CONVERGENCE OF THE FOLLOW-THE-LEADER SCHEME FOR SCALAR
CONSERVATION LAWS WITH SPACE DEPENDENT FLUX

M. DI FRANCESCO AND G. STIVALETTA

ABSTRACT. This paper deals with the derivation of entropy solutions to Cauchy problems for a class of scalar
conservation laws with space-density depending fluxes from systems of deterministic particles of follow-the-
leader type. We consider fluxes which are product of a function of the density v(p) and a function of the
space variable ¢(z). We cover four distinct cases in terms of the sign of ¢, including cases in which the latter
is not constant. The convergence result relies on a local maximum principle and on a uniform BV estimate
for the approximating density.

1. INTRODUCTION

1.1. Continuum vs discrete modelling: the example of traffic flow modelling. The approximation
of nonlinear transport equations via follow-the-leader type schemes has attracted a lot of attention in the
recent years. As a paradigm, consider Lighthill-Whitham-Richards’ (LWR) equation for traffic flow [28, 30]

pr + (pv(p))x =0, (1)

where p is the density of vehicles and p — v(p) is a decreasing function modelling the Eulerian velocity of
vehicles. As it is well known, in this model instantaneous response to the distance to the preceding vehicle is
assumed by neglecting drivers’ reaction time, whereas other models [3] take the latter into account. However,
(1) is considered as a reliable model in several situations, for instance with low densities, see e.g. the recent
book [31] and the references therein.

Both approaches in [28, 30] and [3] treat the density of cars as a continuum, that is as a medium that can
be divided into particles of arbitrary small mass without changing the physical nature of the system. The
continuum approach has many advantages, particularly in that it provides explicitly computable solutions
combining nonlinear shock-waves and rarefaction waves in relevant examples and it allows extensions to
control problems and modelling on networks in a relatively simple way. However, a discrete approach is more
suitable to model single drivers’ behavior (car following, free driving) and is more convenient to simulate
multi lane flow with lane changing. Neglecting the driver’s time reaction as the distance to the preceding
vehicle changes, the simplest discrete law for the dynamics of n+1 drivers is provided by the follow-the-leader
system

ri(t) = ¢ for 4 0 1
xz()_v(xi+1(t)xi(t)>7 orie€{0,...,n—1}, @)

Zn(t) = Vmax = v(0),

where xo(t) < ... < z,(t) denote the positions of the n 4+ 1 vehicles at time ¢, v is a given non-negative,
non-increasing function on [0, +00) with finite value vpay at 0 and £ is the (one-dimensional) mass of each
vehicle. Typically, a maximum density pmax is prescribed in the model in order to avoid collisions, and the
velocity v satisfies v(pmax) = 0. The vehicle x,,, called ‘leader’, travels with maximum speed as no vehicles
are ahead of it. The finite dimensional dynamical system (2) is usually coupled with n + 1 initial conditions
$Z(0) = Ty, ) :0,...7n.

1.2. The follow-the-leader approximation of LWR equation. The ODE system (2) and the PDE
(1) are strictly related. To better understand such a statement, we observe that the quantity m
in (2) has the physical dimension of a one-dimensional density. Therefore, loosely speaking, a reasonable
continuum version of the ODE in (2) is

#(t) = v(p(t)), (3)

1



where z(t) denotes a Lagrangian trajectory of a particle with infinitesimal mass and p(t) the density computed
in the infinitesimal region around the same particle. Now, (3) is nothing but a Lagrangian formulation of
(1). Indeed, if we look at the latter as a continuity equation, the term v(p(x,t)) in it denotes the kinetic
velocity of a particle located at x at time t.

Hence, the equation in (2) for i < n can be considered as a Lagrangian discrete counterpart of the continuity
equation (1). This motivates the mathematical interest for (2) as a possible many-particle approximation
of (1), that is in the limit as n — +o0o. While this fact has been largely known in the literature as a
‘formal limit’, the result in [15] proved it as a rigorous mathematical result. More precisely, the result in [15]
can be stated as follows: take an arbitrary continuum initial condition p € L'(R) N L (R) with compact
support, and consider a suitable atomization of p, for instance a set of n + 1 particles Zo,...,Z, € R with
the property that f;j“ p(x)dz = 1/n for all ¢ = 0,...,n — 1. Now, consider the (unique) solution to (2)
with initial condition Z;, ¢ = 0,...,n and the discrete piecewise reconstruction of the particles’ density

n—1 1
s —

Pt = ; (i1 (t) — i(t)) Vs ()02 () (7)- (4)
Then, p" converges in L}, (RxRy) as n — +0oo to the unique entropy solution (in the sense of Kruzkov [26])
p of the scalar conservation law (1) with initial datum p. Such result was later extended to a larger class of
initial conditions in [12]. An alternative proof was provided later on in [21], see also the numerical result in
[22]. For the concept of entropy solution we refer e.g. to [9] at this stage (see also [31] for the particular case
of traffic flow modelling). We shall recall this concept at the beginning of Section 4 based on the definition
provided in [25].

1.3. A literature review on many particle limits for transport equations. In a more general frame-
work in which the dependence on p in the velocity term v in (1) includes possible diffusion terms, or external
force fields, or nonlocal interaction terms, several results are available in the literature. We provide here a
partial list of results. A probabilistic approach based on exclusion processes was developed in several works,
we mention here [17, 18, 27]. When diffusion terms are included, we mention here the milestone results in
[20, 34]. System (2) is a typical example of deterministic particle system, in that no stochastic effects are
considered and the position of each particle is exactly computable for all times ¢ > 0. A first attempt to
detect diffusion effect via deterministic particles is due to [33]. The result in [19] extends this approach to
nonlinear diffusions. A relevant recent result also involving external potentials is contained in [29]. Deter-
ministic particle limits are also relevant in the literature of the modelling of swarming phenomena, see e.g.
[7] and the references therein.

The result in [15] provided, for the first time, an abstract validation of the continuum model (1) as a ‘good’
approximation of the discrete model (2). In particular, the emergence of typical patterns such as rarefaction
waves and shocks - that are easily computable in (1) - is established as a phenomenon that occurs also in
the discrete setting, in a proper scaling regime in which the domain is large enough to include a very large
number of vehicles and the total mass of the vehicles is normalized. We stress that said patterns are not
detectable analytically in (2) for finite n. Moreover, this set of results is relevant also from the numerical
point of view, as it allows to follow the movement of each vehicle unlike standard approaches such as classical
Godunov type methods. Finally, these results hold without prescribing the initial condition to be far from
the vacuum state (a restriction which would contradict the fact that the inertia-free approach of (1) is more
suitable for low densities). We mention at this stage that the literature contains several results about the
derivation of the second order ARZ model via deterministic follow-the-leader systems, see e.g. [2, 4].

Although traffic flow is a motivating example to justify (1) as a many-particle limit for (2), the results
in [15, 12] hold under more general assumptions on the velocity map v: it suffices to assume that v is
monotone (decreasing or increasing) and the monotonicity of v determines the proper upwind direction for
the discrete density on the right-hand side of (2) (an increasing velocity v requires the use of the backward
density M) Indeed, this deterministic particle approach to solving nonlinear continuity equations
was later on extended to other models. In [14] the same approach was used to approximate solutions to (1)
on a bounded domain with Dirichlet type conditions. In [13] a suitable modification of (2) was proven to
converge in the many-particle limit to weak solutions to the Hughes model for pedestrian movements in one
space dimension. A nonlocal version of (1) was considered in [10] as the many-particle limit of a suitable
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variant of (2) considering nonlocal interactions with all particles, see also [16] for the same model coupled
with a nonlinear (degenerate) diffusion. We also mention here the results related to the ARZ model in [11, 5].

1.4. Our result: the case with space-dependent flux. The present paper contributes to the line of
research sketched above by considering the case of a scalar conservation law with space-dependent flux

pi + (pu(p)o(x)), =0, (5)
where v is monotone and ¢ is a given external drift term depending on the position x. Besides being well
motivated in the modelling context of traffic flow - for example in situations in which the speed of the
vehicles is also affected by external factors (such as temporary road maintenance, or sudden turns or rises)
- the equation (5) has a pretty wide range of potential applications in sedimentation processes [6], flow of
glaciers [24], formation of Bose-Einstein condensates [35]. For a more general description of the applications
of nonlinear scalar conservation laws we refer to [9] and the references therein.

Similarly to the approach of [15] and later results, we will assume throughout this paper that v : [0, +00) —
[0, 4+00) is monotone non-increasing and non-negative, with v(0) < +o00. A symmetric result could be stated
in case of a non-decreasing v, we shall omit the details. As for the potential ¢, we consider four cases:

(P1) ¢(x) > 0 for all x € R (forward movement);
(P2) ¢(x) <0 for all z € R (backward movement);
(P3) xz¢(x) > 0 for all z € R (repulsive movement);
(P4) x¢(x) <0 for all z € R (attractive movement).

We refer to section 2 for the precise statement of all assumptions on v and ¢. For each of the above four
cases we shall provide an ad-hoc many-particle approximation result in the spirit of (2). For example, case
(P1) requires the use of the forward follow-the-leader scheme

. 14 .
zi(t) =v (xi+1(t) — xl(t)) ¢(zi(t)), fori=0,...,n—1, (©)
i (t) = v(0)P(zn(t))-

The distinction between case (P1) and case (P2) is relevant in that it implies a change in the upwind
direction of the scheme. More in detail, if ¢ < 0 then all particles are subject to a drift directed towards the
negative direction. Hence, it is reasonable to assume that each particle adjusts its speed by considering the
distance to its left nearest neighbor, and the leftmost particle will be the leader travelling with v = v(0). In
case (P3), the drift direction changes at the origin = 0, with a positive direction on « > 0 (non-negative
¢) and a negative one on & < 0 (non-positive ¢). We shall refer to this case as repulsive movement, since it
implies a drift of all particles away from the origin. Two leaders (leftmost and rightmost particle) will travel
with speed v = v(0). Symmetrically, in case (P4) particles move towards the positive (negative respectively)
direction on < 0 (on x > 0 respectively). This implies that no actual ‘leader’ exists in the sense of
the previous cases, and particles adapt their speed with respect to the relative position with their right
(left respectively) nearest neighbor on @ < 0 (on & > 0 respectively). This situation implies an attractive
movement towards the origin, a phenomenon that could potentially imply collision between the two particles
nearest to the origin in a finite time. To see this, consider the example v(p) = (1 + p)~L, ¢(z) = —|x|* with

€ (0,1). Setting two particles at initial positions —xg, xo with 2y > 0, one can easily show that the two
particles —z(t) and z(t) obeying

)
)

i) = olaO)0 (g5 )  #(0) =0

reach the origin in a finite time. Other significant examples originate in the continuum setting in the study
of Bose-Einstein condensates, see [8], with ¢(z) = —x and v(p) = p?, in which the finite time blow-up in
L of the density is proven. In order to bypass this problem, we shall require an additional assumption for
case (P4), namely that the velocity map v(p) vanishes at some prescribed maximal density value R,y and
is equal to zero on [Ryax, +00). Such assumption is reasonable in contexts such as traffic flow in a single
lane, in which overtaking of vehicles is not allowed.

Our choice in cases (P3) and (P4) to consider just one point at which the potential ¢ changes its sign is
only motivated by the sake of simplicity. By suitably combining the results obtained in the previous cases,
one can easily extend our result to a potential ¢ satisfying the following assumption:
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e ¢ has finitely many zeroes A\ < ..., A, it has constant sign on each interval (\;, \j;1) for all
j=1,...,k—1 and it changes its sign near each };.
More precisely, we can split the real line into separate regions with attractive potentials and apply the
strategy we propose for case (P4). Clearly, the assumption of a velocity function v vanishing at a fixed
maximal density should hold in order to avoid blow-up. We omit the details.

In all the aforementioned four cases we are able to prove a convergence result in the spirit of [15]: given an
initial condition p € L*°(R)N BV (R) non-negative and with compact support, we atomize p by a set of n+1
particles Ty, . . ., T, we consider the piecewise constant density p™ as in (4) with z(t),. .., 2, (¢) solution to
a suitable follow-the-leader scheme ((6) in case (P1) as an example) with initial datum Zo, ..., Z,, and prove
that p™ converges locally in Ll , towards the unique entropy solution to (5) with j as initial condition. Such
result requires as crucial steps:'

e A local maximum principle showing that |[p"||zg) is uniformly bounded with respect to n on
arbitrary time intervals [0, T7;
e BV compactness estimates;
e Consistency with the definition of entropy solutions (in the Kruzkov’s sense [26]) in the n — +o0
limit.
Such a strategy requires an L' N L setting. This is why we cannot consider case (P4) in presence of blow-up
or concentration phenomena. This issue will be tackled in a future paper.

The paper is structured as follows. In section 2 we define our four approximation schemes and prove their
main properties, including the maximum principle for all of them. We highlight that cases (P1)-(P2)-(P3)
feature a maximum principle in terms of the initial L® norm, whereas in case (P4) the uniform bound
for p™ is provided in terms of the maximal density Rpnax. In section 3 we prove the needed uniform BV
estimate, as well as an equicontinuity property with respect to the Wasserstein distance that provide local
L' compactness in space and time. Finally, in section 4 we state and prove our main result in Theorem 4.2,
that collects the convergence of the scheme in all four cases.

2. STATEMENT OF THE PROBLEM AND MAXIMUM PRINCIPLES

Let us consider the following Cauchy problem for a one-dimensional conservation law

pi + (po(p)o(x)) , = 0, zeR, t>0,
{p@:, 0) = ple), reR,
where we assume that the function v and the initial datum p satisfy respectively
(V) v e Lip(Ry) is a non-negative and non-increasing Lipschitz function with v(0) 1= vpax < +00;
(I) pe L*®(R)N BV(R) is a non-negative, compactly supported function.
Concerning the potential ¢, we shall deal with four different cases

(P1) ¢(z) > 0 for all x € R (forward movement);
(P2) ¢(z) <0 for all z € R (backward movement);
(P3) xz¢(x) > 0 for all z € R (repulsive movement);
(P4) z¢(x) <0 for all z € R (attractive movement).

In all these cases, we assume the basic condition
(P) ¢ € W><(R)
and in the last one we add the following condition on the function v

(V*) There exists Rpax > 0 such that R := |[Pl] Lo (®) < Rumax, v(p) > 0 for p < Riyax and v(p) = 0 for
p 2 Rmax-

For the sake of simplicity, we suppose that the initial mass is normalised, that is
[Pl @®) = 1.
Moreover, let us denote with
[Eminafmax] = Conv(supp(ﬁ))
the convex hull of the support of p.



Our next goal is to provide an initial condition for the follow-the-leader systems. To perform this task,
we split the interval [Tmin, Zmax| into n sub-intervals having equal mass ¢, := 1/n. So, for a fixed n € N
sufficiently large, we set T( := ZTmin,; T, := Tmax and we define recursively

x?::sup{xeR:/. p(x)dac<€n} forie{1,...,n—1}.
x

Fn

From the previous definition we immediately have that ) < 7 < --- < T, and

x
/ plx)de =4, forie{l,...,n—1}. (8)
Ty

Next we introduce the follow-the-leader systems describing the evolution of the n + 1 particles with initial
positions 7', i = 0,...,n. The definition of the particle system depends on the cases (P1)-(P4) introduced
above, hence we should introduce four different approximation schemes, nevertheless, as we will see in a
moment, the latter two are strictly related to the former two. Cases (P1) and (P2) are the simplest ones, as
the constant sign of ¢ does not affect the monotonicity of the velocity field v(p)¢(z). Consistently with the
homogeneous case [15], when ¢ is non-negative we have that the velocity field decreases with respect to the
density p. Therefore, in case (P1) the follow-the-leader scheme should consider a forward finite-difference
approximation of the density. Symmetrically, (P2) implies a backward approximation. As a consequence,

with the notation '
R?(t):ﬁ, t207 ZG{O,,TL_].}7
x o (t) — 27 (1)

in case (P1) we use the ODE system

#n(t) = o(RM)) @ (), for i€ {0,...,n—1},
J)Z(t) = Umax(b(I:LL(t))’ (9)
2 (0) =77, for i € {0,...,n}

and in case (P2) we use

xg(t) = ’Umax(b(xg(t))?
&y () :’U(R?—l(t))¢(m?(t))7 for i € {1,...,n}, (10)

z(0) =77, for i € {0,...,n}.

For cases (P3) and (P4) we consider a sort of combination of the previous two cases. With the notation
ky :=max{i € {0,...,n}: 7} <0},
the ODE system in case (P3) i

wn

a5 (t) = vmaxd(@f (1)),

o (t) = v(R{_1 (8) (2} (t),  forie{l,... kn},

2 (t) = v(RI () (xR (1)), forie{k,+1,...,n—1}, (11)
iy (1) = vmaxd(27, (1)),

z(0) =77, for i € {0,...,n},

whereas in case (P4) we use

& (t) = v(R} (1) o(27 (1)), for i € {0,...,kn},
P (t) = v(R}P_ (t)p(x(t),  forie{k,+1,...,n}, (12)
z(0) =77, for i € {0,...,n}.

For the sequel, we denote with %, the Lipschitz constant of any 1 € Lip and we define the quantities

L := vpax| @[ o) and L' := vgax||¢'|| Lo (m)

which are, thanks to assumption (P), two positive constant and, moreover, we drop the n and ¢ dependence
for simplicity, whenever there is no ambiguity.
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We remark that the Lipschitz conditions on v and ¢ ensure the local existence and uniqueness of solution
to (9)-(12). In particular, as long as the solution exists particles maintain the same order (otherwise one
of the ratios R; blows up and the right-hand-side in (9)-(12) becomes meaningless). In order to safeguard
global existence, we need to prove three properties:

(a) Particles have a finite position and velocity on bounded time intervals,
(b) Particles always move in the same direction in (11) and (12),
(¢) Particles never collide, consequently they always maintain the same order.

Lemma 2.1 (Finite position and velocity on bounded time intervals). Assume (V), (1) and (P) are satisfied
and, moreover, assume (V*) is satisfied in case (P4). Then, as long as the solution to one of (9)-(12) exists,
we have that

|zl (t)] < +o00 and |2}(t)| <L <+4oo forallie{0,...,n}. (13)

Proof. Due to assumption (P) and (V) we immediately get |#;(t)| < L. Furthermore, integrating the ODE
defining the evolution of each z;(t), it follows that

t t
@i (t)] = @+/ d4(s)ds| < \@-|+/ (6:(s)|ds < |7 + Lt < +oo.
0 0

]

Lemma 2.2 (Upper bound for the distance of two consecutive particles). Assume (V), (I) and (P) are
satisfied and, moreover, assume (V*) is satisfied in case (P4). Then, as long as the solution to one of
(9)-(12) ezists, there exists a positive constant ¢, depending only on ¢ and v, such that

xi () — 2 (t) <ap(t) — 20(t) < Tmax — Tmin + ¢t for all i € {0,...,n —1}. (14)
Moreover, ¢ =0 in case (P4).

Proof. Integrating the ODE defining the evolution of the difference x,, () — xo(t), since all particles maintain
the same order as long as the solution exists, we immediately get

Zit1(t) — zi(t) < xn(t) — zo(t) =|Tn — To —|—/O(xn(s) — a'co(s))ds < Tmax — Tmin + 2Lt.

In case (P4) the estimate with ¢ = 0 follows from the fact that z,, has a negative velocity and zo has a
positive one. O

Now we prove the following technical result regarding cases (P3)-(P4).

Proposition 2.1 (Preservation of the particles’ sign in cases (P3)-(P4)). Assume (V), (I) and (P) are
satisfied and, moreover, assume (V*) is satisfied in case (P4). Then, as long as the solution to (11) and
(12) exists, we have that
z;(t) <0 forie{0,...,k,—1} and z;(t) >0 forie{k,+1,...,n} (15)
For i = k,,, we have that
(a) If &y, <0, then xy, (t) < 0;
(b) If Tk, =0, then z, (t) = 0.
Proof. Let us first show (15) for a fixed i € {0,...,k, — 1} (for the remaining indices ¢ € {k, +1,...,n}
we can follow a symmetric reasoning) and let us suppose that the solution to (11) and (12) exists on the
time interval [0, 7) for a certain 7 > 0 (possibly infinite): we have to prove that z;(t) < 0 for all ¢ € [0, 7).
Suppose by contradiction the existence of a time 0 < t* < 7 such that x;(t*) > 0. Since z;(0) =7Z; < 0 and
x;(t) is a continuous function, then the pre-image of {0} via z;(-) is a compact set in (0,¢*). Therefore, there
exist two positive times (possibly coinciding) 0 < t; < to < t* such that
xi(t1) = x;(te) =0, x;(t) <O0forall0 <t <ty and a;(t) >0 forall to <t < t*. (16)

Let us now split the cases (P3) and (P4). Concerning the case (P3), from the first inequality in (16) we get
that @;(t) = v(R;—1(t))o(zi(t)) <0 for all 0 < ¢ < 1, which implies

t1
xi(tl) =7T; +/ .T,(t)dt <0
0
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and this contradicts the fact that z;(¢t;) = 0. Turning to case (P4), using the second inequality in (16), it
follows that @;(t) = v(R;(t))d(z:(t)) < 0 for all to <t < t*, hence we get

.
ZEi(t*) = l‘i(tg) +/ i’i(t)dt < 0,
ta
which contradicts the fact that x;(¢*) > 0.

Now it remains to prove (b), indeed in case Ty, < 0 we can repeat the same argument exposed above to
show the validity of (15). Let us now consider the cases (P3) and (P4) separately. Starting from case (P3),
we first notice that |v(Rg, —1(t))¢(xk, (t))] < vmax|P(xk, ()] for all t > 0. As a consequence, by comparison
we have that the unique solutions to the two Cauchy problems

Yo(t) = vmax¢(yo(t)), Z0(t) = vmax9(20(1)),

Yo )
Yilt) = v(Ri—1(1))o(yi(1)), i € {1,... kn — 1} zi(t) = v(Ri—1(t)9(2i(1)), 1 €{L,... kn — 1}
) =t ) 5 ) = tnd (e (),
3i() = o(Ri(£) b (), i € {kn+1,....n—1) 54(t) = v(Ri(0)B(2i(0)), i € {hn 41,00y — 1)
Un(t) = Vmax®(Yn(t)), Zn(t) = Vmax@(2n (1)),
y;(0) =%, i € {0,...,n} zi(0) ==;, 1€{0,...,n}

(17)
are such that

yi(t) < ai(t) < z(t) forallte[0,7%), i €{0,...,n}, with 7% :=sup{t < 7 : the solutions to (17) exist}.

To see this, we observe that neither in (11) nor in (17) does the (k,)—th particle affect the evolution of
the other particles (which remains unchanged since no particle sees the (k,)—th particle), hence it holds
that y;(t) = 2z;(t) = x;(¢) for all ¢ € [0,7*) and ¢ # k,,. Therefore, the evolution of the (k,)—th particle is
completely decoupled in both systems (17) and the choice of the velocities g, and Zg, easily implies the
assertion. Now, since yi, (0) = 2, (0) = 0 and since i, () = —Vmax|P(Yr, (t))] and 2, (t) = Umax|®(2k, (t))]
have the stationary solution yy,, (t) = z,, (t) = 0, then it follows that xy, (¢t) = 0 for all ¢t € [0, 7*). Moreover,
the only possible reason for which 7* < 7 is that either yy, hits yi, —1 or that zj, hits 2, 41 on some ¢t < 7%,
which cannot happen due to yg, (t) = 2z, (t) =0 on t € [0,7*). Hence, 7* > 7 and (b) is proven.
Concerning case (P4), we first show that z, (¢) < 0 for all ¢ € [0,7) arguing again by contradiction and in
particular supposing the existence of a time 0 < ¢* < 7 such that zy, (¢*) > 0. Then there exists 0 < # < t*
such that zy, (f) = 0 and zy, (t) > 0 for all £ < ¢ < *. This implies that iy, (t) < 0 for all £ < ¢t < t* and
hence that

-
g, (1) = 2k, () +[ T, (t)dt <0
t

which contradicts the fact that xj, (¢*) > 0. Reasoning in a symmetric way, that is supposing by contradiction
the existence of a time 0 < ¢* < 7 such that z, (t) < 0, we can show that xy, (t) > 0 for all ¢ € [0, 7), hence
we finally get ., (t) = 0 for all ¢ € [0, 7). O

The next proposition ensures that particles never collide in all the four cases: this gives the global existence
of the solution for (9)-(12).
Proposition 2.2 (Discrete maximum principle). Assume that (V), (I) and (P) are satisfied.

o If (P1) (respectively (P2), (P3)) holds then, as long as it exists, the solution to (9) (respectively to
(10), (11)) satisfies

x o (t) — 2 (t) > %e*m forie{0,...,n—1}. (18)

o If (V*) and (P4) hold then, as long as it exists, the solution to (12) satisfies

ln

Rmax
7

xi () — 2 (t) > forie{0,...,n—1}. (19)



Proof. We first observe that the statement is true for ¢ = 0, indeed by (8) and (I) it follows that

_ _
Tit1 — T 2 = >

foralli € {0,...,n —1}.

max

We now consider the four cases separately, each one with a separate recursive argument.
Let us suppose (P1) holds and let us take as basis of our (backward) recursive argument the index i = n—1.
Since the first order Taylor’s expansion of ¢ at x,,_1(t) is given by

P(zn(t) = d(zn-1(t)) + ¢'(&(t)) (xn(t) — 2p-1(t))
for some Z(t) € (2n—1(t), zn(t)), then it follows that

%[(ﬂn(t) — l’n_l(t)] :Umax¢(xn(t)) - U(Rn—l(t))qs(xn—l(t))

:(Umax —v(Rp—1 (t)))¢(xn—1(t)) + Vmax®’ (2(t)) (xn(t) - xn—l(t))
zvmaxgﬁ/('i(t)) (J?n(t) - mn_l(t)) .

Therefore, applying Gronwall lemma, we get that
Ta(t) = Tno1(t) > (Tp — Tnoy)efo et (@EEDds > %eﬂf U (3())ds

and finally, since the assumption (P) implies that ¢’ is bounded, from the previous inequality we easily get
(18) for i =n — 1.

Concerning the remaining indices, we argue by contradiction and assume (without restriction) the existence
of an index j € {0,...,n — 2} and of a time t* > 0 such that

by _p s
ip1(t) — xi(t) > ﬁe_Lt fort>0,ie{j+1,...,n—1}

and

by _p
Since f(t) := zj+1(t) — z;(¢) and g(t) = ﬁe*Lt are continuous functions satisfying f(0) > ¢(0) and

f(#*) < g(t*), then by continuity there exists (at least) a time at which f and g coincide. As a consequence,
we can define

t:=sup{0 <7 <t*: f(1) = g(1)}

Y4 / -
and we can claim that z;41(¢) — z;(t) < %e_L tfor £ < t < t*. Suppose indeed by contradiction the

existence of ¢; € (f,t*) such that f(t;) > g(t1), then we can use again the previous continuity argument to
get the existence of ty € [t1,t*) such that f(¢2) = g(t2) and this contradicts the fact that ¢ is the sup of the
times with this property. As a consequence, for ¢ € [t,t*] we have the following situation

Ly ,—L't g
= Ze fort=t
1 (t) —xj(t R - 20
x]H() xj(){< %e’Lt for t <t < t*. (20)
Using as before the first order Taylor’s expansion of ¢ at x;(¢), it holds
d
i1 0) = 23(0]) =0(Ry 1106 51(6) = v(Ry ()60 o

=(v(Rj1(8) — v(R;(1))) (1) + v(Rj1.(£)" (2 (1)) (w41 () — a5(1))
for some Z(t) € (2;(t), zj+1(t)). On the other hand, from the contradictory assumption it follows that
Rja(t) < Re"' < R;(t)
and hence, since v is non-increasing, that

o(Ry (1)) < 0(Re"'t) < v(Rya (1))
8



for all £ < ¢ < t*. Using these estimates in (21), for all t<t<t*we get that

 [oga(t) — 5(0)] = o By ()6 GO) (31 (1) — 75(0)

and finally, using again Gronwall lemma on the time interval (Z,t) with ¢ < ¢*, it follows that
~ ~ e en ’
w41 (t) = w5(8) > (wj41(F) — aj (F))eli " Rosr (D@ > ﬁe*L 5

which contradicts (20), since t < t < t*.

Concerning case (P2), we can reason in a symmetric way, taking the index i = 0 as basis of the recursive
argument and assuming the existence of a ’first index j’ at which the statement fails on a certain time
interval (we omit the details).

In case (P3) holds, the proof of (18) for ¢« € {0,...,k, — 1} and ¢ € {k,, + 1,...,n} is straightforward,
indeed we can simply apply (rearranging the indices properly) the same arguments used in cases (P2) and
(P1) respectively. Turning to the remaining case i = k,,, we first remark that

v(Ry, —1(t)) > v(ReX) and  v(Ry, 11(t)) > v(Re™'") for all t > 0,
since (18) is valid for ¢ = k,, — 1 and i = k,, + 1. As a consequence we have

d

2 [k (0=, (O] = 0(Re 1 () @k, 41(1)) = 0(Ri, -1 ()9, (1) 2 0(Re™ ) (dn, 41 (1)) — Ol (1))

and, using the first order Taylor’s expansion of ¢, it follows that

d

= [, 51(t) — 2, ()] > 0(ReX) ¢ (2(1)) (@, 41() — 2, (£))

for some Z(t) € (xx, (), Tk, +1(t)). Finally, applying again Gronwall lemma we get

Bolsy g (2 A '
xkn+1(t) -y, (t) > (jkn+1 _ Ek")efot v(Re®) ¢ (#(s))ds > %e—L t
and this concludes the proof for case (P3).
In case (P4), we prove (19) using a different recursive argument with respect to the previous cases. Let
us first consider the indices i € {0, ..., k, — 1}, let us take as base case the index i = k,, — 1 and suppose by
contradiction the existence of a time ¢* > 0 such that xy, (t*) — g, —1(t*) < R‘i. Using a similar continuity

argument with respect to the proof of case (P1), we can prove the existence of 0 < ¢ < t* such that

¢ ~

==2— fort=t
Tk, (1) = 2k, -1 (1) { Fpa e
m fOI' t<t S t*.

Integrating the ODE in (12), for all £ < t < ¢* it follows that

T, (t) = Tp, -1 (t) =25, (1) — 28, -1 (1) + /t [0(Rk, (5)) (2, (5)) — v(Re, -1(5)) bk, —1(5))] ds,

where, due to the contradictory assumption, we have that Ry, —1($) > Rmax and this implies, together with
(V*), that v(Ry, —1(s)) = 0. Hence we get, for t < ¢t < ¢*, that

/t, [0(Re., (5))6(ax,, () — v(Ri,—1()) Sk, 1 (5))] ds = / o(Ri, ()6, ())ds > 0

and so it follows that

- - 14
o (8) = @1 (1) 2 2, (8) = 2, -1 (6) = 57—
max
which is a contradiction. For the remaining indices i € {0, ..., k, — 2}, we can repeat a recursive argument

similar to case (P1), while the validity of (19) for ¢ € {k, + 1,...,n — 1} can be proved in a symmetric

way with respect to the previous indices: it is sufficient to take as base case the index i = k, + 1 and then

proceeding by contradiction (the details are left to the reader). As a consequence, it remains to show (19)
9



for i = k,, and for this purpose we argue again by contradiction, supposing the existence of a time t* > 0
such that @y, (t*) — 25, —1 (") < 72—, such that

= fort=1,

x t) — xp, (t Rmax -
-0 km{ T mierer

On the other hand, for all £ < ¢ < t* it holds that

Tht1(8) = T, (t) = wp,41.(F) — @, () + /t V(B (5)) [6(zk,41(5)) — p(xk, (5))]ds,

where the contradictory assumption implies that Ry, (s) > Rpax and hence, due to (V*), that v(Rg, (s)) =0
for all £ < ¢ < t*. From this it follows that

Tp,+1(t) — g, () = 28, 11 (F) — 21, (F) = for t <t <t*,

max

which is a contradiction and this concludes the proof for case (P4). ]

Remark 2.1. The exponential rate in (18) is not optimal: using the same strategy, we can indeed prove
that

V4 /
. _ . > Umax Pinet f ol . =i / <
xH'l(t) xl(t) = Re f Zf (b]nf ;Ié%(b (l’) -

and

i1 () — () > Levminintt  if Pl = 0, with Vinin = mnlg}r v(p).
€
Remark 2.2. The estimates proven in Lemma 2.2 are global-in-time in view of the discrete maximum

principle above.

Remark 2.3. We can slightly weaken our assumption (P) in three of the cases examined, indeed it is
sufficient to take ¢ € W2 ([Tpin, +00)) in case of forward movement, ¢ € W ((—00, Tmax]) in case of
backward movement and ¢ € W2 ([Timin, Tmax)) in case of attractive movement.

According to our construction and the previous propositions and remarks, the evolution of the n + 1
particles x;(t) is well defined for all ¢ > 0, hence we can introduce a time-depending piecewise constant
density having support in [z (t) Zn(t)]. Therefore, we set

ZR Mz (t) i1 (1) Z "0 Lo, (8),mi10 (1) (2)- (22)

i—0 z+1
3. BV ESTIMATE, TIME CONTINUITY AND COMPACTNESS

We first show a uniform control of the total variation of p™ which plays a key role in the proof of the
convergence of our particle scheme. In the sequel, since we are interested on large values of n € N, without
loss of generality we suppose n sufficiently large such that 2 < k,, <n — 3.

Proposition 3.1. Assume (V), (I) and (P) are satisfied and, moreover, assume (V*) is satisfied in case
(P4). If one of (P1), (P2), (P3) or (P4) holds, then there exist four positive constants a, 3, v and (,

independent on n, such that

TV (- 1)] < (TVF] + at + Bl ) eI+ for gi1 ¢ > 0, (23)
Proof. We first notice that
n—2
TV[pn(’t)] = RO(t) + Rn 1 + Z’R - z+1( )’

Now we would like to derive the previous identity: since the absolute value function is not derivable in z = 0,
we need to introduce one of its C'' approximation, for instance we consider

if |z| >
Ne(2) = |ZZZ‘ Y l 12 2 o, for some o > 0.
5% + b lf |Z| < g,

10



We first notice that 7, (z) > 0 for all z € R. Moreover, since

i if |z| >
0 (2) = {51gn(z) if |z| > o,

z if 2| < o,

g

then it follows that |/ (z)| <1 and

0<n(2)z<n,(z) forall z€R, (24)
in particular it holds that |1/ (z)| = 1 and 0. (2)z = n,(z) for |z| > o, while for |z] < o we have that
In.(2)] = 2] | <1and

2 2
' _EZ 2L
Np(2)2 = — < ot 5 =1s(2)
Then, defining
n—2
TVo[p" (-, 1)] := Ro(t) + Ra1(t) + Y 1o (Ri(t) = Rira(t)), (25)
=0
it follows that
n—2
d . . . )
7 TValp" ()] = Ro(t) + Ry (2) + D ol (Rit) = Riga (1) [Ri(t) — Risa (1],
=0

where we can rewrite the sum as

Z 1y (Ri(t) = Riga (£)) [Ri(t) — Riga (t)] =nl, (Ro(t) — Ri(t)) Ro(t) — 1y (Ru—2(t) — Ru1(t)) R_a(t)

n—2
+ Z [ (Ri(t) — Riga(t)) — mi (Ri—1(t) — Ri(t)) | Ri(2).
i=1
Moreover, defining for brevity

po(t) =1+, (Ro(t) — Ra(t)),

pn=1(t) =1 =g (Rna(t) = Ru-1(t)),
() = nl (Ri(t) — Rig1 (1)) — 1l (Ria(t) — Ri(t)) fori=1,....,n—2,
wz()—n(,(R = Riqa( ) fori=0,...,n—1,
we hence get that
LIV (0] = ) + B + (), (26)

with
A(t) = po@)Ro(t),  B(t) = jin-1(D)Ftn-r(t) and C(t Zuz

Now we need to determine an upper bound for the functions A(t), B(t), C(t) and we should treat as before
the four cases separately.
Let us consider the first case (P1). For A(t) and B(t) we have, due to (P) and (18), the following sub-cases:

=0 if Ry — R; < —o,
A < 2L/ Ret't 2B LMol= i By Ry | < o, (27)
< 2L'Rel't if Ro— R >0
and
B() {: S = (29)
< 2L'ReXt if R,_o— R,_1 < 0.

11



Let us first prove the estimates for A(¢), where we recall that

A) = [+ 9, (Ro — )] [o(Bo)oao) — ol Br)o(r)]

n

We have that:
(a) If Ry — Ry < —o, then 0/ (Ro — R1) = —1 and so A(t) = 0.
(b) If Ry — Ry > o, then ), (Ry — R1) = 1, v(Rp) < v(R;) and so it holds that

2

At) < Q%U(Rl) [p(z0) — p(x1)] < 2L'Re™.

(c) If |[Ry — Ri1| < o, then —1 </ (Ry — R1) < 1 and hence

2 2
A1) =[1 4+ 1 (Ro — Ba)] 20 0(Ro) [0(wo) — ola)] + [1 -+ 7, (Ro — B)] 22 6(a1) [v(Ro) — v(B)]
—2 =2
<o/ Rel't 4 o 1Oll®) ”(@'L“(R) [0(Ro) — v(R1)| < 2L'ReX"t + o Llldlli=®) "g””f””’"(m .
Turning to B(t), where
R2
B(t) = [1 - 77; (Rn72 - Rnfl)] 271 [U(Rnfl)(ﬁ(xnfl) - Umax¢(xn)]7

it holds that:
(a) If R,—2 — Rp—1 > o, then . (Ry—2 — R,—1) = 1 and so B(t) = 0.
(b) f Rp—92 — Ry—1 < o, then —1 <1/ (R,—2 — R,—1) < 1 and so we get that
R? _
B(t) <2 Z_lvmax [¢(xn—1) - Qb(lﬂn)] < 2L/R€L t

n

Regarding the sum C(t), we can split it as

O = Y 40) + Y m(OR (1),
where ) )
(+)2 )
140 = 1 o 0) oRa0) — v(Rea )] and 100 o= (a0 [0t 0) — D (1)

Now we show that c
IL(t) < 70 foralli e {1,...,n —2},

where c¢ is a non-negative constant depending only on p, ¢ and v. In particular we have that:
(a) R —Rjy1>0and R —R; >corif R — Riy; < —c and R;_1 — R; < —o, then u;(t) =0 and

so I;(t) = 0.
(b) If Ry — Riy1 >0 and R;—1 — R; < —o, then u;(t) = 2, v(R;) < v(R;+1) and hence
R
Iz(t) = 27¢($1+1) [’U(RZ) — U(Ri+1)] S 0.
n
(¢) f Ry — Riz1 < —cand R;_1 — R; > o, then p;(t) = —2, v(R;11) < v(R;) and so as before I;(t) < 0.
(d) f R, — Riy1 > o and |R;—1 — R;| < o, then 0 < p;(t) < 2, v(R;) < v(Ri+1) and so again I;(t) < 0.
() f R, — Riy1 < —c and |R;—1 — R;| < o, then —2 < p;(¢) < 0, v(R;1+1) < v(R;) and hence I;(t) < 0.
(f) If [R; — Rip1| <o and R;—y — R; < —0, then 0 < y1;(t) < 2 and therefore
—2 —9
R > R Z,]|0|| L
Ii(t) < QMMRQ —(Rip1)| < WLl

- Ly Ly

(g) If |R; — Riy1| < 0 and R;_1 — R; > o, then —2 < p;(t) < 0 and hence it holds the same estimate of
the previous case.

(h) If |R; — Ri41] < o and |R;—1 — R;| < o, then —2 < pu;(t) < 2 and again we have that I;(¢) satisfies
the same estimate as in case (f).

12



As a consequence, we have that

n—2
c
o) < 2’ + Z i () R (¢) I3 (t) (29)
i=1
and we can rewrite the sum as
n—2 n—2
D i Ri(IT(E) =Y wit)Ri(t Z wi (1) Rig1 () it (1)
i=1 i=1
= Z wj (t) [Rl(t)IIl(t) - Ri+1(t)IIi+1(t)] — wO(t)Ro (t)][o (t) + wn_g(t)Rn_l(t)IIn_l(t),
(30)
where, since
|ILi(t)| = %U(RZ)M)(I'Z) — ¢(wip1)| <L forie{0,...,n—1},
then it holds
|—wo(t)Ro(t) o (t)] < L'ReXt  and  |wn—o(t)Ry—1(t)I,—1(t)| < L'Ret™. (31)
Moreover, we can rewrite the sum in the right-hand side of (30) as
n—2
> wil®) [Ri(0) L (8) = Riga ()i (¢ Z wi(t — i (2 +Z wi(t) i1 (t) (Ri(t) — Risa(t)),
i=0
where, due to (24), we immediately remark that
Z Wi () ;41 () (Ri(t) — Riya(t)) < L/ Z Mo (Ri(t) — Riz1(t)) < L' TV, [p"(-,1)]. (32)

Turning to the remaining sum, from the second order Taylor’s expansion of ¢ at x,11(t), we get

¢ (F1,i41(t))
2

2

P(xi(t)) = p(wip1(t) — @' (w1 (1)) (wiga (t) — zi(t)) + (zig1(t) — zi(t))

and

$(res2(t) =0(w (1) + (@1 () (wralt) — i (1)) + S002O (0 oy )

for some Z; ;11(t) € (w;(t), zi1(t)) and Fit1,i42(t) € (zi1(t), zi+2(t)). Hence we can rewrite the sum as

2

Z wi(t) R () (IT;(t) — ;44 (t)) = Di(t) + Da(t) + Ds(t), (33)
with i
Z i) Ri(0)6 (i1 (8) [0(Riga (1) — v(Ri(1))],
Z wilt (@101 (D)0 (R (D) (i1(8) — :(1)?
and )
Dy(t) = Z w(t)%f(%“@mm (0)0(Biss(0) (wss2(t) — w011 (1)

We first notice, since n¢,, = 1, that Dg( ) satisfies

sz l'z Ji+1 ))U(Rz(t)) S vmax”d)//HLoo(]R)' (34)
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Concerning D (t), from (18) and (24) it follows that

n—2
Di(t) < L[|/l Re™ " > no (Ri(t) = Riga(1)) < ZLol|¢|| ooz Re™ TV, [0 (-, ). (35)
=0

Turning to the last sum D3(t), defining for brevity

" (i1 (t))

2, U(Ri)(l’i+1(t)—$i(t))2 for i € {1,...,7’1,—1}7

ilt) =

we can rewrite Ds(t) as

n—2

Ds(t) = Z w; () Rig1 (t)*yis1 (t) + z_: w;(t) (Ri(t) = Rig1 (1)) Rig1 ()41 (t) := D3(t) + D3(1),
i=0 i=0

where D3(t) satisfies the same inequality as Do(t), while (14) and (24) implies that

D3(t) = % Z_: wi(t) (Ri(t) = Rig1 (1)) 0" (Gi1,i2(1)0(Rig1 (1) (wiga(t) — ziga (1))
=0

n—2 (36)
S ||¢//||L°C (R)vmax (Emax — Tmin + 2Lt) Z No (Rz (t) - Rerl(t))
=0

< ||¢//||L°C (R)Umax (fmax — Zmin T 2Lt) TVg [pn(, t)}
Putting together (26)-(36), we finally get the following differential inequality
d c

2 TVolp" ()] < ?ga +er+ coett o+ (e3 4 eat + eseP ) TV, [p"(,1)]  for all £ >0, (37)
where ¢;, ¢ =0,...,5, are six positive constants depending only on ¢, v and p.

In case (P2) we can proceed in a symmetric way and we get also here (37) (the details are omitted).
Turning to case (P3), we first remark that the bounds for A(t) and B(¢) are the same already pointed out
in cases (P2) and (P1) respectively. Regarding C(t), we split this sum as

kn—1 n—2
Ct)= > m®Rit)+ > pi®)Ri(t) + pik, (t) Ri, (£) := C1(t) + Ca(t) + Cs(t), (38)
1=1 i=kn,+1

where C1(t) and Cs(t) can be estimated, rearranging the indices properly, using the same reasoning as in
cases (P2) and (P1) respectively, while for C3(t), which is given by

2

R
Cs(t) = [n, (R, — Rk,+1) — 1y (Rk,—1 — Ri,)] ek" [0(Rk,-1)¢(2k,) — V(R 41) (ke 41) ]

we now show that

-2
— . RL8||
Cs(t) < 2L'Re™* + 4%0.

We need to distinguish the following cases:

(a) If R, — Rg,+1 > o and Ry, 1 — Ry, > o orif Ry, — Ri, +1 < —o and R, —1 — Ri, < —o, then
pk, (t) = 0 and hence Cs(t) = 0.

(b) If R, — Rg,+1 > o and Rg,—1 — R, < —o, then pg, () = 2 and so, since ¢(x,) < 0 and
@(xg, +1) > 0, it holds that C5(t) < 0.

(¢) If Ry, — Ri,+1 < —o and Ry, —1 — Ry, > o, then it follows g, (t) = =2, v(Rg,-1) < v(Ry,),
(R, +1) < v(Rg, ) and therefore, since ¢(xy, ) < 0 and ¢(xg, 1) > 0, we get

R2 —_— ’
Cs(t) <2 ek" o(Ry,) [d(ak,+1) — ¢(zn,)] < 2L'Re™™.

n
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(d) If Ry, — Ry, +1 > o and |Rg,—1 — Rk, | < o, then we have 0 < py, (t) < 2, v(Rg,+1) > v(Rg, ) and
so, since ¢(xg, +1) > 0, we get

R2
Cs(t) < puk,, ()= [0(Rk, 1)@, ) = v(Br, ) (xp,41)]
R} R;
= ik, (t)T"U(Rk,,,—l) [¢(zh,) — O(@hp+1)] + ks (t)T"éb(ivknﬂ) [0(Rk,—1) — v(Ry,)]
—2
< 2L'Rel't + ot Zoll9llL=®) g”"f”m(m o.

(e) If Ry, — Ry, +1 < —o and |Rk,—1 — Rk, | < o, then it follows —2 <y, (t) <0, v(Rg, +1) < v(Rg,)
and hence, since ¢(xy, +1) > 0, it holds the same estimate as in the previous case.

(f) If |Rg, — Ry, +1| < o and Ry, —1 — Ry, < —o, then it follows 0 < py, (t) < 2, v(Rg,—1) > v(Rg,)
and therefore, since ¢(xy, ) < 0, we get

Cs(t) < g, () }Zk" [0(Rk,,)¢(x, ) — (R, 11)0(xk, 11)]

= f,, () gi" v(Ry, ) [0(zh,) — o2k, 4+1)] + 1k, (t)}Z:nqb(xknJrl) [0(Ry,,) — v(Rp, +1)]

=2
R 2|9~ ®)
— 0.
U
(g) If |Rg, — Ry, +1| < o and Ry, 1 — Ry, > o, then we have —2 < py,, () <0, v(Rg, 1) < v(Ry, ) and
hence, since ¢(z,) < 0, it holds the same estimate as in the previous case.
(h) If |Rk, — Ry, +1| < 0 and |Rk,—1 — Ry, | < o, then it follows —2 < puy, (t) < 2 and therefore we get

< 2L'Relt 12

Ca(6) = it (O 20 Ry 1) [8(02,) = 6 1)) s (0, 1) 2Ry 1) = (R, )]

—2
R 2|8l L~ m)

—2

R 2|8l L~ m)
B —— O I
¢,

<OL'ReFt 42
Ly

|Ri, 1 — Ri, 41| < 2L'Re™t 4+ 4
As a consequence, we hence have that (37) is valid also in case (P3).

In the last case (P4), we can estimate A(t) and B(t) in the same way as in cases (P1) and (P2) respectively,
substituting Rel't with Rmax whenever it appears. Concerning C(t), we can rewrite this sum using the same
splitting (38) seen in case (P3), where C3(t) now satisfies C5(t) < 2L/ Rpax, since

R? R?
Cs(t) = p, (1) gk" [k, = Ert1] = ik, (t)%U(Rkn)[qﬁ(%) — ¢(wk,+1)] < 2L Ripax.

For C;(t) and Cs(t), rearranging the indices properly and substituting again Rel't with Riax, we can follow
the same reasoning as in cases (P1) and (P2) respectively: in this way, we obtain all the previous estimates
with a slight difference only on the term D3(t). For this sum it holds, due to remark 2.2 and (24), that

D3(t) = % Z_: wi(t) (Ri(t) = Rig1 (1)) " (Fis1,i12(0))v(Riza () (ira(t) — iy (1))

n—2

< ||¢//||L°c (]R)/Umax(fmax - fmin) Z No (Rz (t) — Ri+1(t))

1=0
S ||(775//||L°c (]R)vmax(fmax - fmin) TVU [pn(a t)]

Applying now Gronwall lemma to (37) and letting o — 0, we get

L/T)

< a7 ds. (39)

' t ’ t
TV[p" (-, )] S TV[p" (-, 0)]efo (eotestesctTdr o / (c1 + cel's)eli Ccateriese
0
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Concerning the total variation of p"(-,0), since (8) and the mean value theorem imply

Tit1
R;(0) = 7[7”7 = ][ plx)dr =p(z;) for some z; € (T, Tit1),
Li+1 — X4 T
then it holds that
n—2 n—2
TV[p"(-,0)] = Ro(0) + Rn—1(0) + Y |Ri(0) = Riy1(0)| = p(20) + B(2n-1) + ¥ [P(2i) — Blzi11)] < TV[a].
i=0 i=0

Moreover, defining
Co Cy Cs
a:=c == = max| c3, — and =
1, B En y < 3 2 > C gn )
after a simple calculation it follows that

e.f5(03+c47'+csey")dr < e[’yt(l—i—t)—i—CeL/t]

and .
/ (c1 + 02eL/S)efst(c3+c47+c5€L/T)des < (at+ ﬂeL/t)eW(HtHCeL/t],
0

therefore, combining together the previous three estimates in (39), we finally get (23). |

Remark 3.1. The previous proposition gives us the needed compactness of the sequence {p™ }nen with respect
to space. Concerning the time variable, we are not able to obtain a L' uniform continuity estimate which
would provide a sufficient control on the time oscillation. Nevertheless, we are going to prove a uniform time
continuity estimate with respect to the 1-Wasserstein distance which is sufficient to get the required strong
L' compactness with respect to space and time.

We now recall the main properties on the one-dimensional 1-Wasserstein metric. Let u be a probability
measure on R with finite first moment, and let us denote with X, the pseudo-inverse of its cumulative
distribution function, that is

Xu(z) =inf{zr e R: p((—o0,z]) > 2z} for z € [0,1].

We first notice that X, € L'([0,1]) (see [36]). Moreover, the 1-Wasserstein distance between two probability
measures £ and v on R can be defined as the L' distance of X, and X,,, that is

Wip,v) = || X, — XullL1 o) (40)

In particular, starting from the definition (22) of p", we can explicitly compute the pseudo-inverse function
X,» and we get

n—1
Xpn(p(z) = Z [2:(t) + (2 — i) R (0) " Lse,, (i 1)) (2)- (41)
i=0
After this short preamble, we can prove the uniform time continuity estimate with respect to the 1-
Wasserstein distance, which is stated in the following

Proposition 3.2. Assume (V), (I) and (P) are satisfied and, moreover, assume (V*) is satisfied in case
(P4). If one of (P1), (P2), (P3) or (P4) holds, then there exists a constant ¢, dependent only on v and ¢,
such that

Wi(p"(,t), p" (-, 8)) < clt —s| forallt,s > 0. (42)
Proof. Let 0 < s < t fixed. From (40), (41) and the triangular inequality, it follows that
n—=1 .(i+1)¢,
Wi(p"(-,t), p"(,8)) = Z/ |i(t) — i(s) + (2 — iln) (Ri(t) ™" = Ri(s) ") |dz < A(s, 1) + B(s, 1),
i=0 Y ¥n
with
n=1 .(i+1)e, n=1 ,(i+1)t,
A(s,t) = Z/ |zi(t) — 2i(s)|dz and B(s,t) := Z/ (z —il,)|Ri(t) ™" — Ry(s)~|d.
i=0 7 ibn i=0 7 itn
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Now we should estimate A(s,t) and B(s,t) separately. Due to (13), we have that

Als, 1) = 0 3 aalt) — i) = £, 3 / di(r)dr gﬁni/ 63 (7)|dr < L(t — s),
i=0 i=0'"S i=0 "%

while, turning to B(s,t), we first notice that

- 1 A ARSI 1 ey | 1(7')|
B(s,t) = Y |Ri(t)™" — Ri(s)~ |/£ (2 —iln)dz = 2 > / —Ri(7)” dT’ < Z/ NESE dr.
=0 n i=0 S i=0 Vs (3

For clarity we should treat the four cases separately from now on. In case (P1), substituting the definition
of R;(t) we get

Bls.) < 23 [ olRiss(m)oteans (r) — v(R(D)(as(r)]dr
i=0 "%

+ %/5 |’Umax¢(xn(7')) — U(Rn_l(T))¢(xn—1(T))|dT
where, for all 7 > 0 and ¢ € {0,...,n — 2}, it holds that
[0(Rit (1)1 (1)) — 0(Ro(7))d(s(7))| < max{o(Riet (1)) d(@i (7)), v(R(7))dls(7))} < L

and analogously that
|Vmax@(@n (7)) = 0(Rpn-1(7))$(zn-1(7))| < L.
<=

This implies that B(s,t) < g(t — s) and hence that W1 (p"(-,t), p" (-, s)) zL(t — s), which concludes the
proof of (42) in case (P1), since the calculation is still valid interchanging s and ¢.

In case (P2) we can reason in a symmetric way with respect to the previous case and we get the same
estimate for B(s,t). The details are left to the reader.

Turning to case (P3), we remark that R;(7) has the same expression of cases (P2) and (P1) for i €
{0,...,k, —1} and i € {k, + 1,...,n — 1} respectively, while

_szr(f) [V(Re,+1(7)) b (@1, +1(T)) = v(Ri, —1(7))$(a,, (7))].

Ry, () =

Since
|[0(Rk,41(7)$(@, 41 (7)) — 0( R, —1(7)$(k, (7)] < 2L,
then it follows that B(s,t) < L(t — s) and hence also in this case (42) holds.
In the remaining case (P4), we have that R;(7) has the same expression of cases (P1) and (P2) for
1€{0,...,k, —1} and i € {k,, + 1,...,n — 1} respectively, while

)2
szi ) (R, (7)) [¢(@r,+1(7)) = law, (7))]-

Ry, (1) = —

Since

v(Rp, (7)) |¢(xk, 11(7)) — ¢(ak, (T))| < 2L,
then B(s,t) satisfies the same inequality seen in case (P3) and hence the validity of (42) is proved also in
case (P4). O

Before passing to the main result of this paper, we recall a generalised version of Aubin-Lions lemma (see
[32],[15], [12]) which has a key role in the sequel.

Theorem 3.1. Let T > 0 fized, I C R a bounded open interval (possibly depending on T), {u" }nen a
sequence in L>((0,T); L*(R)) such that p™(-,t) >0 and |[u™(-,t)|| 1@y =1 for alln € N and ¢ € [0, T]. If
(A) supp[p(-,t)] €I for alln € N and t € [0,T],
T

(B) Sug/ [|/~L"('»t)|u(z> + TV[u" (-, t); I]| dt < oo,
ne 0

(C) There exists a constant ¢ independent on n such that Wy (u"(-,t), u" (-, s)) < c|t — s| for all s,t €
(0,7,
17



then {" }nen is strongly relatively compact in L*(R x [0,T7).
4. PROOF OF THE MAIN RESULT

Now we are ready to prove the main result of the paper. For clarity, in the sequel we drop the time
dependence whenever it is clear from the context. We recall our notation f(p) = pv(p). Moreover, we recall
that by weak solution to (7) we mean a distributional solution to the PDE in (7) in L>°(R x [0, +00)).

We now introduce our concept of entropy solutions for (7), which is an adapted version of the one in [25,
Definition 2.1]

Definition 4.1. Let p € BV(R). A function p: L*(]0,+00); BV (R)) is an entropy solution to (7) if

T
/ / [mx,w ~ Klou(z t) + sign(p(e. 1) — k) (F(pla 1)) — F()) @) gz, t)
0 R (43)

—sign(p(x,t) — k) f(k)¢' (x)p(x,t) | dxdt > 0,

for all k >0 and for all ¢ € C.(R x (0,+00)) and if p(-,t) — p strongly in L' as t \, 0.

We now recall an adapted version of the L! contraction property proved by Karlsen and Risebro in [25,
Theorem 1.2], which will be crucial in the proof of the uniqueness of the entropy solution to (7).

Theorem 4.1. Let T > 0 fized arbitrarily, let f a locally Lipschitz function on R, let ¢ € VVlloc1 (R)Nn C(R)
such that ¥,¢’" € L°(R) and consider the problem

{wt + (f(w)j/}(a:))w =0, zeR,te(0,7), (44)
w(z,0) = w(x), z R

If u,v € L*((0,T); BV(R)) are two entropy solutions of (44) with respective initial datum ug and vo in the
sense of Definition 2.1 in [25], both in L*(R) N L°(R) N BV (R), then, for almost every t € (0,T), it holds
[lul-st) = v( Dl @) < lluo — vollLrw)-

In particular, this implies the existence of at most one entropy solution of (44).

We now state out main result.

Theorem 4.2. Let T > 0 fized arbitrarily. Assume (V), (I) and (P) are satisfied and, moreover, assume
(V*) is satisfied in case (P4). If one of (P1), (P2), (P3) or (P4) holds, then the approximated density
{p" }nen defined in (22) converges, up to a subsequence, almost everywhere and in L' on R x [0,T] to the
unique entropy solution to the Cauchy problem (7) in the sense of Definition 4.1.

Proof. We first show that {p"},,en converges, up to a subsequence, almost everywhere and in L' on R x [0, T].
We notice that the support of p"(+,t) is contained, for every n € N and t € [0, T, in the closed interval

[Tunins Tmax + LT in case (P1),

Ti=[a,b] = [Tunin — LT, Trmax ] in case (P2),
’ [Tmin — LT, Tipax + LT] in case (P3),

[Zunin; Tmax] in case (P4).

Therefore, taking as I any open interval of the type (a — ¢,b+ d) with ¢ and d arbitrary positive constants,
we can apply theorem 3.1, indeed assumption (A) is valid due to the above construction, while assumptions
(B) and (C) are a direct consequence of propositions 3.1 and 3.2 respectively. As a result, it follows that
{p" }nen converges, up to a subsequence that we still denote in the sequel with {p"},en, almost everywhere
and in L' on R x [0,7] to a certain function p.

Now we show that {p"},en satisfies, for every k > 0 and every non-negative ¢ € C(R x (0,T)),

T
lim inf / / [p%:,t) ~ Kloe(a,t) + sign(o" (@) — k) (0" (2. 1) — F(K))b()s (x,1)
0 R

n——+oo

(45)
— sign(p" (v,t) — k‘)f(k)¢’(:c)<p(a?,t) dzdt > 0,
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where we denote f(n) := nv(n). Let us omit from now on also the x dependence whenever it is clear from
the context. We first remark that, since supp[y] is compact in R x (0,7), then it holds

T
/0 / (19" — klige + sign(o” — K)(£(0) — F())éa — sign(p” — k) f(k)¢']dedt —A+ B+C,  (46)

where

n—1 T Tit1
As= 32 [0 [ (1R = Ko+ sign(R = W)U () = 0 = sign(Ry = 00 (|)0' ] dodt.
i=0 T

T zo T +oo
B = /0 /_Oo [koi + f(k)pps + f(k)¢' |dxdt and C := /0 /ln (ke + f(k)bon + f(k)¢ o] dudt.

B(t) Bt .
Recalling that cclit/( : g(z,t)dx = /( ) ge(x, t)dx + g(B(1),1)B(t) — g(a(t), t)a(t), it follows that
at aft

B= k:/OT </; @tdz> dt + ko(k) /OT /Z(qﬁg@)zdmdt = k/OT (v(k)$(w0) — o) (o) dt (47)

and analogously that

C= k/OT (/:OO <ptd:c> dt + ko(k) /OT /xjoo(qw)xdxdt - k/OT(a'sn —o(k)d(an))plan)dt,  (48)

while we can rewrite A as

n—1 T rxit1
A= Z/ / [|Ri — k|t + sign(R; — k) f(R)ppe — sign(R; — k) f (k) (¢p)s|dxdt = Ay + Az + A3, (49)
i=0 70 Jxi

where

n—1 T Tit1 n—1 T Tit1
A=Y | |Ri— K peda dt, Ay =Y [ sign(Ri —k)f(R;) Ppzda | dt
i=0 "0 T i=0 "0 x

i i

and
n—1 T
Ay = — Z/o sign(R; — k) f (k) [¢(ziy1)e(wit1) — o) ()] dt.
i=0

Integrating by parts and since supplp(z,-)] C (0,T) for every x € R, we get that A; satisfies

n—1 T d Tit1 n—1 T n—1 T
i=0 Ti i=0 i=0

n—1 .7 n—1 T . Tit1
-y / sign(Ri — K)(Ri — k)i p(zis)dt — 3 / sign(R; — k)2, < / gpda:) dt (50)
i=0 70 i=0 70 z

n—1 T
4 Z/o sign(R; — k)(R; — k)&;p(x;)dt,
i=0

while A, has a different expression in the four cases, since we need to approximate the function ¢ differently
according to its sign. In particular we have:

(P1) For case (P1), using the first order Taylor’s expansion of ¢ at x; in the interval (x;, z;y1), which is
given, for all x € (x;, x;41), by

d(x) = ¢(x;) + ¢'(Zii41)(x — x;) for some ;41 € (@i, Tit1), (51)
19



we can rewrite Ao as

n—1 .7
Ap = Z/ sign(R; — k)Riv(Ri)qS(mi)(go(miH) — go(xi))dt
i=0 0

(52)
n—1 .7 Tit1
Y / sign(Ri — k)Ryv(R;) ( / & (For) (@ — xi)apwdx> dt.
i=0 "0 i
(P2) In case (P2), we use instead the first order Taylor’s expansions of ¢ at x;;, that is
¢(x) = p(xit1) + ¢ (iit1)(x — ziy1)  for some Fi i1 € (T4, Tiy1) (53)

and in this way we get that

n—1 T
Az = Z / sign(R; — k)Riv(Ry)(wir1) (p(wit1) — p(w))dt
=070

+ :LZ: /OT sign(R; — k)Riv(R;) (/L

(P3) For case (P3), we use the Taylor’s expansions (51) and (53) of ¢ respectively for i € {k,+1,...,n—1}
and ¢ € {0, ..., k, — 1}, in order to have that

Ti41

(b/(gi,zdrl)(l’ - $¢+1)cpxd:v> dt.

i

kn—1

T
Ay = Z /0 sign(R; — k)RiU(Ri)éb(IHl)(@(mH) - w(xi))dt

=0

+ i /0 sign(R; — k)Riv(R;)p(x;) (p(wis1) — @(x;))dt

i=knp+1

T Thp+1
+/ sign(Ry, — k)R, v(Ry,) (/ (bapwda:> dt (54)
0 T

kn—1 .1
+ Z / Sigl’l(Ri — k)RZ’U(Rz) </
i=0 70 x

n—1 T Tit1
+ Z / sign(R; — k)R;v(R;) (/ & (T i41) (@ — xi)gomdsc) dt.
0 T

i=kn+1

Ti+1

¢ (Giit1) (@ — Ii+1)%dx> dt

i

i

(P4) In case (P4), we combine again cases (P1) and (P2), namely we use the Taylor’s expansions (51) and
(53) of ¢ respectively for i € {0,...,k, —1} and i € {k,, +1,...,n — 1}. Then it follows that

kn—1

T
i=0 v 0

n—1 T
+ Z /0 sign(R; — k)Ri’l}(Ri)¢($i+1)(<P($i+l) - @(xi))dt

i=kn+1

T Thp +1
—|—/ sign(Ry, — k)R, v(Ry,) </ ¢<pwdx> dt (55)
0 x

kn

kn—1 T Tit1
+ Y / sign(R; — k:)Rw(Ri)( / & (Foe) (@ — xi)cpxdx> dt
i=0 70 i

n—1 T Tit1
+ Z /0 sign(R; — k)R;v(R;) (/ & (Giit1)(x — xiﬂ)cpmdx) dt.

i=kn+1 i
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From now on, let us consider the four cases separately. Putting together (46)-(50) and (52), we get that
in case (P1) it holds

T
/0 / (1" — klor + sign(p™ — k) (f(0) — £ (k) bips — sign(p” — k) (k)] dedt

=k [ (00 ~ 0Bttt 4 [ (i~ o))l
+ n}_; /0 ' sign(R; — k) [—Ri ( /w + @dx) — k[di — v(k)p(z:)] p(x:)

— [Ri(&is1 — &) — k(41 — v(k)p(zi11))] Sp(l'i+1):| dt
n—1 T Tit1
+ Z /0 sign(R; — k)Rv(R;) (/ &' (Zi41) (T — a?i)gog;dx) dt,

i=0

where

, , Figr — @ ([T L[

Tit1 — Ty

Moreover, using the definition of R;(t), the previous identity becomes

T
/0 / (10" — klor + sign(p™ — k) (f(p) — F(k)) dpn — sign(p” — k) f(K)¢'] dedt —kD + By + Es,

where
D ;:\/0 (’U(k) — U(Ro))d)(l'o)(p(xo)dt + A (vmax - v(k))d)(mn)gp(xn)dt
n—1 T
+ Z /0 sign(R; — k) [[551‘4—1 - v(k)¢(x¢+1)]<,0($i+1) - [551 - U(k)éf’(iﬂz)]‘)@(zz)] dt,
n—1 T Tit1
B = ;/0 sign(R; — k)R;v(R;) (/xl & (Zii41)(x — :I:i)gozdx) dt
and

2

E, ::Té /OT sign(R; — k)%(xlﬂ — @) </:i+1 (o(z) — cp(a:l-ﬂ))dx) dt.

i

Regarding Ej, since op(x,-) is a Lipschitz function for every z € R and due to Lemma 2.2, we have that

n—1 T T
Ey > £, / lo(@ip1) — p(ai)|dt > —£,L'.2, / (2 — wo)dt > —£, L' L, T [xmax — Tnin + 2LT},
i=0 70 0

(56)



while, using again the Lipschitz condition of ¢ and due to Lemma 2.2 and (23), we get that Es satisfies

Z/ *|” )U(R¢+1)¢($i+1)‘<[r

1=0

- / Rg—;\vmaxqs(xn) — 0(Rae1)$(@an)| ( / 7 o) - so(m)ldx) dt

n—1

Ti+1

o(e) - @($i+1)|d$) dt

i

rn—2 T

>~ 1,2, Z/
0

-1=0

m—2 .7 n-2 .T
Z - €n$¢ Z /O ’U(Rz)|¢(l‘z) - ¢(IZ+1)|dt + Z/ ¢($i+1)|’0(Ri) - U(Ri+1)|dt + LT:|

[o(Ra) () — v(Ris)(aes)|dt + /0 [ () — v(Rnl)as(mnl)ydt]
(57)

T T n—2
>—0,%, L// (zn —xo)dt—&—gH(bHLoo(R/ Z|R R,+1|dt+LT]
L 0

> — 0Ly | L'T [Tmax — Tmin + 2LT| + 2|0 L) (TV[7] + ot + Bel’ T) WT+T)+¢e™ ™) | LT]

Putting together the previous two estimates, we hence get that £ + E5 > —c ¥, for some positive constant c
independent on n and so, since the right-hand side of this inequality tends to zero as n — 400, to conclude
the proof it is sufficient to show that D is non-negative. From a direct calculation we remark that

ij sen(Rs = )| b1 = o(k)olais) (i) — [ = )00

imgn Rt = k) = sign(R: — K)] (0(R:) — v(k)(z:) ()

— sign(Ro — k) (v(Ro) — v(k)) d(z0)(z0) + sign(Rn—1 — k) (Vmax — v(k)) d(an)(an),

therefore D can be rewritten as

T n—1 T T
D:/O Do(t)dt+;/o Di(t)dt—i—/o D, (t)dt

where
Dy := (1 +sign(Ro — k) (v(k) — v(Ro))d(x0)p(x0), Dy :=(1+ sign(Ru—1 — k)) (vmax — v(k)) d(z0)p(2)
and

D; = [sign(R;—1 — k) — sign(R; — k)| (v(R;) — v(k))d(zi)p(z;) forie{l,...,n—1}.
Concerning Dy and D,,, we have two different sub-cases, namely

= if < if R,,_
Do 0 1 Ry < k’, and D, =0 l R, 1< ki,
>0 if Ry <k, >0 iR, >k

Turning to D; with ¢ € {1,...,n — 1}, since v is non-increasing and ¢, ¢ are non-negative, after a simple
calculation we get that

' =0 if Ri_1 >kand R; >korif R,_; <k and R; <k‘OI‘ifRi=k‘,
>0 otherwise
and this concludes the proof of (45) in case (P1).
For case (P2), using instead the first order Taylor’s expansion (53), we can proceed in a symmetric way

to get the validity of (45) also in this case (the details are left to the reader).
Let us now consider the case (P3). Putting together (46)-(50) and (54), we get that

T
/0 /R (19" — Klee + sign(0” — k) (f(p) — £()) b — sign(p™ — k)£ (k) ¥ o] dedt = kD + E? + ES + F,
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where
D= / (0(k) — V) (0 (o)t + / (v — (k) D))t

n—1 T
=3 [ st 1) [[ml oR)dei)] o) — [ — v(k)gb(m)]go(scn] dt,
1=0

kn—1

T Tit1
E:f = Z /0 sign(Ri - k)RZU(RZ) (/ ¢/(gi,i+1)(m — xi—i—l)‘ﬁwd'x) dt
i=0 z

i

n—1 T Tit1
+ Z / sign(R; — k)R;v(R;) (/ & (T i41) (2 — xi)gozdm> dt,
0 x

i=kn+1 i

E .= —kf /0 Tsign(Ri — k)R, < /x m(l@ — cp(xi))dac> dt — S /0 Zign(Ri — k)R, ( /x “(cp — Lp(xi+1))da:> dt

i=0 T i=kn+1

and

T . Ty +1 T
Fi.=— / sign(Ry, — k)R, </ cpd:z:) dt — / sign(Ry, — k)Ry, [abkn+1g0(xk7l+1) - ikngp(xkn)]dt
0 x 0

kn

+ /0 ' sign(Ry,, — k)Ran(Rkn)( / o ¢(x)%(x)dx) it

Tk,

Rearranging the indices properly, we can prove that E3 and Ej satisfy a similar estimate to (56) and (57)
respectively. Concerning F', we first remark that it holds

—Ru, [ik,+10(Tk, 41) — &k, (k)] = = Ri, i1 (0@, 41) — 0(k,)) — Rie, 0(n, ) (Ep, 41 — e,

= — Ri, &k, 41(0(xr,+1) — @(z1,)) + Ry, (/ @(xkn)dx)-

Thpt1

k7l
Moreover, since the first order Taylor’s expansion of ¢ at 0 in the intervals (zy,,0) and (0, zg, +1) implies

0

[ saenteorts =p0)(olan, ) — olon) + [ S rentdn s [ 6 @)l

Tl Tk,

n

for some i, € (xk,,0) and T, +1 € (0,2, +1), then, using the Lipschitz condition on ¢ and (14), we get

T . Thyp+1 T
P [ ( [ e ptonld )= [ R aloton,n) - pto)i
0 0

Tk,

T
— / Rk,,L'U(Rkn)
0

T Thp+1
- / Ry, v(Ry,,) / ¢ (T, +1)xppdx
0 0

> — 0, L,T[AL + L' (Tmax — Zmin + 2LT)].
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¢l (gkn )x@wdx

T
B(0)||p(zr, 1) — @(zx, )|dt — /0 Ry, v(Ry,)

dt




As a consequence it follows that E? + E3 + F > —c/,, for some constant ¢ independent on n and hence it
remains to prove as before that D is non-negative. From (58) we get that

T
D :/ (1 + sign(Ro — k)) (v(k) — vmax ) ¢(z0) (w0 )dt
0

=

n

T
+ A [Sign(Ri_l — k) — sign(Ri — k)] (’U(Ri_l) — U(k))d)(lﬁz)(p(iz)dt

(]

1
-1

+ Z /0 [sign(R;—1 — k) — sign(R; — k)] (v(R;) — v(k))d(x;)(x;)dt

i=kn+1

+ / (1 +sign(Ry—1 — k) (vmax — v(k))d(xy ) o (@) dt
0

.
Il

S

and this implies that D > 0, since we can estimate each term as we did in the previous cases.

Turning to the last case (P4), we combine again cases (P1) and (P2), namely we use the Taylor’s expansions
(51) and (53) of ¢ respectively for i € {0,...,k, — 1} and i € {k, + 1,...,n — 1}. This implies, putting
together (46)-(50) and (55), that

T
/0 / (19" — Klee + sign(0” — k) (f(p) — £(k)) b — sign(p™ — k)f (k)¢ o] dedt = kD + E* + B4 4 F,

where

T T
D;:/ (y(k;)—v(RO))qb(xo)(p(xo)dt—l—/ (v(Rp—1) — v(k)) d(an)p(wn)dt
0 0

n—1 T
+ Z /0 sign(R; — k) [[g'ciﬂ — v(k)¢($¢+1)]90($i+1) - [551‘ - U(k)ﬂs(ﬂﬁz)]@(%)] dt,
i=0

kn—1 T Tit1
Eil = Z / sign(Ri — k’)RZU(RZ) (/ ¢/(ji,i+1)(z — xz)gaxdx) dt
i=0 70 Ti

n—1 T Ti41
+ Z /o sign(R; — k)Rv(R;) (/ & (Giig1)(x — xiﬂ)gomdm) dt,

i=kn+1 i
kn—1 .1 . Tit1 n—1 T . Tit1
By :=— Z / sign(R; — k)R; (/ (¢ — <p(:ci+1))dx) dt — Z / sign(R; — k)R; </ (p— @(mi))dm> dt,
i=0 70 zi i=kn+170 i
while F' is the same term defined in case (P3). Arguing as in the previous cases, we can prove that Ej
and Fj satisfy a similar estimate to (56) and (57) respectively, so it follows that Ef + E3 + F > —c/,, for

some constant ¢ independent on n and hence to conclude the proof we need to show as before that D is
non-negative. Using again (58) we get that

T
D= /0 (1 + sign(Ro — k)) (v(k) — v(Ro)) d(wo)(zo)dt
kn T

+ i /0 [sign(Ri—1 — k) — sign(R; — k)] (v(Ri—1) — v(k)) ¢(x:)p(w:)dt

i=kn+1
4 / (1 + sign(Ro_1 — k)) (0(Ru_r) — 0(k)) Sz ) (an)dt

and hence it follows that D > 0 also in this last case, since we can estimate each term as we did before.
24



Now it remains to prove that p satisfies the entropy condition, that is
T
[ te0) = blente.0) 4 sientote.) = )0t - ) oot
0

~ sign(p(a.1) — k) (R) ()l tﬂ drdt > 0

for every k > 0 and every non-negative ¢ € C°(R x (0,7)).

We first notice that the previous inequality is a direct consequence of (45): we need only to show that it is
possible to interchange the limit and the integrals. The convergence of {p"},en to p almost everywhere and
in L' on R x [0, 7] implies that

T
lim / [ = bludadt = [ [ 1o~ Hpudode (59)

and moreover, since g(u) := sign(pu — k) (f(1) — f(k)) is a continuous function, we also have that
T
im_ [ /R sign(p" — k) (f (o) — f (k) dipudadt = / /R sign(p — k)(£(p) — F(k)) dppdadt.  (60)
Therefore it remains to show that
T
lim / / sign(p” — k) f(k)¢' pdxdt = / / sign(p — k) f (k)¢ pdxdt, (61)
n—-+o00

where, since g(u) = sign(u — k) is a discontinuous function, We can’t interchange the limit and the integrals
directly. To overcome this problem, we need to introduce 775 , two Lipschitz approximations of the sign
function such that

sign(z) —n7(2) >0 and sign(z) —n-(2) <0 for all z € R. (62)
Let us denote M := ||¢'||c(r) from now on. We first remark that (62) implies

/OT /RSign(”n"~€ ¢'pdrdt = / / sign(p” — k) f(k)(¢' — M)pdadt + / / sign(p" — k) f(k) Mpdzdt

/ /775 (p" —k)f(k)(¢ — M apdmdt+/ /775 (p" — k) f (k)M pdzdt.

On the other hand, from the Lipschitz condition of n* and using again the convergence of {p"},en to p, it
follows that

i _ [ /R [0 (0" — k) — 1t (p — )] S (R) (&' — M)pdadt

n——+oo 0

T
< f(R)llell Lo ®mxo,r) lim / /R|775+(Pn—k)—77:(/’—/4)|\¢/—M|dl’dt (63)

n—-+o0o
T
< 20 Mlell etony s lim [ [ 10"~ pldsdt =0
e n=too o JR
and analogously that

lim / /R[ne‘(pn —k) =0z (p— k)] f(k) M pdzdt

n—-+o0o 0

n—-+4oo

T
< FOM|@llp~@xoy lim / / Iz (5" — k) — 0z (p — )\ drdt (64)

T
f(R) M|l Lo mx[0,17)Z,~ lim / /]R |p" — p|dzdt = 0.

¢ n—+o0 Jg
Combining the previous three estimates, we hence get

limsup/ /SIgnp - ()¢<pdxdt</ /ng p—k)(¢' — M) +n-(p— k)M f(k)pdzdt

n—-+o0o
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and, since it holds

[nd(p— k) (¢ — M) +n7 (p— k)M f(k)p < 3f(k)My € L' (R x [0,T)),

then we can apply the dominated convergence theorem and pass to the limit in e, which implies

limsup/ /81gn "= k)¢ pdxdt </ /51gn p—k)f(k)¢' odxdt. (65)

n—-+o0o

Proceeding in a symmetric way we notice that

/OT/RSigIl(pn—k godxdt>/ /775 (0" — k) f(k)(¢' — M)dadt

—|—/ /nj(p" — k) f(k)Modzdt
o Jr
and, using again (63), (64) and since

[0z (p— k) (¢ — M)+ (p— k)M f(k)p < 3f(k)My € L*(R x [0,T)),

therefore we can apply as before the dominated convergence theorem in € and we get

T T
lim inf/ / sign(p”™ — k) f(k)¢' pdxdt > / / sign(p — k) f (k)¢ pdxdt.
n—=+too Jo JR o Jr
Combining the last inequality with (65), we hence get (61) and this implies, together with (45), (59) and
(60), that p is a weak solution to (7) satisfying the entropy condition.
Regarding the strong L' continuity w.r.t ¢ near t = 0, we observe that, for an arbitrary o > 0,

lpC,t) =Dl < [lp™ (5 8) = o™, 0)llzr + 20

for some n large enough. This is due to the uniform BV estimates on p"(t) and p™(0) which imply strong
L' compactness for both p"(t) and p"(0). Now, the following interpolation inequality can be recovered as a
special case of [23, Theorem 6.4.1], by approximation of BV functions via smooth functions in L' (see e.g.
[1, Proposition 3.7]) and by the representation of the 1-Wasserstein distance in terms of primitive variables,
using the fact that the support of p™ is uniformly bounded w.r.t. n on finite time intervals, we omit the
details:

o™ (- 6) = o (-, 0) [ o2 < C(TVI" ()] + TVp" (- N2 Wa(p™ (-, 1), o7 (-, 0) /.

Hence, the result in Proposition 3.2 implies the existence of a constant C' > 0 independent of n such that
(1) = plles < CH/2 + o,

and the arbitrariness of o shows that p(-,t) — p strongly in L! as ¢t \, 0.

Finally, to conclude that p is the unique entropy solution we notice that p € L*(R) N L (R) N BV (R) due
to assumption (I), f := pv(p) € Lipoe(Ry) since v € C'(R,.) by assumption (V), ¢ := ¢ is in W,2! (R)NC(R)
and satisfies ¢, ¢’ € L°(R) due to assumption (P). As a consequence, we can apply theorem 4.1 and this

concludes the proof of our main result. O
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