

2

we get

0 ≤ 1

2τ
W2

2(µnτ ,µ) + F [µ|µnτ ]− 1

2τ
W2

2(µnτ ,µ
n+1
τ ) + F

[
µn+1
τ |µnτ

]
(31)

In order to recover the notion of weak solution for the system (29), we consider
µ to be the push forward of µn+1

τ via a perturbation of the identity map on each
component i = 1, 2. More precisely, for a given i = 1, 2 we set

µi = (T 1
i,]µ

n+1
1,τ , T

2
i,]µ

n+1
2,τ )

T ji,](x) = x+ δijε∇ζi(x),

where δij is the Kronecker delta, ε > 0 is a small constant, and ζ1, ζ2 ∈ C∞c (Rd). We
now evaluate separately all the contributions in (31). Let us consider for simplicity
the case i = 1. The self interaction term involving H2 gives a null contribution. As
for the other self-interaction term, we get

1

2

∫
Rd
H1 ∗ µ1dµ1 −

1

2

∫
Rd
H1 ∗ µn+1

1,τ dµ
n+1
1,τ

=
1

2

∫
R2d

(
H1(T 1

1 (x)− T 1
1 (y))−H1(x− y)

)
dµn+1

i,τ (y)dµn+1
i,τ (x)

=
1

2

∫
R2d

(H1(x− y + ε(∇ζ1(x)−∇ζ1(y)))−H1(x− y)) dµn+1
i,τ (y)dµn+1

i,τ (x).

(32)

Now, from the assumptions on H1, we get

H1(x− y + ε(∇ζ1(x)−∇ζ1(y)))−H1(x− y)

ε
→ ∇H1(x− y) · (∇ζ1(x)−∇ζ1(y))
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as ε ↘ 0 for all (x, y) ∈ R2d. Since the above left hand side is uniformly bounded
with respect to ε, by Egorov's theorem one easily gets that∫

R2d

(
H1(x− y + ε(∇ζ1(x)−∇ζ1(y)))−H1(x− y)

ε

)
dµn+1

i,τ (y)dµn+1
i,τ (x)

→
∫
R2d

∇H1(x− y) · (∇ζ1(x)−∇ζ1(y))dµn+1
i,τ (y)dµn+1

i,τ (x).

Therefore, the last term in (32) can be written as

ε

2

∫
R2d

∇H1(x− y) · (∇ζ1(x)−∇ζ1(y)) dµn+1
i,τ (y)dµn+1

i,τ (x) + o(ε).

We now compute the term in (31) involving the cross-interaction potentials, with
the above choice of µ. Once again, as the perturbation of the identity is directed
only in the �rst component, the term involving K2 cancels out, and we are left with
the contribution∫

Rd
K1 ∗ µn2,τdµ1 −

∫
Rd
K1 ∗ µn2,τdµn+1

1,τ

=

∫
R2d

(K1(x+ ε∇ζ1(x)− y)−K1(x− y)) dµn2,τ (y)dµn+1
1,τ (x)

= ε

∫
R2d

∇K1(x− y) · ∇ζ1(x)dµn2,τ (y)dµn+1
2,τ (x) + o(ε),

where the last step can be justi�ed as before. We consider now the terms involving
the Wasserstein distance. Let γn1,τ ∈ Γo(µ

n
1,τ , µ

n+1
1,τ ). Since µ2 = µn+1

2,τ , the only
contribution is given by

1

2τ
W 2

2 (µn1,τ , µ1)− 1

2τ
W 2

2 (µn1,τ , µ
n+1
1,τ )

≤ 1

2τ

∫
R2d

(
|x− y − ε∇ζ1(y)|2 − |x− y|2

)
dγn1,τ (x, y)

Summing up all the contributions, dividing by ε and sending ε→ 0, we obtain

0 ≤ 1

τ

∫
R2d

(x− y)∇ζ1(y)dγn1,τ (x, y)

+
1

2

∫
R2d

∇H1(x− y) · (∇ζ1(x)−∇ζ1(y))dµn+1
1,τ (y)dµn+1

1,τ (x)

+

∫
R2d

∇K1(x− y) · ∇ζ1(x)dµn2,τ (y)dµn+1
1,τ (x).

Performing again the same computation with ε < 0 , we obtain in fact the equality
in the above formula. Since (x− y) · ∇ζ(y) = ζ(x) − ζ(y) + o(|x − y|2), using the
de�nition of the piecewise constant interpolation µ̄τ , with 0 ≤ s < t and

m =
[ s
τ

]
+ 1, n =

[
t

τ

]
,

we obtain∫
Rd
ζ1dµ̄1,τ (t)−

∫
Rd
ζ1dµ̄1,τ (s) + o (τ)

= −1

2

∫ s

t

∫
R2d

∇H1(x− y) · (∇ζ1(x)−∇ζ1(y))dµ̄1,τ (σ)dµ̄1,τ (σ)dσ

− 1

2

∫ s

t

∫
R2d

∇K1 ∗ dµ̄2,τ (σ) · ∇ζ1dµ̄1,τ (σ)dσ.
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We pass to the limit for τ → 0 using the fact that µ̄1,τ is tight, due to Proposition
4.1, to obtain the �rst equation in De�nition 4.1. In a similar way we can prove
the second equation holds as well, and the assertion is proven.

�

4.2. Uniqueness for smooth kernels. In this section we restrict to the case in
which all the kernels satisfy

H1, H2,K1,K2 ∈W 2,∞(Rd),
2∑
i=1

(|∇Hi|+ |∇Ki|) ≤ C(1 + |x|). (33)

We use a modi�ed version of the strategy in [19], which is basically a bootstrap
version of the characteristic method.

Consider a solution µt = (µ1,t, µ2,t) to (29), and de�ne the integral operator
Ψ, which maps a given pair of probability measures µ into a pair of vector �elds
Ψ[µ] = (Ψ1[µ],Ψ2[µ]) ∈ L2(µ), as follows:

Ψ[µ] := (∇H1 ∗ µ1 +∇K1 ∗ µ2,∇H2 ∗ µ2 +∇K2 ∗ µ1). (34)

We de�ne the system of characteristics for (29). Assume the initial condition is
given by µ0 = (µ0

1, µ
0
2). Let x0 = (x0

1, x
0
2) be �xed. Then, assuming the solution µt

to (29) with initial condition µ0 is known, we de�ne the map

Xµt(x
0, t) = (X1

µt(x
0
1, t),X

2
µt(x

0
2, t))

as the unique solution to the Cauchy problem{
d
dtX

1
µt(x

0
1, t) = Ψ1 [µt] (X1

µt(x
0
1, t))

d
dtX

2
µt(x

0
2, t) = Ψ2 [µt] (X2

µt(x
0
2, t))

, (35)

with initial condition

Xi
µt(x

0
i , 0) = xi0. (36)

In view of the assumption (33), the vector �eld Ψ [µt] is C
2 with respect to x for

all t ≥ 0, and the linear control for the gradients in (33) ensures the system (35)
admits a unique global-in-time solution for all initial conditions x0. Moreover, for
the same reason one can prove that the �ow cures corresponding to the dynamical
system (35) do not intersect. Hence, it is an easy exercise to prove that the solution
µt to (29) satis�es

µi,t =
(
Xi

µt(·, t)
)
]
µ0
i , (37)

see for instance [3, Chapter 8]. Summing up, for an arbitrary weak measure solution
µt to (29) with initial condition µ0, we have proven that µt can be represented
as (37), with the time-dependent vector �eld Xµt(·, t) being the �ow map of the
non-autonomous system of di�erential equations (35) with initial conditions (36),
where the velocity vector �eld Ψ[µ] = (Ψ1[µ],Ψ2[µ]) is de�ned via the nonlocal
operator (34).

Theorem 4.2 (Stability). Assume that all the kernels Hi, Ki are C
2 and consider

two initial measures µ0,ν0 ∈ P2(Rd)2 with compact support and the related weak

measure solutions of (29) µ, ν respectively. Then, there exists a constant C̃ > 0
such that

W2 (µt,νt) ≤ eC̃tW2 (µ0,ν0) t ≥ 0. (38)

Consequently, for a given initial condition µ0 ∈P(Rd)2, there exists a unique weak
measure solution to (29).
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Proof. Using the notation above,

W2 (µt,νt) = W2

(
(Xµt(·, t))# µ

0, (Xνt(·, t))# ν
0
)

≤W2

(
(Xµt(·, t))# µ

0, (Xνt(·, t))# µ
0
)

+ W2

(
(Xνt(·, t))# µ

0, (Xνt(·, t))# ν
0
)
.

(39)

A general property of the Wasserstein distance (see e. g. [64]) states that, for all
µ ∈P2(R) and for all Borel maps Φ1 and Φ2, one has

W 2
2 ((Φ1)#µ, (Φ2)#µ) ≤

∫
Rd
|Φ1(x)− Φ2(x)|2dµ(x)

≤ ‖Φ1 − Φ2‖2L∞(supp(µ)).

Therefore, we can estimate the �rst term in the right hand side of (39) as follows:

W2

(
(Xµt(·, t))# µ

0, (Xνt(·, t))# µ
0
)
≤ ‖Xµt(·, t)−Xνt(·, t)‖L∞(supp(µ0)).

Now, we compute

d

dt
|Xi

µt(x
i
0, t)−Xi

νt(x
i
0, t)| ≤

∣∣Ψi[µt](X
i
µt(x

i
0, t))−Ψi[νt](X

i
νt(x

i
0, t))

∣∣
≤
∣∣Ψi[µt](X

i
µt(x

i
0, t))−Ψi[µt](X

i
νt(x

i
0, t))

∣∣
+
∣∣Ψi[µt](X

i
νt(x

i
0, t))−Ψi[νt](X

i
νt(x

i
0, t))

∣∣
≤ Lip(Ψi[µt])|Xi

µt(x
i
0, t)−Xi

νt(x
i
0, t)|+ ‖Ψi[µt]−Ψi[νt]‖L∞ . (40)

Now, in view of assumption (33),

Lip(Ψi[µt]) ≤ ‖D2Ψi[µt]‖L∞ ≤ max
i=1,2

[
‖D2Hi‖L∞ + ‖D2Ki‖L∞

]
. (41)

Moreover, similarly to the proof of Proposition 4.1, we can choose γi,t ∈ Γo(µi,t, νi,t)
and compute, for j 6= i,

|Ψi[µt](x)−Ψi[νt](x)| =
∣∣∣∣∫ ∇Hi(x− y)dµi,t(y) +

∫
∇Ki(x− y)dµj,t(y)

−
∫
∇Hi(x− y)dνi,t(y)−

∫
∇Ki(x− y)dνj,t(y)

∣∣∣∣
≤
∫∫
|∇Hi(x− y)−∇Hi(x− z)| dγi,t(y, z)

+

∫∫
|∇Ki(x− y)−∇Ki(x− z)| dγj,t(y, z)

≤ CW2(µt,νt). (42)

Therefore, we can combine the estimates in (40), (41), and (42) to obtain

d

dt
|Xi

µt(x
i
0, t)−Xi

νt(x
i
0, t)| ≤ C|Xi

µt(x
i
0, t)−Xi

νt(x
i
0, t)|+ CW2(µt,νt),

which can be integrated in time to obtain

|Xi
µt(x

i
0, t)−Xi

νt(x
i
0, t)| ≤ C

∫ t

0

eC(t−τ)W2(µτ ,ντ )dτ,

and hence

W2

(
(Xµt(·, t))# µ

0, (Xνt(·, t))# µ
0
)
≤ C

∫ t

0

eC(t−τ)W2(µτ ,ντ )dτ, (43)

where C > 0 only depends on the interaction kernels. As for the second term on
the right hand side of (39), by taking πi ∈ Γo(µ

i
0, ν

i
0) and

γi :=
(
Xi

νt(·, t)×X
i
νt(·, t)

)
#
πi ⇒ γi ∈ Γ

(
(Xi

νt(·, t))#µ
i
0, (X

i
νt(·, t))#ν

i
0

)
.
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Using a standard computation, one can easily recover that

W 2
2

((
Xi

νt(·, t)
)

#
µ0
i ,
(
Xi

νt(·, t)
)

#
µ0
i

)
≤
∫
R2d

|x− y|2dγi(x, y)

=

∫
R2d

|Xi
νt(x, t)−X

i
νt(y, t)|

2dπi(x, y)

≤ Lip(Xi
νt(·, t))

2

∫
R2d

|x− y|2dπi(x, y) = Lip(Xi
νt(·, t))

2W 2
2

(
µi0, ν

i
0

)
. (44)

Using the Gronwall inequality and the assumption (33) on the interaction kernels,
we can integrate (35) in time to compute the di�erence quotients for Xµt(·, t) to
get the estimate

Lip(Xi
νt(·, t)) ≤ Ce

Ct, (45)

with C only depending on the interaction kernels. Combining the results in (39),
(43), (45), and (44), we obtain

W2 (µt,νt) ≤ C
∫ t

0

eC(t−τ)W2(µτ ,ντ )dτ + eCtW2 (µ0,ν0) .

By Gronwall's lemma,

W2 (µt,νt) ≤ eCtW2 (µ0,ν0) .

�

Remark 4.1 (Particle solutions in the non symmetric case). Consider the particle
system {

Ẋi = −
∑N
j=1m

j
X∇H1(Xi −Xj)−

∑M
k=1m

k
Y∇K1(Xi − Yk)

Ẋj = −
∑M
k=1m

k
Y∇H2(Yj − Yk)−

∑N
h=1m

h
X∇K2(Yj −Xh)

.

Under the smoothness assumption (33), it is obvious that the above system admits
a unique global solution, which coincides with the unique weak measure solution
provided in Theorem 4.2 after passing to empirical measures. In the more general
framework of assumptions (GL) and (RK) used to prove Theorem 4.1, it is hopeless
to produce a unique particle solution, as very simple cases with Peano phenomena
can be produced with repulsive kernels, see [17] in the case of one species. Now,
in the symmetrizable case treated in Section 3, such problem can be overcome by
assuming a suitable convexity assumption, which enables to �ne a unique gradient
�ow solution which is global in time. Here, this strategy no longer applies. However,
it would be interesting to see wether examples of non-uniqueness can be produces
even in case of all attractive kernels (still featuring a singular behaviour in their
gradient which allows for non-uniqueness). We were not able to produce them, and
we therefore state the following open problem: is it possible to relax signi�cantly
the assumptions in Theorem 4.2 in order to obtain a unique solution, even at level
of particle solutions?

As a simple corollary to the above stability result, we prove a simple con�nement
property in the attractive case for the solutions to (29). Since the system is not
symmetrizable and we do not have conserved quantities, we can not use standard
computation as the evolution of moments. On the other hand, in the case of
attractive kernels, we can use a similar procedure to the one used in the Section
3.3, i.e. to show the property for particles and then use the stability result of the
previous Theorem to move to the case of general measures.

Corollary 4.1. Assume that all the (admissible) interaction potentials are radially
symmetric and attractive, and satisfy (33). Let µ0 ∈ P(Rd)2 be a supported on
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B(0, R)×B(0, R). Then, the unique solution µt to (29) satis�es

supp[µt] ⊂ B(0, R)×B(0, R), (46)

for all t ≥ 0.

Proof. Let us �rst restrict to the case of particles

µ0 = (

N∑
i=1

mi
XδXi ,

M∑
j=1

mj
Y δY j ).

Exactly as done in Section 3.3, consider

R(t) = max
i,j
{|Xi(t)|, |Yj(t)|}

and we are looking for the time evolution of R. First we compute

d

dt
R2(t) = max

i:|Xi|=R,j:|Yj |=R

{
d

dt
|Xi|2(t);

d

dt
|Yj |2(t)

}
.

Assuming that, for a certain, at least small, time interval the max is achieved on
|Xi|, we have

d

dt
|Xi|2(t) = −2

∑
l 6=i

ml
X

(Xi −Xl) ·Xi

|Xi −Xl|
h′1(|Xi −Xl|)+

− 2

M∑
j=1

mj
Y

(Xi − Yj) ·Xi

|Xi − Yj |
k′1(|Xi − Yj |) ≤ 0

since H1 and K1 are both attractive. The result for general measures can be proven
via atomization by means of the stability property (38).

�

Acknowledgments

MDF acknowledges support from the CIG Marie Curie grant `DifNonLoc, Di�u-
sive Partial Di�erential Equations with Nonlocal Interaction in Biology and Social
Sciences' of the University of Bath (UK). MDF also acknowledges partial support
from the Ramon y Cajal Sub-programme (MICINN-RYC) of the Spanish Ministry
of Science and Innovation, `Partial Di�erential Equations in Biology, Medicine and
Social Sciences'. Ref. RYC-2010-06412 (PI) and from the Ministerio de Ciencia
y Innovación, grant MTM2011-27739-C04-02. SF acknowledges support from the
Universitat Autónoma de Barcelona during his visit in 2012.

Appendix A. An illustrative toy model

Let F : RN ×RN be a smooth functional and let α > 0. Consider the dynamical
system {

d
dtX(t) = −∇XF (X(t), Y (t))
d
dtY (t) = −α∇Y F (X(t), Y (t))

(47)

Clearly, if α = 1 the above system (47) is a gradient �ow of F on the standard
Euclidean space R2N . If α 6= 1, one has to slightly modify the Euclidean structure
in order to produce a gradient �ow. We show in a simple computation how to do
that. We shall adopt the notation X = (X,Y ) ∈ R2N with X,Y ∈ RN . We guess
as a possible candidate for the new scalar product the following quantity

< X1,X2 >β= X1 ·X2 + βY1 · Y2, ‖X‖2β = |X|2 + β|Y |2
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with β > 0 to be determined. Now, since all the norms in �nite dimensions are
equivalent, the �rst order Taylor expansion of F centered at a point X0 with incre-
ment X1 gives

F (X0 + X1)− F (X0) = ∇XF (X0, Y0) ·X1 +∇Y F (X0, Y0) · Y1 + o(‖X1‖β).

Now, the notion of gradient of F in the new metric space, that we denote by
gradF (X0), should be set in order to satisfy

F (X0 + X1)− F (X0) =< gradF (X0),X1 >β +o(‖X1‖β),

which yields

gradF (X0) = (∇XF (X0, Y0),
1

β
∇Y F (X0, Y0)).

Therefore, the correct choice for interpreting (47) as a gradient �ow of F in the
new metric space (R2N , ‖ · ‖β) is

β =
1

α
.

Notice that the constant speed geodesics are linear convex combinations of points
no matter what α is.

Appendix B. A finite dimensional gradient flow structure

Consider the particles X1, . . . , XN with masses n1, . . . , nN , and Y1, . . . , YM with
masses m1, . . . ,mM . Assuming the (admissible) potentials Kij satisfy conditions
(Co) and (MS) above, we want to prove the global-in-time existence of solutions
for the ODE system

Ẋi = −
∑
k∈Ci

mk
X∇K11(Xi −Xk)−

∑
j∈Di

mj
Y∇K12(Xi − Yj) i = 1, .., N

Ẏj = −
∑
h∈Ej

mh
Y∇K22(Yj − Yh)−

∑
i∈Fj

mi
X∇K12(Yj −Xi) j = 1, ..,M,

(48)
with Ci = {k ∈ {1, . . . , N} : |Xk 6= Xi}, Di = {j ∈ {1, . . . ,M} : |Yj 6= Xi},
Ej = {h ∈ {1, . . . ,M} : |Yj 6= Yh}, Fj = {i ∈ {1, . . . , N} : |Yj 6= Xi}. To perform
this task, we consider the set of masses ni and mj to be �xed, and we introduce
the weighted, �nite dimensional Hilbert space

P2
w :=

(
RdN × RdM , < ·, · >w

)
,

with the notation X = (X,Y ) ∈ RdN×RdM , X = (X1, . . . , XN ), Y = (Y1, . . . , YM ),
and

< X1,X2 >w=

N∑
i=1

niX
1
i ·X2

i +

M∑
j=1

mjY
1
j · Y 2

j .

We then consider the discrete interaction energy functional

F[X] =
1

2

∑
i 6=j

ninjK11(Xi−Xj)+
1

2

∑
i6=j

mimjK22(Yi−Yj)+
∑
i 6=j

minjK12(Yi−Xj).

It is left as exercise to prove that the functional F is λ convex on the Hilbert space
P2
w in the usual sense. Moreover, we also leave as an exercise to prove that the

Frechet minimal sub-di�erential ∂0F[X] of F at a point X on the space P2
w is given

by the right-hand side of the system (48), so that (48) can be reformulated as

Ẋ(t) = ∂0F[X].

Hence, the classical result in [16, Theorem 3.17] ensures the existence of a global-
in-time solution for the ODE system (48) which is almost everywhere de�ned in
time.
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