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Continuous time–dependent models
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Chapter 1

Ordinary differential equations

1.1 Preliminaries

In this chapter we recall the notion of ordinary differential equation (ODE) together with
some related results and techniques. An ordinary differential equations of n–th order is a
problem of the form

f(t, x(t), Dx(t), . . . , Dnx(t)) = 0, (1.1.1)

where t ∈ R, t 7→ x(t) is a functions with values x(t) ∈ R, Dx(x), . . . , Dnx(t) are the
derivatives of x(t) with respect to t up to order n and f is a function of n+ 2 real variables
(suitably defined1). An ODE in normal form is of the following type

Dnx(t) = g(t, x(t), Dx(t), . . . , Dn−1x(t)).

Very often, the independent variable t plays the role of time in the applications. Therefore,
it happens very often to consider only t ∈ [0,+∞). An ODE in normal form is said to be
autonomous if g above does not depend on t.

A Cauchy problem for a n–th order ODE in normal form is a problem of the form

Dnx(t) = g(t, x(t), Dx(t), . . . , Dn−1x(t))
Dn−1x(t0) = xn−1

. . .

Dx(t0) = x1

x(t0) = x0

(1.1.2)

for a fixed t0 ≥ 0. Typically t0 represents an initial time, therefore very often we shall have
t0 = 0.

Remark 1.1.1 In principle, the function f in(1.1.1) may have a non trivial subset of Rn+2

as maximal set of well posedness. For instance, f could be well defined only for values of
x(t) in a certain open interval. We shall always suppose that the function f (as well as the
function g in the next definitions) is defined in an open subset of Rk for a suitable k.

1See remark 1.1.1
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We now recall the main results of existence and uniqueness of solutions to a Cauchy
problem. Let us first recall that a function g : Rk → R is called a Liptschiz function with
respect to the variable xj if there exists a constant L > 0 such that

|g(x1, . . . , yj , . . . , xk)− g(x1, . . . , xj , . . . , xk)| ≤ L|yj − xj | (1.1.3)

for all (x1, . . . , yj , . . . , xk), (x1, . . . , xj , . . . , xk) in the domain of well posedness of g. The
function g is locally Lipschitz in a point X0 if condition (1.1.3) is satisfied in a neighborhood
of X0. It can be easily proven (exercise!) that a map of class C1 is locally Lipschitz with
respect to all variables.

Theorem 1.1.2 (Existence and uniqueness) Let Ω ⊂ Rn+1 be an open set. Let g :
Rn+1 ⊃ Ω → R be a function which is locally Lipschitz with respect to the n + 1–th variable
in the point (t0, x0, x1, . . . , xn−1) ∈ Ω. Then, the Cauchy problem (1.1.2) admits a unique Cn

solution t 7→ x(t) defined in an open interval of R.

Theorem 1.1.3 (Global existence and uniqueness) Let g satisfy the assumptions of the-
orem 1.1.2 plus the uniform bound

|g(t, x0, x1, . . . , xn−1)| ≤ A(t)‖(x0, x1, . . . , xn−1)‖+B(t)

with A(t) and B(t) continuous functions. Then, the solution t 7→ x(t) provided by theorem
1.1.2 is globally defined2

A very useful tool in the study of ODE’s is the following comparison principle, which we
state only in the case of a first order ODE for simplicity.

Theorem 1.1.4 Let g and h be two functions defined on (t1, t2) × R, let t0 ∈ (t1, t2) and
x0 ∈ R. Suppose that g(x) ≥ h(x) for all x ∈ R. Let x(t) be the solution to ẋ(t) = g(x)
with initial datum x0 and y(t) be the solution to ẏ(t) = h(y) with initial datum x0. Then,
x(t) ≥ y(t) for all t ∈ [t0, t2).

Exercise 1.1.5 Solve the Cauchy problem by separation of the variables{
ẋ = x2

x(0) = 1.

What is the set of well–posedness of x(t)?

1.2 Stability and qualitative behavior

There are many ways of finding all the solutions (possibly infinite) of an ODE or to solve a
Cauchy problem. For all the classical methods for finding an explicit solution, we send the
reader to the textbooks of basic calculus. Here we want to point out some other basic concepts,
namely the concepts of stationary solution, stability, qualitative (large time) behavior. For

2This means that the set of definition (t1, t2) of x can be extended until x(t) exits the maximal domain of
well posedness of g.
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the sake of simplicity, we shall work with the Cauchy problem for a first order equations in
autonomous form, namely (the ˙ symbol stands for the time derivative){

ẋ(t) = f(x(t))
x(0) = x0,

(1.2.1)

with f satisfying the assumptions of theorem 1.1.2. A stationary solution of the differential
equation in (1.2.1) is a function x = x̄ such that f(x̄) = 0, so that a (sometimes the solution)
to (1.2.1) with initial datum x0 = x̄ is given by x(t) ≡ x̄.

Roughly speaking, a stationary solution x̄ is stable if all solutions to (1.2.1) after a small
initial perturbation of x̄ remain in a close neighborhood of x̄ for all times. More precisely:

Definition 1.2.1 (Stability) A stationary solution x ≡ x̄ is stable if, for any constant
ε > 0 there exists a δ > 0 such that, if |x0 − x̄| ≤ δ, then the solution x(t) to (1.2.1) with
initial datum x0 satisfies |x(t)− x̄| ≤ ε for all t ≥ 0.

The notion of asymptotic stability is stronger than the one of stability. It means that
x̄ attracts the solution as t → +∞ after a small perturbation of the initial datum. More
precisely:

Definition 1.2.2 (Asymptotic stability) A stationary solution x ≡ x̄ is said to be asymp-
totically stable if there exist a constant δ > 0 such that, if |x0− x̄| ≤ δ, then the solution x(t)
to (1.2.1) with initial datum x0 satisfies limt→+∞ x(t) = x̄.

Following definition 1.2.1, the stationary solution x̄ will be said to be unstable if it is not
stable. Therefore:

Definition 1.2.3 (Instability) A stationary solution x ≡ x̄ is unstable if there exists an
ε > 0 such that, for any constant δ > 0 (arbitrarily small) there exist a time t∗ and an initial
datum x0 such that |x0 − x̄| ≤ δ with the corresponding solution x(t) to (1.2.1) satisfying
|x(t∗)− x̄| > ε.

In order to establish whether a stationary solution x̄ is stable or unstable, it is very often
useful to analyze the problem directly in the (t, x(t)) plane rather than computing the solution
explicitly. We shall clarify this idea with an example. Let us point out that here we want to
analyze the behavior of the ODE for a general initial datum.

Example 1.2.4 Consider the ODE

ẋ = x(1− x). (1.2.2)

Here there are two stationary solutions. x1(t) ≡ 0 and x2(t) ≡ 1. Before discussing the
behavior of x(t) depending on the initial datum, let us point out that, since the function
x 7→ x(1 − x) is C1, the two stationary solutions are unique once the corresponding initial
datum is prescribed, i. e. x(t) ≡ 0 is the only solution with initial datum x(0) = 0 and
x(t) ≡ 1 is the only solution with initial datum x(0) = 1. In view of that, since the above
ODE (1.2.2) is autonomous we can state that no other solution can ‘cross’ the two stationary
solutions x1 and x2. To see that, suppose for instance that another solution x2(t) satisfies
x2(t0) = 1 and consider the same ODE (1.2.2) with initial datum x(t0) = 1. Since 1 is a
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stationary solution, we would have the contradiction of two distinct solutions with datum
x(t0) = 1 defined for t ≤ t0. As a consequence of that, the three sets {x < 0}, {0 < x < 1}
and {x > 1} are invariant. Suppose now that x(0) = x0. A direct solution via separation of
the variables yields

|x||1− x0|
|1− x||x0|

= et,

therefore we have to consider three cases. In case x0 < 0, we have

x(t) =
x0e

t

1− x0 + x0et
,

which is decreasing, attaining values x(t) ≤ x0 and blowing up at −∞ for the finite time
t∗ = log x0−1

x0
. In case x0 ∈ (0, 1), then the solution will stay in the same interval and we have

again

x(t) =
x0e

t

1− x0 + x0et
.

This time the denominator cannot vanish and the solution is well defined for all times. More-
over, it can be easily seen that limt→+∞ x(t) = 1. Finally, in the case x(t) > 1, we have again
the same formula, once again yielding the same limit as t→ +∞. All the above considerations
imply that 0 is an unstable stationary solution whereas 1 is asymptotically stable.

The above example follows the classical technique studied in the courses of basic calculus.
It has the advantage of producing exact data (such as the time of blow-up at −∞ in case
of a negative initial datum). However, one can reach the same conclusions just by detecting
the qualitative behavior of the ODE in the (t, x) plane. We start by drawing the zones with
positive and negative sign for the first derivative, which corresponds with zones where x(t)
increases and decreases respectively. Clearly, these zones are separated by the stationary
solutions, which cannot be crossed.

In case x0 < 0, one knows that the solution decreases. Due to ẋ(t) = x − x2 ≤ x2, one
can use the comparison principle in theorem 1.1.4 to prove that x(t) ≤ y(t) with y(t) solving
the ODE ẏ = −y2 with a negative initial datum, which blows up in finite time (see Exercise
1.1.5). Therefore, x(t) must blow up in a finite time too!

In case x0 ∈ (0, 1), the solution x(t) is increasing and it cannot cross the value 1. Being
it monotone, it has to have a limit as t → +∞. This limit could perhaps be l < 1. But in
this case, one would have that limt→+∞ ẋ(t) = l(1− l) 6= 0, which clearly contradicts the fact
that x(t) has a finite limit at infinity. Therefore, l = 1.

In case x0 > 1, the solution x(t) is decreasing and it cannot cross the value 1. For the
same reason as before, its limit at +∞ can only be 1.

Another way to detect stability or instability of stationary solutions, which turns out to be
a fundamental method in the case of dynamical systems (see Chapter 3), is via linearization.
The method of linearization works as follows: let x̄ be a stationary constant state of ẋ = g(x).
Then, the first order Taylor expansion of g around x̄ gives

ẋ = g(x̄) + g′(x̄)(x− x̄) + o(|x− x̄|) = g′(x̄)(x− x̄) + o(|x− x̄|)

because g(x̄) = 0. The intuition gives the idea that for small values of |x− x̄| the remainder
term o(|x− x̄|) is negligible with respect to the rest of the right–hand side above. Therefore,
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Figure 1.1: Qualitative study of the ODE in the example 1.2.4
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we expect that the behavior of the perturbed solution x(t) − x̄ is governed by the behavior
of the solution to the linearized equation

ẏ = g′(x̄)y (1.2.3)

at least when the quantity x− x̄ is initially small. Let us prove this statement in the following
theorem:

Theorem 1.2.5 (Linearized stability) Let x̄ be a stationary solution to

ẋ = g(x). (1.2.4)

Suppose that zero is an asymptotically stable stationary state for (1.2.3). Then x̄ is asymp-
totically stable for (1.2.4).

Proof. The assumption that zero is an asymptotically stable stationary state for (1.2.3)
clearly implies that g′(x̄) < 0. Now, let z := x− x̄. Then y satisfies

ż = g(z + x̄) = g′(x̄)z + h(z) = z

(
g′(x̄) +

h(z)
z

)
(1.2.5)

with h such that h(z)/z → 0 as z → 0. This last statement implies that there exists a δ > 0
such that

h(z)
z
≤ −g

′(x̄)
2

, for all z such that |z| < δ. (1.2.6)

The above inequality allows to conclude via qualitative analysis in the plane (t, z): in the
fan |z| < δ, the only stationary solution of (1.2.5) is z = 0 due to (1.2.6). Therefore, z is
decreasing in the fan z ∈ (0, δ) and increasing in the fan (−δ, 0), which implies stability of
the state z = 0.

�
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Chapter 2

Continuous Population Models for
Single Species

The increasing study of realistic and practically useful mathematical models in population
biology, whether we are dealing with a human population with or without its age distribution,
population of an endangered species, bacterial or viral growth and so on, is a reflection of
their use in helping to understand the dynamic processes involved and in making practical
predictions. The study of population change has a very long history: in 1202 an exercise in
an arithmetic book written by Leonardo of Pisa involved building a mathematical model for
a growing rabbit population. Ecology, basically the study of the interrelationship between
species and their environment, in such areas as predator-prey and competition interactions,
renewable resource management, evolution of pesticide resistant strains, ecological and ge-
netically engineered control of pests, multi–species societies, plant-herbivore systems and so
on is now an enormous field.

2.1 Continuous Growth Models

Single–species models are of relevance to laboratory studies in particular but, in the real
world, can reflect a telescoping of effects which influence the population dynamics. Let N(t)
be the population of the species at time t , then the rate of change

dN

dt
= births− deaths + migration (2.1.1)

is a conservation equation for the population. The form of the various terms on the right–hand
side of (2.1.1) necessitates modeling the situation with which we are concerned. The simplest
model has no migration and the birth and death terms are proportional to N (linear). That
is,

dN

dt
= bN − dN, (2.1.2)

where b, d are positive constants and the initial population N(0) = N0. Thus if b > d the
population grows exponentially while if b < d it dies out (easy exercise!). This approach, due
to Malthus in 1798, is fairly unrealistic.

In the long run of course there must be some adjustment to such exponential growth.
Verhulst (1838, 1845) proposed that a self–limiting process should operate when a population
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becomes too large. He suggested

dN

dt
= rN

(
1− N

K

)
(2.1.3)

where r and K are positive constants. This he called logistic growth in a population. In this
model the per capita birth rate is r(1 −N/K); that is, it is dependent on N . The constant
K is the carrying capacity of the environment, which is usually determined by the available
sustaining resources.

There are two steady states or equilibrium states for (2.1.3), namely, N = 0 and N = K,
that is, where dN/dt = 0. N = 0 is an unstable equilibrium state, whereas N = K is stable.
The proof of this statement is left as an exercise (see the example 1.2.4). An alternative way
to see that is via linearization around the steady state (exercise!). The carrying capacity K
determines the size of the stable steady state population while r is a measure of the rate at
which it is reached; that is, it is a measure of the dynamics: we could incorporate it in the
time by a transformation from t to rt. Thus 1/r is a representative timescale of the response
of the model to any change in the population.

If N(0) = N0 the solution of (2.1.3) is (exercise!)

N(t) =
N0Ke

rt

K +N0(ert − 1)
→ K as t→ +∞ (2.1.4)

(remember that N0 ≥ 0 since N represents a nonnegative quantity) and is illustrated in Figure
2.1.

Clearly, if N0 < K, N(t) simply increases monotonically to K while if N0 > K it decreases
monotonically to K. In the former case there is a qualitative difference depending on whether
N0 > K/2 or N0 < K/2; with N0 < K/2 the form has a typical sigmoid character, which
is commonly observed (exercise!). In the case where N0 > K this would imply that the per
capita birth rate is negative! Of course all it is really saying is that in (2.1.1) the births
plus immigration are less than the deaths plus emigration. The point about (2.1.3) is that it
is more like a metaphor for a class of population models with density–dependent regulatory
mechanisms - a kind of compensating effect of overcrowding - and must not be taken too
literally as the equation governing the population dynamics. In spite of its limitations, from
time to time, it has been rediscovered and widely hyped as some universal law of population
growth. The main point about the logistic form is that it is a particularly convenient form to
take when seeking qualitative dynamic behavior in populations in which N = 0 is an unstable
steady state and N(t) tends to a finite positive stable steady state. The logistic form occurs
very often in different contexts, primarily because of its algebraic simplicity and because it
provides a preliminary qualitative idea of what can occur with more realistic forms.

One point to highlight about the logistic form is its complexity. Equation (2.1.2) produces
the same behavior for all solutions once the parameters b and d are fixed: solutions simply
grow exponentially to +∞ if b > d and decrease exponentially to zero otherwise. In equation
(2.1.3) the monotonicity of the solution qualitatively depends on the initial population: if the
population is initially higher than the carrying capacity K, then N(t) decreases, otherwise it
increases. This is a first step towards complexity, in the sense that the model can provide for
a different behavior by changing the initial data. However, it is of course very naive to name
such a phenomenon as a complex behavior. A better step forward can be done by considering
more general autonomous equations as follows.
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Figure 2.1: Qualitative study of the ODE (2.1.3)
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In general, due to specific modeling motivations, one can consider a population to be
governed by

dN

dt
= f(N) (2.1.5)

where typically f(N) is a nonlinear function of N . Then, the equilibrium solutions N∗ are
solutions of f(N) = 0 and are linearly stable to small perturbations if f ′(N∗) < 0, and
unstable if f ′(N∗) > 0 (see Theorem 1.2.5). This is clear from linearizing about N∗ by
writing

n(t) = N(t)−N∗, |n(t)| � 1

and (2.1.5) becomes

dn

dt
= f(n(t) +N∗) = f(N∗) + f ′(N∗)n(t) + . . . ,

which to first order in n(t) gives

dn

dt
≈ f ′(N∗)n(t) ⇒ n(t) ∝ ef ′(N∗)t.

So n grows or decays accordingly as f ′(N∗) > 0 or f ′(N∗) < 0. The timescale of the response
of the population to a disturbance is of the order of 1/|f ′(N∗)|; it is the time to change the
initial disturbance by a factor e.

There may be several equilibria, or steady state, populations N∗ which are solutions of
f(N) = 0: it depends on the system f(N) models. Graphically plotting f(N) against N
immediately gives the equilibria as the points where it crosses the N–axis. The gradient
f ′(N∗) at each steady state then determines its linear stability. Such steady states may,
however, be unstable to finite disturbances. Suppose, for example, that f(N) is as illustrated
in Figure 2.2.

The gradients f ′(N∗) at N = 0, N2 are positive so these equilibria are unstable while those
at N = N1, N3 are stable to small perturbations: the arrows symbolically indicate stability or
instability. If, for example, we now perturb the population from its equilibriumN1 so thatN is
in the range N2 < N < N3 then N → N3 rather than returning to N1. A similar perturbation
from N3 to a value in the range 0 < N < N2 would result in N(t)→ N1. Qualitatively there is
a threshold perturbation below which the steady states are always stable, and this threshold
depends on the full nonlinear form of f(N). For N1, for example, the necessary threshold
perturbation is N2−N1. The more equilibria we have in (2.1.5), the more complexity we can
claim to have in the model, since solutions can converge to different steady states depending
on their initial value. A typical example is provided in the next subsection.

2.2 Insect Outbreak Model: Spruce Budworm

A practical model which exhibits two positive linearly stable steady state populations is that
for the spruce budworm which can, with ferocious efficiency, defoliate the balsam fir (a major
problem, for instance, in Canada). Ludwig et al. (1978) considered the budworm population
dynamics to be modeled by the equation

dN

dt
= rBN

(
1− N

KB

)
− p(N). (2.2.1)
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Figure 2.2: Population dynamics model dN/dt = f(n) with several steady states. The gradi-
ent f ′(N) at the steady state, that is, where f(N) = 0, determines the linear stability
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Despite it was specifically recovered as a model for budworms, the equation (2.2.1) can
be used, of course, in many contexts in which the evolution of a certain animal species is
affected by predation. Here rB is the linear birth rate of the budworm and KB is the carrying
capacity which is related to the density of foliage (food) available on the trees. The p(N) term
represents predation, generally by birds: its qualitative form is important and is illustrated
in Figure 2.3. Predation usually saturates for large enough N . There is an approximate
threshold value Nc, below which the predation is small, while above it the predation is close
to its saturation value: such a functional form is like a switch with Nc being the critical
switch value. For small population densities N , the birds tend to seek food elsewhere and
so the predation term p(N) drops more rapidly, as N → 0, than a linear rate proportional
to N . To be specific we take the form for p(N) suggested by Ludwig et al. (1978), namely,
p(N) = BN2/(A2 +N2) where A and B are positive constants, and the dynamics of N(t) is
then governed by

dN

dt
= rBN

(
1− N

KB

)
− BN2

A2 +N2
. (2.2.2)

This equation has four parameters, rB, KB, B and A, with A and KB having the same
dimensions as N , rB has dimension (time)−1 and B has the dimensions of N(time)−1. A is
a measure of the threshold where the predation is ‘switched on’, that is, Nc in Figure 2.3.

Exercise 2.2.1 Study the function p = p(N) = BN2

A2+N2 for N ≥ 0 and prove that it is always
increasing and it has an inflection point exactly at N = A.

If A is small the ‘threshold’ is small, but the effect is just as dramatic.
Before analyzing the model it is essential, or rather obligatory, to express it in non–

dimensional terms. This has several advantages. For example, the units used in the analysis
are then unimportant and the adjectives small and large have a definite relative meaning.
It also always reduces the number of relevant parameters to dimensionless groupings which
determine the dynamics. Here we introduce non dimensional quantities by writing

u =
N

A
, r =

ArB
B

, q =
KB

A
, τ =

Bt

A
(2.2.3)

which on substituting into (2.2.2) becomes

du

dt
= ru

(
1− u

q

)
− u2

1 + u2
=: f(u; r, q). (2.2.4)

Note that (2.2.4) has only two parameters r and q, which are pure numbers, as also are u and
τ of course.

Exercise 2.2.2 Recover equation (2.2.4). Hint: start with the substitutions u = N/A and
q = KB/A.

Now, for example, if u � 1 it means simply that N � A. In real terms it means that
predation is negligible in this population range. In any model there are usually several different
non–dimensionalizations possible and this model is no different. For example, we could write
u = N/KB, τ = t/rB and so on to get a different form to (2.2.4) for the dimensionless equation.
The dimensionless groupings to choose depend on the aspects you want to investigate. The
reasons for the particular form (2.2.3) become clear below.
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Figure 2.3: Typical functional form of the predation in the spruce budworm model; note the
sigmoid character. The population value Nc is an approximate threshold value. For N < Nc

predation is small, while for N > Nc, it is ‘switched on’.
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The steady states are solutions of

f(u; r, q) = 0 ⇔ ru

(
1− u

q

)
− u2

1 + u2
= 0.

Clearly u = 0 is one solution with other solutions, if they exist, satisfying

r

(
1− u

q

)
=

u

1 + u2
. (2.2.5)

Although we know the analytical solutions of a cubic, they are often clumsy to use because
of their algebraic complexity; this is one of these cases. It is convenient here to determine
the existence of solutions of (2.2.5) graphically as shown in Figure 2.4. We have plotted
the red straight line, the left of (2.2.5), and the (black) function on the right of (2.2.5); the
intersections give the solutions.

Exercise 2.2.3 Prove that the maximum point and the inflection point of the function u 7→
u

1+u2 occur accordingly to what is shown in figure 2.4.

What is important, however, is the existence of one, three, or again, one solution as r
increases for a fixed q, as in Figure 2.3 (a), or as also happens for a fixed r and a varying q
(draw the corresponding picture as an exercise!). When r is in the appropriate range, which
depends on q, there are four equilibria with a typical corresponding f(u; r, q) as shown in
Figure 2.5. The nondimensional groupings which leave the two parameters appearing only
in the straight line part of Figure 2.4 are particularly helpful and was the motivation for the
non–dimensionalization introduced in (2.2.3). By inspection of picture 2.5 u = 0, u = u2 are
linearly unstable, since ∂f/∂u > 0 at u = 0, u2, while u1 and u3 are stable steady states,
since at these ∂f/∂u < 0.

Exercise 2.2.4 Prove, by qualitative study, that the stationary states u1 and u3 are asymp-
totically stable. What is the set of initial data for which the corresponding solution u(t) tends
to u1 (u3 respectively) as t→ +∞ ?

This model exhibits a hysteresis effect. Suppose we have a fixed q, say, and r increases
from zero along the path ABCD in Figure 2.6. Then, referring also to Figure 2.4 (a), we see
that if u1 = 0 at r = 0 the u1–equilibrium simply increases monotonically with r until C in
Figure 2.6 is reached. For a larger r this steady state disappears and the equilibrium value
jumps to u3. If we now reduce r again the equilibrium state is the u3 one and it remains
so until r reaches the lower critical value, where there is again only one steady state, at
which point there is a jump from the u3 to the u1 state. In other words as r increases along
ABCD there is a discontinuous jump up at C while as r decreases from D to A there is a
discontinuous jump down at B. This is an example of a cusp catastrophe.

The parameters from field observation are such that there are three possible nonzero
steady states for the population. The smaller steady state u1 is the refuge equilibrium while
u3 is the outbreak equilibrium. From a pest control point of view, what should be done
to try to keep the population at a refuge state rather than allow it to reach an outbreak
situation? Here we must relate the real parameters to the dimensionless ones, using (2.2.3).
For example, if the foliage were sprayed to discourage the budworm this would reduce q since
KB, the carrying capacity in the absence of predators, would be reduced. If the reduction
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Figure 2.4: Equilibrium states for the spruce budworm population model (2.2.4). The positive
equilibria are given by the intersections of the straight line r(1−u/q) and u/(1 +u2). Within
the range r1 < r < r2 there are 3 non zero steady states.
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Figure 2.5: Equilibrium states for the spruce budworm population model (2.2.4). The positive
equilibria are zeroes of the function f(u; r, q). Here, q is fixed, and r is changing.
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Figure 2.6: Parameter domain for the number of positive steady states for the budworm
model (2.2.4). The boundary curves are given parametrically by r(a) = 2a3/(a2 + 1)2, q(a) =
2a3/(a2 − 1) for a ≥

√
3, the value giving the cusp point P .
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were large enough this could force the dynamics to have only one equilibrium: that is, the
effective r and q do not lie in the red domain of Figure 2.6. Alternatively we could try to
reduce the reproduction rate rB or increase the threshold number of predators, since both
reduce r which would be effective if it is below the critical value for u3 to exist. Although
these give preliminary qualitative ideas for control, it is not easy to determine the optimal
strategy, particularly since spatial effects such as budworm dispersal must be taken into effect;
we shall discuss this aspect in detail when dealing with reaction–diffusion models.

It is appropriate here to mention briefly the timescale with which this model is concerned.
An outbreak of budworm during which balsam fir trees are denuded of foliage is about four
years. The trees then die and birch trees take over. Eventually, in the competition for
nutrient, the fir trees will drive out the birch trees again. The timescale for fir reforestation
is of the order of 50 to 100 years. A full model would incorporate the tree dynamics as well.
So, the model we have analyzed here is only for the short timescale, namely, that related to
a budworm outbreak.

2.3 Delay models

One of the deficiencies of single population models like (2.1.5) is that the birth rate is con-
sidered to act instantaneously whereas there may be a time delay to take account of the time
to reach maturity, the finite gestation period and so on. We can incorporate such delays by
considering delay differential equation models of the form

dN(t)
dt

= f(N(t), N(t− T )), (2.3.1)

where T > 0, the delay, is a parameter. The dependency on N(t− T ) in the right hand side
of (2.3.1) accounts for the birth rate at time t being influenced by the number of individuals
at time t− T , where T is the gestation period. One such model, which has been used, is an
extension of the logistic growth model (2.1.3), namely, the differential delay equation

dN(t)
dt

= rN(t)
(

1− N(t− T )
K

)
, (2.3.2)

where r , K and T are positive constants. This says that the regulatory effect depends on
the population at an earlier time, t−T , rather than that at t. This equation is itself a model
for a delay effect which should really be an average over past populations and which results
in an integro–differential equation. Thus a more accurate model than (2.3.2) is, for example,
the convolution type

dN(t)
dt

= rN(t)
[
1− 1

K

∫ t

−∞
w(t− s)N(s)ds

]
, (2.3.3)

where w(t) is a weighting factor which says how much emphasis should be given to the size
of the population at earlier times to determine the present effect on resource availability.
Practically w(t) will tend to zero for large negative and positive t and will probably have a
maximum at some representative time T . Typically w(t) is as illustrated in Figure 2.7. If
w(t) is sharper, in the sense that the region around T is narrower or larger, then in the limit
we can think of w(t) as approximating the Dirac function δ(t− T ), where∫ +∞

−∞
δ(t− T )f(t)dt = f(T ).
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Equation (2.3.3) in this case then reduces to (2.3.2)∫ t

−∞
δ(t− T − s)N(s)dt = N(t− T ).

The character of the solutions of (2.3.2), and the type of boundary conditions required
are quite different from those of (2.1.3). Even with the seemingly innocuous equation (2.3.2)
the solutions in general have to be found numerically. Note that to compute the solution for
t > 0 we require N(t) for all −T ≤ t ≤ 0. Therefore, the complexity of such problem is that
of a functional differential equation, rather than that of an ordinary differential equation,
in the sense that the initial value to be assigned in order to compute a solution uniquely
is a function on the interval [−T, 0] and not just a real number. We can however get some
qualitative impression of the kind of solutions of (2.3.2) which are possible, by the following
heuristic reasoning. We shall suppose that a solution N(t) to (2.3.2) exists for all times. Since
the following argument is a simple heuristics, we shall suppose for simplicity that rT > 1.

Refer now to Figure 2.8 and suppose that the initial function N0 : [−T, 0] → R is in-
creasingly monotone and such that N0(t) ≤ K for all t ∈ [−T, 0]. Assume further that
N0(0) = K. Take a time t1 ∈ [0, T ), we clearly have then N(t1 − T ) < K. Then from the
governing equation (2.3.2), since 1−N(t1 − T )/K > 0, dN(t1)/dt > 0 and so the population
N at time t1 is still increasing. When t = T , N(t − T ) = N(0) = K and so dN/dt = 0.
Consider now a time t2 ∈ (T, 2T ), N(t2 − T ) > K and so dN/dt(t2) < 0 and N(t) de-
creases. At time t = 2T , N is still decreasing, since its time derivative is not zero because
dN/dt(2T ) = rN(2T )(1 −N(T )/K) < 0 because of (2.3.2). We prove now that there exists
a time t3, t3 > T , such that N(t3) = K. If this is not the case, then N(t) would be larger
than K for all times and decreasing. Suppose N(t) ≥ (1 + ε)K for some ε > 0 on the interval
t ∈ [T, 2T ], with N(2T ) = (1+ε)K. Set U(t) := log(N(t)/K) and consider, for a t ∈ (2T, 3T ],

d

dt
U(t) = r

(
1− eU(t−T )

)
< r(1− (1 + ε)) = −rε,

which implies
U(3T ) < U(2T )− Trε = ε(1− rT ) < 0

since we have required rT > 1. Hence, by continuity there exists a time t3 < 3T such that
U(t3) = 0 which means N(t3) = K. Clearly, at t = t3 we have dN/dt > 0 and N is still
decreasing.

The above heuristics clearly shows that there is the possibility of oscillatory behavior. As
an example, let as consider the simple linear delay equation

dN

dt
= − π

2T
N(t− T ), (2.3.4)

where A is a constant. One can easily check (exercise!) that N(t) = A cos πt
2T is a solution,

and N is periodic in time. In fact the solutions of (2.3.2) can exhibit stable limit cycle periodic
solutions for a large range of values of the product rT of the birth rate r and the delay T . If
tp is the period then N(t+ tp) = N(t) for all t. The point about stable limit cycle solutions
is that if a perturbation is imposed the solution returns to the original periodic solution as
t→ +∞, although possibly with a phase shift. The periodic behavior is also independent of
any initial data.
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Figure 2.7: Typical weighting function w(t) for an integrated delay effect on growth limitation
for the delay model represented by (2.3.3).
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Figure 2.8: Schematic periodic solution of the delay equation population model (2.3.2).
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From Figure 2.8 and the heuristic argument above, the period of the limit cycle periodic
solutions might be expected to be of the order of 4T . Also, we expect this to happen for a
large range of rT , which, incidentally, is a dimensionless grouping. The reason we take this
grouping is because (2.3.2) in dimensionless form becomes

dN∗

dt∗
= N∗(t∗)[1−N∗(t∗ − T ∗)], where N∗ =

N

K
, t∗ = rt, T ∗ = rT (2.3.5)

(prove the validity of (2.3.5) as an exercise).
This simple delay model has been used for several different practical situations. For

example, it has been applied by May (1975) to Nicholson’s (1957) careful experimental data for
the Australian sheep–blowfly (Lucila cuprina), a pest of considerable importance in Australian
sheep farming. Over a period of nearly two years Nicholson observed the population of flies
which were maintained under carefully regulated temperature and food control. He observed a
regular basic periodic oscillation of about 35 to 40 days. Applying (2.3.2) to the experimental
arrangement, K is set by the food level available. T , the delay, is approximately the time
for a larva to mature into an adult. Then the only unknown parameter is r, the intrinsic
rate of population increase. A comparison with the experimental results with rT = 2.1 shows
that the model is pretty reliable. It is encouraging that such a simple model as (2.3.2) should
give such reasonable results. This is some justification for using delay models to study the
dynamics of single populations which exhibit periodic behavior. It is important, however,
not to be too easily convinced as to the validity or reasonableness of a model simply because
some solutions agree even quantitatively well with the data.

It should perhaps be mentioned here that single (non–delay) differential equation models
for population growth without delay, that is, like dN/dt = f(N), cannot exhibit limit cycle
behavior. We can see this immediately as follows. Suppose this equation has a periodic
solution with period T ; that is, N(t + T ) = N(t). Multiply the equation by dN/dt and
integrate from t to t+ T to get∫ t+T

t

(
dN

dt

)2

dt =
∫ t+T

t
f(N)

dN

dt
dt =

∫ N(t+T )

N(t)
f(N)dN = 0

since N(t + T ) = N(t). But the left–hand integral is positive since (dN/dt)2 cannot be
identically zero (unless N is constant), so we have a contradiction. So, the single scalar
equation dN/dt = f(N) cannot have periodic solutions.

2.4 Linear Analysis of Delay Population Models: Periodic So-
lutions

We saw in the last section how the delay differential equation model (2.3.2) was capable of
generating limit cycle periodic solutions. One indication of their existence is if the steady
state is unstable by growing oscillations, although this is certainly not conclusive. We consider
here the linearization of (2.3.2) about the equilibrium states N = 0 and N = K. Small
perturbations from N = 0 satisfy dN/dt ≈ rN , which shows that N = 0 is unstable with
exponential growth. We thus need only consider perturbations about the steady state N = K.

It is again expedient to non–dimensionalize the model equation (2.3.2) by writing

N∗(t) =
N(t)
K

, t∗ = rt, T ∗ = rT,
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where the asterisk denotes dimensionless quantities. Then (2.3.2) becomes, on dropping the
asterisks for notational simplicity, but keeping in mind that we are now dealing with non
dimensional quantities,

dN(t)
dt

= N(t)[1−N(t− T )]. (2.4.1)

We linearize about the steady state, N = 1, by writing

N(t) = 1 + n(t).

We therefore consider the linearized equation
dn(t)
dt

= −n(t− T ). (2.4.2)

We look for solutions for n(t) in the form

n(t) = ceλt ⇒ λ = −e−λT , (2.4.3)

where the last identity follows from (2.4.2), c is a constant and the eigenvalues λ are solutions
of the second of (2.4.3), a transcendental equation in which T > 0.

It is not easy to find the analytical solutions of (2.4.3). However, all we really want to
know from a stability point of view is whether there are any solutions with Reλ > 0 which
from the first of (2.4.3) implies instability since in this case n(t) grows exponentially with
time.

Set λ = µ+ iω. There is a real number µ0 such that all solutions λ of the second of (2.4.3)
satisfy Reλ < µ0. To see this take the modulus to get |λ| = e−µT and so, if |λ| → +∞ then
e−µT → +∞ which requires µ → −∞. Thus there must be a number µ0 that bounds Reλ
from above.

We now take the real and imaginary parts of the transcendental equation in (2.4.3),
namely,

µ = −e−µT cos(ωT ), ω = e−µT sin(ωT ), (2.4.4)

and determine the range of T such that µ < 0. That is, we want to find the conditions such
that the lowest upper bound µ0 on µ is negative. Let us first dispense with the simple case
where λ is real; that is, ω = 0. From (2.4.4), ω = 0 satisfies the second equation and the first
one becomes µ = −e−µT . This has no positive roots µ > 0 since e−µT > 0 for all µT or as
can be seen on sketching each side of the equation as a function of µ and noting that they
can only intersect with T > 0 if µ < 0.

Consider now ω 6= 0. From (2.4.4) if ω is a solution then so is −ω, so we can consider
ω > 0 without any loss of generality. From the first of (2.4.4), µ < 0 requires ωT < π/2 since
e−µT < 0 for all µT . In principle (2.4.4) defines µ(T ), ω(T ). We are interested in the value
of T when µ(T ) first crosses from µ < 0 to µ > 0. As T increases from zero (in case T = 0
we have µ = −1 < 0 and ω = 0), µ = 0 first when ωT = π/2. From (2.4.4) we see that if
µ = 0 the second equation gives as the only relevant solution ω = 1 occurring at T = π/2.
Since this is the first zero of µ as T increases, this gives the critical value T = Tc = π/2.

Returning now to dimensional quantities we thus have that the steady state N(t) = K is
stable if 0 < rT < π/2 and unstable for rT > π/2. In the latter case we expect the solution to
exhibit stable limit cycle behavior. The critical value rT = π/2 is the bifurcation value, that
is, the value of the parameter, rT here, where the character of the solutions of (2.3.2) changes
abruptly, or bifurcates, from a stable steady state to a time–varying solution. The effect of
delay in models is usually to increase the potential for instability. Here as T is increased
beyond the bifurcation value Tc = π/2r, the steady state becomes unstable.
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2.5 Harvesting a Single Natural Population

It is clearly necessary to develop an ecologically acceptable strategy for harvesting any re-
newable resource be it animals, fish, plants, or whatever. We also usually want the maximum
sustainable yield with the minimum effort. The inclusion of economic factors in population
models of renewable resources is increasing and these introduce important constraints. The
model we describe here is a simple logistic one with the inclusion of a harvesting contribution.
Although it is a particularly simple one it brings out several interesting and important points
which more sophisticated models must also take into account.

Most species have a growth rate, depending on the population, which more or less main-
tains a constant population equal to the environment’s carrying capacity K. That is, the
growth and death rates are about equal. Harvesting the species affects the mortality rate
and, if it is not excessive, the population adjusts and settles down to a new equilibrium state
Nh < K. The modeling problem is how to maximize the sustained yield by determining the
population growth dynamics so as to fix the harvesting rate which keeps the population at
its maximum growth rate.

We discuss here a basic model which consists of the logistic population model in which
the mortality rate is enhanced, as a result of harvesting, by a term linearly proportional to
N ; namely,

dN

dt
= rN

(
1− N

K

)
− EN = f(N). (2.5.1)

Here r, K and E are positive constants and EN is the harvesting yield per unit time with
E a measure of the effort expended. K and r are the natural carrying capacity and the linear
per capita growth rate respectively. The new nonzero steady state from (2.5.1) is

Nh = K

(
1− E

r

)
> 0 if E < r

which gives a yield

Y (E) = ENh = EK

(
1− E

r

)
.

Clearly if the harvesting effort is sufficiently large so that it is greater than the linear
growth rate when the population is low, the species will die out. That is, if E > r the only
realistic steady state is N = 0 (prove that by exercise, using a qualitative argument). If
E < r (which was possibly not the case, for example, with whaling in the early 1970’s) the
maximum sustained yield and the new harvesting steady state are

YM = Y (E)|E=r/2 =
rK

4
, Nh|Y=Yh =

K

2
.

Linearizing (2.5.1) about Nh(E) gives (exercise)

d(N −Nh)
dt

≈ f ′(Nh(E))(N −Nh) = (E − r)(N −Nh), (2.5.2)

which shows linear stability if E < r.
We can consider the dynamic aspects of the process by determining the time scale of the

recovery after harvesting. If E = 0 then the recovery time T = O(1/r), namely, the timescale
of the reproductive growth. This is the order of magnitude of the recovery time of N to
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its carrying capacity K after a small perturbation from K since, for N(t) − K small and
Nh(0) = K, (2.5.2) shows

d(N −Nh)
dt

≈ −r(N −K) ⇒ N(t)−Nh ∝ e−rt.

If E 6= 0, with 0 < E < r, then the recovery time in a harvesting situation, from (2.5.2), is

TR(E) = O

(
1

r − E

)
and so

TR(E)
TR(0)

= O

(
1

1− E
r

)
.

Thus for a fixed r, a larger E increases the recovery time since TR(E)/TR(0) increases with
E. When E = r/2, the value giving the maximum sustained yield YM , TR(E) = O(2TR(0)).
The usual definition of a recovery time is the time to decrease a perturbation from equilibrium
by a factor e. Then, on a linear basis,

TR(0) =
1
r
, TR(E) =

1
r − E

⇒ TR

(
E =

r

2

)
= 2TR(0).

Since it is the yield Y that is recorded, if we recover E in terms of Y we have

E = r

1±
√

1− Y
YM

2

 , TR(Y )
TR(0)

=
2

1±
[
1− Y

YM

]1/2
. (2.5.3)

which is sketched in Figure 2.9 where L+ and L− denote the positive and negative roots
of (2.5.3). It is clearly advantageous to stay on the L+ branch and potentially disastrous to
get onto the L− one. Let us now see what determines the branch.

Suppose we start harvesting with a small effort E; then the equilibrium population Nh(E)
is close to K and Nh(E) > K/2, the equilibrium population for the maximum yield YM . The
recovery time ratio TR(E)/TR(0) is then approximately 1. So increasing E, and hence the
yield, we are on branch L+. As E increases further, Nh(E) decreases towards K/2, the
value for the maximum sustained yield YM and we reach the point A in Figure 2.9 when
Nh(E) = K/2. As E is increased further, Nh(E) < K/2 and the recovery time is further
increased but with a decreasing yield; we are now on the L− branch.

We can now see what an optimal harvesting strategy could be, at least from this deter-
ministic point of view. An effort E should be made which keeps the equilibrium population
density Nh(E) > K/2, but as close as possible to K/2, the value for the maximum sustained
yield. The closer to K/2, however, the more delicate the situation becomes since we might
inadvertently move onto branch L− in Figure 2.9.

We can see how it is difficult to use models such as these for determining a maximum
yield in practice. Often a maximum yield is only found in practice when attempts have been
made to obtain an even greater yield. If the model here were valid such a scenario could be
catastrophic, since if one moves onto the upper branch the reduction in effort might not be
sufficient to move onto the bottom curve.
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Figure 2.9: Ratio of the recovery times as a function of the yield for the logistic growth model,
with yield proportional to the population: equation (2.5.1).
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Chapter 3

Continuous dynamical systems

In this chapter we recall some basic concepts on dynamical systems, which are the basic
mathematical object modeling the evolution of population systems with more than one species.

3.1 Preliminaries

A dynamical system on Rn, for a given integer n ≥ 1, is a system of ordinary differential
equations of the form

Ẋ(t) = F (X(t)), t ≥ 0, (3.1.1)

where the unknown [0,+∞) 3 t 7→ X(t) ∈ Rn is a curve (or a path) in Rn and where
F : Rn → Rn is a smooth (at least C1 for our purposes) vector field. The system (3.1.1) is
usually coupled with a set of initial values

X(0) = X̄ = (x̄1, . . . , x̄n) ∈ Rn. (3.1.2)

In componentwise notations, we shall always write X(t) = (x1(t), . . . , xn(t)). In the applied
framework of population dynamics, the vector variable X(t) will embrace all the interacting
species and each component xj(t), j = 1, . . . , n, will denote the total amount of population
of a certain species. More precisely, the vector X(t) is an element of a subset of W ⊂ Rn

called the state space. As mentioned above, we shall always suppose F ∈ C1(W ). This
assumptions implies existence and uniqueness of solutions to the problem (3.1.1)–(3.1.2), as
it can be proven in a similar fashion as for scalar equations (see Chapter 1).

The main issue we are interested in is, once again, stability vs. instability of stationary
solutions, where by stationary solution, or steady state, or equilibrium, we mean a point
X0 ∈ W such that F (X0) = 0, which implies the solution to (3.1.1) with initial datum
X0 is the constant path X(t) ≡ X0 for all t ≥ 0. A qualitative study of the orbits of a
multidimensional dynamical system can still be performed (as it is the case for the scalar
case), but this topic is too vast to be exhausted in this short chapter. We send the reader
more detailed references. For our purposes, we shall only need to point out that the method
of linearized stability applies, in exactly the same fashion as explained in chapter 1.

As we shall see later on, the solutions to the dynamical system (3.1.1) can be explicitly
computed in the case the vector field F is linear. This fact is indeed very clear in the next
trivial example.
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Example 3.1.1 (Uncoupled two–dimensional system) Let W = R2. Let a, b ∈ R.
Consider the system

dx

dt
= ax,

dy

dt
= by.

The solution X(t) = (x(t), y(t)) with initial datum X0 = (x0, y0) is trivially given by

x(t) = x0e
at, y(t) = y0e

bt.

We shall often pose the problem of determining the limiting state of the system (if it
exists!) as t→ +∞. In the previous example, such behaviour clearly depends on the sign of
the constants a and b.

3.2 Linear dynamical systems

The dynamical system (3.1.1) is called linear when the vector field F is linear, i. e. there
exists a n× n matrix with constant real entries such that (3.1.1) is of the form

dX

dt
= AX. (3.2.1)

Clearly, the problem (3.2.1) coupled with the initial condition

X(0) = X0 (3.2.2)

features exactly one solutions. Indeed, it can be easily proven that such solution is defined
for all t ≥ 0.

The problem (3.2.1)–(3.2.2) can be explicitly solved in the following way: the first step is
to reformulate the problem in integral form

X(t) = X0 +
∫ t

0
AX(s)ds. (3.2.3)

Then, we can define the approximating sequence Xk(t)X0(t) ≡ X0

Xk+1(t) = X0 +
∫ t

0
AXk(s)ds, k ≥ 0

(3.2.4)

and obtain the formula (by an induction argument)

Xk(t) =

(
k∑
i=0

Aiti

i!

)
X0, (3.2.5)

where all the algebraic operations are intended in a tensor valued sense. Unlike the scalar
case, such a way of proceeding is the only one to produce a solution formula (for instance,
we cannot separate variables). Therefore, we use the approximating sequence Xk(t) to obtain
such a formula. Of course, there are two problems: convergence of the sequence to a limit and
consistency of the limit (the limit should solve (3.2.1)–(3.2.2)). In order to deal with those
problems, one has to introduce the concept of exponential matrix.
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Definition 3.2.1 Let B be an n× n matrix. The exponential of B is defined ‘formally’ (up
to convergence issues) by the series

eB =
∞∑
i=0

Bi

i!
. (3.2.6)

Let us compute exponential of matrices in simple cases.

Example 3.2.2 (Multiple of the identity) Let A = λI, with λ ∈ R. Then Ak = λkI, and
then

eAt =
∞∑
i=0

λitiI
i!

= eλtI.

Therefore, the solution to (3.2.1)-(3.2.2) is X(t) = eλtX0.

Example 3.2.3 (Diagonal matrix) Let A = diag[λ1, . . . , λn]. Then, in this case

Ak = diag[λk1, . . . , λ
k
n],

and one has
eAt = diag[eλ1t, . . . , eλnt].

Therefore, the solution to the corresponding dynamical system is

X(t) = (x1(t), . . . , xn(t)) = (eλ1tx0,1, . . . , e
λ1ntx0,n).

Example 3.2.4 (Nilpotent matrices) Consider

A =
[
0 0
1 0

]
.

Such a matrix is nilpotent, as a finite order power of A gives as result the zero matrix (in this
case A2 = 0). Hence, in this case the exponential eAt is the sum of two terms termini

eAt = I +At =
[
1 0
t 1

]
.

Let X0 = (x0, y0), then the solution to the corresponding dynamical system is

X(t) = (x(t), y(t)) = (x0, y0 + x0t).

We now give an answer to the convergence issue (without proof).

Theorem 3.2.5 Let A be a n× n squared matrix. Then the series

∞∑
i=0

Aiti

i!
= eAt

converges for all t ∈ R and uniformly on any compact subset of R. Moreover, the sum eAt is
continuous w.r.t. t.
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Actually, thanks to trivial results about exchange of integral and limit, we can also solve
the problem of consistency. The uniform convergence of the exponential series implies the
uniform convergence of AXk(s) in (3.2.4), and hence the possibility of passing the limit into
the integral sign. As a first step we then obtain

X(t) = X0 +
∫ t

0
AX(s)ds.

In particular, X(t) is smooth enough to satisfy the problem (3.2.1)-(3.2.2).
Suppose now that we want to perform a change of coordinates in the system Ẋ = AX,

namely Y = BX, with B ∈ M(n, n). Suppose B is invertible, i. e. detB 6= 0. Then, the
dynamical system becomes

Ẏ = BẊ = BAX = (BAB−1)Y,

that is, t 7→ Y (t) is the solution to the system Ẏ = CY where C is obtained from A by
conjugation through the change of coordinates represented by the matrix B, i. e. C =
BAB−1. Let Y0 = BX0, we have

Y (t) = eCtY0,

which yields
X(t) = B−1Y (t) = B−1eCtY0 = B−1eCtBX0. (3.2.7)

Therefore the orbits X(t) and Y (t) are equivalent up to the change of variable represented
by B−1.

Now, since an invertible change of matrices corresponds to a diffeomorphism on the state
space, it is more convenient to perform a qualitative study based on properties of A which
are under invariant after conjugation, such as the eigenvalues of A.

3.2.1 Diagonalizable matrices

Let us start with the case of a diagonalizable A. Then all the orbits of (3.2.1) can be expressed
via linear combinations of exponential functions. This follows by (3.2.7) and by the example
3.2.3. More precisely, let λ1, . . . , λn be the real eigenvalues of A (possible repeated according
to their algebraic multiplicity). Let V1, . . . , Vn be the corresponding eigenvectors and let V
the matrix having Vj as columns. Then, (3.2.7) implies

X(t) = V eDtV −1X0,

where X0 is the initial datum and D = diag[λ1, . . . , λn]. From the example 3.2.3, we obtain

X(t) = V diag
[
eλ1t, . . . , eλnt

]
V −1X0.

Let us analyze in detail the 2 × 2 case. When A is diagonalizable, the behavior of the
system is determined as in the example 3.1.1. Up to a change of coordinates, the solution
X(t) = (x(t), y(t)) can be written as {

x(t) = eatx0

y(t) = ebty0,

where a and b are the two eigenvalues of A and X0 = (x0, y0) is the initial datum. The
qualitative behavior depends on the sign of a and b.
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• a < 0, b < 0. All the orbits have the origin as the limit as t → +∞. For x0 6= 0, the
orbits can be written in cartesian form as

y = y0

(
x

x0

)b/a
.

We remark that the tangent to the orbit at the origin is parallel to the x = 0 axis if
a < b, to the y = 0 axis if b < a. If a = b the orbits are straight lines passing through
the origin with slope y0/x0. In case x0 = 0 the orbit is contained in the axis x = 0. In
all these cases, the equilibrium point at the origin is called a stable attractive node.

• a > 0, b > 0. All the non–equilibrium orbits go to infinity in absolute value as t →
+∞. The trajectories are as in the previous item, but in the opposite direction. The
equilibrium point at the origin is called an unstable repulsive node.

• a < 0 < b. All the orbits corresponding to an initial datum such that x0 6= 0 go to
infinity in absolute value as t→ +∞. The trajectories are

y = y0

(x0

x

)−b/a
.

They tend asymptotically to the y = 0 axis as t→ +∞. If x0 = 0, the orbits (enclosed
in the x = 0 axis) tend to the origin. A symmetrically analogous treatment holds in the
case b < 0 < a. In all these cases the equilibrium point is called saddle point.

3.2.2 Complex eigenvalues

Definition 3.2.6 (Semi–simple matrix) A matrix A ∈ M(n, n) is called semi–simple if
it is diagonalizable in a complex valued sense, i. e. if exists a basis of the vector space Cn

composed by eigenvectors {V1, . . . , Vn} such that

AVk = λkVk, λk ∈ C, k = 1, . . . , n.

The complex numbers λk are the (complex) eigenvalues of A.

What proven above in the case of diagonalizable matrices can be now generalized to semi–
simple matrices. Let us consider a semi–simple 2×2 matrix A. From the fundamental theorem
of algebra it follows that the eigenvalues are the conjugate complex numbers a+ ib and a− ib.
Therefore, there exist two complex valued eigenvectors W and Z such that

AW = (a+ ib)W, AZ = (a− ib)Z.

We can choose Z such that Z = W . To see that, since A = A, we have

AW = AW = (a+ ib)W = (a− ib)W.

Therefore, denoting Y = Re(W ) = (W +W )/2 and Y = Im(W ) = (W −W )/2i imply

(a+ ib)(Y + iX) = AW = A(Y + iX) = AY + iAX
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and equalizing real and imaginary parts yields{
AX = aX + bY

AY = −bX + aY.
(3.2.8)

Denoting

Q =
[
a −b
b a

]
,

and let B be the matrix having X and Y as columns, the identity (3.2.8) tells us

AB = BQ,

and since B is invertible we have
A = BQB−1.

Therefore, the identity (3.2.7) implies once again

eAt = BeQtB−1.

Therefore, an exhaustive description of the possible behaviors of the solutions to the
dynamical system Ẋ = AX for a semi–simple A can be performed by studying the problem

Ẋ = QX (3.2.9)

with

Q =
[
a −b
b a

]
= aI + bJ,

since we can always reduce to such system after an invertible change of variables. A simple
but tedious computation proves that

eQt =
[
Re etλ −Im etλ

Im etλ Re etλ

]
, λ = a+ ib.

Hence, the solution to (3.2.9) with initial datum (x0, y0) is{
x(t) = eat[cos(bt)x0 − sin(bt)y0]
y(t) = eat[sin(bt)x0 + cos(bt)y0].

(3.2.10)

The orbit (3.2.10) can be interpreted as a rotation with angle bt composed with a dilation by
a factor eat. The qualitative behavior only depends on the sign of a.

• a < 0. All the orbits tend to the origin as t→ +∞. The trajectories are spirals rotating
around the equilibrium point with ‘frequency’ equal b. The equilibrium point at the
origin is then said to be an attractive spiral.

• a > 0. All the orbits (except the stationary one) diverge to infinity as t → +∞. The
trajectories are spirals rotating around the equilibrium point with ‘frequency’ equal b.
The equilibrium point at the origin is said to be a repulsive spiral.

• a = 0. All the orbits (except the stationary one) are described by circles (ellipsis after
conjugation) with radius ‖X0‖ centered at the origin. They turn around the equilibrium
point, describing a periodic trajectory. The limit as t → +∞ does not exist. The
direction in the rotation depends on the sign of b. The equilibrium point is then called
a center.
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3.2.3 Nilpotent matrices

Definition 3.2.7 A matrix N ∈M(n, n) is called nilpotent if there exists an integer m such
that Nm = 0.

A trivial consequence of the above definition is that the only possible eigenvalue of a
nilpotent matrix is zero. To see this, suppose NV = λV , this implies N jV = λjV for any
integer j > 0, and for a certain k we have λkV = 0, i. e. λ = 0 since V 6= 0.

The number k in the previous definition (called nilpotent order) is necessarily less than the
dimension n. to prove that, consider the image I of Rn through the linear map N . Suppose
that the dimension of I is n, then Nk(Rn) is still n and that contradicts N being nilpotent.
Therefore, dim(I) < n. This implies

n > dim(N(Rn)) > dim(N2(Rn)) > . . . > dim(Nk(Rn)) = 0,

which implies k < n.
A typical example of 2× 2 nilpotent matrix is

A =
[
0 0
1 0

]
.

In fact, a direct computation shoes A2 = 0. Let us prove (only in the 2 × 2 case) that any
nilpotent matrix can be reduced to the standard matrix A by an invertible change of variables.
Let V1 be any vector in R2 such that NV1 6= 0, such a vector exists because N 6= 0. Let us
denote V2 = NV1. Since the nilpotent order is 1 (the only possible in dimension 2) we have
NV2 = 0. In matrix form, we have {

NV1 = 0V1 + 1V2

NV2 = 0V1 + 0V2.

Let B be the matrix with columns V1 e V2, then

NB = BQ, Q =
[
0 0
1 0

]
.

B is invertible since V1 e V2 are linearly independent (otherwise N would have a nonzero
eigenvalue). Therefore, we have the conjugation relation

N = BQB−1.

The above procedure can be generalized to more than 2 dimensions (we omit the proof).

Theorem 3.2.8 Any nilpotent squared n× n matrix N admits an invertible change of coor-
dinates B such that BNB−1 has all zero coefficients except possibly those immediately below
the main diagonal, achieving either the value 0 or the value 1.

We also have the following decomposition theorem:

Theorem 3.2.9 Any matrix n × n A can be written in a unique way as sum of a semi–
simple matrix S and of a nilpotent matrix N such that S and N commute, i. e. A = S +N ,
NS = SN .
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Commuting matrices satisfy the following important property.

Theorem 3.2.10 Two commuting squared matrices A and B satisfy

eA+B = eAeB.

From theorem 3.2.9 we deduce that when a matrix is not semi–simple, it admits a non
trivial nilpotent component. This is the case we want to consider now. As usual, in order to
simplify the coverage, we only cover the 2× 2 case.

Consider the system Ẋ = AX with X(t) = (x(t), y(t)) and X(0) = (x0, y0) with the
matrix

A =
[
λ 0
1 λ

]
,

where λ ∈ R. Let us decompose A = S +N with S semi-simple and N nilpotent as follows

S =
[
λ 0
0 λ

]
, N =

[
0 0
1 0

]
.

It is not difficult to prove that N and S commute, therefore theorem 3.2.10 implies

eAt = eSteNt.

we already know how to compute eSt. The term eNt is simply given by

eNt = I + tN =
[
1 0
t 1

]
,

as already see in the example 3.2.4. Hence, the solution to the dynamical system is{
x(t) = eλtx0

y(t) = eλt(tx0 + y0).

As λ < 0, all the orbitstend to the origin as t→ +∞. On the other hand, for λ > 0 all the
orbits diverge to infinity (except the one at the equilibrium). In both cases the trajectories
are given by the formula

y =
x

λ
log

x

x0
+ x

y0

x0
.

The equilibrium point is then called improper node. In the case λ = 0 the orbit lays on the
axis x ≡ x0.

3.3 Qualitative theory

Providing the explicit solutions to the nonlinear dynamical system Ẋ = F (X) is not always
possible. However, some structural properties of the system may help in detecting certain
qualitative properties of the orbits. For instance, it is very often possible to establish the
asymptotic behavior of the solutions as t→ +∞. Let us start with a necessary condition (the
proof is left as an exercise).
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Theorem 3.3.1 If a solution X(t) has a finite limit as t→ +∞, i. e. if

lim
t→+∞

X(t) = Xl ∈W,

(where W is the state space, i. e. the domain of F ), then Xl is an equilibrium point of the
system, i. e. F (Xl) = 0.

Let us recall the notions concerning with the stability of the system.

Definition 3.3.2 Consider the dynamical system

Ẋ = F (X), con F : W → Rn.

• A point S ∈ W is called attractive if there exists an open sphere U , S ∈ U ⊂ W such
that for all initial data X0 ∈ U , the corresponding solution X(t) has limit S. From the
previous theorem it follows that any attractive point must be an equilibrium point.

• If S is an equilibrium point, we call basin of attraction of S the set U of all initial data
yielding a solution having S as limit for large times.

• An equilibrium point S ∈ W is called stable if for any open sphere U 3 S there exists
an open sphere V 3 S (U, V ⊂ W ) such that all solutions with initial data in V are
contained in U for all t ≥ 0.

• A stable and attractive point is said to be asymptotically stable.

• An equilibrium point S is called unstable if it is contained in an open sphere U such that
for all open spheres V 3 S there exists an initial condition X0 ∈ V yielding a solution
which is not contained in U at a certain time t ≥ 0.

Please notice that some of the above definitions are different that those given in the
first chapter. The reason is that the multidimensional case allows for many more possible
behaviors than the one–dimensional case. The above definitions are those usually considered
as standard definitions of stability and instability.

3.3.1 The method of linearization

The method of linearization consists in studying the dynamical system obtained by writing
the linear approximation of the vector field F around an equilibrium point. Let F ∈ C1(W ),
let A be the its jacobian matrix in the point X0, we have

F (X) = A(X −X0) +R,

where R goes to zero as X → X0 faster than a linear term, i. e.

lim
X→X0

R

‖X −X0‖
= 0.
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Definition 3.3.3 Given an equilibrium point Xl, let A be the jacobian matrix of F at the
point Xl, the linear system

Ẏ = AY,

is called the linearized system of Ẋ = F (X) at the point Xl. The real parts of the eigenvalues
of A are called the Lyapunov exponents of the system. If all the Lyapunov exponents are
negative, the point Xl is called a sink. If all the Lyapunov exponents are positive, Xl is called
a source.

We state the following theorem without proof.

Theorem 3.3.4 (Nonlinear sink) Let Xl be a sink for the nonlinear system Ẋ = F (X),
with F ∈ C1(W ), W ⊂ Rn. Let A be the linearized part around Xl, i. e. the jacobian of F
at Xl. Suppose there exists a positive real number c such that all eigenvalues λ of A satisfy
Re(λ) < −c, then there exists an open sphere U 3 Xl such that, for all X ∈ U and for all
t ≥ 0 one has

‖Φt(X)−Xl‖ ≤ Be−ct‖X −Xl‖

for a certain constant B > 0. In particular, Xl is asymptotically stable.

3.3.2 The Lyapunov method

Consider the dynamical system Ẋ = F (X), F ∈ C1(W ), W ⊂ Rn open. Let V : W → R be
a C1 functional. The total derivative of V (along the vector field F ) is the function

t 7→ V̇ (X(t)) =
d

dt
V (X(t)) = ∇V (X) · F (X).

Definition 3.3.5 A C1 functional V on U ⊂ W such that Xl ∈ U is called a Lyapunov
functional for the dynamical system with respect to the equilibrium point Xl if the following
two conditions hold:

(a) V̇ (X(t)) ≤ 0 for all orbits X(t) having initial datum in U ,

(b) V (Xl) = 0 and V (X) > 0 for all X ∈ U X 6= Xl.

If the properties (a) and (b) hold together with

(a’) V̇ (X(t)) < 0 for all orbits X(t) having initial datum X0 ∈ U , X0 6= Xl,

than V is called strict Lyapunov functional.

We provide the following results without proof.

Theorem 3.3.6 (First Lyapunov’s Theorem) If an equilibrium point Xl features a Lya-
punov functional V (X) on an open set U 3 Xl, then Xl is stable.

Definition 3.3.7 A set P ⊂W is called positively invariant (or simply invariant) if, for all
X0 ∈ P the solution with initial datum X0 is well defined for all t > 0 and X(t) ∈ P for all
t ≥ 0.
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Theorem 3.3.8 (Second Lyapunov’s Theorem) Let Xl be an equilibrium point and let
V (X) be a Lyapunov functional with respect to Xl defined on W and such that the property
(a) in the definition 3.3.5 is satisfied on the whole set W . Suppose P is a compact set (with
non zero measure) such that Xl ∈ P , P is positively invariant and such that V is strictly
decreasing along the orbits contained in P (except the equilibrium orbit Xl). Then Xl is
asymptotically stable and P is contained in the basin of attraction of Xl.

The following remark will be useful in the following chapters. It only applies to the two
dimensional case.

Remark 3.3.9 Suppose n = 2. If the system Ẋ = F (X) possesses a positively invariant
compact set enclosing a single stationary point which is an unstable spiral or node then any
phase trajectory cannot tend to the singularity as time goes to infinity, nor can it leave the
confined set. The Poincaré–Bendixson theorem says that as t→ +∞ the trajectory will tend
to a limit cycle solution. This is the simplest application of the theorem. If the sole singularity
is a saddle point a limit cycle cannot exist.
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Chapter 4

Continuous models for Interacting
Populations

When species interact the population dynamics of each species is affected. In general there is a
whole web of interacting species, sometimes called a trophic web, which makes for structurally
complex communities. We consider here systems involving 2 or more species, concentrating
particularly on two-species systems.

There are three main types of interaction. (i) If the growth rate of one population is
decreased and the other increased the populations are in a predator-prey situation. (ii) If the
growth rate of each population is decreased then it is competition. (iii) If each populations
growth rate is enhanced then it is called mutualism or symbiosis.

4.1 PredatorPrey Models: Lotka-Volterra Systems

Volterra (1926) first proposed a simple model for the predation of one species by another
to explain the oscillatory levels of certain fish catches in the Adriatic. If N(t) is the prey
population and P (t) that of the predator at time t then Volterra’s model is

dN

dt
= N(a− bP ),

dP

dt
= P (cN − d),

(4.1.1)

where a, b, c and d are positive constants.
The assumptions in the model are: (i) The prey in the absence of any predation grows

unboundedly in a Malthusian way; this is the aN term in the first equation of (4.1.1). (ii) The
effect of the predation is to reduce the prey’s per capita growth rate by a term proportional
to the prey and predator populations; this is the −bNP term. (iii) In the absence of any prey
for sustenance the predator’s death rate results in exponential decay, that is, the −dP term
in the second equation of (4.1.1). (iv) The prey’s contribution to the predators’ growth rate
is cNP ; that is, it is proportional to the available prey as well as to the size of the predator
population. The NP terms can be thought of as representing the conversion of energy from
one source to another: bNP is taken from the prey and cNP accrues to the predators. We
shall see that this model has serious drawbacks. Nevertheless it has been of considerable value
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in posing highly relevant questions and is a jumping–off place for more realistic models; this
is the main motivation for studying it here.

The model (4.1.1) is known as the Lotka-Volterra model since the same equations were
also derived by Lotka (1920, 1925) from a hypothetical chemical reaction which he said could
exhibit periodic behavior in the chemical concentrations.

As a first step in analyzing the Lotka-Volterra model we nondimensionalise the system by
writing

u(τ) =
cN(t)
d

, v(τ) =
bP (t)
a

, τ = at, α =
d

a
, (4.1.2)

and it becomes 
du

dτ
= u(1− v),

dv

dτ
= αv(u− 1).

(4.1.3)

In the u, v phase plane these give rise to the following autonomous differential equation for
the orbits, obtained by taking the ratio between the two equations in (4.1.3), namely

dv

du
= α

v(u− 1)
u(1− v)

, (4.1.4)

which has singular points at u = v = 0 and u = v = 1. We can integrate (4.1.4) exactly to
get the phase trajectories

αu+ v − log uαv = H, (4.1.5)

where H > Hmin is a constant: Hmin = 1 + α is the minimum of H over all (u, v) and it
occurs at u = v = 1 (check as an exercise!). For a given H > 1 + α, the trajectories (3.6) in
the phase plane are closed as illustrated in Figure 4.1, where 1 + α < H1 < H2 < H3 < H4.

A closed trajectory in the u, v plane implies periodic solutions in τ for u and v in (4.1.3).
The initial conditions, u(0) and v(0), determine the constant H in (4.1.5) and hence the phase
trajectory in Figure 4.1. From (4.1.4) we can see immediately that u has a turning point when
v = 1 and v has one when u = 1.

A major inadequacy of the Lotka-Volterra model is clear from Figure 4.1: the solutions
are not structurally stable. Suppose, for example, u(0) and v(0) are such that u and v for
τ > 0 are on the trajectory H4 which passes close to the u and v axes. Then any small
perturbation will move the solution onto another trajectory which does not lie everywhere
close to the original one H4. Thus a small perturbation can have a very marked effect, at the
very least on the amplitude of the oscillation. This is a problem with any system which has
a first integral, like (4.1.5), which is a closed trajectory in the phase plane. They are called
conservative systems; here (4.1.5) is the associated ‘conservation law’. They are usually of
little use as models for real interacting populations. However, the method of analysis of the
steady states is typical.

Returning to the form (4.1.3), a linearization about the singular points determines the
type of singularity and the stability of the steady states. A similar linear stability analysis
has to be carried out on equivalent systems with any number of equations. We first consider
the steady state (u, v) = (0, 0). Let x and y be small perturbations about (0, 0). If we keep
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Figure 4.1: Closed (u, v) phase plane trajectories, with various H, for the Lotka-Volterra
system
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only linear terms, (4.1.3) becomesdxdτdy
dτ

 ≈ (1 0
0 −α

)(
x
y

)
= A

(
x
y

)
(4.1.6)

The solution is the linear combination of terms of the form eλτ where λ is one of the
eigenvalues of A, which are given by the characteristic polynomial of the matrix A and thus
are solutions of

|A− λI| =
∣∣∣∣1− λ 0

0 −α− λ

∣∣∣∣ = 0⇒ λ1 = 1, λ2 = −α.

Since at least one eigenvalue, λ1 > 0, x(τ) and y(τ) grow exponentially and so u = 0 = v
is linearly unstable. Since the two eigenvalues have different sign, this is a saddle point
singularity.

Linearizing about the steady state u = v = 1 by setting u = 1 + x, v = 1 + y with |x| and
|y| small, (4.1.3) becomes dxdτdy

dτ

 ≈ (0 −1
α 0

)(
x
y

)
= A

(
x
y

)
(4.1.7)

with eigenvalues λ given by

|A− λI| =
∣∣∣∣λ −1
α −λ

∣∣∣∣ = 0⇒ λ1 = −i
√
α, λ2 = i

√
α.

Thus u = v = 1 is a centre singularity since the eigenvalues are purely imaginary. Since
Reλ = 0 the steady state is neutrally stable. The solution of (4.1.7) is a linear combination
of the terms ei

√
ατ and e−i

√
ατ . So, the solutions in the neighborhood of the singular point

u = v = 1 are periodic in τ with period 2π/
√
α. In dimensional terms from (4.1.2) this

period is T = 2π(a/d)1/2; that is, the period is proportional to the square root of the ratio
of the linear growth rate, a, of the prey to the death rate, d, of the predators. Even though
we are only dealing with small perturbations about the steady state u = v = 1 we see how
the period depends on the intrinsic growth and death rates. For example, an increase in the
growth rate of the prey will increase the period; a decrease in the predator death rate does
the same thing. Is this what you would expect intuitively?

In this ecological context the matrix A in the linear equations (4.1.6) and (4.1.7) is called
the community matrix, and its eigenvalues λ determine the stability of the steady states. If
Reλ > 0 then the steady state is unstable while if both Reλ < 0 it is stable. The critical case
Reλ = 0 is termed neutral stability.

There have been many attempts to apply the Lotka-Volterra model to real–world oscilla-
tory phenomena. In view of the systems structural instability, they must essentially all fail to
be of quantitative practical use. As we mentioned, however, they can be important as vehicles
for suggesting relevant questions that should be asked. One particularly interesting example
was the attempt to apply the model to the extensive data on the Canadian lynx-snowshoe
hare interaction in the fur catch records of the Hudson Bay Company from about 1845 until
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the 1930s. We assume that the numbers reflect a fixed proportion of the total population of
these animals. Although this assumption is of questionable accuracy, as indicated by what
follows, the data nevertheless represent one of the very few long term records available. The
analysis of the data shows reasonable periodic fluctuations as we now expect from a time–
periodic behavior in the variables. However, it is not enough simply to produce a model which
exhibits oscillations but rather to provide a proper explanation of the phenomenon which can
stand up to ecological and biological scrutiny.

4.1.1 Complexity and Stability

To get some indication of the effect of complexity on stability we briefly consider the gener-
alized Lotka-Volterra predator-prey system where there are k prey species and k predators,
which prey on all the prey species but with different severity. Then in place of (4.1.1) we have

dNi

dt
= Ni

ai − k∑
j=1

bijPj


i = 1, . . . , k

dPi
dt

= Pi

−di +
k∑
j=1

cijNj


(4.1.8)

where all of the ai, bij , cij and di are positive constants. The trivial steady state is Ni = Pi = 0
for all i, and the community matrix is the diagonal matrix

A =



a1 0
. . .

0 ak

0

0
−d1 0

. . .
0 −dk


.

The 2k eigenvalues are thus

λi = ai > 0, λk+i = −di < 0, i = 1, . . . , k

so this steady state is unstable.
The nontrivial steady state is the column vector solution N∗, P ∗ where

k∑
j=1

bijP
∗
j = ai,

k∑
j=1

cijN
∗
j = di, i = 1, . . . , k

or, in vector notation, with N∗, P ∗, a, and d column vectors,

BP ∗ = a, CN∗ = d,

where B and C are the k × k matrices (bij)ij and (cij)ij respectively.
On linearizing about (N∗, P ∗) in by setting

N = N∗ + u, P = P ∗ + v,
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where |u|, |v| are small compared with |N∗| and |P ∗|, we get

dui
dt

= −N∗i
k∑
j=1

bijvj ,
dvi
dt

= P ∗i

k∑
j=1

cijuj , i = 1, . . . , k.

Thendudtdv
dt

 ≈= A

(
u
v

)
, A =

(
0 −diag(N∗1 , . . . , N

∗
k )B

diag(P ∗1 , . . . , P
∗
k )C 0

)
, (4.1.9)

where here the community matrix A is a 2k × 2k block matrix with null diagonal blocks.
Since the eigenvalues λi , i = 1, . . . , 2k are solutions of |A − λI| = 0 the sum of the roots λi
satisfies

2k∑
i=1

λi = trA = 0. (4.1.10)

Since the elements of A are real, the eigenvalues, if complex, occur as complex conjugates.
Thus from (4.1.10) there are two cases: either all the eigenvalues are purely imaginary or they
are not. If all Reλi = 0 then the steady state (N∗, P ∗) is neutrally stable as in the 2–species
case. However if there are λi such that Reλi 6= 0 then, since they occur as complex conjugates,
(4.1.10) implies that at least one exists with Reλ > 0 and hence (N∗, P ∗) is unstable.

We see from this analysis that complexity in the population interaction web introduces
the possibility of instability. If a model by chance resulted in only imaginary eigenvalues (and
hence perturbations from the steady state are periodic in time) only a small change in one of
the parameters in the community matrix would result in at least one eigenvalue with Reλ 6= 0
and hence an unstable steady state. This of course only holds for community matrices such
as in (4.1.9). Even so, we get indications of the fairly general and important result that
complexity usually results in instability rather than stability.

4.2 Realistic Predator–Prey Models

The Lotka-Volterra model, unrealistic though it is, does suggest that simple predator- prey
interactions can result in periodic behavior of the populations. Reasoning heuristically this
is not unexpected since if a prey population increases, it encourages growth of its predator.
More predators however consume more prey the population of which starts to decline. With
less food around the predator population declines and when it is low enough, this allows the
prey population to increase and the whole cycle starts over again. Depending on the detailed
system such oscillations can grow or decay or go into a stable limit cycle oscillation or even
exhibit chaotic behavior, although in the latter case there must be at least 3 interacting
species, or the model has to have some delay terms.

A limit cycle solution is a closed trajectory in the predator-prey space which is not a
member of a continuous family of closed trajectories such as the solutions of the Lotka-
Volterra model illustrated in Figure 4.1. A stable limit cycle trajectory is such that any
small perturbation from the trajectory decays to zero. Conditions for the existence of such a
solution are given in Remark 3.3.9.
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One of the unrealistic assumptions in the Lotka-Volterra models, (4.1.1), and generally
(4.1.8), is that the prey growth is unbounded in the absence of predation. In the form we
have written the model (4.1.1) the bracketed terms on the right are the density–dependent
per capita growth rates. To be more realistic these growth rates should depend on both the
prey and predator densities as in

dN

dt
= NF (N,P ),

dP

dt
= PG(N,P ),

where the forms of F and G depend on the interaction, the species and so on. As a reasonable
first step we might expect the prey to satisfy a logistic growth, say, in the absence of any
predators, that is, like (2.1.3) in Chapter 2, or have some similar growth dynamics which has
some maximum carrying capacity. So, for example, a more realistic prey population equation
might take the form

dN

dt
= NF (N,P ), F (N,P ) = r

(
1− N

K

)
− PR(N), (4.2.1)

where R(N) is a the predation terms characterized by the fact that NR(N) → constant as
N → +∞ and K is the constant carrying capacity for the prey when P = 0.

The predation term, which is the functional response of the predator to change in the prey
density, generally shows some saturation effect. Instead of a predator response of bNP , as
in the Lotka-Volterra model (4.1.1), we take PNR(N) where NR(N) saturates for N large.
Some examples are

R(N) =
A

N +B
, R(N) =

AN

N2 +B2
, R(N) =

A(1− e−aN )
N

, (4.2.2)

where A, B and a are positive constants. The second of (4.2.2) is similar to that used in
the budworm model in equation (2.2.2) in Chapter 2. It is also typical of aphid (Aphidicus
zbeckistanicus) predation. The saturation for large N is a reflection of the limited predator
capability, or perseverance, when the prey is abundant.

The predator population equation, the second of (4.2.1), should also be made more realistic
than simply having G = −d+ cN as in the Lotka-Volterra model (4.1.1). Possible forms are

G(N,P ) = k

(
1− hP

N

)
, G(N,P ) = −d+ eNR(N), (4.2.3)

where k, h, d and e are positive constants and R(N) is as in (4.2.2). The first of (4.2.3) says
that the carrying capacity for the predator is directly proportional to the prey density. The
models given by (4.2.1)-(4.2.3) are only examples of the many that have been proposed and
studied. They are all more realistic than the classical Lotka-Volterra model.

4.3 Analysis of a PredatorPrey Model with Limit Cycle Peri-
odic Behavior: Parameter Domains of Stability

As an example of how we analyze such realistic 2–species models we consider one of them in
detail, namely, 

dN

dt
= N

[
r

(
1− N

K

)
− kP

N +D

]
,

dP

dt
= P

[
s

(
1− hP

N

)]
,

(4.3.1)
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where r, K, k, D, s and h are positive constants, 6 in all. It is, as always, extremely useful to
write the system in non–dimensional form. Although there is no unique way of doing this it is
often a good idea to relate the variables to some key relevant parameter. Here, for example,
we express N and P as fractions of the predator–free carrying capacity K. Let us write

u =
N

K
, v =

hP

K
, τ = rt,

a =
k

hr
, b =

s

r
, d =

D

K
(4.3.2)

and (4.3.1) become 
du

dτ
= u(1− u)− auv

u+ d
=: f(u, v),

dv

dτ
= bv

(
1− v

u

)
=: g(u, v),

(4.3.3)

which have only 3 dimensionless parameters a, b and d (recover system (4.3.3) as an exercise,
starting with the definitions in the first line of (4.3.2), so that the new groupings of parameters
a, b and d appear naturally).

Non–dimensionalization reduces the number of parameters by grouping them in a mean-
ingful way. Dimensionless groupings generally give relative measures of the effect of dimen-
sional parameters. For example, b is the ratio of the linear growth rate of the predator to
that of the prey and so b > 1 and b < 1 have definite ecological meanings; with the latter the
prey reproduce faster than the predator.

The equilibrium or steady state populations u∗, v∗ are solutions of du/dτ = 0, dv/dτ = 0;
namely,

f(u∗, v∗) = 0, g(u∗, v∗) = 0

which, from (4.3.3), are

u∗(1− u∗)− au∗v∗

u∗ + d
= 0, bv∗

(
1− v∗

u∗

)
= 0. (4.3.4)

We are only concerned here with positive solutions, namely, the positive solutions of

v∗ = u∗, (1− u∗)(u∗ + d)− av∗ = −[(u∗)2 + (a+ d− 1)u∗ − d] = 0

of which the only positive one is

u∗ =
(1− a− d) +

√
(1− a− d)2 + 4d
2

, v∗ = u∗. (4.3.5)

We are interested in the stability of the steady states, which are the singular points in the
phase plane of (4.3.3). A linear stability analysis about the steady states is equivalent to the
phase plane analysis. For the linear analysis write

x(τ) = u(τ)− u∗, y(τ) = v(τ)− v∗
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which on substituting into (4.3.3), linearizing with |x| and |y| small, and using (4.3.4), givesdxdτdy
dτ

 = A

(
x
y

)

A =

∂f∂u ∂f

∂v
∂g

∂u

∂g

∂v


u∗,v∗

=

u∗( au∗

(u∗ + d)2
− 1
)
− au∗

u∗ + d
b −b

 . (4.3.6)

A, the community matrix, has eigenvalues λ given by

|A− λI| = 0 → λ2 − (trA)λ+ detA = 0.

For stability we require Reλ < 0 and so the necessary and sufficient conditions for linear
stability are, from the last equation,

trA < 0 ⇒ u∗
(

au∗

(u∗ + d)2
− 1
)
< b,

detA > 0 ⇒ −bu∗
(

au∗

(u∗ + d)2
− 1
)

+
abu∗

u∗ + d
> 0. (4.3.7)

Substituting for u∗ from (4.3.5) gives the stability conditions in terms of the parameters a, b
and d, and hence in terms of the original parameters r, K, k, D, s and h in (4.3.1).

In general there is a domain in the a, b, d space such that, if the parameters lie within it,
(u∗, v∗) is stable, that is, Reλ < 0, and if they lie outside it the steady state is unstable. The
latter requires at least one of (4.3.7) to be violated. A simple calculation shows

detA = bu∗
[
− au∗

(u∗ + d)2
+ 1 +

a

u∗ + d

]
= bu∗

[
1 +

ad

(u∗ + d)2

]
> 0

for all a > 0, b > 0, d > 0 and so the second of (4.3.7) is always satisfied. The instability
domain is thus determined solely by the first inequality of (4.3.7), namely, trA < 0 which,
with (4.3.5) for u∗ and using (4.3.4), becomes

b >
1
2a

[
a− [(1− a− d)2 + 4d]1/2

] [
1 + a+ d− [(1− a− d)2 + 4d]1/2

]
. (4.3.8)

This defines a three–dimensional surface in (a, b, d) parameter space.
We are only concerned with a, b, and d positive. The second square bracket in (4.3.8)

is a monotonic decreasing function of d and always positive. The first square bracket is a
monotonic decreasing function of d with a maximum at d = 0 (check!). Thus, the condition
(4.3.8) is for sure satisfied provided b is larger than the value of the r.h.s. of (4.3.8) with
d = 0, i. e. a sufficient condition for (4.3.8) is

b >

{
2a− 1 if 0 < a ≤ 1
1
a if a > 1
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and so for 0 < a < 1/2 and all d > 0 the stability condition (4.3.8) is satisfied with any b > 0.
That is, the steady state u∗, v∗ is linearly stable for all 0 < a < 1/2, b > 0, d > 0. On the
other hand if a > 1/2 there is a domain in the (a, b, d) space with b > 0 and d > 0 where
(4.3.8) is not satisfied and so the first of (4.3.7) is violated and hence one of the eigenvalues
λ of the community matrix A has Reλ > 0. This in turn implies the steady state (u∗, v∗) is
unstable to small perturbations.

When Reλ < 0 the steady state is stable and either both λ’s are real, in which case the
singular point (u∗, v∗) is a stable node in the u, v phase plane, or the λs are complex and the
singular point is a stable spiral. When the parameters result in Reλ > 0, the singular point
is either an unstable node or spiral. In this case we must determine whether or not there is a
compact invariant set (or bounding domain, or confined set), in the (u, v) phase plane so as to
use the Poincaré-Bendixson theorem for the existence of a limit cycle oscillation; see Remark
3.3.9. In other words we must find a simple closed boundary curve in the positive quadrant of
the (u, v) plane such that on it the phase trajectories always point into the enclosed domain.
That is, if n denotes the outward normal to this boundary, we require

n ·
(
du

dτ
,
dv

dτ

)
< 0

for all points on the boundary. If this inequality holds at a point on the boundary it
means that the ‘velocity’ vector (du/dτ, dv/dτ) points inwards. Intuitively this means that
no solution trajectory can leave the domain if once inside, since, if it did reach the boundary,
its ‘velocity’ points inwards and so the trajectory moves back into the domain.

To find a confined set it is essential and always informative to draw the null clines of the
system, that is, the curves in the phase plane where du/dτ = 0 and dv/dτ = 0. From (4.3.3)
these are the curves f(u, v) = 0 and g(u, v) = 0 which are illustrated in Figure 4.2. The sign of
the vector components of (f(u, v), g(u, v)) indicate the direction of the vector (du/dτ, dv/dτ)
and hence the direction of the (u, v) trajectory. So if f > 0 in a domain, du/dτ > 0 and
u is thus increasing there. On DE, EA, AB and BC, the trajectories clearly point inwards
because of the signs of f(u, v) and g(u, v) on them. It can be shown that a line DC exists
such that on it n · (du/dτ, dv/dτ) < 0; that is, n · (f(u, v), g(u, v)) < 0 where n is the unit
vector perpendicular to DC. For instance, take the straight line v = αu with α > 1 on a
suitable u-interval according to picture 4.2. On that line f = f(u, αu) = u

(
1− u+ αau

u+d

)
and g = g(u, αu) = −αb(α − 1)u < 0. In order to point inwards we need g/f > α, which
means g − αf < 0 on the set f < 0. It is left as an exercise to prove that such a choice of α
is possible.

We now have a confined set appropriate for the Poincaré-Bendixson theorem to apply
when (u∗, v∗) is unstable. Hence the solution trajectory tends to a limit cycle when the
parameters a, b and d belong to the domain of instability. Basically the Poincaré-Bendixson
theorem says that since any trajectory coming out of the unstable steady state (u∗, v∗) cannot
cross the confining boundary ABCDEA, it must evolve into a closed limit cycle trajectory.
This means that both components u and v tend to assume an oscillating profile as time goes
to infinity. The main difference with the basic Lotka–Volterra system (4.1.1) is that this
oscillating profiles are asymptotically stable under small perturbation, which was not the
case in that model, where a small change in the initial datum produced a change in the value
of the energy and hence a change in the closed trajectory.
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Figure 4.2: Null clines f(u, v) = 0, g(u, v) = 0 for the system (4.3.3); note the signs of f and
g on either side of their null clines. ABCDEA is the boundary of the invariant compact set
about (u∗, v∗) on which the trajectories all point inwards.
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4.4 Competition Models: Principle of Competitive Exclusion

Here two or more species compete for the same limited food source or in some way inhibit
each other’s growth. For example, competition may be for territory which is directly related
to food resources. Here we discuss a very simple competition model which demonstrates a
fairly general principle which is observed to hold in Nature, namely, that when two species
compete for the same limited resources one of the species usually becomes extinct.

Consider the basic 2–species Lotka–Volterra competition model with each species N1 and
N2 having logistic growth in the absence of the other. Inclusion of logistic growth in the
Lotka–Volterra systems makes them much more realistic, therefore, to highlight the principle
we consider the simpler model which reflects many of the properties of more complicated
models, particularly as regards stability. We thus consider

dN1

dt
= r1N1

[
1− N1

K1
− b12

N2

K1

]
dN2

dt
= r2N2

[
1− N2

K2
− b21

N1

K2

]
,

(4.4.1)

where r1, K1, r2, K2, b12 and b21 are all positive constants and, as before, the r’s are the linear
birth rates and the K’s are the carrying capacities. The b12 and b21 measure the competitive
effect of N2 on N1 and N1 on N2 respectively: they are generally not equal. Note that the
competition model (4.4.1) is not a conservative system like its Lotka–Volterra predator–prey
counterpart.

If we nondimensionalise this model by writing

u1 =
N1

K1
, u2 =

N2

K2
, τ = r1t1, ρ =

r2

r1
(4.4.2)

a12 = b12
K2

K1
, a21 = b21

K1

K2
(4.4.3)

(4.4.1) become 
du1

dτ
= u1(1− u1 − a12u2) =: f1(u1, u2)

du2

dτ
= ρu2(1− u2 − a21u1) =: f2(u1, u2).

(4.4.4)

The steady states, and phase plane singularities, u∗1, u
∗
2, are solutions of f1(u1, u2) =

f2(u1, u2) = 0 which, from (4.4.4), are

u∗1 = 0, u∗2 = 0
u∗1 = 1, u∗2 = 0
u∗1 = 0, u∗2 = 1

u∗1 =
1− a12

1− a12a21
, u∗2 =

1− a21

1− a12a21
. (4.4.5)

The last of these is only of relevance if u∗1 ≥ 0 and u∗2 ≥ 0 are finite, in which case
a12a21 6= 1. The four possibilities are seen immediately on drawing the null clines f1 = 0 and
f2 = 0 in the (u1, u2) phase plane as shown in Figure 4.3. The crucial part of the null clines
are, from (4.4.4), the straight lines 1− u1 − a12u2 = 0, 1− u2 − a21u1 = 0. The first of these
together with the u2–axis is f1 = 0, while the second, together with the u1–axis is f2 = 0.

52



Figure 4.3: The null clines for the competition model (4.4.4). f1 = 0 is u1 = 0 and 1− u1 −
a12u2 = 0 with f2 = 0 being u2 = 0 and 1− u2 − a21u1 = 0. The intersection of the two solid
lines gives the positive steady state if it exists as in (a) and (b): the relative sizes of a12 and
a21 as compared with 1 for it to exist are obvious from (a) to (d).
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The stability of the steady states is again determined by the community matrix which,
for (4.4.4), is

A =

(
∂f1

∂u1

∂f1

∂u2
∂f2

∂u1

∂f2

∂u2

)
u∗1,u

∗
2

=
(

1− 2u1 − a12u2 −a12u1

−ρa21u2 ρ(1− 2u2 − a21u1)

)
u∗1,u

∗
2

. (4.4.6)

The first steady state in (4.4.5), that is, (0, 0), is unstable since the eigenvalues λ of its
community matrix, given from (4.4.6) by λ1 = 1, λ2 = ρ are positive. For the second of
(4.4.5), namely, (1, 0), (4.4.6) gives

|A− λI| =
∣∣∣∣−1− λ −a12

0 ρ(1− a21)− λ

∣∣∣∣ = 0 ⇒ λ1 = −1,
λ2 = ρ(1− a21)

and so

u∗1 = 1, u∗2 = 0 is

{
stable if a21 > 1
unstable if a21 < 1

. (4.4.7)

Similarly, for the third steady state, (0, 1), the eigenvalues are λ1 = −ρ and λ2 = (1−a12)
and so

u∗1 = 0, u∗2 = 1 is

{
stable if a12 > 1
unstable if a12 < 1

. (4.4.8)

Finally for the last steady state in (4.4.5), when it exists in the positive quadrant, the
matrix A from (4.4.6) is

A = (1− a12a21)−1

(
a12 − 1 a12(a12 − 1)

ρa21(a21 − 1) ρ(a21 − 1)

)
which has eigenvalues

λ1,2 = [2(1− a12a21)]−1
[
(a12 − 1) + ρ(a21 − 1)

±
{

[(a12 − 1) + ρ(a21 − 1)]2 − 4ρ(1− a12a21)(a12 − 1)(a21 − 1)
}1/2

]
. (4.4.9)

The sign of λ, or Reλ if complex, and hence the stability of the steady state, depends
on the size of ρ, a12 and a21. There are several cases we have to consider, all of which have
ecological implications which we come to below.

Before discussing the various cases note that there is a confined set on the boundary of
which the vector of the derivatives, (du1/dτ, du2/dτ), points along it or inwards: here it is a
rectangular box in the (u1, u2) plane. From (4.4.4) this condition holds on the u1– and u2–
axes. Outer edges of the rectangle are, for example, the lines u1 = U1 where 1−U1−a12u2 < 0
and u2 = U2 where 1 − U2 − a21u1 < 0. Any U1 > 1, U2 > 1 suffice. So the system always
admits an invariant compact set.

The various cases are: (i) a12 < 1, a21 < 1, (ii) a12 > 1, a21 > 1, (iii) a12 < 1, a21 > 1, (iv)
a12 > 1, a21 < 1. All of these are analyzed in a similar way. Figures 4.3 (a) to (d) and Figures
4.4 (a) to (d) relate to these cases (i) to (iv) respectively. By way of example, we consider just
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Figure 4.4: Schematic phase trajectories near the steady states for the dynamic behavior of
competing populations satisfying the model (4.4.4) for the various cases. (a) a12 < 1, a21 < 1.
Only the positive steady state S is stable and all trajectories tend to it. (b) a12 > 1, a21 > 1.
Here, (1, 0) and (0, 1) are stable steady states, each of which has a domain of attraction
separated by a separatrix which passes through (u∗1, u

∗
2). (c) a12 < 1, a21 > 1. Only one

stable steady state exists, u∗1 = 1, u∗2 = 0 with the whole positive quadrant its domain of
attraction. (d) a12 > 1, a21 < 1. The only stable steady state is u∗1 = 0, u∗2 = 1 with the
positive quadrant as its domain of attraction. Cases (b) to (d) illustrate the competitive
exclusion principle whereby 2 species competing for the same limited resource cannot in
general coexist.
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one of them, namely, (ii). The analysis of the other cases is left as an exercise. The results
are encapsulated in Figure 4.4. The arrows indicate the direction of the phase trajectories.
The qualitative behavior of the phase trajectories is given by the signs of du1/dτ , namely,
f1(u1, u2), and du2/dτ which is f2(u1, u2), on either side of the null clines.

Case a12 > 1, a21 > 1. This corresponds to Figure 4.3 (b). From (4.4.7) and (4.4.8),
(1, 0) and (0, 1) are stable. Since 1 − a12a21 < 0, (u∗1, u

∗
2), the fourth steady state in (4.4.5),

lies in the positive quadrant and from (4.4.9) its eigenvalues are such that λ2 < 0 < λ1 and
so it is unstable to small perturbations: it is a saddle point. In this case, then, the phase
trajectories can tend to either one of the two steady states, as illustrated in Figure 4.4 (b).
Each steady state has a domain of attraction. There is a line, a separatrix, which divides the
positive quadrant into 2 nonoverlapping regions I and II as in Figure 4.4 (b). The separatrix
passes through the steady state (u∗1, u

∗
2): it is one of the saddle point trajectories in fact.

Now consider some of the ecological implications of these results. In case (i) where a12 < 1
and a21 < 1 there is a stable steady state where both species can exist as in Figure 4.3 (a).
In terms of the original parameters from (4.4.2) this corresponds to b12K2/K1 < 1 and
b21K1/K2 < 1. For example, if K1 and K2 are approximately the same and the interspecific
competition, as measured by b12 and b21, is not too strong, these conditions say that the two
species simply adjust to a lower population size than if there were no competition. In other
words, the competition is not aggressive. On the other hand if the b12 and b21 are about the
same and the K1 and K2 are different, it is not easy to tell what will happen until we form
and compare the dimensionless groupings a12 and a21.

In case (ii), where a12 > 1 and a21 > 1, if the K’s are about equal, then the b12 and b21 are
not small. The analysis then says that the competition is such that all three nontrivial steady
states can exist, but, from (4.4.7) to (4.4.9), only (1, 0) and (0, 1) are stable, as in Figure
4.4 (b). It can be a delicate matter which ultimately wins out. It depends crucially on the
starting advantage each species has. If the initial conditions lie in domain I then eventually
species 2 will die out, u2 → 0 and u1 → 1; that is, N1 → K1 the carrying capacity of the
environment for N1. Thus competition here has eliminated N2. On the other hand if N2 has
an initial size advantage so that u1 and u2 start in region II then u1 → 0 and u2 → 1 in which
case the N1–species becomes extinct and N2 → K2, its environmental carrying capacity. We
expect extinction of one species even if the initial populations are close to the separatrix and
in fact if they lie on it, since the ever present random fluctuations will inevitably cause one
of ui, i = 1, 2 to tend to zero.

Cases (iii) and (iv) in which the interspecific competition of one species is much stronger
than the other, or the carrying capacities are sufficiently different so that a12 = b12K2/K1 < 1
and a21 = b21K1/K2 > 1 or alternatively a12 > 1 and a21 < 1, are quite definite in the ultimate
result. In case (iii), as in Figure 4.4 (c), the stronger dimensionless interspecific competition
of the u1–species dominates and the other species, u2, dies out. In case (iv) it is the other
way round and species u1 becomes extinct.

Although all cases do not result in species elimination, those in (iii) and (iv) always do
and in (ii) it is inevitable due to natural fluctuations in the population levels. This work led
to the principle of competitive exclusion. Note that the conditions for this to hold depend on
the dimensionless parameter groupings a12 and a21: the growth rate ratio parameter ρ does
not affect the gross stability results, just the dynamics of the system. Since a12 = b12K2/K1,
a21 = b21K1/K2 the conditions for competitive exclusion depend critically on the interplay
between competition and the carrying capacities as well as the initial conditions in case (ii).
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4.5 Mutualism or Symbiosis

There are many examples where the interaction of two or more species is to the advantage of
all. Mutualism or symbiosis often plays the crucial role in promoting and even maintaining
such species: plant and seed dispersal is one example. Even if survival is not at stake the
mutual advantage of mutualism or symbiosis can be very important. As a topic of theoretical
ecology, even for two species, this area has not been as widely studied as the others even
though its importance is comparable to that of predator–prey and competition interactions.
This is in part due to the fact that simple models in the Lotka–Volterra vein give silly results.
The simplest mutualism model equivalent to the classical Lotka–Volterra predator–prey one
is 

dN1

dt
= r1N1 + a1N1n2

dN2

dt
= r2N2 + a2N1n2

where r1, r2, a1 and a2 are all positive constants. Since dN1/dt > 0 and dN2/dt > 0, N1 and
N2 simply grow unboundedly.

Realistic models must at least show a mutual benefit to both species, or as many as are
involved, and have some positive steady state or limit cycle type oscillation. Some models
which do this are described by Whittaker (1975). A practical example is discussed by May
(1975).

As a first step in producing a reasonable 2–species model we incorporate limited carrying
capacities for both species and consider

dN1

dt
= r1N1

(
1− N1

K1
+ b12

N2

K1

)
dN2

dt
= r2N2

(
1− N2

K2
+ b21

N1

K2

) (4.5.1)

where r1, r2, K1, K2, b12 and b21 are all positive constants. If we use the same non–
dimensionalization as in the competition model (the signs preceding the bi’s are negative
there), namely, (4.4.2), we get

du1

dτ
= u1(1− u1 + a12u2) =: f1(u1, u2)

du2

dτ
= ρu2(1− u2 + a21u1) =: f2(u1, u2).

(4.5.2)

Analyzing the model in the usual way we start with the steady states (u∗1, u
∗
2) which from

(4.5.2) are

(0, 0), (1, 0) (0, 1),(
1 + a12

δ
,
1 + a21

δ

)
, positive if δ := 1− a12a21 > 0. (4.5.3)

After calculating the community matrix for (4.5.2) and evaluating the eigenvalues λ for
each of (4.5.3) it is straightforward to show that (0, 0), (1, 0) and (0, 1) are all unstable: (0, 0)
is an unstable node and (1, 0) and (0, 1) are saddle point equilibria. If 1−a12a21 < 0 there are
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only three steady states, the first three in (4.5.3), and so the populations become unbounded.
We see this by drawing the null clines in the phase plane for (4.5.2), namely, f1 = 0, f2 = 0,
and noting that the phase trajectories move off to infinity in a domain in which u1 → +∞ and
u2 → +∞. This can be seen also algebraically noticing for instance that the bracket in the
first of (4.5.2) is always larger than a positive constant, and therefore u1 grows exponentially
by comparison principle.

When 1 − a12a21 > 0, the fourth steady state in (4.5.3) exists in the positive quadrant.
Evaluation of the eigenvalues of the community matrix shows it to be a stable equilibrium:
it is a node singularity in the phase plane. Here all the trajectories in the positive quadrant
tend to u∗1 > 1 and u∗2 > 1; that is, N1 > K1 and N2 > K2 and so each species has increased
its steady state population from its maximum value in isolation.

This model has certain drawbacks. One is the sensitivity between unbounded growth and
a finite positive steady state. It depends on the inequality a12a21 < 1, which from (4.5.2)
in terms of the original parameters in (4.5.1) is b12b21 < 1: the b’s are dimensionless. So if
symbiosis of either species is too large, this last condition is violated and both populations
grow unboundedly.
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Chapter 5

Reaction kinetics

5.1 Enzyme Kinetics: Basic Enzyme Reaction

Biochemical reactions are continually taking place in all living organisms and most of them
involve proteins called enzymes, which act as remarkably efficient catalysts. Enzymes react
selectively on definite compounds called substrates. For example, haemoglobin in red blood
cells is an enzyme and oxygen, with which it combines, is a substrate. Enzymes are important
in regulating biological processes, for example, as activators or inhibitors in a reaction. To
understand their role we have to study enzyme kinetics which is mainly the study of rates of
reactions, the temporal behavior of the various reactants and the conditions which influence
them.

The complexity of biological and biochemical processes is such that the development of a
simplifying model is often essential in trying to understand the phenomenon under consider-
ation. For such models we should use reaction mechanisms which are plausible biochemically.
Frequently the first model to be studied may itself be a model of a more realistic, but still too
complicated, biochemical model. Models of models are often first steps since it is a qualitative
understanding that we want initially.

One of the most basic enzymatic reactions, first proposed by Michaelis and Menten
(1913), involves a substrate S reacting with an enzyme E to form a complex SE which in
turn is converted into a product P and the enzyme. We represent this schematically by

S + E 
k1
k−1

SE →k2 P + E. (5.1.1)

Here k1, k−1 and k2 are constant parameters associated with the rates of reaction; they are
defined below. The double arrow symbol 
 indicates that the reaction is reversible while
the single arrow → indicates that the reaction can go only one way. The overall mechanism
is a conversion of the substrate S, via the enzyme catalyst E, into a product P . In detail
it says that one molecule of S combines with one molecule of E to form one of SE, which
eventually produces one molecule of P and one molecule of E again. The Law of Mass
Action says that the rate of a reaction is proportional to the product of the concentrations
of the reactants. We denote the concentrations of the reactants in (5.1.1) by lowercase letters

s = [S], e = [E], c = [SE], p = [P ],

where [ ] traditionally denotes concentration. Then the Law of Mass Action applied to (5.1.1)
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leads to one equation for each reactant and hence the system of nonlinear reaction equations

ds

dt
= −k1es+ k−1c

de

dt
= −k1es+ (k−1 + k2)c

dc

dt
= k1es− (k−1 + k2)c

dp

dt
= k2c.

(5.1.2)

The k’s, called rate constants, are constants of proportionality in the application of the
Law of Mass Action. For example, the first equation for s is simply the statement that the
rate of change of the concentration [S] is made up of a loss rate proportional to [S][E] and a
gain rate proportional to [SE].

To complete the mathematical formulation we require initial conditions which we take
here as those at the start of the process which converts S to P, so

s(0) = s0, e(0) = e0, c(0) = 0, p(0) = 0. (5.1.3)

The solutions of (5.1.2) with (5.1.3) then give the concentrations, and hence the rates of
the reactions, as functions of time. Of course in any reaction kinetics problem we are only
concerned with nonnegative concentrations. The last equation in (5.1.2) is uncoupled from
the first three; it gives the product

p(t) = k2

∫ t

0
c(τ)dτ

once c(t) has been determined, so we need only be concerned (analytically) with the first
three equations in (5.1.2). In the mechanism (5.1.1) the enzyme E is a catalyst, which only
facilitates the reaction, so its total concentration, free plus combined, is a constant. This
conservation law for the enzyme also comes immediately from (5.1.2) on adding the second
and third equations, those for the free E and combined C enzyme concentrations respectively,
to get

de

dt
+
dc

dt
= 0 ⇒ e(t) + c(t) ≡ e0

on using the initial conditions (5.1.3). With this, the system of ordinary differential equations
reduces to only two, for s and c, namely,

ds

dt
= −k1e0s+ (k1s+ k−1)c

dc

dt
= k1e0s− (k1s+ k−1 + k2)c,

(5.1.4)

with initial conditions
s(0) = s0, c(0) = 0. (5.1.5)

The usual approach to these equations is to assume that the initial stage of the complex, c,
formation is very fast after which it is essentially at equilibrium, that is, dc/dt ≈ 0 in which
case from the second of (5.1.4) we get c in terms of s,

c(t) =
e0s(t)

s(t) +Km
, Km =

k−1 + k2

k1
(5.1.6)
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which on substituting into the first of (5.1.4) gives

ds

dt
= − k2e0s

s+Km
, (5.1.7)

where Km is called the Michaelis constant. Since the enzyme is traditionally considered to
be present in small amounts compared with the substrate the assumption is that the substrate
concentration effectively does not change during this initial transient stage. In this case the
(approximate) dynamics is governed by (5.1.7) with the initial condition s = s0. This is
known as the pseudo– or quasi–steady state approximation. Solving (5.1.7) with the initial
condition on s(t) we obtain an implicit solution; namely,

s(t) +Km log s(t) = s0 +Km log s0 − k2e0t. (5.1.8)

If we now substitute this into (5.1.6) we get an expression for the complex c(t). But this does
not satisfy the initial condition on c(0) = 0. However, perhaps it is a reasonable approximation
for most of the time; this is the belief in the usual application of this approach. In fact for
many experimental situations it is sufficient, but crucially not always. There are in fact two
timescales involved in this system: one is the initial transient timescale near t = 0 and the
other is the longer timescale when the substrate changes significantly during which the enzyme
complex is reasonably approximated by (5.1.6) with s(t) from (5.1.8). This basic reasoning
raises several important questions such as (i) how fast is the initial transient; (ii) for what
range of the parameters is the approximation (5.1.6) and (5.1.8) a sufficiently good one; (iii)
if the enzyme concentration is not small compared with the substrate concentration, how do
we deal with it?

As a first step we must clearly nondimensionalise the system. There are several ways this
can be done, of course. A key dimensionless quantity is the time since the basic assumptions
above depend on how short the transient period is. The standard way of doing the quasi–
steady state analysis is to introduce dimensionless quantities

τ = k1e0t, u(τ) =
s(t)
s0

, v(τ) =
c(t)
e0

, (5.1.9)

λ =
k2

k1s0
, K =

k−1 + k2

k1s0
=
Km

s0
, ε =

e0

s0
(5.1.10)

which is a reasonable nondimensionalisation if ε� 1. Substituting these into (5.1.4) together
with (5.1.5) gives the dimensionless system for the traditional quasi–steady state approxima-
tion

du

dτ
= −u+ (u+K − λ)v, ε

dv

dτ
= u− (u+K)v (5.1.11)

u(0) = 1, v(0) = 0. (5.1.12)

Note that K − λ > 0 from (5.1.9). With the solutions u(τ), v(τ) we then immediately get e
and p.

From the original reaction (5.1.1), which converts S into a product P , we clearly have the
final steady state u = 0 and v = 0; that is, both the substrate and the substrate– enzyme
complex concentrations are zero. We are interested here in the time evolution of the reaction
so we need the solutions of the nonlinear system (5.1.11), which we cannot solve analytically
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in a simple closed form. However, we can see what u(τ) and v(τ) look like qualitatively. Near
τ = 0, du/dτ < 0 so u decreases from u = 1 and since there dv/dτ > 0, v increases from
v = 0 and continues to do so until v = u/(u + K), where dv/dτ = 0 at which point, from
the first of (5.1.11), u is still decreasing. After v has reached a maximum it then decreases
ultimately to zero as does u, which does so monotonically for all t. Due to e(t) = e0(1−v(τ)),
the dimensional enzyme concentration e(t) first decreases from e0 and then increases again
to e0 as t→ +∞.

5.2 Transient Time Estimates and Nondimensionalisation

It is widespread in biology that the remarkable catalytic effectiveness of enzymes is reflected in
the small concentrations needed in their reactions as compared with the concentrations of the
substrates involved. In the Michaelis–Menten model in dimensionless form (5.1.11) this means
ε = e0/s0 � 1. However, as mentioned above, this is not always the case. Segel (1988) and
Segel and Slemrod (1989) extended the traditional analysis with a new nondimensionalisation
which includes this case but which also covers the situation where e0/s0 = O(1). It is their
analysis which we now describe.

We first need estimates for the two timescales, the fast transient, tc, and the longer,
or slow, time, ts , during which s(t) changes significantly. During the initial transient the
complex c(t) increases rapidly while s(t) does not change appreciably so an estimate of this
fast timescale is obtained from the second of (5.1.4) with s(t) = s0, that is,

dc

dt
= k1e0s0 − k1(s0 +Km)c.

The solution involves an exponential, the timescale of which is

tc =
1

k1(s0 +Km)
. (5.2.1)

To estimate the long timescale, ts, in which s(t) changes significantly we take the maximum
change possible in the substrate, namely, s0, divided by the size of the maximum rate of
change of s(t) given by setting s = s0 in (5.1.7). So,

ts ≈
s0

max
∣∣ds
dt

∣∣ =
s0 +Km

k2e0
. (5.2.2)

One assumption on which the quasi–steady state approximation is valid is that the fast initial
transient time is much smaller than the long timescale when s(t) changes noticeably which
means that necessarily tc � ts. With the expressions (5.2.1) and (5.2.2), this requires the
parameters to satisfy

k2e0

k1(s0 +Km)2
� 1. (5.2.3)

Another requirement of the quasi–steady state approximation is that the initial condition for
s(t) can be taken as the first of (5.1.5). This means that the substrate depletion ∆s(t) during
the fast transient is only a small fraction of s0; that is, |∆s/s0| � 1. An overestimate of ∆s(t)
is given by the maximum rate of depletion possible from the first of (5.1.4), which is k1e0s0

multiplied by tc. So, dividing this by s0 gives the following requirement on the parameters,

ε =
e0

s0 +Km
� 1. (5.2.4)
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But condition (5.2.3) can be written as

e0

s0 +Km
· 1

1 + (k−1/k2) + (s0k1/k2)
� 1 (5.2.5)

so the condition in (5.2.4) is more restrictive than (5.2.3). Therefore (5.2.4) guarantees the
quasi–steady state approximation. With this condition we see that even if e0/s0 = O(1),
condition (5.2.4) can still be satisfied if Km is large as is actually the case in many reactions.

Since the nondimensionalization depends crucially on the timescale we are focusing on,
we have two timescales, tc and ts, from which we can choose. Which we use depends on
where we want the solution: with tc we are looking at the region near t = 0 while with ts we
are interested in the long timescale during which s(t) changes significantly. A problem which
involves two such timescales is generally a singular perturbation problem for which there
are standard techniques.

If we use the fast transient timescale tc from (5.2.1) we introduce the following nondimen-
sional variables and parameters,

u(τ) =
s(t)
s0

, v(τ) =
(s0 +Km)c(t)

e0s0
, τ =

t

tc
= k1(s0 +Km)t

Km =
k−1 + k2

k1
, ρ =

k−1

k2
, σ =

s0

Km
, ε =

e0

s0 +Km

which on substituting into (5.1.4) and (5.1.5) give

du

dτ
= ε

[
−u+

σ

1 + σ
uv +

ρ

(1 + σ)(1 + ρ)
v

]
dv

dτ
= u− σ

1 + σ
uv − v

1 + σ
u(0) = 1
v(0) = 0.

With the long or slow timescale, ts , we nondimensionalize the time by writing

T = (1 + ρ)t/ts = ε(1 + ρ)k2t.

The reason for the scale factor (1+ρ) is simply for algebraic simplicity. With the dimensionless
forms above but with the dimensionless time T from the last equation, the model equations
(5.1.4) become 

du

dT
= −(1 + σ)u+ σuv +

ρ

1 + ρ
v,

ε
dv

dτ
= (1 + σ)u− σuv − v.

We should keep in mind that the system we are investigating is (5.1.4). The three scaled
equation systems above are exactly the same; they only differ in the way we nondimension-
alised them, important though that is. They both have the small parameter, ε, but it appears
in the equations in a different place. Where a small parameter appears determines the an-
alytical procedure we use. We discuss a specific example in the next section and introduce
asymptotic, or singular perturbation, techniques. These very powerful techniques provide a
uniformly valid approximate solution for all time which is a remarkably good approximation
to the exact solution of the system.

63



5.3 Michaelis-Menten Quasi-Steady State Analysis

Here we carry out a singular perturbation analysis on one of the above possible dimensionless
equation systems. The technique can be used on any of them but to be specific we carry
out the detailed pedagogical analysis on (5.1.11) to explain the background reasoning for the
technique and show how to use it. We thereby obtain a very accurate approximate, or rather
asymptotic, solution to (5.1.11) for 0 < ε� 1. Before doing this we should reiterate that the
specific non–dimensionalization (5.1.9) is only one of several we could choose.

Let us consider then the system (5.1.11). Suppose we simply look for a regular Taylor
expansion solution to u and v in the form

u(τ, ε) =
∑
n≥0

εnun(τ), v(τ, ε) =
∑
n≥0

εnvn(τ) (5.3.1)

which, on substituting into (5.1.11) and equating powers of ε, gives a sequence of differential
equations for the un(τ) and vn(τ). In other words we assume that u(τ, ε) and v(τ, ε) are
analytic functions of ε as ε→ 0. The O(1) equations are

du0

dτ
= −u0 + (u0 +K − λ)v0, 0 = u0 − (u0 +K)v0,

u0(0) = 1, v0(0) = 0. (5.3.2)

We can already see a difficulty with this approach since the second equation is simply
algebraic and does not satisfy the initial condition; in fact if u0 = 1, v0 = 1/(1 +K) 6= 0. If
we solve (5.3.2)

v0 =
u0

u0 +K
⇒ du0

dτ
= −u0 + (u0 +K − λ)

u0

u0 +K
= −λ u0

u0 +K

and so
u0(τ) +K log u0(τ) = A− λτ,

which is the same as (5.1.8). If we require u0(0) = 1 then A = 1. Thus we have a solution
u0(τ), given implicitly, and the corresponding v0(τ),

u0(τ) +K log u0(τ) = 1− λτ, v0(τ) =
u0(τ)

u0(τ) +K
, (5.3.3)

which is the same as the solution (5.1.6). However, this solution is not a uniformly valid
approximate solution for all τ ≥ 0 since v0(0) 6= 0. This is not surprising since (5.3.2) involves
only one derivative; it was obtained on setting ε = 0 in (5.1.11). The system of equations
(5.3.2) has only one constant of integration from the u–equation so it is not surprising that
we cannot satisfy initial conditions on both u0 and v0.

The fact that a small parameter 0 < ε� 1 multiplies a derivative in (5.1.11) indicates that
it is a singular perturbation problem. One class of such problems is immediately recognized
if, on setting ε = 0, the order of the system of differential equations is reduced; such a
reduced system cannot in general satisfy all the initial conditions. Singular perturbation
techniques are very important and powerful methods for determining asymptotic solutions of
such systems of equations for small ε. Asymptotic solutions are usually remarkably accurate
approximations to the exact solutions. In the following, the philosophy and actual technique
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of the singular perturbation method is described in detail and the asymptotic solution to
(5.1.11) for 0 < ε � 1 derived. The main reason for doing this is to indicate when we can
neglect the ε–terms in practical situations.

Since the solution (5.3.3), specifically v0(τ), does not satisfy the initial conditions (and
inclusion of higher–order terms in ε cannot remedy the problem) we must conclude that at
least one of the solutions u(τ, ε) and v(τ, ε) is not an analytic function of ε as ε → 0. By
assuming εdv/dτ is O(e) to get (5.3.2) we tacitly assumed v(τε) to be analytic; (5.3.1) also
requires analyticity of course. Since the initial condition v(0) = 0 could not be satisfied
because we neglected εdv/dτ we must therefore retain this term in our analysis, at least near
τ = 0. So, a more appropriate timescale near τ = 0 is σ = τ/ε rather than τ ; this makes
εdv/dτ = dv/dσ. The effect of the transformation σ = τ/ε is to magnify the neighborhood of
τ = 0 and let us look at this region more closely since, for a fixed 0 < τ � 1, we have σ � 1
as ε→ 0. That is, a very small neighbourhood near τ = 0 corresponds to a very large domain
in σ. We now use this to analyze (5.1.11) near τ = 0, after which we shall get the solution
away from τ = 0 and finally show how to get a uniformly valid solution for all τ ≥ 0.

With the transformations

σ =
τ

ε
, U(σ, ε) = u(τ, ε), V (σ, ε) = v(τ, ε) (5.3.4)

the equations in (5.1.11) become

dU

dσ
= −εU + ε(U +K − λ)V,

dV

dσ
= U − (U +K)V,

U(0) = 1, V (0) = 0. (5.3.5)

If we now set ε = 0 to get the O(1) system in a regular perturbation solution

U(σ, ε) =
∑
n≥0

εnUn(σ), V (σ, ε) =
∑
n≥0

εnVn(σ), (5.3.6)

we get

dU0

dσ
= 0,

dV0

dσ
= U0 − (U0 +K)V0,

U0(0) = 1, V0(0) = 0, (5.3.7)

which is not of lower order than the original system (5.3.5). The solution of (5.3.7) is

U0(σ) = 1, V0(σ) =
1

1 +K
(1− e−(1+K)σ). (5.3.8)

The last solution cannot be expected to hold for all τ ≥ 0, since if it did it would mean
that dv/dσ = εdv/dτ is O(1) for all τ . The part of the solution given by (5.3.8) is the singular
or inner solution for u and v and is valid for 0 ≤ τ � 1, while (5.3.3) is the nonsingular
or outer solution valid for all τ not in the immediate neighborhood of τ = 0. If we now let
ε → 0 we have for a fixed 0 < τ � 1, however small, σ → +∞. Thus in the limit of ε → 0
we expect the solution (5.3.3) as τ → 0 to be equal to the solution (5.3.8) as σ → +∞; that
is, the singular solution as σ → +∞ matches the nonsingular solution as τ → 0. This is the
essence of matching in singular perturbation theory. From (5.3.8) and (5.3.3) we see in fact
that

lim
σ→+∞

[U0(σ), V0(σ)] =
[
1,

1
1 +K

]
= lim

τ→0
[u0(τ), v0(τ)].
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Figure 5.1: Schematic behavior of the solutions of (5.1.11) for the dimensionless substrate
(u), substrate-enzyme complex (v) and free enzyme (e/e0 = 1−v) concentrations as functions
of the time τ

Figure 5.1 illustrates the solution u(τ) and v(τ), together with the dimensionless enzyme
concentration e/e0 = 1− v. The thin O(ε) layer near τ = 0 is sometimes called the boundary
layer and is the τ–domain where there are very rapid changes in the solution. Here, from
(5.3.8),

dV

dτ τ=0
∼ ε−1dV0

dσ σ=0
= ε−1 � 1.

To proceed in a systematic singular perturbation way, we first look for the outer solution
of the full system (5.1.11) in the form of a regular series expansion (5.3.1). The sequence of
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equations is then

O(1) :
du0

dτ
= −u0 + (u0 +K − λ)v0, 0 = u0 − (u0 +K)v0,

O(ε) :
du1

dτ
= u1(v0 − 1) + (u0 +K − λ)v1, (5.3.9)

dv0

dτ
= u1(1− v0)− (u0 +K)v1,

which are valid for τ > 0. The solutions involve undetermined constants of integration, one
at each order, which have to be determined by matching these solutions as τ → 0 with the
singular solutions as σ → +∞.

The sequence of equations for the singular part of the solution, valid for 0 ≥ tau � 1, is
given on substituting (5.3.6) into (5.3.5) and equating powers of ε; namely,

O(1) :
dU0

dσ
= 0,

dV0

dσ
= U0 − (U0 +K)V0,

O(ε) :
dU1

dσ
= −U0 + (V0 +K − λ)V0, (5.3.10)

dV1

dσ
= (1− V0)U1 − (V0 +K)V1,

and so on. The solutions of these must satisfy the initial conditions at σ = 0; that is, τ = 0,

1 = U(0, ε) =
∑
n≥0

εnUn(0) ⇒ U0(0) = 1, Un≥1(0) = 0,

0 = V (0, ε) =
∑
n≥0

εnVn(0) ⇒ Vn≥0(0) = 0. (5.3.11)

In this case the singular solutions of (5.3.10) are determined completely. This is not generally
the case in singular perturbation problems. Matching of the inner and outer solutions requires
choosing the undetermined constants of integration in the solutions of (5.3.9) so that to all
orders of ε,

lim
σ→+∞

[U(σ, ε), V (σ, ε)] = lim
τ→0

[u(tau, ε), v(τ, ε)], (5.3.12)

Formally from (5.3.9), but as we had before,

u0(τ) +K log u0(τ) = A− λτ, v0(τ) =
u0(τ)

K + u0(τ)
,

where A is the constant of integration we must determine by matching. The solution of the
first of (5.3.10) with (5.3.11) has, of course, been given before in (5.3.8). We get it now by
applying the limiting process (5.3.12) to (5.3.8) and the last equations

lim
σ→+∞

V0(σ) =
1

1 +K
= lim

τ→0
v0(τ)

⇒ v0(0) =
1

1 +K
=

u0(0)
u0(0) +K

⇒ u0(0) = 1 ⇒ A = 1.
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We thus get the uniformly valid asymptotic solution for 0 < ε� 1 to O(1), derived heuristi-
cally before and given by (5.3.3) for τ > 0 and (5.3.8) for 0 < τ � 1, although the singular
part of the solution is more naturally expressed in terms of 0 ≤ τ/ε < +∞.

We can now proceed to calculate U1(σ) and V1(σ) from (5.3.10) and u1(τ) and v1(τ) from
(5.3.9) and so on to any order in ε; the solutions become progressively more complicated even
though all the equations are linear. In this way we get a uniformly valid asymptotic solution
for 0 < ε� 1 for all τ ≥ 0 of the nonlinear kinetics represented by (5.1.11). In summary, to
O(1) for small ε,

u(τ, ε) = u0(τ) +O(ε), u0(τ) +K log u0(τ) = 1− λτ,

v(τ, ε) = V0(τ/ε) +O(ε), V0(σ) =
1

1 +K

(
1− e( − (1 +K)σ)

)
, 0 ≤ τ � 1,

v(τ, ε) = v0(τ/ε) +O(ε), v0(τ) =
u0(τ)

u0(τ) +K
, τ � ε. (5.3.13)

Since in most biological applications 0 < ε � 1, we need only evaluate the O(1) terms: the
O(ε) terms’ contributions are negligible.

The rapid change in the substrate–enzyme complex v(τ, ε) takes place in dimensionless
times τ = O(ε) which is very small. The equivalent dimensional time t is also very short,
O(1/k1s0) in fact, and for many experimental situations is not measurable. Thus in many
experiments the singular solution for u(τ) and v(τ) is never observed. The relevant solution is
then the O(1) outer solution u0(τ), v0(τ) in (5.3.3), obtained from the kinetics system (5.1.11)
on setting ε = 0 and satisfying only the initial condition on u(τ), the substrate concentration.
In other words we say that the reaction for the complex v(τ) is essentially in a steady state,
or mathematically that εdv/dτ = 0. That is, the v–reaction is so fast it is more or less in
equilibrium at all times. This is the usual Michaelis and Menten’s pseudo– or quasi–steady
state hypothesis.
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Chapter 6

Dynamics of Infectious Diseases:
Epidemic Models and AIDS

The history of epidemics is an ever fascinating area; the 14th century Black Death is just the
most famous epidemic historically. In Europe, which had a population of around 85 million
at the time, about a third of the population died. One epidemic which has exercised classical
scholars for a very long time is the Plague of Athens (430.428 BC) described in great detail
by Thucydides including the symptoms and disease progression.

The study of epidemics with its long history has come up with an astonishing number
and variety of models and explanations for the spread and cause of epidemic outbreaks.
Even today they are often attributed to evil spirits or displeased gods. For example, AIDS
(autoimmune deficiency syndrome), the dominant epidemic of the past 20 years and the major
one since the 1918 influenza pandemic have been ascribed by many as a punishment sent by
God. Hippocrates (459–377 BC), in his essay on ‘Airs, Waters and Localities’ wrote that
one’s temperament, personal habits and environment were important factors. Somewhat less
relevant, but not without its moments of humour, is Alexander Howe’s (1865) book in which
he sets out his ‘Laws of Pestilence’ in 31 propositions of which the following, proposition 2, is
typical: ‘The length of the interval between successive periodic visitations corresponds with
the period of a single revolution of the lunar node, and a double revolution of the lunar apse
time’.

The first major epidemic in the U.S.A. was the Yellow Fever epidemic in Philadelphia in
1793 in which about 5000 people died out of a population of around 50,000, although estimates
suggest that about 20,000 fled the city. The epidemic story here is a saga of wild, as well as
sensible, theories as to cause and treatment, petty jealousies with disastrous consequences,
genuine humanity and fomented controversies. A leading physician was the strongest advocate
of bleeding as the appropriate treatment while others recommended cleanliness, rest, Peruvian
bark and wine. This epidemic had a major impact on the subsequent life and politics of the
country.

Since the end of WorldWar II, public health strategy has focused on the elimination and
control of organisms which cause disease. The advent of new antibiotics changed the whole
ethos of disease control. Just over 20 years ago, in 1978, the United Nations signed the
‘Health for All, 2000’ accord which set the ambitious goal of the eradication of disease by
the year 2000. AIDS at the time had not yet been discovered, or perhaps recognized is a
better word, and in the year before, the last known case of smallpox had been treated. There
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was certainly cause for optimism albeit short lived. Scientists thought that microbes were
biologically stationary targets and hence would not mutate in resistance to drugs and other
biological influences.

This comforting image of unchanging microbes started to change shortly after this time
with the emergence of microbes that could swim in a pool of bleach, grow on a bar of soap,
and ignore doses of penicillin logarithmically larger than those effective in the 1950’s’. The
practical reality of bacterial mutation is dramatically seen in New York City with tuberculosis.
Control of the W–strain of the disease, which first appeared in the city in 1992, is resistant
to every available drug and kills over half its victims, has already cost more than 1 billion.
It was only 20 years ago that it was predicted that tuberculosis would be eradicated in the
world by 2000.

Another aspect in the current spread of disease is with the modern era of transportation
allowing more than a million people a day to cross international borders, the threat of a
major outbreak of exotic diseases is very real. The population explosion, especially in un-
derdeveloped countries, is another factor in the microbes’ favour. These played key roles in
the proliferation of HIV (human immunodeficiency virus) in the 1980’s. Recently the World
Health Organization (WHO) estimated that over 30 million people worldwide are currently
infected with HIV.

There are four main disease–causing microrganisms: viruses, bacteria, parasites and fungi.
In this chapter, we describe some models for the population dynamics of disease agents.

6.1 Simple Epidemic Models and Practical Applications

In the classical models we consider here the total population is taken to be constant. If a
small group of infected individuals is introduced into a large population, a basic problem
is to describe the spread of the infection within the population as a function of time. Of
course this depends on a variety of circumstances, including the actual disease involved, but
as a first attempt at modeling directly transmitted diseases we make some not unreasonable
general assumptions. Consider a disease which, after recovery, confers immunity which, if
lethal, includes deaths: dead individuals are still counted. Suppose the disease is such that
the population can be divided into three distinct classes: the susceptibles, S, who can catch
the disease; the infectives, I , who have the disease and can transmit it; and the removed
class, R, namely, those who have either had the disease, or are recovered, immune or isolated
until recovered. The progress of individuals is schematically represented by

S → I → R.

Such models are often called SIR models. The number of classes depends on the disease.
SI models, for example, have only susceptible and infected classes while SEIR models have
a suceptible class, S, a class in which the disease is latent, E, an infectious class, I, and a
recovered or dead class, R. The assumptions made about the transmission of the infection and
incubation period are crucial in any model; these are reflected in the terms in the equations
and the parameters. With S(t), I(t) and R(t) as the number of individuals in each class
we assume here that: (i) The gain in the infective class is at a rate proportional to the
number of infectives and susceptibles, that is, rSI, where r > 0 is a constant parameter. The
susceptibles are lost at the same rate. (ii) The rate of removal of infectives to the removed
class is proportional to the number of infectives, that is, aI where a > 0 is a constant; 1/a is a
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measure of the time spent in the infectious state. (iii) The incubation period is short enough
to be negligible; that is, a susceptible who contracts the disease is infective right away.

We now consider the various classes as uniformly mixed; that is, every pair of individuals
has equal probability of coming into contact with one another. This is a major assumption
and in many situations does not hold as in most sexually transmitted diseases (STD’s). The
model mechanism based on the above assumptions is then

dS

dt
= −rSI (6.1.1)

dI

dt
= rSI − aI (6.1.2)

dR

dt
= aI, (6.1.3)

where r > 0 is the infection rate and a > 0 the removal rate of infectives. This is the
classic Kermack–McKendrick (1927) model. We are, of course, only interested in nonnegative
solutions for S, I and R. This is a basic model but, even so, we can make some highly relevant
general comments about epidemics and, in fact, adequately describe some specific epidemics
with such a model.

The constant population size is built into the system (6.1.1)–(6.1.3) since, on adding the
equations,

dS

dt
+
dI

dt
+
dR

dt
= 0 ⇒ S(t) + I(t) +R(t) = N, (6.1.4)

where N is the total size of the population. Thus, S, I and R are all bounded above by N .
The mathematical formulation of the epidemic problem is completed given initial conditions
such as

S(0) = S0 > 0, I(0) = I0 > 0, R(0) ≥ 0. (6.1.5)

A key question in any epidemic situation is, given r, a, S0 and the initial number of infectives
I0, whether the infection will spread or not, and if it does how it develops with time, and
crucially when it will start to decline. From (6.1.2),[

dI

dt

]
t=0

= I0(rS0 − a)

{
> 0 if S0 > ρ

< 0 if S0 < ρ
, ρ =

a

r
. (6.1.6)

Since, from (6.1.1), dS/dt ≤ 0, S ≤ S0 we have, if S0 < a/r,

dI

dt
= I(rS − a) ≤ I(rS0 − a) ≤ 0, for all t ≥ 0, (6.1.7)

in which case I0 > I(t)→ 0 as t→ +∞ and so the infection dies out; that is, no epidemic can
occur. On the other hand if S0 > a/r then I(t) initially increases and we have an epidemic.
The term ‘epidemic’ means that I(t) > I0 for some t > 0; see Figure 6.1. We thus have a
threshold phenomenon. If S0 > Sc = a/r there is an epidemic while if S0 < Sc there is not.
The critical parameter ρ = a/r is sometimes called the relative removal rate and its reciprocal
σ = r/a the infection’s contact rate.

We write
R0 =

rS0

a
,
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Figure 6.1: Phase trajectories in the susceptibles (S)–infectives (I ) phase plane for the SIR
model epidemic system (6.1.1)–(6.1.3). The curves are determined by the initial conditions
I(0) = I0 and S(0) = S0. With R(0) = 0, all trajectories start on the line S + I = N and
remain within the triangle since 0 < S + I < N for all time. An epidemic situation formally
exists if I(t) > I0 for any time t > 0; this always occurs if S0 > ρ = a/r and I0 > 0
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where R0 is the basic reproduction rate of the infection, that is, the number of secondary
infections produced by one primary infection in a wholly susceptible population. Here 1/a
is the average infectious period. If more than one secondary infection is produced from
one primary infection, that is, R0 > 1, clearly an epidemic ensues. The whole question of
thresholds in epidemics is obviously important. The definition and derivation or computation
of the basic reproduction rate is crucial and can be quite complicated.

We can derive some other useful analytical results from this simple model. From (6.1.1)
and (6.1.2)

dI

dS
= −(rS − a)I

rSI
= −1 +

ρ

S
, (I 6= 0).

The singularities all lie on the I = 0 axis. Integrating the last equation gives the (I, S) phase
plane trajectories as

I + S − ρ logS = constant = I0 + S0 − ρ logS0, (6.1.8)

where we have used the initial conditions (6.1.5). The phase trajectories are sketched in Figure
6.1. Note that with (6.1.5), all initial values S0 and I0 satisfy I0 + S0 = N since R(0) = 0 (it
is reasonable to choose as initial time that in which there are no removed individuals, since
the epidemics still has to start spreading!) and so for t > 0, 0 ≤ S + I < N .

If an epidemic exists we would like to know how severe it will be. From (6.1.7) the
maximum I, Imax , occurs at S = ρ where dI/dt = 0. From (6.1.8), with S = ρ,

Imax = ρ log ρ− ρ+ I0 + S0 − ρ logS0

= I0 + (S0 − ρ) + ρ log
(
ρ

S0

)
= N − ρ+ ρ log

(
ρ

S0

)
. (6.1.9)

For any initial values I0 and S0 > ρ, the phase trajectory starts with S > ρ and we see that I
increases from I0 and hence an epidemic ensues. It may not necessarily be a severe epidemic
as is the case if I0 is close to Imax. It is also clear from Figure 6.1 that if S0 < ρ then I
decreases from I0 and no epidemic occurs.

Since the axis I = 0 is a line of singularities, on all trajectories I → 0 as t→ +∞. From
(6.1.1), S decreases since dS/dt < 0 for S 6= 0, I 6= 0. From (6.1.1) and (6.1.3),

dS

dR
= −S

ρ

⇒ S = S0e
−R/ρ ≥ S0e

−N/ρ > 0 (6.1.10)
⇒ 0 < S(+∞) ≤ N. (6.1.11)

In fact from Figure (6.1.1), 0 < S(+∞) < ρ. Since I(+∞) = 0, (6.1.4) implies that R(+∞) =
N − S(+∞). Thus, from (6.1.10),

S(+∞) = S0e
−R(+∞)/ρ = S0e

−N−S(+∞)
ρ

and so S(+∞) is the positive root 0 < z < ρ of the transcendental equation

S0e
−N−z

ρ = z. (6.1.12)
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We then get the total number of susceptibles who catch the disease in the course of the
epidemic as

Itotal = I0 + S0 − S(+∞), (6.1.13)

where S(+∞) is the positive solution z of (6.1.12). An important implication of this analysis,
namely, that I(t) → 0 and S(t) → S(+∞) > 0, is that the disease dies out from a lack of
infectives and not from a lack of susceptibles.

The threshold result for an epidemic is directly related to the relative removal rate, ρ: if
S0 > ρ an epidemic ensues whereas it does not if S0 < ρ. For a given disease, the relative
removal rate varies with the community and hence determines whether an epidemic may
occur in one community and not in another. The number of susceptibles S0 also plays a
major role, of course. For example, if the density of susceptibles is high and the removal rate,
a, of infectives is low (through ignorance, lack of medical care, inadequate isolation and so
on) then an epidemic is likely to occur. Expression (6.1.9) gives the maximum number of
infectives while (6.1.13) gives the total number who get the infection in terms of ρ = a/r, I0,
S0 and N .

In most epidemics it is difficult to determine how many new infectives there are each
day since only those that are removed, for medical aid or whatever, can be counted. Public
Health records generally give the number of infectives per day, week or month. So, to apply
the model to actual epidemic situations, in general we need to know the number removed per
unit time, namely, dR/dt, as a function of time.

From (6.1.10), (6.1.4) and (6.1.3) we get an equation for R alone; namely,

dR

dt
= aI = a(N − S −R) = a

(
N − S − S0e

−R/ρ
)
, R(0) = 0, (6.1.14)

which can only be solved analytically in a parametric way: the solution in this form
however is not particularly convenient. Of course, if we know a, r, S0 and N it is a simple
matter to compute the solution numerically. Usually we do not know all the parameters and
so we have to carry out a best fit procedure assuming, of course, the epidemic is reasonably
described by such a model. In practice, however, it is often the case that if the epidemic is
not large, R/ρ is small (at least R/ρ < 1). Following Kermack and McKendrick (1927) we
can then approximate (6.1.14) by

dR

dt
= aI = a(N − S −R) = a

[
N − S0 +

(
S0

ρ
− 1
)
R− S0R

2

2ρ2

]
.

We leave the solution of the above equation as an exercise.

6.2 Modelling Venereal Diseases

The incidence of sexually transmitted diseases (STDs), such as gonorrhea (Neisseria gonor-
rhoeae), chlamydia, syphilis and, of course, AIDS, is a major health problem in both developed
and developing countries. In the U.S.A., for example, as reported by the Centers for Disease
Control (www.cdc.gov), in 1996 there were over 300,000 cases of gonorrhea reported and over
11,000 cases of syphilis and nearly 500,000 cases of chlamydia. Whereas the rate has been
decreasing for gonorrhea and syphilis it is growing for chlamydia.

STDs have certain characteristics which are different from other infections, such as measles
or rubella (Germanmeasles). One difference is that they are mainly restricted to the sexually
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active community so the assumption of uniform mixing in the whole population is not really
justified. Another is that often the carrier is asymptomatic (that is, the carrier shows no overt
symptoms) until quite late on in the development of the infection. A third crucial difference is
that STDs induce little or no acquired immunity following an infection. Equally important in
virus infections is the lack of present knowledge of some of the parameters which characterise
the transmission dynamics.

In this section we present a simple classical epidemic model which incorporates some of
the basic elements in the heterosexual spread of venereal diseases. We have in mind such
diseases as gonorrhea; AIDS we discuss separately later in the chapter.

For the model here we assume there is uniformly promiscuous behavior in the population
we are considering. As a simplification we consider only heterosexual encounters. The pop-
ulation consists of two interacting classes, males and females, and infection is passed from a
member of one class to the other. It is a criss-cross type of disease in which each class is the
disease host for the other.

Since the incubation period for venereal diseases is usually quite short (in gonorrhea,
for example, it is three to seven days) when compared to the infectious period, we use an
extension of the simple epidemic model in the previous section. We divide the promiscuous
male population into susceptibles, S, infectives, I , and a removed class, R; the similar female
groups we denote by S∗, I∗ and R∗. If we do not include any transition from the removed
class to the susceptible group, the infection dynamics is schematically

S → I → R

↖↙
S∗ → I∗ → R∗ (6.2.1)

Here I∗ infects S and I infects S∗.
As we noted above, the contraction of gonorrhea does not confer immunity and so an

individual removed for treatment becomes susceptible again after recovery. In this case a
better dynamics flow diagram for gonorrhea is

R

↙ ↑
S → I

↖↙
S∗ → I∗

↖ ↓
R∗. (6.2.2)

An even simpler version involving only susceptibles and infectives is

S � I

↖↙
S∗ � I∗ (6.2.3)

which, by way of illustration, we now analyze. It is a criss-cross SI model.
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We take the total number of males and females to be constant and equal to N and N∗

respectively. Then, for (6.2.3),

S(t) + I(t) = N, S∗(t) + I∗(t) = N∗. (6.2.4)

As before we now take the rate of decrease of male susceptibles to be proportional to the male
susceptibles times the infectious female population with a similar form for the female rate.
We assume that once infectives have recovered they rejoin the susceptible class. A model for
(6.2.3) is then (6.2.4) together with

dS

dt
= −rSI∗ + aI,

dS∗

dt
= −r∗S∗I + a∗I∗

dI

dt
= rSI∗ − aI, dI∗

dt
= r∗S∗I − a∗I∗, (6.2.5)

where r, a, r∗ and a∗ are positive parameters. We are interested in the progress of the disease
given initial conditions

S(0) = S0, I(0) = I0, S∗(0) = S∗0 , I∗(0) = I∗0 . (6.2.6)

Although (6.2.5) is a 4th–order system, with (6.2.4) it reduces to a 2nd–order system in either
S and S∗ or I and I∗. In the latter case we get

dI

dt
= rI∗(N − I)− aI, dI∗

dt
= r∗I(N∗ − I∗)− a∗I∗, (6.2.7)

which can be analyzed in the (I, I∗) phase plane in the standard way.
The equilibrium points, that is, the steady states of (6.2.7), are I = 0 = I∗ and

Is =
NN∗ − ρρ∗

ρ+N∗
, I∗s =

NN∗ − ρρ∗

ρ∗ +N
, ρ =

a

r
, ρ∗ =

a∗

r∗
. (6.2.8)

Thus nonzero positive steady state levels of the infective populations exist only if NN∗/ρρ∗ >
1: this is the threshold condition somewhat analogous to that found in the previous section.

With the experience gained from the previous chapters, we now expect that, if the positive
steady state exists then the zero steady state is unstable. This is indeed the case. The
eigenvalues λ for the linearization of (6.2.7) about I = 0 = I∗ are given by∣∣∣∣−a− λ rN

r∗N∗ −a∗ − λ

∣∣∣∣ = 0

⇒ 2λ = −(a+ a∗)±
[
(a+ a∗)2 + 4aa∗

(
NN∗

ρρ∗
− 1
)]1/2

.

So, if the threshold condition NN∗/ρρ∗ > 1 holds, λ1 < 0 < λ2 and the origin is a saddle point
in the (I, I∗) phase plane. If the threshold condition is not satisfied, that is, NN∗/ρρ∗ < 1,
then the origin is stable since both λ < 0. In this case positive Is and I∗s do not exist.

If Is and I∗s exist, meaning in the context here that they are positive, then linearizing
(6.2.7) about it, the eigenvalues λ satisfy∣∣∣∣−a− rI∗s − λ rN − rIs

r∗N∗ − r∗I∗s −a∗ − r∗Is − λ

∣∣∣∣ = 0,
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that is,

λ∗ + λ[a+ a∗ + rT ∗S + r∗Is] + [a∗rI∗s + ar∗Is + rr∗(I∗N + IN∗) + aa∗ − rr∗NN∗] = 0,

the solutions of which have Reλ < 0 and so the positive steady state (Is, I∗s ) in (6.2.8) is
stable.

The threshold condition for a nonzero steady state infected population is NN∗/ρρ∗ > 1.
We can interpret each term as follows. If every male is susceptible then rN/a is the average
number of males contacted by a female infective during her infectious period; a reciprocal
interpretation holds for r∗N∗/a∗. These quantities, rN/a and r∗N∗/a∗, are the maximal
male and female contact rates respectively.

Although parameter values for contacts during an infectious stage are notoriously un-
reliable from individual questionnaires, what is abundantly clear from the statistics since
1950 is that an epidemic has occurred in a large number of countries and so NN∗/ρρ∗ > 1.
From data given by a male and a female infective, in the U.S.A. in 1973, regarding the num-
ber of contacts during a period of their infectious state, figures of maximal contact rates of
N/ρ ≈ 0.98 and N∗/ρ∗ ≈ 1.15 were calculated for the male and female respectively which
give NN∗/ρρ∗ ≈ 1.127.

6.3 AIDS: Modelling the Transmission Dynamics of the Hu-
man Immunodeficiency Virus (HIV)

The major horror of the AIDS epidemic is in Africa where around 70 % of the total AIDS
deaths in the world have occurred and, as recently stated (July, 1999) by Dr. Peter Piot,
head of the United Nations AIDS (UNAIDS) programmes, half of all newborn babies in Africa
are HIV positive. The regular early ludicrous denials in the 1980’s of its existence by some
African leaders and others in positions of responsibility, however, began to change in the
mid–1990’s. In sub–Saharan Africa up to 1998 HIV has infected 34 million people and killed
11.5 million since 1981 and approximately 1.8 million in 1998 alone. In 1999 an estimated 5.6
million adults and children became infected with the virus with a worldwide total estimated
at 50 million infected since 1981 of which 16 million have died; around 2.6 million died in
1999 alone, the highest number of any year. In Zimbabwe, Malawi and Botswana perhaps
the countries worst afflicted with HIV infection, it is a human and economic catastrophe: in
Zimbabwe at least 20% are HIV positive while in Botswana it is more than 35%. Its extremely
rapid growth in South Africa (where as many as 20% of the population is HIV positive) is
alarming.

A broad picture of the world scene and several important aspects of the disease is given
in the special report on AIDS in Scientific American (1998) by various authors dealing with
such issues as prevention, ethical dilemmas, children with HIV, drug resistance, vaccines and
others. AIDS, unlike its early image as a homosexual disease, is now very much a heterosexual
disease. In a UNAIDS report for World AIDS Day, 1st December 1999, it says that of the
22.3 million adults in sub-Saharan Africa with HIV, 55% of them are women. In South and
Southeast Asia it is estimated that 30% are women and in North America 20%. In Africa it
is mainly transmitted by heterosex whereas in the U.S. it is mainly homosexual transmission.

The lack of knowledge about HIV creates enormous difficulties in designing effective con-
trol programmes, not to mention those for health care facilities. Education programmes as
to how it can spread are the minimum requirement. Those that have been pursued have had
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some success but even their continuing use and new ones have often been blocked by the
religious establishments (and not just the loony right). Without a knowledge of the reservoir
of the disease, it is extremely difficult to evaluate effective prevention and control strategies.

6.3.1 Human Immunodeficiency Virus (HIV). Background

The human immunodeficiency virus, HIV, leads to acquired immune deficiency syndrome,
AIDS. HIV is a retrovirus and like most of the viruses in this family of viruses, the Retroviri-
dae, only replicates in dividing cells.

Infection by the virus HIV–1, the most common variety, has many highly complex charac-
teristics, most of which are still not understood. The fact that the disease progression can last
more than 10 years from the first day of infection is just one of them. Another is that while
most viral infections can be eliminated by an immune response, HIV is only briefly controlled
by it. HIV primarily infects a class of white blood cells or lymphocytes, called CD4 T–cells,
but also infects other cells such as dendritic cells. The virus has a high affinity for a receptor
present on the cell surface of each of these cells which guides the virus to their location in
vivo. When the CD4 T–cell count, normally around 1000/µL, decreases to 200/µL or below,
a patient is characterized as having AIDS.

The reason for the fall in the T–cell count is unknown. T–cells are normally replenished
very quickly in the body, so the infection may affect the source of new T–cells or the life
span of preexisting ones. Although HIV can kill cells that it infects, only a small fraction of
CD4 T–cells are infected at any given time. Because of the central role of CD4 T–cells in
immune regulation, their depletion has widespread deleterious effects on the functioning of
the immune system as a whole and this is what leads to AIDS.

Most models describing the evolution of AIDS are deterministic, with the attempt to
reflect the dynamic changes in mean cell numbers. Such models are more applicable to later
stages of the process when the population is large. These models typically consider the
dynamics of the CD4 cells, latently infected cells and virus populations as well as the effects
of drug therapy.

Because of the ethics, among other things, of doing experiments on humans, fundamental
information has been lacking about the dynamics of HIV infection. For example, since the
disease takes an average of 10 years to develop it was widely thought that the components
of the disease process would also be slow. A combination of mathematical modeling and
experiment has shown this is not the case by showing that there are a number of different
timescales in HIV infection, from minutes to hours and days to months. The current under-
standing of the rapidity of HIV infection has totally changed the manner in which HIV is
treated in patients and has had a major impact in extending peoples’ lives.

Figure 6.2 shows a typical course of HIV infection. Immediately after infection the amount
of virus detected in the blood, V , increases rapidly. After a few weeks to months the symptoms
disappear and the virus concentration falls to a lower level. An immune response to the virus
occurs and antibodies against the virus can be detected in the blood. A test, now highly
refined, to detect these antibodies determines if a person has been exposed to HIV. If the
antibodies are detected, a person is said to be HIV–positive.

The level the virus falls to after the initial infection has been called the set–point. The
viral concentration then seems to remain at a quasi-steady state level during which the con-
centration of CD4 T–cells measured in blood slowly declines. This period in which the virus
concentration stays relatively constant but in which the T–cell count slowly falls is typically
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Figure 6.2: Schematic time course of a typical HIV infection in an infected adult. The
viral concentration, the level of antibodies and the CD4 T-cells are sketched as a function of
time. The early peak corresponds to the primary infection which leads to a period of latency.
Note the typical gradual decline in the level of CD4 T–cells over the years. Eventually the
symptoms of full–blown AIDS start to appear. (Taken from the Book of J. D. Murray)
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a period in which the infected person has no disease symptoms.
A key question then is what is going on during this asymptomatic period. Many believed

that the virus was simply quiescent or latent during this period, as seen in other viral diseases,
such as herpes. One method of determining whether or not the virus is active is to perturb
the host–virus system during the asymptomatic period. In the mid– 1990’s work started on
new antiretroviral drugs, the protease inhibitors. With their introduction it became possible
to perturb the host–virus system during the asymptomatic period. In 1994, David Ho (Aaron
Diamond AIDS Research Center) ran an experiment which examined the response of 20
patients infected with HIV to the protease inhibitor, ritonavir. The results were dramatic.
The amount of virus measured in blood plasma fell rapidly once the drug was given. Alan
Perelson (Los Alamos National Laboratory) and his colleagues then developed a model system
which was applied to the patient data and estimations of crucial parameters were obtained.
The work is reported in Ho et al. (1995).

Before discussing a model which includes protease inhibitor treatment, we first describe
an early model by Anderson et al. (1986) for pedagogical reasons since it is a common way of
constructing an epidemic model using a flow chart. It is much less specific and less directly
related to current HIV thinking than the one we discuss below in relation to the data and
qualitative behavior of the virus as shown in Figure 6.2.

6.3.2 Basic Epidemic Model for HIV Infection in a Homosexual Population

Here we are interested in the development of an AIDS epidemic in a homosexual population.
Let us assume there is a constant immigration rate B of susceptible males into a population
of size N(t). Let X(t), Y (t), A(t) and Z(t) denote respectively the number of susceptibles,
infectious males, AIDS patients and the number of HIV–positive or seropositive men who are
noninfectious. We assume susceptibles die naturally at a rate µ; if there were no AIDS, the
steady state population would then be N∗ = B/µ. We assume AIDS patients die at a rate d:
1/d is of the order of months to years, more often the latter. Figure 6.3 is a flow diagram of
the disease on which we base our model.

As in previous models we consider uniform mixing. A reasonable first model system, based
on the flow diagram in Figure 6.3, is then

dX

dt
= B − µX − λcX, λ =

βY

N
, (6.3.1)

dY

dt
= λcX − (v + µ)Y, (6.3.2)

dA

dt
= pvY − (d+ µ)A, (6.3.3)

dZ

dt
= (1− p)vY − µZ, (6.3.4)

N(t) = X(t) + Y (t) +A(t) + Z(t). (6.3.5)

Here B is the recruitment rate of susceptibles, µ is the natural (non–AIDS–related) death
rate, λ is the probability of acquiring infection from a randomly chosen partner (λ = βY/N
where β is the transmission probability), c is the number of sexual partners, d is the AIDS–
related death rate, p is the proportion of HIV–positives who are infectious and v is the rate of
conversion from infection to AIDS here taken to be constant. 1/v, equal to D say, is then the
average incubation time of the disease. (Actually λ here is more appropriately βY/(X+Y +Z)
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Figure 6.3: The flow diagram of the disease as modelled by the system (6.3.1)–(6.3.5). B
represents the recruitment of susceptibles into the homosexual community. The rate of trans-
ferral from the susceptible to the infectious class is λc, where λ is the probability of acquiring
infection from a randomly chosen partner and c is the number of sexual partners. A propor-
tion of the infectious class is assumed to become noninfectious with the rest developing AIDS.
Natural (non–AIDS induced) death is also included in the model. Parameters are defined in
the text.
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but A is considered small in comparison with N .) Note that in this model the total population
N(t) is not constant, as was the case in the epidemic models in the previous sections. If we
add equations (6.3.1)–(6.3.5) we get

dN

dt
= B − µN − dA. (6.3.6)

An epidemic ensues if the basic reproductive rate R0 > 1: that is, the number of secondary
infections which arise from a primary infection is greater than 1. In (6.3.5) if, at t = 0, an
infected individual is introduced into an otherwise infection–free population of susceptibles,
we have initially X ≈ N and so near t = 0,

dY

dt
≈ (βc− v − µ)Y ≈ v(R0 − 1)Y (6.3.7)

since the average incubation time, 1/v, from infection to development of the disease, is very
much shorter than the average life expectancy, 1/µ, of a susceptible; that is, v � µ. Thus
the approximate threshold condition for an epidemic to start is, from the last equation,

R0 ≈
βc

v
> 1. (6.3.8)

Here the basic reproductive rate R0 is given in terms of the number of sexual partners c, the
transmission probability β and the average incubation time of the disease 1/v.

When an epidemic starts, the system (6.3.1)–(6.3.5) evolves to a steady state given by

X∗ =
(v + µ)N∗

cβ
, Y ∗ =

(d+ µ)(B − µN∗)
pvd

Z∗ =
(1− p)(d+ µ)(B − µN∗)

pdµ
, A∗ =

B − µN∗

d
(6.3.9)

N∗ =
Bβ[µ(v + d+ µ) + vd(1− p)]

[v + µ][b(d+ µ)− pv]
.

If we linearize about this steady state it can be shown that (X,Y, Z,A) tends to (X∗, Y ∗, Z∗, A∗)
in a damped oscillatory manner with a period of oscillation given in terms of the model pa-
rameters; the method to obtain this is exactly the same as described in the previous chapters
but the algebra is messy. We omit the details.

6.3.3 HIV: Modeling Combination Drug Therapy

We start this subsection with the simple, but experimentally based model, proposed by Perel-
son et al. (1996). We then develop a more complex nonlinear model which includes treatment
for HIV infection with a protease inhibitor and a reverse transcription inhibitor such as AZT.

The Ho et al. (1995) model was a simple linear first-order equation which accounted for
viral production and viral decline; namely,

dV

dt
= P − cV, (6.3.10)

where P represented a source of viral peptides and c was the viral clearance rate. While
many factors play a role in the clearance of viral peptides such as immune cells, fluid flow
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and absorption into other cells, c did not distinguish between them. After introduction of
the protease inhibitor (the specific type of drug used on the patients) it was assumed that
the drug would be completely effective, or in other words, the drug would block all viral
production after being introduced. Hence P = 0, and we are left with the simple equation

dV

dt
= −cV ⇒ V (t) = V0e

−ct, (6.3.11)

where V0 is measured as the mean viral concentration in the plasma before treatment. Plotting
lnV against t and using linear regression to determine the slope gave an estimate for c and
hence for the half–life of the virus in the plasma; namely, t1/2 = ln2/c. The mean for the
half–life was t1/2 = 2.1± 0.4 days. The experimentalists then assumed that the patients were
in a quasi–steady state before treatment: that is, the levels of viral load measured in the
plasma remained fairly constant. With this assumption, and knowing the value for c and the
initial viral concentration, V0, they were able to compute the viral production before therapy
by solving P = cV . While these results were minimal estimates, based on the assumption of
a perfect drug (with no delays), they still provided an estimate of over 1 billion viral particles
being produced daily. This important result was contrary to the belief that the viral dynamics
during this latent period was close to dormant. It is an excellent example where even simple,
mathematically trivial, models can be of immense help in extracting crucial information from
patient data.

Due to these results many more models have been developed to study the HIV. In the
rest of this section we examine one model which looks at combination drug therapy.

Protease inhibitors are drugs which target the protease enzymes in the cell and cause
newly produced viruses to be noninfectious. To date there is no single drug (nor even a
combination of them) which completely kills the HIV infection because of the ability of the
virus to mutate into a drug resistant form. It takes time, however, for a new form to evolve.
The idea behind combination drug treatment is when the virus is presented with two quite
different antiviral drugs the time it takes for a mutiple–drug resistant strain to emerge is much
longer than if the virus had to contend with only one toxic drug. The use of multiple drug
treatments, such as protease inhibitors together with AZT, has already had a major effect
(in the developed world) in significantly slowing down the progression from HIV infection to
full–blown AIDS. It has not, however, effected a cure for the disease.

We consider each drug to be less then perfect, which thus allows for viral mutation to
a resistant form if administered independently. Let np be a measure of the effectiveness of
a protease inhibitor or combination of protease inhibitors in blocking production of infec-
tious virions so this will affect the viral dynamics directly and the T–cells indirectly. Other
commonly used drugs are reverse transcriptase inhibitors, of which AZT is perhaps the best
known. After the development of the protease inhibitors, a combination, or cocktail, therapy
which included multiple drugs was prescribed. For instance, patients would take a combina-
tion of three drugs made of up of a protease inhibitor and two reverse transcriptase inhibitors.
This combination was dramatic initially in reducing the number of viral peptides detectable
in the patient and it was thought that this might be the cure for the AIDS virus. Unfortu-
nately, with a virus as complex as the HIV it was only a matter of time before the emergence
of resistant viruses. While the combination treatment is still showing promise for prolonging
the lives of infected patients, it is too early (2001) to say whether or not the virus is even
permanently controlled, far less cured.

We develop (just for illustrative purposes, we don’t develop any mathematical tool here) a
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four–species model which includes an equation for uninfected T–cells, T , productively infected
T–cells, T ∗ (not all infected T–cells produce the virus), infectious viruses, VI and noninfectious
viruses, VNI . The model consists of the following equations which we motivate in turn below.

dT

dt
= s+ pT

(
1− T

Tmax

)
− dTT − kVIT,

dT ∗

dt
= (1− nrt)kVIT − δT ∗

dVI
dt

= (1− np)NδT ∗ − cVI (6.3.12)

dVNI
dt

= npNδT
∗ − cVNI .

In the T–cell equation we consider the cells to be destroyed proportional to the number of
infected viruses and cells with clearance parameter k. In the absence of infection there is
a nonzero steady state, Ts1, so we have a quadratic polynomial in T for the uninfected T–
cell dynamics: s, p, Tmax, dT and k are positive constants. The specific form of the T–cell
kinetics, namely, with a logistic form plus another source (s) and a clearance term (−dTT ),
is because of the form of T–cell recovery after therapy as indicated by patient data. With
the reverse transcriptase (RT) drug like AZT, the RT–inhibitor acts on the source term for
productively infected T–cells with 0 ≤ nrt ≤ 1 the measure of its efficacy; if nrt = 1 it is
completely effective and prevents all production of infected T–cells while if nrt = 0 it implies
no RT–inhibitor is given. In the T ∗ equation the effect of the RT–inhibitor is to reduce the
production of the infected cells. These cells also have a natural death with a rate parameter,
δ. The protease inhibitor acts on the source of the virus and so appears in the VI equation
with np a measure of its efficacy. The specific appearance in the equations for the effects of
the drugs is due to the cellular mechanisms of each drug and the stage at which they aim to
target during infection.

When a drug is completely effective we set np = 1 or nrt = 1. In the infected virus VI
equation there is a factor N which is the bursting parameter for the viral production after lysis
(essentially the breaking up, or death, of the cell due to its penetration by the infected virus
and subsequent generation of a large number of viruses); it is of the order of 480 virions/cell
(a virion is a complete virus with all its coating, proteins and so on). The infected viruses are
considered to die naturally at a rate c. Finally the noninfectious viruses are produced with
a rate dependent on the protease drug and we assume they die off at the same rate as the
infected ones. This model lets us explore the effect of the drugs on the HIV by varying, in
particular, the parameters nrt and np. For example, if np = 0 we are using only the reverse
transcriptase, or RT–inhibitors.
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Part II

Time-space dependent models:
PDEs in biology
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Chapter 7

Introduction

The models covered in Part I describe the evolution of time-dependent quantities such as a
total population of an animal species or the total concentration of a chemical substance. Al-
though many of them are complex enough to describe the interplay between initial parameters
and final outcome (i. e. asymptotic behavior, stability, and so on), they are somewhat useless
in those situations in which one expects the described quantity (or quantities) to behave an
a inhomogeneous way, that is, to behave differently depending on the position of the indi-
viduals. In this case, the dependence of a space variable x should be introduced. Depending
on the context, x may be an element of Rn, n = 1, 2, 3. For instance, in a model for the
concentration of humans in a crowded tunnel, one can (with good approximation) consider
the position x to be one-dimensional. In cell biology, very often x ∈ R2. More generally, x is
a three-dimensional vector.

We shall not recover the basic equations describing the motion of individuals with space-
time dependence in a rigorous way. We send the reader to classical textbooks in continuum
mechanics or fluid-mechanics. The main distinction we emphasize between all the possible
space-dependent effects considered here is the following classification:

• Transport effects. When the total amount of individuals in an arbitrary region A ⊂
Rn changes only because of the flow through the boundary ∂A, and there is no birth-
death mechanism in the evolution, we say that individuals are subject to a transport
effect. This definition is reminiscent of the fact that the distribution of individuals at a
certain position can change only because of their movement.

• Reaction effects. When total number of individuals in A ⊂ Rn changes also in
view of birth-death mechanisms, which produces a possible change in time of the total
population, we talk about reaction effects. The terminology comes from chemistry, and
it is reminiscent of the creation or destruction of a chemical substance after a reaction
process.

The most classical phenomenon in biology accounting for a pure transport of individuals
is diffusion.
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Chapter 8

Diffusion equations

In an assemblage of particles, for example, cells, bacteria, chemicals, animals and so on,
each particle usually moves around in a random way. The particles spread out as a result
of this irregular individual particle’s motion. When this microscopic irregular movement
results in some macroscopic or gross regular motion of the group we can think of it as a
diffusion process. Of course there may be interaction between particles, for example, or the
environment may give some bias in which case the gross movement is not simple diffusion.
To get the macroscopic behavior from a knowledge of the individual microscopic behavior is
much too hard so we derive a continuum model equation for the global behavior in terms of
a particle density or concentration.

We shall therefore start dealing with models where the population of a certain species is
not homogeneous in the reference environment. Therefore, it has to be modeled via a density
function which depends on a space variable x besides the time variable t. Consequently, the
differential models we shall recover in this context are in terms of partial differential equa-
tions or systems. Due to the extreme complexity of the area of partial differential equations
and systems, it is not worthwhile to devote a whole section to partial differential equations
(PDE’s), whereas we shall recall the needed mathematical tools depending on the different
contexts. It is instructive to start with a random process which we look at probabilistically in
an elementary way, and then derive a deterministic model. Before doing that, we first provide
another classical interpretation of diffusion in terms of the celebrated Fick’s law.

8.1 Diffusion–reaction processes and Fick’s law

Diffusion mechanism models the movement of many individuals in an environment or media.
The individuals can be very small such as basic particles in physics, bacteria, molecules, or
cells, or very large objects such as animals, plants, or certain kind of events like epidemics, or
tumors. The particles reside in a region, which we call Ω and we assume that Ω is open subset
of Rn with n ≥ 1. In particular, we are interested in the cases of n = 1, 2 and 3, but most
material here are true regardless of the dimensions of the space. The main mathematical
variable we consider here is the density function of the particles: P (t, x), where t is the
time, and ∈ Ω is the location. The dimension of the population density usually is number
of particles or organisms per unit area (if n = 2) or unit volume (if n = 3). For example,
the human population density is often expressed in number of people per square kilometer.
However in data tables we often find the population density for countries, and a country is
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not a ‘point’ on our map. In reality, population density is always associated with a scale,
like country, city, county, town, and street. But as in many other mathematical models, we
will assume that the function P (t, x) has nicer properties, like continuity and differentiability,
which is in fact reasonable, when a population with a large number of organisms is considered.
Technically, we define the population density function P (t, x) as follows: let x be a point in
the habitat, and let {On}∞n=1 be a sequence of spatial regions (which have the same dimension
as Ω) surrounding x; here On is chosen in a way that the spatial measurement |On| of On
(length, area, volume, or mathematically, the Lebesgue measure) tends to zero as n → +∞,
and On ⊂ On+1; then

P (t, x) = lim
n→+∞

Number of organisms in On at time t
|On|

,

if the limit exists. Realistically, as long as the scale of data collecting is small enough, the
population density function is usually very well defined. Clearly the total population in any
sub–region O of Ω at time t is ∫

O
P (t, x)dx.

The question we are interested now is how the function P (t, x) changes as time t evolves,
and as the location x varies. Population can change in two ways: one is that the individual
particles can move around, and the second is they may produce new individuals or kill existing
individuals due to physical, chemical, or biological reasons. Here we start focusing on the
most classical natural phenomenon which contributes to the movement of a set of particles
with heterogeneous distribution, i.e. diffusion.

It is a natural phenomenon that a substance goes from high density regions to low density
regions. The movement of P (t, x) is called the flux of the population density, which is a
vector. The ‘high to low’ principle now means that the flux always points to the most rapid
decreasing direction of P (t, x), which is the negative gradient of P (t, x). This principle is
called Fick’s law, and it can be represented as

J(t, x) = −d(x)∇xP (t, x) (8.1.1)

where J is the flux of P , d(x) is called diffusion coefficient at x, and ∇x is the gradient
operator.

On the other hand, the number of particles at any point may change because of other
reasons like birth, death, hunting, or chemical reactions. We assume that the rate of change
of the density function due to these reasons is f(t, x, P ), which we usually call the reaction
rate. Now we derive a differential equation using the balanced law. We choose any region O,
then the total population in O is

∫
O P (t, x)dx and the rate of change of the total population

is
d

dt

∫
O
P (t, x)dx.

The net growth of the population inside the region O is∫
O
f(t, x, P (t, x))dx

and the total out flux is ∫
∂O
J(t, x) · n(x)dS
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where ∂O is the boundary of O, and n(x) is the outer normal direction at x. Then the balance
law implies

d

dt

∫
O
P (t, x)dx = −

∫
∂O
J(t, x) · n(x)dS +

∫
O
f(t, x, P (t, x))dx. (8.1.2)

From the Divergence Theorem in multi–variable calculus, we have∫
∂O
J(t, x) · n(x)dS =

∫
O

divJ(t, x)dx. (8.1.3)

Combining (8.1.1), (8.1.2) and (8.1.3) and interchanging the order of differentiation and in-
tegration, we obtain

d

dt

∫
O
P (t, x)dx =

∫
O

[div(d(x)∇xP (t, x)) + f(t, x, P (t, x))] dx.

Since the choice of the region O is arbitrary, then the partial differential equation

∂P (t, x)
∂t

= div(d(x)∇xP (t, x)) + f(t, x, P (t, x)) (8.1.4)

holds for any (t, x). The equation (8.1.4) is called a reaction diffusion equation. Here
div(d(x)∇xP (t, x)) is the diffusion term which describes the movement of the individuals,
and f(t, x, P (t, x)) is the reaction term which describes the birth–death or reaction occurring
inside the habitat or reactor. The diffusion coefficient d(x) is not a constant in general since
the environment is usually heterogeneous. But when the region of the diffusion is approxi-
mately homogeneous, we can assume that d(x) ≡ d, then (8.1.4) can be simplified to

∂P (t, x)
∂t

= d∆P (t, x) + f(t, x, P (t, x)) (8.1.5)

where ∆ is the Laplacian operator. When no reaction occurs, (8.1.4) is simply a diffusion
equation:

∂P (t, x)
∂t

= ∆P (t, x). (8.1.6)

In classical mathematical physics, the equation ∂tT = ∆T is called heat equation, where T is
the temperature function.

8.2 Simple Random Walk and Derivation of the Diffusion Equa-
tion

In an assemblage of particles, for example, cells, bacteria, chemicals, animals and so on,
each particle usually moves around in a random way. The particles spread out as a result
of this irregular individual particle’s motion. When this microscopic irregular movement
results in some macroscopic or gross regular motion of the group we can think of it as a
diffusion process. Of course there may be interaction between particles, for example, or the
environment may give some bias in which case the gross movement is not simple diffusion.
To get the macroscopic behavior from a knowledge of the individual microscopic behavior is
much too hard so we derive a continuum model equation for the global behavior in terms of
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a particle density or concentration. It is instructive to start with a random process which we
look at probabilistically in an elementary way, and then derive a deterministic model.

For simplicity we consider initially only one–dimensional motion and the simplest random
walk process. The generalization to higher dimensions is then intuitively clear from the one–
dimensional equation.

Suppose a particle moves randomly backward and forward along a line in fixed steps ∆x
that are taken in a fixed time ∆t. If the motion is unbiased then it is equally probable that
the particle takes a step to the right or left. After time N∆t the particle can be anywhere
from −N∆x to N∆x if we take the starting point of the particle as the origin. The spatial
distribution is clearly not going to be uniform if we release a group of particles about x = 0
since the probability of a particle reaching x = N∆x after N steps is very small compared
with that for x nearer x = 0.

We want the probability p(m,n) that a particle reaches a point m space steps to the right
(that is, to x = m∆x) after n time–steps (that is, after a time n∆t). Let us suppose that to
reach m∆x it has moved a steps to the right and b to the left. Then

m = a− b, a+ b = n ⇒ a =
n+m

2
, b = n− a =

n−m
2

.

The number of possible paths that a particle can reach this point x = m∆x is

n!
a!b!

=
n!

a!(n− a)!
= Cna ,

where Cna is the binomial coefficient. The total number of possible n–step paths is 2n and so
the probability p(m,n) (the favorable possibilities/total possibilities) is

p(m,n) =
1
2n

n!
a!(n− a)!

, a =
m+ n

2
, (8.2.1)

notice that n+m is always even. Note that

n∑
m=−n

p(m,n) = 1,

as it must since the sum of all probabilities must equal 1. It is clear mathematically since

n∑
m=−n

p(m,n) =
n∑

m=−n
Cna

(
1
2

)a(1
2

)n−a
=
(

1
2

+
1
2

)n
= 1,

p(m,n) is the binomial distribution.
If we now let n be large so that n±m are also large we have, asymptotically,

n! ∼ (2πn)1/2nne−n, n� 1,

which is Stirling’s formula. Using that in (8.2.1) we get

p(m,n) ∼ 1
(2π)1/2

(
n

a(n− a)

)1/2 ( n
2a

)a( n

2(n− a)

)n−a
.
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From a = (n+m)/2 we infer

p(m,n) ∼
(

2
π

)1/2( n

n2 −m2

)1/2( n

n+m

)n+m
2
(

n

n−m

)n−m
2

.

We now assume that the ratio m/n tends to zero as asymptotically, which corresponds to
have the number or space-steps grow more slowly than the number of time-steps. This is a
key assumption which characterizes a diffusion process, as we shall see later on. As n→ +∞
we clearly see that (

2
π

)1/2( n

n2 −m2

)1/2

∼
(

2
πn

)1/2

.

Moreover, the remaining factors in p(m,n) are approximated by the second order Taylor
approximation of the map x 7→ log(1 + x) around x = 0 as follows

log
(

n

n+m

)n+m
2
(

n

n−m

)n−m
2

=
(
n+m

2

)
log
(

1− m

n+m

)
+
(
n−m

2

)
log
(

1 +
m

n−m

)
= −m

2
− m2

4(n+m)
+
m

2
− m2

4(n−m)
+ o(1/n) = −m

2

2n
+ o(1/n).

Therefore,

p(m,n) ∼
(

2
πn

)1/2

e−
m2

2n , (8.2.2)

which is a Gaussian probability distribution.
Now set

m∆x = x, n∆t = t,

where x and t are the continuous space and time variables. If we anticipate letting m→ +∞,
n→ +∞, ∆t→ 0, ∆x→ 0 so that x and t are finite, then it is not appropriate to have p(m,n)
as the quantity of interest since this probability must tend to zero: the number of points on
the line tends to +∞ as ∆x → 0. The relevant dependent variable is more appropriately
u = p/(2∆x): 2u∆x is the probability of finding a particle in the interval (x, x+ ∆x) at time
t. From (8.2.2) with m = x/∆x, n = t/∆t,

u(x, t) = lim
∆x→0,∆t→0

p
(
x

∆x ,
t

∆t

)
2∆x

= lim
∆x→0,∆t→0

{
∆t

2πt(∆x)2

}1/2

e
−x

2

2t
∆t

(∆x)2 .

If we assume

lim
∆x→0,∆t→0

(∆x)2

2∆t
= D > 0, (8.2.3)

the last equation gives

u(x, t) =
(

1
4πDt

)1/2

e−
x2

4Dt . (8.2.4)

Please notice that (8.2.3) is consistent with the assumption m/n → 0 above. Here, D is the
diffusion coefficient or diffusivity of the particles; note that it has dimensions (length)2/(time).
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It is a measure of how efficiently the particles disperse from a high to a low density. For exam-
ple, in blood, haemoglobin molecules have a diffusion coefficient of the order of 10.7cm2sec−1

while that for oxygen in blood is of the order of 10.5cm2sec−1.
Let us now relate this result to the classical approach to diffusion, namely, Fickian diffu-

sion. In the simplest case this gives the linear heat equation

∂c

∂t
= D

∂2c

∂x2
(8.2.5)

satisfied by the concentration of the species c.
If we release an amount Q of particles per unit area at x = 0 at t = 0, that is,

c(x, 0) = Qδ0(x)

where δ0(x) is the Dirac delta function, then the solution of (8.2.5) is

c(x, t) =
Q

(4πDT )1/2
e−x

2/(4DT ), t > 0

which, with Q = 1, is the same result as (8.2.4), obtained from a random walk approach when
the step and time sizes are small compared with x and t.

8.3 The gaussian distribution

In this section we prove the last assertion of the previous section, namely we aim to find a
solution to the diffusion equation

ct = Dcxx, x ∈ R, t > 0, (8.3.1)

of self–similar form

c(x, t) =
C√
t
U (ξ) , ξ =

x√
t
, C > 0. (8.3.2)

In order to do that, let us plug the above expression (8.3.2) into the equation (8.3.1). After
simple computations, assuming t > 0 we recover

Uξξ +
1

2D
(ξU)ξ = 0,

which is equivalent to (
U

(
logU +

ξ2

4D

)
ξ

)
ξ = 0.

A solution can be found imposing that the term in the inner bracket is zero, namely

log
U(ξ)
C

= − ξ2

4D
,

which yields

U(ξ) = Ce−
ξ2

4D .
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In the original variables, this formula gives the solution

c(x, t) = G(x, t) =
Q

(4Dtπ)

1/2

e−
x2

4Dt ,

where Q > 0 is the initial total mass of u. G is called Gaussian distribution, or Gaussian
solution to the diffusion equation.

It is an easy exercise to prove that, as t → 0, G(x, t) → 0 if x 6= 0. In case x = 0 we
clearly have G(0, t) → +∞ as t → 0. On the other hand, the mass of G is constant in time,
so that the initial datum of G must have positive mass Q. This is not possible in case the
initial datum of G is an L1 function (G(·, 0) should have zero mass because it is zero almost
everywhere). Function theory is not suitable to give an interpretation of such phenomenon
and one has to deal with distribution theory, which is not among the purposes of this course.
In fact the initial datum of G is the Dirac delta distribution δ0, which we will consider to be
defined as the ‘function’ which satisfies∫ +∞

−∞
δ0(x)dx = 1, δ0(x) = 0 for all x 6= 0.

The idea behind the concept of a delta distribution is to model a situation in which all the
particles (individuals, cells...) are all packed together at one point (or very close to one point),
and the concentration is zero elsewhere.

The Gaussian solution models exactly the fact that particles initially concentrated at one
point start spreading as t > 0 towards regions with zero concentration, according to Fick’s
law. The maximum value of the concentration, initially +∞ achieved at x = 0 (the maximum
can be achieved at any other point just by translation, please notice that the equation (8.3.1)
is invariant after translation with respect to x), decreases as t increases. It is always achieved

at x = 0 and it is given by Q
(4Dtπ)

1/2
. Clearly, the concentration of particles at any other point

than zero increases, and the profile of the distribution takes the shape of a bell with fatter
and fatter tails as time increases, see figure 8.1.

It is straightforward to notice that at a fixed time t, the profile of G has fatter tails when
the diffusion coefficient D is larger. This corresponds to the intuition that a larger diffusion
coefficient implies a faster spreading process of the particles.

8.4 Smoothing and decay properties of the diffusion operator

The linear diffusion operator in a reaction diffusion equation (or system) accounts for the
spreading of the individuals far from each other due to Fick’s law. It is a sort of repulsive
effect. In case only diffusion is present in the model, supposing for instance that the model
is set up in a container Ω ⊂ Rn with Neumann boundary conditions, we expect that all
individuals tend more and more to distribute homogenously, eventually reaching a constant
distribution state. This is due to the fact that the initial flux of individuals from regions
with high density toward regions with low density is soon compensated by the movement of
the individuals, so that the flux intensity decreases more and more until it stabilized to a
constant values. As long as we are dealing with linear phenomena (as it is the case for the
Heat equation), one can use the method of separation of variables in order to see this fact
from the mathematical point of view. However, we shall prove this stabilization phenomenon
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Figure 8.1: Schematic particle concentration distribution arising from Q particles released at
x = 0 at t = 0 and diffusing according to the diffusion equation (8.3.1).
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by a energy method, and keep the method of separation of variables for a later case. In order
to simplify the coverage, we consider the following one–dimensional problem

ut = Duxx x ∈ [0, L], t ≥ 0
u(0, x) = u0(x) x ∈ [0, L]
ux(t, 0) = ux(t, L) = 0 t ≥ 0.

(8.4.1)

Clearly, all constants u ≡ C are solutions of the heat equation ut = Duxx with homogeneous
Neumann boundary conditions ux(t, 0) = ux(t, L) = 0. However, only one constant solution
is feasible as a candidate to represent the large time behavior of the solution of the transient
problem (8.4.1), that is

u∞(t, x) ≡ 1
L

∫ L

0
u0(x)dx =

1
L

∫ L

0
u(t, x)dx =:

M

L

where the equality in the middle is a trivial consequence of the Neumann boundary conditions;
it expresses the fact that the total amount of individuals remains unchanged in time.

The energy method consists in evaluating the evolution of a certain functional related
to the solution u(t). This functional should contain enough information in order to infer
qualitative properties of the solution itself. A typical choice in case of linear problems if the
L2 norm of the solution u(t) ∫ L

0
u(t, x)2dx.

Actually, since we aim to prove that u(t) behaves like u∞ as time goes to infinity, a smarter
choice of the energy is

E(t) :=
∫ L

0
(u(t, x)− u∞)2 dx,

so that E(t) being small as t → +∞ implies that u(t) is approaching u∞ in some sense. As
for the interpretation of the use of the L2 norm, we refer to basic textbooks of Functional
Analysis. We just remark here that, in the present context, E(t) → 0 implies u(t, x) → u∞

for almost all x ∈ [0, L] as t→ +∞.
Let us then compute

d

dt
E(t) = 2

∫ L

0
uutdx = 2D

∫ L

0
uuxxdx = −2D

∫ L

0
u2
xdx

and the last step is due to integration by parts and the Neumann boundary conditions. The
above computation already gives an interesting result: the energy E(t) is non increasing.
Actually we can do better and use the following version of the Poincaré inequality, the proof
of which can be found for instance in the PDE book by L. C. Evans.

Theorem 8.4.1 (Poincaré inequality) Let f : [0, L]→ R such that∫ L

0
(f ′(x))2dx < +∞,

∫ L

0
f(x)dx = 0.

Then, there exists a constant C(L) depending only on L such that∫ L

0
f(x)2dx ≤ C(L)

∫ L

0
(f ′(x))2dx.

95



Due to the above inequality, the energy estimate becomes

d

dt
E(t) ≤ − 2D

C(L)
E(t)

and therefore the following exponential decay trivially follows

E(t) ≤ E(0)e−
2D
C(L)

t

and in particular one has

lim
t→+∞

∫ L

0
(u(t, x)− u∞)2 dx = 0.

Notice that the fact that u and u∞ have the same mass is crucial in order to apply Poincaré
inequality.

The exponential convergence to equilibrium states is not the only ‘nice’ property of the
heat equation. Among the others, an important one is given by the so–called smoothing effect,
a property which can be resumed as follows: no matter how singular the initial datum u0

is (discontinuous, unbounded, etc...), the solution u(t) belongs to C∞ both in space and in
time at any positive time t. In order to see this, let us recover the exact formula for u by the
method of separation of the variables. Let us choose u of the form

u(t, x) = f(x)g(t)

for certain functions f and g. Substituting the above ansatz into the equation in (8.4.1) yields

f(x)g′(t) = Df ′′(x)g(t)

and therefore
g′(t)
g(t)

= D
f ′′(x)
f(x)

= Dλ ∈ R

for a certain constant λ, because of the fact that the two sides in the first inequality above
depend only on t and x respectively. We assume that both f and g never vanish. Due to
the boundary conditions we have f ′(0) = f ′(L) = 0, therefore we have to solve the limiting
problem for all possible λ ∈ R{

f ′′ = λf x ∈ [0, L]
f ′(0) = f ′(L) = 0.

By imposing the boundary conditions one easily infer that non trivial solutions only exist if
λ ≤ 0. In particular, in case λ = 0 all constants f(x) ≡ C are solutions. In case of a negative
λ = −ω2 we have

f(x) = A cos(ωx) +B sin(ωx).

Again, the boundary condition f ′(0) = 0 implies B = 0 whereas f ′(L) = −Aω sin(ωx) = 0
implies ωL = kπ for an integer k. Therefore, all values λ = −

(
kπ
L

)2
allow for nontrivial

solutions of the form fk(x) = Ak cos
(
kπ
L x
)
. Solving the equation for g implies

g′(t) = −D
(
kπ

L

)2

g(t)
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and hence we have a family of solutions indexed by the integer k

gk(t) = Eke
−D( kπL )2

t.

Due to the superposition principle for linear PDEs, any combination of fkgk is still a solution
of the PDE in (8.4.1) endowed with the boundary conditions. Therefore, in order to achieve
the unique solution u(t) we express u in the following series expression

u(t, x) =
+∞∑
k=0

Ake
−D( kπL )2

t cos
(
kπ

L
x

)
. (8.4.2)

The coefficients Ak are easily obtained by matching u|t=0 with the initial datum u0

u0(x) =
+∞∑
k=0

Ak cos
(
kπ

L
x

)
,

which implies that Ak are the Fourier’s coefficients of u0. Let us assume that
∫
|u0(x)|dx <

+∞. Then, standard results on the Fourier’s series imply that all the coefficients Ak are
uniformly bounded. It is then clear that we can differentiate with respect to x and t infinitely
many times in the formula (8.4.2) and this proves the smoothing effect for the heat equa-
tion. Note that the only assumption on u0 is

∫
|u0(x)|dx < +∞, which possibly allows for

discontinuities and unboundedness in a set of zero Lebesgue measure.

Exercise 8.4.2 Use formula (8.4.2) to prove that the solution u converges toward its initial
average 1

L

∫
u0(x)dx as t→ +∞.

One can easily prove that a similar phenomenon occurs on unbounded domains as well,
in any dimensions. For instance, consider the Cauchy problem on Rn{

ut = D∆u x ∈ Rn, t ≥ 0
u(0, x) = u0(x) ≥ 0 x ∈ Rn.

(8.4.3)

It is well known (cf. classical textbooks in PDEs) that the solution u(x, t) can be represented
via convolution with the Gaussian solution, namely

u(x, t) =
∫

Rn
G(x− y, t)u0(y)dy.

Now, suppose as an example that u models the density of ants on a two dimensional ‘large’
domain such as the floor or a very large room. Suppose that a group of ants is initially
concentrated on a small tile T ⊂ R2. This means that u0 is supported on T . Let us now
consider a point x0 arbitrarily far away form the tile T , and consider a time t0 > 0 arbitrarily
close to zero. A direct evaluation of the convolution integral above shows that u(x0, t0) > 0,
which means that ants have been so fast in moving that some of them could reach x in
an arbitrarily small time. With such an argument, one can prove that ants can move with
arbitrarily large (and therefore infinite, somewhat) speed. Such phenomenon is somehow non
realistic. One possible way to improve the model in this sense is described in the following
section.
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8.5 Nonlinear diffusion

Diffusion models form a reasonable basis for studying insect and animal dispersal and invasion;
one extension of the classical diffusion model which is of particular relevance to insect dispersal
is when there is an increase in diffusion due to population pressure. One such model has the
diffusion coefficient, or rather the flux J , depending on the population density n such that
the diffusivity D increases with n; that is,

J = −D(n)∇n, D′(n) > 0.

A typical form for D(n) is D0(n/n0)m, where m > 0 and D0 and n0 are positive constants.
The dispersal equation for n without any growth term is then

∂n

∂t
= D0div

[(
n

n0

)m
∇n
]
.

In one dimension
∂n

∂t
= D0

∂

∂x

[(
n

n0

)m ∂n

∂x

]
.

After scaling the space and the time variable suitably, one can recover the following dimen-
sionless form

∂u

∂t
= ∆uγ , γ > 1. (8.5.1)

Now, for such an equation a solution of self similar form can be recovered in a similar way as
for the linear diffusion equation. We therefore look for a solution of the form

u(x, t) = t−βU(xt−α), x ∈ R, t > 0

to the one–dimensional nonlinear diffusion equation (also called Porous Medium Equation)

ut = (uγ)xx.

First of all, the conservation of the total mass easily implies∫
R
u(x, t)dx = t−β

∫
R
U(xt−α)dx = t−β+α

∫
R
U(ξ)dξ

and therefore we have β = α.
In the new variables U and ξ = xt−α we obtain

αt−α−1(ξU)ξ + t−α(m+2)(Um)ξξ = 0,

which requires the choice

α =
1

m+ 1
in order to get rid of the time variable. The above can be written as

∂x

(
U∂x

(
m

m− 1
Um−1 +

ξ2

2(m+ 1)

))
= 0.
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In the domain where U > 0, we can impose

Um−1(ξ) =
(
C − m− 1

2m(m+ 1)
ξ2

)
.

Clearly, the above gives problems in case U becomes negative. Since U = 0 on an interval
solves the equation for U , we can introduce the following solution

U(ξ)
[
C − m− 1

2m(m+ 1)
ξ2

] 1
m−1

+

,

which in the original variables reads

u(x, t) = B(x, t) = t
1

m+1

[
C − m− 1

2m(m+ 1)

(
x√
t

)2
] 1
m−1

+

which is called Barenblatt solution. Such a solution has compact support on the interval

−t
1

m+1

√
2mC(m+ 1)

m− 1
≤ x ≤ t

1
m+1

√
2mC(m+ 1)

m− 1

which grows as t grows. Moreover, it can be easily proven that B(·, 0) is a multiple of the Dirac
delta distribution, exactly as it is the case for the Gaussian solution of the linear diffusion
equation.

Analyzing the differences with the linear diffusion case, we clearly see that the Barenblatt
solution is not smooth, opposite to the Gaussian solution to the linear diffusion equation,
which is C∞. More precisely, the Barenblatt solution has possible lack of smoothness at the
boundary of its support, where it eventually features discontinuities in a space derivative of
a certain order depending on the exponent m. At any other points, B is C∞.

A key difference between G and B is that the support of G becomes unbounded imme-
diately after t = 0 (infinite speed of propagation) whereas the support of B is compact for
all times, it travels with finite speed. This fact depends on the density dependent diffusivity
D(n) being equal to zero as n = 0. Such an assumptions corresponds to state that when
the concentration of particles is very low, particles are subject to a much lower diffusivity (in
other context we could say ‘pressure’) than in situations with higher concentration.
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Chapter 9

Reaction–diffusion models for one
single species

In this chapter we start to consider models combining the diffusion effect described in the pre-
vious chapter with reaction effects, typically corresponding with the evolutionary mechanism
described in part 1. At this first stage, we start considering only scalar equations.

9.1 Diffusive Malthus equation and critical patch size

Let us now apply the method of separation of the variables to the simplest reaction diffusion
model we can imagine, namely the one–dimensional linear Diffusive–Malthus equation

ut = Duxx + au, D > 0, a ∈ R, (9.1.1)

posed on the interval x ∈ [0, L] with initial datum u(0, x) = u0(x) and endowed with the
homogeneous Dirichlet boundary conditions u(t, 0) = u(t, L) = 0. We are therefore model-
ing a context of a population with a linear exponential growth and with diffusion, the two
phenomena being respectively quantified by the two parameters a and D. The homogeneous
Dirichlet boundary conditions are usually referred to as hostile boundary conditions, since
they model the fact that individuals are somehow pushed away from the boundary.

In order to solve (9.1.1), let us set u(t, x) = f(x)g(t). We then obtain

Df ′′(x)g(t) + af(x)g(t) = f(x)g′(t), D
f ′′

f
+ a =

g′

g
= Dλ, λ ∈ R,

which suggests looking for solutions to the two ordinary differential equations

Df ′′(x) =
(
λ− a

D

)
f(x), f(0) = f(L) = 0

g′(t) = λg(t).

Similarly to the previous calculations, we have λ− a/D < 0 (the case λ− a/D = 0 this time
only gives the zero solution due to the Dirichlet boundary data), therefore λ − a/D = −ω2,
ω ∈ R and this corresponds to

f(x) = A sin(ωx) +B cos(ωx).
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The boundary condition f(0) = 0 implies B = 0, whereas f(L) = 0 implies ωL = kπ.
Therefore, once again we have a sequence of (eigen)values λk = a −

(
kπ
L

)2
corresponding to

the sequence of (eigen)solutions

fk(x) = Ak sin
(
kπ

L
x

)
.

The equation for g then turns into

g′(t) =

[
a

D
−
(
kπ

L

)2
]
g(t)

which yields

gk(t) = Cke

[
a
D
−( kπL )2

]
t
.

By the superposition principle, similarly to what we saw in the previous section, we get

u(t, x) =
+∞∑
k=1

Ake

[
a
D
−( kπL )2

]
t sin

(
kπ

L
x

)
(9.1.2)

where Ak are the Fourier’s coefficients of the initial datum u0.
The above formula (9.1.2) clearly shows that if a < 0 the zero solution is asymptotically

stable, since all the terms in the series decay to zero exponentially fast as t→ +∞. We know
that this is also the case when diffusion is absent, as we have seen at the very beginning of the
chapter 2. We shall show that the presence of diffusion improves the range of a’s for which
we have stability.

Let us then consider the case a > 0: we clearly see from the first term in the above series
that, if

L <

√
D

a
π, (9.1.3)

then the solution u(t, x) decays to zero as t → +∞ provided the usual standard conditions
are required on u0 (see the previous section). The critical value in (9.1.3) is called Critical
Patch Size. The interpretation of the condition (9.1.3) is the following. When the size of the
interval is not enough, the individuals reach the boundary soon enough to be subject to the
hostile boundary conditions (which ‘kill’ the concentration) rather than to the reaction term.
Of course, another possible interpretation of (9.1.3) can be given in terms of the relative size
of D and a. More precisely, when the ratio D/a is high enough, diffusion is the dominant
effect. Now, it is easy to check (exercise!) that u ≡ 0 is the only stationary solution to (9.1.1)
with homogeneous Dirichlet boundary conditions. Moreover, this solution is asymptotically
stable when there’s no reaction, namely when a = 0 (easy exercise! Use the representation
formula (9.1.2)). Therefore, we expect that u ≡ 0 is the asymptotic limit as t → +∞ of the
particle concentration when diffusion dominates the process. In fact, this is the case.

In case (9.1.3) is not satisfied, then the behavior of u depends on the initial datum u0. This
is clear form the representation formula (9.1.2). For instance, if the first Fourier’s coefficient

of u0, A1, is not zero, then the exponential factor e
(
a
D
− π

2

L2

)
t appears in the solution formula.

In this case the solution u(t, x) grows to +∞ as t goes to +∞ when (9.1.3) is violated. On
the other hand, the initial datum could have a certain number of zero Fourier’s coefficients,
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say the first m > 1 coefficients, A1 = · · · = Am = 0. In this case the condition yielding decay
to zero of u would be

L < (m+ 1)

√
D

a
π (9.1.4)

since the first exponential factor appearing in (9.1.3) would be e

(
a
D
− ((m+1)π)2

L2

)
t
. Clearly,

(9.1.4) is weaker than (9.1.3), which means that the critical patch size is higher: particles
need a much higher reaction rate a in order to grow exponentially due to the Malthus term.
The interpretation of that is given in term of the Fourier series of u0

u0(x) =
∑
k≥0

Ak sin
(
kπ

L
x

)
.

The higher the order k is, the higher is the value of the gradient of u0 in absolute value,
which means the more diffusion is dominant (remember Fick’s law!). Therefore, even with a
larger interval, particles are subject to such a higher diffusion effect that we still don’t see the
growth due to the reaction as t becomes large.

9.2 Asymptotic stability of constant states for general nonlin-
ear reaction diffusion equations

In this section we tackle the problem of the asymptotic stability of a constant (homogeneous)
state for the unknown variable u in a quite general context, namely we consider the nonlinear
reaction diffusion equation

ut = Duxx + g(u), (9.2.1)

where g is a general nonlinear function modeling a reaction process, D > 0 is the diffusivity.
Our goal is to prove that under certain conditions on g, a homogeneous stationary state is
asimptotically stable. Clearly, by homogeneous stationary state we mean a solution u(x, t) ≡
u∞ with g(u∞) = 0.

Going back to the scalar ODE model

u′ = g(u)

studied at the beginning of the course, we recall that a general condition for the stability of
u∞ was

g′(u∞) < 0. (9.2.2)

Therefore, hinted by the results in Section 9.1, we expect condition (9.2.2) to be sufficient
for stability as we know that diffusion contributes to reinforce stability. We shall work on a
bounded interval x ∈ [0, L] with homogenous Neumann boundary conditions

ux(0, t) = ux(L, t) = 0 (9.2.3)

and with an initial datum
u(x, 0) = u0(x). (9.2.4)

Of course, the presence of diffusion makes the problem of proving stability under the effect
of diffusion much more complicated, since it is a matter of stability in a functional sense, i.
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e. the solution u(x, t) is seen as a curve t 7→ u(·, t) in a certain functional space (in which the
independent variable is x). In order to clarify this point, we introduce the functional spaces
we shall need in this section. The space L2([0, L]) is defined as the space of functions f on
the interval [0, L] such that

∫ L
0 f(x)2dx < +∞. Such a definition may be not completely well

posed mathematically, for instance in case the function f is not continuous. We send the
reader to a Functional Analysis textbook for a more clear explanation. To our purposes, we
can assume that all involved functions are continuous. The L2 norm of f is defined then as

‖f‖L2 =
(∫ L

0
f(x)2dx

)1/2

.

We shall need also the functional spaces Hs([0, L]), s ∈ N, namely, f ∈ Hs([0, L]) if and only
if f and its derivatives up to order s are all elements of L2, or equivalently∫ L

0
f(x)2dx+

∫ L

0
f ′(x)2dx+ . . .+

∫ L

0
Dsf(x)2dx < +∞.

We recall the definition

‖f‖2Hs =
∫ L

0
f(x)2dx+

∫ L

0
f ′(x)2dx+ . . .+

∫ L

0
Dsf(x)2dx < +∞.

The reason why we have introduced all the above functional norms is that we want to use the
energy method to prove stability. This is probably the only way to develop a general theory
for a general g, more specific cases can be dealt with depending on the particular form of g.
In order to prove that the perturbation of the stationary state is small for large times, we
denote

u = u∞ + v

and use the Taylor expansion of g around u∞ in the equation for the perturbation v:
vt = Dvxx + g(u∞ + v) = Dvxx + g′(u∞)v + h(v)
v(x, 0) = u0(x)− u∞

vx(0, t) = vx(L, t) = 0,

(9.2.5)

where h is a continuous function satisfying h(v)/v → 0 as v → 0. We assume further that∫ L

0
(u0(x)− u∞)dx = 0.

Let us compute the evolution of the squared L2–norm of v. Here we use integration by parts
and the boundary conditions in the computation of the term involving the diffusion.

d

dt

∫ L

0
v2dx = 2

∫ L

0
vvtdx = 2

∫ L

0
v(Dvxx + g′(u∞)v + h(v))dx

= −2D
∫ L

0
v2
xdx− 2D (vvx)L0 + 2g′(u∞)

∫ L

0
v2dx+ 2

∫ L

0
h(v)vdx

= −2D
∫ L

0
v2
xdx+ 2g′(u∞)

∫ L

0
v2dx+ 2

∫ L

0

h(v)
v

v2dx,
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where we have used that g′(u∞) < 0 and the zero boundary conditions on v. Now, since
h(v)/v → 0 as v → 0, we can write

sup
x∈[0,L],t≥0

∣∣∣∣h(v(x, t))
v(x, t)

∣∣∣∣→ 0 as ‖v(t)‖L∞ → 0,

where the L∞–norm of v is given by ‖v(t)‖L∞ = supx∈[0,L] |v(x, t)|. Therefore we can estimate
the last term in the previous estimate as follows:

2
∫ L

0

h(v)
v

v2dx ≤ H(‖v(t)‖L∞)
∫ L

0
v2dx,

for some continuous function H such that H(x) → 0 ad x → 0. We can assume that such a
function H is increasing. For instance, once can define H as follows:

H(v) := v + sup
{
|h(z)|
z

, 0 < z ≤ v
}
, as v > 0,

and extend H to R as an even function. It is an easy exercise to prove that H ≥ 0, that
H(v)→ 0 as v → 0 and that

|H(v1)| ≤ H(|v2|) if |v1| ≤ |v2|.

Now we use the Poincaré inequality

‖v‖2L2 ≤ CN (L)‖v‖2H1

and the monotonicity of H in the above estimate to obtain

d

dt

∫ L

0
v2dx ≤ −2

[
D

CN (L)
− g′(u∞)−H(‖v(t)‖L∞)

] ∫ L

0
v2dx.

Here CN (L) is the Poincaré constant with Neumann boundary conditions on [0, L]. It is clear
from the above estimate that, in case we would be able to say a priory that ‖v(t)‖L∞ is smaller
than a certain threshold, then we could prove exponential decay as in the case of the linear
diffusion equation provided g′(u∞) < D

CN (L) . Of course we cannot get to such a conclusion so
far. We need some more machinery. The strategy is to estimate the L∞–norm of v, ‖v(t)‖L∞ ,
by the L2 norm of its space derivative. To this purpose we shall use the following special case
of the Sobolev inequality.

Lemma 9.2.1 (Sobolev inequality) Let f ∈ H1([0, L]) such that
∫ L

0 f(x)dx = 0. Then

‖f‖L∞([0,L]) ≤ ‖f‖H1([0,L]), (9.2.6)

Proof. Suppose for simplicity that f is continuous (the general case can be proven by an
approximation argument which goes beyond the purposes of this course, see for instance the
PDE book by Evans). Then, the zero average condition implies there exists a point x0 ∈ [0, L]
such that f(x0) = 0. Let us use the fundamental theorem of integral calculus as follows: for
x ∈ [0, L] we have

f2(x) = f2(x0) +
∫ x

x0

d

dy
(f2(y))dy
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which implies

|f2(x)| = 2
∣∣∣∣∫ x

x0

f(y)f ′(y)dy
∣∣∣∣ ≤ 2

∫ L

0
|f(y)||f ′(y)|dy

≤
∫ L

0
f2(y)dy +

∫ L

0
(f ′)2(y)dy = ‖f‖2H1([0,L])

and the desired inequality (9.2.6) follows by taking the supx∈[0,L] on both sides of the above
inequality.

Then, we can use (9.2.6) plus the fact that H is increasing to get

H(‖v(t)‖L∞) ≤ H(‖vx‖H1)

and therefore

d

dt

∫ L

0
v2dx ≤ −2

[
D

C(L)
− g′(u∞)−H(‖v(t)‖H1)

] ∫ L

0
v2dx. (9.2.7)

Now, in order to ‘close’ such an estimate, we need to estimate the L2 norm of v as well. To
this aim, we write the equation satisfied by vx:

(vx)t = D(vx)xx + g(u∞ + v)x = D(vx)xx + g′(u∞ + v)vx = D(vx)xx + g′(u∞)vx + l(v)vx,

where we have used the Taylor expansion of g′ around u∞. Here l(v) is a continuous function
of v such that l(v) → 0 as v → 0. Let us compute, by using the same strategy as before for
the diffusion term, namely integration by parts and the boundary conditions,

d

dt

∫ L

0
v2
xdx = 2

∫ L

0
vxvxtdx = 2

∫ L

0
vx(D(vx)xx + g′(u∞)vx + l(v)vx)dx

= −2D
∫ L

0
v2
xxdx+ 2g′(u∞)

∫ L

0
v2
xdx+ 2

∫ L

0
l(v)v2

xdx

≤ −2D
∫ L

0
v2
xxdx+ 2

(
g′(u∞) + L(‖v‖L∞)

) ∫ L

0
v2
xdx,

where, as before, L is an increasing and continuous function such that L(0) = 0. We apply
once again the Poincaré inequality and the Sobolev inequality to get

d

dt

∫ L

0
v2
xdx ≤ −2

(
D

CD(L)
− g′(u∞)− L(‖v‖H1)

)∫ L

0
v2
xdx. (9.2.8)

We remark that, at this stage, we are using another version of the Poincaré inequality, namely
that with homogeneous Dirichlet boundary conditions instead of that with the zero average
condition. This justifies the use of the constant CD(L) which is, in principle, different from
CN (L). Let us now define

C(L) := max(CD(L), CN (L)).

We take the sum of (9.2.7) and (9.2.8) and we obtain

d

dt
‖v‖2H1 ≤ −2

(
D

C(L)
− g′(u∞)

)
‖v‖2H1 + α(‖v‖2H1)‖v‖2H1 , (9.2.9)
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where α is a continuous function such that α(0) = 0 obtained by combining M and N in
(9.2.7) and (9.2.8) respectively. It is now clear that we shall be able to achieve a satisfactory
sufficient condition for stability by requiring

g′(u∞) ∈ (−∞, D

C(L)
). (9.2.10)

Let us therefore assume (9.2.10) holds and let E = E(D,L, u∞) := D
C(L) − g

′(u∞). We have
then

d

dt
‖v‖2H1 ≤ −2E‖v‖2H1 + α(‖v‖2H1)‖v‖2H1 .

Now, by the comparison principle for ODE’s, we can estimate ‖v(t)‖2H1 from above with the
solution of the following ODE

Y ′ = −2EY + α(Y )Y, Y (0) = ‖v(0)‖2H1 .

Performing a qualitative study of the above ODE as in the first chapter of this notes, due
to the fact that α(0) = 0 we can easily see that there exists a fan A := {|Y | ≤ δ}, for some
δ > 0, such that the solutions in A all point towards the axis Y = 0, since they have a negative
derivative above the axis and a positive derivative below it. Therefore, if |Y (0)| ≤ δ, then
Y (t) → 0 as t → +∞ and by comparison principle as well ‖v(t)‖2H1 → 0 as t → +∞. By
using once again the Sobolev inequality, we obtain

‖v(t)‖L∞([0,L]) → 0 as t→ +∞,

which proves that the perturbation from the equilibrium state converges to zero provided we
have the following additional condition:

‖v(0)‖H1 small enough.

The above condition says that the L2 norm of the perturbation and the L2 norm of its space
derivative should be less than a small enough constant in order to get asymptotic stability.
Therefore, we see that even in the case of nonlinear reaction, due to linear diffusion, we
can improve the range of reaction terms which produce asymptotic stability of homogeneous
states. This fact is consistent with what we have seen before in the case of linear reaction,
and it constitutes another evidence of the fact that diffusion is a stabilizing process. Mathe-
matically speaking, one can say that the diffusion operator improves the spectral gap of the
reaction operator.

9.3 Travelling waves

There is a vast number of phenomena in biology in which a key element or precursor to a
developmental process seems to be the appearance of a travelling wave of chemical concen-
tration, mechanical deformation, electrical signal and so on. Looking at almost any film of a
developing embryo it is hard not to be struck by the number of wavelike events that appear
after fertilization. Mechanical waves are perhaps the most obvious. There are, for example,
both chemical and mechanical waves which propagate on the surface of many vertebrate eggs.
In the case of the egg of the fish Medaka a calcium (Ca++) wave sweeps over the surface; it
emanates from the point of sperm entry. Chemical concentration waves are visually dramatic
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examples. From the analysis on insect dispersal we can also expect wave phenomena in that
area, and in interacting population models where spatial effects are important. Another ex-
ample, related to interacting populations, is the progressing wave of an epidemic, of which
the rabies epizootic currently spreading across Europe is a dramatic and disturbing example.
The movement of microorganisms moving into a food source, chemotactically directed, is an-
other. The slime mould Dictyostelium discoideum is a particularly widely studied example of
chemotaxis; we discuss this phenomenon later.

The point to be emphasized is the widespread existence of wave phenomena in the biomed-
ical sciences which necessitates a study of traveling waves in depth and of the modeling and
analysis involved. This section (and another section in the next chapter) deal with various
aspects of wave behavior where diffusion plays a crucial role.

We must first decide what we mean by a traveling wave. Customarily a traveling wave is
taken to be a wave which travels without change of shape, and this will be our understanding
here. So, if a solution u(x, t) represents a traveling wave, the shape of the solution will be the
same for all time and the speed of propagation of this shape is a constant, which we denote
by c. If we look at this wave in a traveling frame moving at speed c it will appear stationary.
A mathematical way of saying this is that if the solution u can be represented as

u(x, t) = u(x− ct) = u(z), z = x− ct, (9.3.1)

then u(x, t) is a traveling wave, and it moves at constant speed c in the positive x–direction.
Clearly if x− ct is constant, so is u. It also means the coordinate system moves with speed c.
A wave which moves in the negative x–direction is of the form u(x+ ct) with positive c. The
wavespeed c generally has to be determined. The dependent variable z is sometimes called
the wave variable. When we look for traveling wave solutions of an equation or system of
equations in x and t in the form (9.3.1), we have

∂u

∂t
= −cdu

dz
∂u

∂x
=
du

dz
,

So partial differential equations in x and t become ordinary differential equations in z. To be
physically realistic u(z) has to be bounded for all z and nonnegative with the quantities with
which we are concerned, such as chemicals, populations, bacteria and cells.

Let us first point out that without reaction there can be no traveling waves. To see this,
consider a solution of the form (9.3.1) to the equation

ut = Duxx.

Then we have

D
d2u

dz2
+ c

du

dz
= 0

which implies
u(x, t) = A+Be−

c
D

(x−ct)

for two constants A and B. Since u has to be bounded for all x and t, B must be zero since
the exponential becomes unbounded as x − ct → −∞. u(z) = A, a constant, is not a wave
solution. In marked contrast the parabolic reaction diffusion equation

ut = Duxx + f(u) (9.3.2)
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can exhibit traveling wave solutions, depending on the form of the reaction/interaction term
f(u). This solution behavior was a major factor in starting the whole mathematical field of
reaction diffusion theory.

9.4 An example of travelling wave: the Fisher–Kolmogoroff
equation

The classic simplest case of a nonlinear reaction diffusion equation (9.3.2) is

∂n

∂t
= kn

(
1− n

K

)
+D

∂2u

∂x2
, (9.4.1)

where k, D and K are positive parameters. It was suggested by Fisher (1937) as a determin-
istic version of a stochastic model for the spatial spread of a favored gene in a population.
It is also the natural extension of the logistic growth population model discussed when the
population disperses via linear diffusion. In this sense, k represent the classical linear growth
rate and K the carrying capacity.

As a first step we can consider a first dimensionless form of (9.4.1)

∂u

∂t
= ku(1− u) +D

∂2u

∂x2
, (9.4.2)

simply obtained by putting u = n/K.
This equation and its traveling wave solutions have been widely studied, as has been the

more general form with an appropriate class of functions f(u) replacing ku(1−u). We discuss
this model equation in some detail, not because in itself it has such wide applicability but
because it is the prototype equation which admits traveling wavefront solutions. It is also
a convenient equation from which to develop many of the standard techniques for analyzing
single species models with diffusive dispersal.

Although (9.4.2) is now referred to as the Fisher–Kolmogoroff equation, the discovery,
investigation and analysis of traveling waves in chemical reactions was first reported by Luther
(1906).

It is convenient at the outset to rescale (9.4.2) by writing

t∗ = kt, x∗ = x

(
k

D

)1/2

(9.4.3)

and, omitting the asterisks for notational simplicity, (9.4.2) becomes

∂u

∂t
= u(1− u) +

∂2u

∂x2
. (9.4.4)

In the spatially homogeneous situation the steady states are u = 0 and u = 1, which are
respectively unstable and stable. This suggests that we should look for traveling wavefront
solutions to (9.4.4) for which 0 ≤ u ≤ 1; negative u has no physical meaning with what we
have in mind for such models.

If a traveling wave solution exists it can be written in the form (9.3.1), say

u(x, t) = U(z), z = x− ct, (9.4.5)

108



where c is the wavespeed. We use U(z) rather than u(z) to avoid any nomenclature confusion.
Since (9.4.4) is invariant if x→ −x, c may be negative or positive. To be specific we assume
c ≥ 0. Substituting this travelling waveform into (9.4.4), U(z) satisfies

U ′′ + cU ′ + U(1− U) = 0, (9.4.6)

where primes denote differentiation with respect to z. A typical wavefront solution is where
U at one end, say, as z → −∞, is at one steady state and as z → +∞ is at the other. So here
we have an eigenvalue problem to determine the value, or values, of c such that a nonnegative
solution U of (9.4.6) exists which satisfies

lim
z→−∞

U(z) = 0, lim
z→+∞

U(z) = 1. (9.4.7)

At this stage we do not address the problem of how such a traveling wave solution might
evolve from the partial differential equation (9.4.4) with given initial conditions u(x, 0); this
point is quite interesting, but it will not covered here (see the book by J.D. Murray).

We study (9.4.6) for U in the (U, V ) phase plane where

U ′ = V, V ′ = −cV − U(1− U), (9.4.8)

which gives the phase plane trajectories as solutions of

dV

dU
=
−cV − U(1− U)

V
. (9.4.9)

This has two singular points for (U, V ), namely, (0, 0) and (1, 0): these are the steady states
of course. A linear stability analysis shows that the eigenvalues λ for the singular points are

(0, 0) : λ± =
1
2

[
−c± (c2 − 4)1/2

]
⇒

{
stable node if c2 > 4
stable spiral if c2 < 4

(1, 0) : λ± =
1
2

[
−c± (c2 + 4)1/2

]
⇒ saddle point. (9.4.10)

Figure 9.1 (a) illustrates the phase plane trajectories. If c ≥ cmin = 2 we see from (9.4.10)
that the origin is a stable node, the case when c = cmin giving a degenerate node. If c2 < 4 it
is a stable spiral; that is, in the vicinity of the origin U oscillates. By continuity arguments,
or simply by heuristic reasoning from the phase plane sketch of the trajectories in Figure 9.1
(a), there is a trajectory from (1, 0) to (0, 0) lying entirely in the quadrant U ≥ 0, U ′ ≤ 0 with
0 ≤ U ≤ 1 for all wavespeeds c ≥ cmin = 2. In terms of the original dimensional equation
(9.4.2), the range of wavespeeds satisfies

c ≥ cmin = 2(kD)1/2. (9.4.11)

Figure 9.1 (b) is a sketch of a typical travelling wave solution. There are travelling wave
solutions for c < 2 but they are physically unrealistic since U < 0, for some z, because in
this case U spirals around the origin. In these, U → 0 at the leading edge with decreasing
oscillations about U = 0.
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Figure 9.1: (a) Phase plane trajectories for equation (9.4.6) for the traveling wavefront so-
lution: here c2 > 4. (b) Traveling wavefront solution for the Fisher–Kolmogoroff equation
(9.4.4): the wave velocity c ≥ 2.
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Chapter 10

Reaction–diffusion systems

When more than one species interact via reaction mechanisms such as predator–prey, mu-
tualism, competition, reaction kinetics etc. and they all diffuse with different (in general)
diffusivity constants, we are in a situation to be modeled via a reaction–diffusion system.

We start by providing a linear algebraic framework for a general reaction diffusion system,
we suppose here that the number of species is N and that the dimension of the space is d.
In the sequel we shall often deal with the case N = 2 and d = 1. Let U = (u1, . . . , uN ) the
vector such that uj denotes the concentration of the j–th species. Suppose that each species
diffuses with a diffusivity constant dj(x) (in general the diffusivity can be space dependent).
Denote by rj(u1, . . . , uN ) the sum of all the reaction terms which contribute to change the
total concentration of the j–species uj . Let us set R(U) = (r1, . . . , rN ). Then, we can state
the general model with the above ingredients as follows, in a compact vector form:

∂U

∂t
= div(D(x)∇U) +R(U), (10.0.1)

where D(x) := diag(d1(x), . . . , dN (x)) is a diagonal matrix and dj(x) is the diffusivity corre-
sponding to the j–th species. Here the divergence operator acts row–wise, which means that
the divergence of the matrix D is the vector having the divergence of the j–th row of D as
j–th component. Moreover, ∇U is the Jacobian matrix of the vector field U : Rd → RN . The
reader can convince him(her)self very easily that the vector equation (10.0.1) is well posed
from the point of view of the matrix product.

10.1 Multi species waves in Predator-Prey Systems

In the previous chapter we saw that if we allowed spatial dispersal in the single reactant
or species, traveling wavefront solutions were possible. Such solutions effected a smooth
transition between two steady states of the space independent system. For example, in the
case of the Fisher-Kolmogoroff equation (9.4.2), wavefront solutions joined the steady state
u = 0 to the one at u = 1 as shown in the evolution to a propagating wave in Figure 9.1. In
this section we shall consider one example of a system where several speciescells, reactants,
populations, bacteria and so onare involved, featuring traveling wavefront solutions, namely
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a diffusive predator–prey system. The model is given by

∂U

∂t
= AU

(
1− U

K

)
−BUV +D1∆U,

∂V

∂t
= CUV −DV +D2∆V, (10.1.1)

where U is the prey, V is the predator, A, B, C, D and K, the prey carrying capacity, are
positive constants and D1 and D2 are the diffusion coefficients. We non–dimensionalize the
system by setting

u =
U

K
, v =

BV

A
, t∗ = AT, x∗ = x

(
A

D2

)1/2

,

D∗ =
D1

D2
, a =

CK

A
, b =

D

CK
.

We consider only the one–dimensional problem, so (10.1.1) become, on dropping the asterisks
for notational simplicity,

∂u

∂t
= u(1− u− v) +D

∂2u

∂x2

∂v

∂t
= av(u− b) +

∂2v

∂x2
, (10.1.2)

and, of course, we are only interested in non–negative solutions.
The analysis of the spatially independent system is a direct application of the procedure

in the previous chapters; it is simply a phase plane analysis. There are three steady states (i)
(0, 0); (ii) (1, 0), that is, no predator and the prey at its carrying capacity; and (iii) (b, 1− b),
that is, coexistence of both species if b < 1, which henceforth we assume to be the case. It is
left as a revision exercise to show that (without diffusion) both (0, 0) and (1, 0) are unstable
and (b, 1− b) is a stable node if 4a > b/(1− b), and a stable spiral if 4a < b/(1− b). In fact in
the positive (u, v) quadrant it is a globally stable steady state since (10.1.2), with ∂/∂x = 0,
has a Lyapunov function given by

L(u, v) = a
[
u− b− b log

(u
b

)]
+
[
v − 1 + b− (1− b) log

(
v

1− b

)]
.

That is, L(b, 1 − b) = 0, L(u, v) is positive for all other (u, v) in the positive quadrant and
dL/dt < 0. Recall that in the simplest Lotka–Volterra system, namely, (10.1.1) without the
prey saturation term, the nonzero coexistence steady state was only neutrally stable and so
was of no use practically. The modified system (10.1.1) is more realistic.

Let us now look for constant shape traveling wavefront solutions of (10.1.2) by setting

u(x, t) = U(z), v(x, t) = V (z), z = x+ ct, (10.1.3)

in the usual way where c is the positive wavespeed which has to be determined. If solutions
of the type (10.1.3) exist they represent traveling waves moving to the left in the x–plane.
Substitution of these forms into (10.1.2) gives the ordinary differential equation system

cU ′ = U(1− U − V ) +DU ′′

cV ′ = aV (U − b) + V ′′, (10.1.4)

112



where the prime denotes differentiation with respect to z.
The analysis of (10.1.4) involves the study of a four–dimensional phase space. Here we

consider a simpler case, namely, that in which the diffusion, D1, of the prey is very much
smaller than that of the predator, namely D2, and so to a first approximation we take D =
(D1/D2) = 0. This would be the equivalent of thinking of a plankton–herbivore system in
which only the herbivores were capable of moving. We might reasonably expect the qualitative
behavior of the solutions of the system with D 6= 0 to be more or less similar to those with
D = 0 and this is indeed the case. With D = 0 in (10.1.4) we write the system as a set of
first–order ordinary equations, namely,

U ′ =
U(1− U − V )

c
, V ′ = W, W ′ = cW − aV (U − b). (10.1.5)

In the (U, V,W ) phase space there are two unstable steady states (0, 0, 0) and (1, 0, 0), and
one stable one (b, 1 − b, 0); we are, as noted above, only interested in the case b < 1. From
the experience gained from the analysis of Fisher–Kolmogoroff equation, there is thus the
possibility of a traveling wave solution from (1, 0, 0) to (b, 1− b, 0) and from (0, 0, 0) to (b, 1−
b, 0). So we should look for solutions (U(z), V (z)) of (10.1.5) with the boundary conditions

U(−∞) = 1, V (−∞) = 0, U(+∞) = b, V (+∞) = 1− b (10.1.6)

and
U(−∞) = 0, V (−∞) = 0, U(+∞) = b, V (+∞) = 1− b. (10.1.7)

We consider here only the boundary value problem (10.1.5) with (10.1.6). First linearize the
system about the singular point (1, 0, 0), that is, the steady state u = 1, v = 0, and determine
the eigenvalues λ in the usual way. They are given by the roots of∣∣∣∣∣∣

−λ− 1
c −1

c 0
0 −λ 1
0 −a(1− b) c− λ

∣∣∣∣∣∣ = 0,

namely,

λ1 = −1
c
, λ2, λ3 =

1
2

{
c± [c2 − 4a(1− b)]1/2

}
. (10.1.8)

Thus there is an unstable manifold defined by the eigenvectors associated with the eigenvalues
λ2 and λ3 which are positive for all c > 0. Further, (1, 0, 0) is unstable in an oscillatory
manner if c2 < 4a(1 − b). So, the only possibility for a traveling wavefront solution to exist
with non–negative U and V is if

c ≥ [4a(1− b)]1/2, b < 1. (10.1.9)

With c satisfying this condition, a realistic solution, with a lower bound on the wave
speed, may exist which tends to u = 1 and v = 0 as z → −∞. This is reminiscent of the
traveling wavefront solutions described in the previous chapter. The solutions here, however,
can be qualitatively different, as we see by considering the approach of (U, V ) to the steady
state (b, 1− b). Linearizing (10.1.5) about the singular point (b, 1− b, 0) the eigenvalues λ are
given by ∣∣∣∣∣∣

−λ− b
c − b

c 0
0 −λ 1

−a(1− b) 0 c− λ

∣∣∣∣∣∣ = 0
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and so are the roots of the cubic characteristic polynomial

p(λ) = λ3 − λ2

(
c− b

c

)
− λb− ab(1− b)

c
= 0. (10.1.10)

To see how the solutions of this polynomial behave as the parameters vary we consider the
plot of p(λ) for real λ and see where it crosses p(λ) = 0. Differentiating p(λ), the local
maximum and minimum are at

λM , λm =
1
3

(c− b

c

)
±

[(
c− b

c

)2

+ 3b

]1/2


and are independent of a. For a = 0 the roots of (10.1.10) are

λ = 0, λ1, λ2 =
1
2

(c− b

c

)
±

[(
c− b

c

)2

+ 4b

]1/2


as illustrated in Figure 10.1. We can now see how the roots vary with a. From (10.1.10), as a
increases from zero the effect is simply to subtract ab(1−b)/c everywhere from the p(λ; a = 0)
curve. Since the local extrema are independent of a, we then have the situation illustrated in
the figure. For 0 < a < a∗ there are 2 negative roots and one positive one. For a = a∗ the
negative roots are equal while for a > a∗ the negative roots become complex with negative
real parts. This latter result is certainly the case for a just greater than a∗ by continuity
arguments. The determination of a∗ can be carried out analytically.

The existence of a critical a∗ means that, for a > a∗, the wavefront solutions (U, V ) of
(10.1.5) with boundary conditions (10.1.6) approach the steady state (b, 1−b) in an oscillatory
manner while for a < a∗ they are monotonic. Figure 10.2 illustrates the two types of solution
behavior.

The full predator–prey system (10.1.2), in which both the predator and prey diffuse, also
gives rise to traveling wavefront solutions which can display oscillatory behavior. The proof
of existence of these waves involves a careful analysis of the phase plane system to show that
there is a trajectory, lying in the positive quadrant, which joins the relevant singular points.
We omit the details.

10.2 Turing instability and spatial patterns

Turing (1952) suggested that, under certain conditions, chemicals can react and diffuse in such
a way as to produce steady state heterogeneous spatial patterns of chemical or morphogen
concentration. This section is mainly concerned with models for two chemical species, A(x, t)
and B(x, t) say. The equation system is then of the form

∂A

∂t
= F (A,B) +DA∆A,

∂B

∂t
= G(A,B) +DB∆A, (10.2.1)

where F and G are the kinetics, which will always be nonlinear.
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Figure 10.1: The characteristic polynomial p(λ) from (10.1.10) as a function of λ as a varies.
There is a critical value a∗ such that for a > a∗ there is only one real positive root and two
complex ones with negative real parts.
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Figure 10.2: Typical examples of the two types of waves of pursuit given by wavefront solutions
of the predator (v)–prey (u) system (10.1.2) with negligible dispersal of the prey. The waves
move to the left with speed c. (a) Oscillatory approach to the steady state (b, 1 − b), when
a > a∗. (b) Monotonic approach of (u, v) to (b, 1− b) when a ≤ a∗.
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Turing’s (1952) idea is a simple but profound one. He said that, if in the absence of
diffusion (effectively DA = DB = 0), A and B tend to a linearly stable uniform steady state
then, under certain conditions, which we shall derive, spatially inhomogeneous patterns can
evolve by diffusion driven instability if DA 6= DB. Diffusion is usually considered a stabilizing
process which is why this was such a novel concept. To see intuitively how diffusion can be
destabilizing consider the following, albeit unrealistic, but informative analogy.

Consider a field of dry grass in which there is a large number of grasshoppers which can
generate a lot of moisture by sweating if they get warm. Now suppose the grass is set alight
at some point and a flame front starts to propagate. We can think of the grasshopper as an
inhibitor and the fire as an activator. If there were no moisture to quench the flames the
fire would simply spread over the whole field which would result in a uniform charred area.
Suppose, however, that when the grasshoppers get warm enough they can generate enough
moisture to dampen the grass so that when the flames reach such a pre-moistened area the
grass will not burn. The scenario for spatial pattern is then as follows. The fire starts to
spread - it is one of the ‘reactants’, the activator, with a ‘diffusion’ coefficient DF say. When
the grasshoppers, the inhibitor ‘reactant’, ahead of the flame front feel it coming they move
quickly well ahead of it; that is, they have a ‘diffusion’ coefficient, DG say, which is much
larger than DF . The grasshoppers then sweat profusely and generate enough moisture to
prevent the fire spreading into the moistened area. In this way the charred area is restricted
to a finite domain which depends on the ‘diffusion’ coefficients of the reactants - fire and
grasshoppers - and various ‘reaction’ parameters. If, instead of a single initial fire, there were
a random scattering of them we can see how this process would result in a final spatially
heterogeneous steady state distribution of charred and uncharred regions in the field and a
spatial distribution of grasshoppers, since around each fire the above scenario would take
place. If the grasshoppers and flame front ‘diffused’ at the same speed no such spatial pattern
could evolve. It is clear how to construct other analogies.

In the following section we describe the process in terms of reacting and diffusing mor-
phogens and derive the necessary conditions on the reaction kinetics and diffusion coefficients.

As a simple reference example we can use the following Schnakenberg’s (1979) reaction:
with reference to the system form (10.2.1), it has kinetics

F (A,B) = k1 − k2A+ k3A
2B,

G(A,B) = k4 − k3A
2B, (10.2.2)

where the k’s are the positive rate constants. Here A is created autocatalytically by the
k3A

2B term in F (A,B). This is one of the prototype reaction–diffusion systems.
Before commenting on the types of reaction kinetics capable of generating pattern we

must nondimensionalise the systems given by (10.2.1) with reaction kinetics from (10.2.2).
Introduce L as a typical length scale and set

u = A

(
k3

k2

)1/2

, v = B

(
k3

k2

)1/2

, t∗ =
DAt

L2
, x∗ =

x

L
,

d =
DB

DB
, a =

k1

k2

(
k3

k2

)1/2

, b =
k4

k2

(
k3

k2

)1/2

, γ =
L2k2

DA
. (10.2.3)

The dimensionless reaction diffusion system becomes, on dropping the asterisks for algebraic
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convenience,

ut = γ(a− u+ u2v) + ∆u = γf(u, v) + ∆u

vt = γ(b− u2v) + d∆v = γg(u, v) + d∆v, (10.2.4)

where f and g are defined by these equations. We could incorporate γ into new length and
timescales by setting γ1/2x and γt for x and t respectively. This is equivalent to defining the
length scale L such that γ = 1; that is, L = (DA/k2)1/2. We retain the specific form (10.2.4)
for reasons which become clear shortly as well as for the analysis in the applications.

Here d is the ratio of diffusion coefficients and γ can have any of the following interpreta-
tions.

1. γ1/2 is proportional to the linear size of the spatial domain in one dimension. In two
dimensions γ is proportional to the area.

2. γ represents the relative strength of the reaction terms. This means, for example, that
an increase in γ may represent an increase in activity of some rate–limiting step in the
reaction sequence.

3. An increase in γ can also be thought of as equivalent to a decrease in the diffusion
coefficient ratio d.

Particular advantages of this general form are: (a) the dimensionless parameters γ and d
admit a wider biological interpretation than do the dimensional parameters and (b) when we
consider the domains in parameter space where particular spatial patterns appear, the results
can be conveniently displayed in (γ, d) space.

Whether or not the systems (10.2.1) are capable of generating Turing–type spatial patterns
crucially depends on the reaction kinetics f and g, and the values of γ and d. The detailed
form of the null clines provides essential initial information. Figure 10.3 illustrates typical
null clines for f and g defined by (10.2.4).

A reaction diffusion system exhibits diffusion–driven instability, sometimes called Turing
instability, if the homogeneous steady state is stable to small perturbations in the absence of
diffusion but unstable to small spatial perturbations when diffusion is present. The concept
of instability in biology is often in the context of ecology, where a uniform steady state
becomes unstable to small perturbations and the populations typically exhibit some temporal
oscillatory behavior. The instability we are concerned with here is of a quite different kind.
The main process driving the spatially inhomogeneous instability is diffusion: the mechanism
determines the spatial pattern that evolves. How the pattern or mode is selected is an
important aspect of the analysis, a topic we do not have time to develop here.

We derive here the necessary and sufficient conditions for diffusion–driven instability of
the steady state and the initiation of spatial pattern for the system (10.2.4) in its general form
(f and g general). To formulate the problem mathematically we require boundary and initial
conditions. These we take to be zero flux boundary conditions and given initial conditions.
The mathematical problem is then defined by

ut = γf(u, v) + ∆u, vt = γg(u, v) + d∆v,

∂

∂ν

(
u
v

)
= 0, if x ∈ ∂B, u(x, 0), v(x, 0) given, (10.2.5)

118



Figure 10.3: Null clines f(u, v) = 0, g(u, v) = 0: the dimensionless Schnakenberg (1979)
kinetics (10.2.4) with a = 0.2 and b = 2.0 with the dashed curve, where a = -0.2 and which
is typical of the situation when a < 0.
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where ∂B is the closed boundary of the reaction diffusion domain B and ν is the unit outward
normal to ∂B. There are several reasons for choosing zero flux boundary conditions. The
major one is that we are interested in self–organisation of pattern; zero flux conditions imply
no external input. If we imposed fixed boundary conditions on u and v the spatial patterning
could be a direct consequence of the boundary conditions.

The relevant homogeneous steady state (u0, v0) of (10.2.5) is the positive solution of

f(u, v) = 0, g(u, v) = 0. (10.2.6)

Since we are concerned with diffusion–driven instability we are interested in linear instabil-
ity of this steady state that is solely spatially dependent. So, in the absence of any spatial
variation the homogeneous steady state must be linearly stable: we first determine the con-
ditions for this to hold. These were derived in part 1, but as a reminder and for notational
completeness we briefly re–derive them here.

With no spatial variation u and v satisfy

ut = γf(u, v), vt = γg(u, v). (10.2.7)

Linearizing about the steady state (u0, v0) as usual, we set

w =
(
u− u0

v − v0

)
and (10.2.7) becomes in vector form, for |w| small,

wt = γAw, A =
(
fu fv
gu gv

)
u0,v0

, (10.2.8)

where A is the community matrix. From now on we take the partial derivatives of f and g
to be evaluated at the steady state unless stated otherwise. We now look for solutions in the
form

w ∝ eλt (10.2.9)

where λ is the eigenvalue. The steady state w = 0 is linearly stable if Reλ < 0 since in this
case the perturbation w → 0 as t → +∞. Substitution of (10.2.9) into (10.2.8) determines
the eigenvalues λ as the solutions of

|γA− λI| =
∣∣∣∣γfu − λ γfv
γgu γgv − λ

∣∣∣∣ = 0

⇒ λ2 − γ(fu + gv)λ+ γ2(fugv − fvgu) = 0, (10.2.10)

so,
λ1, λ2 =

γ

2

[
(fu + gv)±

[
(fu + gv)2 − 4(fugv − fvgu)

]1/2]
. (10.2.11)

Linear stability, that is, Reλ < 0, is guaranteed if

trA = fu + gv < 0, |A| = fugv − fvgu > 0. (10.2.12)

Since (u0, v0) are functions of the parameters of the kinetics, these inequalities thus impose
certain constraints on the parameters. Note that in Figure 10.3 in the neighborhood of the
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steady state, fu > 0, gv < 0, and fv > 0, gu < 0. So trA and |A| could be positive or negative:
here we are only concerned with the conditions and parameter ranges which satisfy (10.2.12).

Now consider the full reaction diffusion system (10.2.5) and again linearize about the
steady state, which with (??) is w = 0, to get

wt = γAw +D∆w, D =
(

1 0
0 D

)
. (10.2.13)

To solve this system of equations subject to the boundary conditions (10.2.5) we first define
W (x) to be the time–independent solution of the spatial eigenvalue problem defined by

∆W + k2W = 0,
∂

∂ν
W = 0 on ∂B, (10.2.14)

where k2 is the eigenvalue. For example, if the domain is one–dimensional, say, 0 ≤ x ≤ a,
W ∝ cos(nπx/a) where n is an integer; this satisfies zero flux conditions at x = 0 and x = a.
The eigenvalue in this case is k = nπ/a. So, 1/k = a/nπ is a measure of the wavelike
pattern: the eigenvalue k is called the wavenumber and 1/k is proportional to the wavelength
ω; ω = 2π/k = 2a/n in this example. From now on we shall refer to k in this context as the
wavenumber. With finite domains there is a discrete set of possible wavenumbers since n is
an integer.

Let Wk(x) be the eigenfunction corresponding to the wavenumber k. Each eigenfunction
Wk satisfies zero flux boundary conditions. Because the problem is linear we now look for
solutions w(x, t) of (10.2.13) in the form

w(x, t) =
∑
k

cke
λtWk(x), (10.2.15)

where the constants ck are determined by a Fourier expansion of the initial conditions in
terms of Wk(x). λ is the eigenvalue which determines temporal growth. Substituting this
form into (10.2.13) with (10.2.14) and canceling eλt , we get, for each k,

λWk = γAWk +D∆Wk = γAWk −Dk2Wk.

We require nontrivial solutions forWk so the λ are determined by the roots of the characteristic
polynomial

|λI− γA+Dk2| = 0.

Evaluating the determinant with A and D from (10.2.8) and (10.2.13) we get the eigenvalues
λ(k) as functions of the wavenumber k as the roots of

λ2 + λ[k2(1 + d)− γ(fu + gv)] + h(k2) = 0,

h(k2) = dk4 − γ(dfu + gv)k2 + γ2|A|. (10.2.16)

The steady state (u0, v0) is linearly stable if both solutions of (10.2.16) have Reλ < 0.
We have already imposed the constraints that the steady state is stable in the absence of any
spatial effects; that is, Reλ(k2 = 0) < 0. The quadratic (10.2.16) in this case is (10.2.10) and
the requirement that Reλ < 0 gave conditions (10.2.12). For the steady state to be unstable
to spatial disturbances we require Reλ(k) > 0 for some k 6= 0. This can happen if either the
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coefficient of λ in (10.2.16) is negative, or if h(k2) < 0 for some k 6= 0. Since (fu + gv) < 0
from conditions (10.2.12) and k2(1 + d) > 0 for all k 6= 0 the coefficient of λ, namely,

[k2(1 + d)− γ(fu + gv)] > 0,

so the only way Reλ(k2) can be positive is if h(k2) < 0 for some k. This is immediately clear
from the solutions of (10.2.16), namely,

2λ = −[k2(1 + d)− γ(fu + gv)]± {[k2(1 + d)− γ(fu + gv)]2 − 4h(k2)}1/2.

Since we required the determinant |A| > 0 from (10.2.12) the only possibility for h(k2) in
(10.2.16) to be negative is if (dfu + gv) > 0. Since (fu + gv) < 0 from (10.2.12) this implies
that d 6= 1 and fu and gv must have opposite signs. So, a further requirement to those in
(10.2.12) is

dfu + gv > 0 ⇒ d 6= 1. (10.2.17)

With the reaction kinetics giving the null clines in Figure 10.3 we noted that fu > 0 and
gv < 0, so the first condition in (10.2.12) and the last inequality (10.2.17) require that the
diffusion coefficient ratio d > 1.

The inequality (10.2.17) is necessary but not sufficient for Reλ > 0. For h(k2) to be
negative for some nonzero k, the minimum hmin must be negative. From (10.2.16), elementary
differentiation with respect to k2 shows that

hmin = γ2

[
|A| − (dfu + gv)2

4d

]
, k2 = k2

m = γ
dfu + gv

2d
. (10.2.18)

Thus the condition that h(k2) < 0 for some k2 6= 0 is

(dfu + gv)2

4d
> |A|. (10.2.19)

10.3 A sufficient condition for stability

We now develop an algebraic necessary condition for linear reaction–diffusion systems with
stable reaction ensuring stability even when the relative diffusivity is not 1. Actually, this
condition applies to the more general case of N species. Let us consider then

∂U

∂t
= div(D∇U) +AU, (10.3.1)

where D and A are matrices, D = diag(d1, . . . , dN ), dj > 0 for all j = 1, . . . , N and A is a
matrix with constant coefficients and with negative eigenvalues, to ensure stability in absence
of diffusion. Here we assume for simplicity that U ≡ 0 is the only stationary state of (10.3.1).

We prove that in case the reaction matrix A is symmetric and negative definite, then zero
is an asymptotically stable (in an ‘energy’ sense) stationary state for system (10.3.1). As
usual we assume that the problem is posed on a bounded domain B ⊂ Rd with zero flux
boundary conditions. Let us evaluate

d

dt

∫
B
|U(x, t)|2dx = 2

∫
B
Ut · Udx = 2

∫
B
U · [div(D∇U) +AU ] dx

= −2
∫
B
∇U : D∇Udx+ 2

∫
B
UTAUdx,

122



where the ‘two dotted’ product between matrices is defined as

A : B := tr(AB)

and where we have used integration by parts as usual. Actually the above can be re-written
as

d

dt

∫
B
|U(x, t)|2dx = −2

N∑
j=1

∫
B
dj |∇uj(x, t)|2dx+ 2

∫
B
UTAUdx

and then the crucial assumption of A symmetric and negative definite ensures that the
quadratic form UTAU has a negative sign for all U ∈ RN . Moreover, there exists a con-
stant c > 0 (given by the minimum absolute value of the eigenvalues of A) such that

d

dt

∫
B
|U(x, t)|2dx ≤ −2

N∑
j=1

∫
B
dj |∇uj(x, t)|2dx− c

∫
B
|U(x, t)|2dx

and, since the diffusion part gives a term with nonnegative sign, we have

d

dt

∫
B
|U(x, t)|2dx ≤ −c

∫
B
|U(x, t)|2dx

and therefore
∫
B |U(x, t)|2dx decays exponentially fast to zero as usual.
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Chapter 11

Chemotaxis

A large number of insects and animals (including humans) rely on an acute sense of smell
for conveying information between members of the species. Chemicals which are involved in
this process are called pheromones. For example, the female silk moth Bombyx mori exudes
a pheromone, called bombykol, as a sex attractant for the male, which has a remarkably
efficient antenna filter to measure the bombykol concentration, and it moves in the direction
of increasing concentration.

The acute sense of smell of many deep sea fish is particularly important for communication
and predation. Other than for territorial demarcation one of the simplest and important
exploitations of pheromone release is the directed movement it can generate in a population.
Here we model this chemically directed movement, which is called chemotaxis, which, unlike
diffusion, directs the motion up a concentration gradient.

It is not only in animal and insect ecology that chemotaxis is important. It can be
equally crucial in biological processes where there are numerous examples. For example,
when a bacterial infection invades the body it may be attacked by movement of cells towards
the source as a result of chemotaxis. Convincing evidence suggests that leukocyte cells in
the blood move towards a region of bacterial inflammation, to counter it, by moving up a
chemical gradient caused by the infection.

A widely studied chemotactic phenomenon is that exhibited by the slime mould Dic-
tyostelium discoideum where single–cell amoebae move towards regions of relatively high con-
centrations of a chemical called cyclic-AMP which is produced by the amoebae themselves.
The kinetics involved have been modeled by several authors. As more was found out about
the biological system the models necessarily changed.

Most mathematical models for spatial patterning in Dictyostelium discoideum are based on
continuum models for the chemoattractants and the cells. Let us suppose that the presence
of a gradient in an attractant, a(x, t), gives rise to a movement, of the cells say, up the
gradient. The flux of cells will increase with the number of cells, n(x, t), present. Thus we
may reasonably take as the chemotactic flux

J = nχ(a)∇a (11.0.1)

where χ(a) is a function of the attractant concentration. In the general conservation equation
for n(x, t), namely,

∂n

∂t
+ divJ = f(n)
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where f(n) represents the growth term for the cells, the flux

J = Jdiffusion + Jchemotaxis,

where the diffusion contribution is given by Fick’s law Jdiffusion = −D∇n with the chemotaxis
flux from (11.0.1).

Thus a basic reaction–diffusion–chemotaxis equation is

∂n

∂t
= f(n) +D∆n− div(nχ(a)∇a) (11.0.2)

where D is the diffusion coefficient of the cells.
Since the attractant a(x, t) is a chemical it also diffuses and is produced, by the amoebae,

for example, so we need a further equation for a(x, t). Typically

∂a

∂t
= g(a, n) + divDa∇a, (11.0.3)

where Da is the diffusion coefficient of a and g(a, n) is the kinetics/source term, which may
depend on n and a. Normally we would expect Da > D. If several species or cell types
all respond to the attractant the governing equation for the species vector is an obvious
generalization of (11.0.2) to a vector form with χ(a) probably different for each species.

In the seminal model of Keller and Segel (1971) for slime mould, g(a, n) = hn − ka,
where h, k are positive constants. Here hn represents the spontaneous production of the
attractant and is proportional to the number of amoebae n, while −ka represents decay of
attractant activity; that is, there is an exponential decay if the attractant is not produced by
the cells. One simple version of the model has f(n) = 0; that is, the amoebae production rate
is negligible. This is the case during the pattern formation phase in the mould’s life cycle.
The chemotactic term χ(a) is taken to be a positive constant χ0. The form of this term has
to be determined from experiment. With constant diffusion coefficients, together with the
above linear form for g(a, n), the model becomes the nonlinear system

∂n

∂t
= D∆n− χdiv (n∇a) ,

∂a

∂t
= Da∆a+ hn− ka. (11.0.4)

There we consider n to be a bacterial population and a the food which it consumes.
Before leaving this introduction, note the difference in sign in (11.0.2) and (11.0.4) in the

diffusion and chemotaxis terms. More precisely, expanding the equation for n gives

∂n

∂t
= D∆n− χn∆a− χ∇n · ∇c.

Here, both n and c have a Laplacian contribution but with different sign. This suggests that
whereas diffusion is generally a stabilizing force, chemotaxis is generally destabilizing, like a
kind of negative diffusion. At this stage, therefore, it is reasonable to suppose that the balance
between stabilizing and destabilizing forces in the model system (11.0.4) could result in some
steady state spatial patterns in n and a, or in some unsteady wavelike spatially heterogeneous
structure. That is, nonuniform spatial patterns in the cell density appear. On the other hand
if the chemotactic effect is sufficiently strong there could be a possibility of solution blow-up.
This in fact can happen in certain cases, as we shall see below.
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11.1 Diffusion vs. Chemotaxis: stability vs. instability

Let us consider system (11.0.4) in one space dimension on the whole R, namely{
nt = Dnxx − χ (nax)x
at = Daaxx + hn− ka.

(11.1.1)

We want to analyze the linear stability of constant steady states. The procedure will be
similar to that used for Turing instability. Since we are on the whole space, we can make such
procedure simpler by employing the Fourier’s transform

f̂(ξ, t) =
∫

R
e−2πixξf(x, t)dx.

Let (n∞, a∞) be a constant steady state. The second equation in (11.1.1) yields

hn∞ − ka∞ = 0,

and therefore the steady state is of the form

(n∞, a∞) =
(
n∞,

hn∞

k

)
,

and the value n∞ is arbitrary. Let us linearize system (11.1.1) around (n∞, a∞), namely let
n = n∞ + u, a = a∞ + v. We easily obtain the following system as first order approximation{

ut = Duxx − χn∞vxx
vt = Davxx + hu− kv.

(11.1.2)

Let us first point out that, in case D = Da = χ = 0, i. e. no diffusion and no chemotaxis
(chemotaxis can be seen as a cross-diffusion), the system becomes{

ut = 0
vt = hu− kv,

which can be solved explicitly to give the solution

u(t) ≡ u0, v(t) = v0e
−kt +

hu0

k
(1− e−kt)

which clearly proves that the steady state is stable (neutrally, not asymptotically) without
diffusion (Exercise!).

Let us now apply the Fourier transform to (11.1.2) in order to analyze the linear stability
of system (11.1.1). We have the following system for û(ξ, t) and v̂(ξ, t):{

ût = −Dξ2û+ χn∞ξ2v̂

v̂t = −Daξ
2v̂ + hû− kv̂,

(11.1.3)

which can be rewritten in matrix form as follows

Û = (û, v̂), A(ξ) :=
(
−Dξ2 χn∞ξ2

h −Daξ
2 − k

)
∂tÛ(ξ, t) = A(ξ)Û(ξ, t). (11.1.4)
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The linear stability of the steady state (n∞, a∞) for system (11.1.1) in L2 is clearly equivalent
to the L2 stability of the zero state Û = (0, 0) for system (11.1.4). This fact is a trivial
consequence of the Plancherel Theorem ‖f‖L2 = ‖f̂‖L2 , which can be found in any PDE
textbook (cf. for instance the book by L.C. Evans). Therefore, since the right-hand-side
in the equation in (11.1.4) does not contain derivatives with respect to ξ, all we have to
do is compute the eigenvalues of the matrix A(ξ) and check whether they imply stability of
instability. We immediately see that

TrA(ξ) < 0 for all ξ ∈ R.

Let us compute
detA(ξ) = ξ2(DDaξ

2 + kD − χhn∞).

If
n∞ <

kD

χh
,

then detA(ξ) > 0 for all ξ ∈ R and therefore the eigenvalues of A(ξ) are both strictly negative
for all ξ and therefore we have stability. On the other hand, if

n∞ >
kD

χh
,

then there exists an interval ξ ∈ [0, ξ̄] on which A(ξ) has one positive eigenvalue, which
implies linear instability. We have therefore obtained a threshold condition for stability,
which involves n∞, D, χ and k. One way to see such a condition is that if the ratio D/χ is
large enough, then diffusion dominates and we have stability, whereas if D/χ is small enough
then chemotaxis dominates and we have instability.

Let us remark than, in the case in which we have instability, this is actually a Touring
instability since the same steady state is always stable without diffusion. The dichotomy
between diffusion and chemotaxis seen as a dichotomy between stability and instability will
be more clear in the next paragraph, in which we shall consider a simplified version of Keller–
Segel system.

11.2 Diffusion vs. Chemotaxis: stability and blow–up

In this section we shall consider the following Keller–Segel simplified version of the Keller–
Segel system, 

nt = ∆n− div(n∇c)
0 = ∆c+ n

n(t, 0) = n0(x).

(11.2.1)

With respect to (11.0.4), we have dropped the time derivative of the chemoattractant c. This
can be justified in a similar way as we saw in the chapter devoted to chemical reaction kinetics
(Michaelis–Menten approximation). Actually, in many applications the rate of change in the
chemical has a fast scale in which it stabilizes to zero and it can be reasonably considered at
equilibrium. Moreover, we have dropped the decay term for c and set all parameters equal to
1 for simplicity.
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We shall study the model in dimension 2 (this is consistent with many applications) and
on the whole R2 without boundary conditions. In this case, c can be recovered via the
convolution

c(t, x) = − 1
2π

∫
log |x− y|n(y)dy,

which implies

∇xc(t, x) = − 1
2π

∫
x− y
|x− y|2

n(y)dy.

A key parameter in this context is total mass of n, which is conserved along the flow,
namely,

M :=
∫

R2

n(x, t)dx =
∫

R2

n(x, 0)dx, for all t.

Another important parameter here is the center of mass of n∫
xn(t, x)dx

which is also conserved in time, as easily seen in the following computation.

d

dt

∫
xn(t, x)dx =

∫
xnt(x, t)dx =

∫
xdiv(∇n)dx+

1
2π

∫ ∫
xdiv

(
x− y
|x− y|2

n(y)n(x)
)
dydx.

Here we integrate by parts in both the integral terms above and implicitly assume that n
vanish as |x| → +∞. This is quite reasonable because of the assumption of finite total mass
of n. We also use that divx = 2 in dimension 2 to get

d

dt

∫
xn(t, x)dx = −2

∫
∇ndx− 1

π

∫ ∫ (
x− y
|x− y|2

n(y)n(x)
)
dydx.

Now, since the first integral is clearly zero because of the fundamental theorem of calculus and
because n vanish as |x| → +∞. The second term can be easily seen to be zero by expanding
the ratio as the sum of two terms. This proves the assertion

d

dt

∫
xn(t, x)dx = 0.

For simplicity, we assume that
∫
xn(t, x)dx = 0 initially, and therefore for all times.

Now, we want to show here a very interesting phenomena, which does not appear in any of
the PDE models considered before. Namely, the asymptotic behavior here depends crucially
on the total mass of n. More precisely, if the initial total number of cells is lower than a
certain value, diffusion dominates to create stability. When the total mass is higher than
such value, then chemotaxis dominates to create aggregation of the cells to a single point.
This facts reflects the behavior of the linearized system as seen in the previous section.

We account first of the former case, namely we prove that when the mass is small enough,
the zero stationary state is stable in some energy sense, which is actually what happens for a
diffusion equation without chemotaxis). To see this, let us compute the evolution of the L2–
norm of n:

d

dt

∫
n2(x, t)dx = 2

∫
nntdx = 2

∫
n(∆n− div(n∇c))dx

= −2
∫
|∇n|2dx+ 2

∫
n∇c · ∇ndx. (11.2.2)
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We have used the integration by parts and the fact that everything vanishes as |x| → +∞
as usual. Now, we expand the last term in the above computation as follows (integrating by
parts once again in the second step):

2
∫
n∇c · ∇ndx =

∫
∇n2 · ∇cdx = −

∫
n2∆cdx =

∫
n3(x, t)dx.

In the last step we have used the Poisson’s equation in (11.2.1). Putting all together in
(11.2.2) we get

d

dt

∫
n2(x, t)dx = −2

∫
|∇n|2dx+

∫
n3(x, t)dx. (11.2.3)

Now we use the following Gagliardo–Nirenberg interpolation inequality (see, for instance, the
PDE book of Evans): ∫

R2

f3 ≤ Cgn
∫

R2

|∇f |2dx
∫

R2

fdx, f ≥ 0. (11.2.4)

Using (11.2.4) in the last step of (11.2.3) implies

d

dt

∫
n2(x, t)dx ≤ −2

∫
|∇n|2dx+ Cgn

∫
|∇n|2dx

∫
ndx = (MCgn − 2)

∫
|∇n|2dx.

Therefore, if the total mass M is smaller than 2/Cgn, then the right hand side above is
negative and the L2 norm of n is decreasing in time, which proves stability in the L2 sense.
Since the stability in L2 is a typical behavior of the diffusion equation, this shows that when
the initial mass is small enough, cells are not enough to produce a significant aggregation
phenomenon, and therefore diffusion prevails.

We now want to prove that the solution n exhibits some concentration phenomenon in case
the initial mass is too high. To see this, we first introduce the second moment (or variance)
of n, namely

I(t) :=
∫
|x|2n(t, x)dx.

This quantity accounts for how much the distribution of the particles of the species n is ‘far’
from its (zero) center of mass. To be more precise with such statement, let us consider the
following example. Consider the following family of Gaussian distributions indexed by λ > 0

Gλ(x) :=
1

4πλ
e−
|x|2
4πλ , x ∈ R2.

It is an easy exercise to prove that
∫

R2 Gλ(x)dx = 1 for all λ > 0. Since Gλ is radial, we
clearly have ∫

xGλ(x)dx = 0

for all λ > 0. Now, let us compute the second moment of Gλ:

M(λ) :=
∫

R2

|x|2Gλ(x)dx =
1

4πλ

∫
R2

|x|2e−
|x|2
4πλ dx = 4πλ

∫
R2

|y|2e−|y|2dy =: Cλ

where C := 4π
∫

R2 |y|2e−|y|
2
dy > 0. Now, this computation shows that the second moment

of Gλ is proportional to λ, which implies for instance that M(λ) → 0 as λ → 0. Drawing
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the graph of a Gaussian shows that Gλ is more and more concentrated around its center of
mass (zero, in this case) for small λ’s. This examples shows that the second moment can
be taken in general as a tool to measure concentrations around the center of mass. When
concentration arises, we have aggregation prevailing with respect to diffusion (remember that
diffusion implies spreading, which is opposite to aggregation).

Another important point is that no function f(x) ≥ 0 with positive mass
∫
f(x) = M > 0

can have zero second moment. Indeed, if this would be the case we would have∫
R2

|x|2f(x)dx = 0

and the integrand above is nonnegative and not identically zero. Therefore, we have once
again to use the theory of distribution in order to represent a function with unit mass and
zero second moment. In fact, the limiting case λ = 0 in the above example gives G0 = δ0

where δ0 is the Dirac’s delta distribution.
Let us now go back to our Keller–Segel model and let us compute the second moment of

the solution n, namely M(t) =
∫

R2 |x|2n(x, t)dx.

d

dt
M(t) =

∫
|x|2ntdx =

∫
|x|2(∆n− div(n∇c))dx = −2

∫
x · ∇ndx+ 2

∫
nx · ∇cdx

= 4
∫
ndx− 1

π

∫ ∫
x · x− y
|x− y|2

n(y)n(x)dydx

= 4M − 1
2π

∫ ∫
(x− y) · x− y

|x− y|2
n(y)n(x)dydx

= 4M − M2

2π
= M

(
4− M

2π

)
.

Therefore, if M > 8π, we have d
dtM(t) < −c < 0 and c > 0 is a fixed constant depending on

M . Hence, M(t), initially positive, will reach the value 0 in a finite time T > 0 (which can
be computed explicitly: Exercise!).

Therefore, we have proven that, if M > 8π the second moment (variance) of n becomes
zero in a finite time. This phenomenon intuitively implies that the solution is concentrating
to a Dirac’s delta as t → T for some finite time T > 0. Such phenomenon is also known as
blow-up, because one can also see that the L∞ norm of n diverges as t → T . To see this,
suppose by contradiction that

sup
t∈[0,T ]

‖n(t)‖L∞ ≤ C.

Then,

0 =
∫
|x|2n(x, T )dx

implies that n(x, T ) = 0 everywhere except in x = 0. But then this implies that the mass of
n at time T is zero, since n is zero everywhere except at one point. This is a contradiction
with the conservation of the mass (the mass is initially nonzero). The contradiction is due
to the fact that we assumed n to be a bounded function near t = T . This is actually not the
case, and therefore n blows up at x = 0 when t approaches T .

The blow-up in a finite time is a typical nonlinear phenomenon which accounts for insta-
bility. The great advantage in the previous computation is that it is purely nonlinear (without
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linearizing!). Blow-up and Touring instability are different phenomena in principle, but in
this context they are somewhat related as it is shown by the result in this section and in
the previous one. In both cases one gets instability vs. stability by means of a threshold
phenomena which involves the total amount of individuals (the total mass in this section, the
steady state in the previous section).

11.3 Chemotaxis with nonlinear diffusion

In section 8.5 we have seen that a more realistic way to model diffusion is provided by the
Darcy’s law

J = −D(n)∇n

for the diffusive flux of individuals in some animal populations. Here D(n) increases with
respect to n. In this framework, the diffusivity depends on the density in such a way that
individuals tend to spread faster for higher densities. Such a phenomenon has been exper-
imentally observed in some specific situations in which the repulsive effect due to diffusion
becomes stronger and stronger when the distance between two individuals gets smaller and
smaller. Moreover, such an assumption can be motivated by a volume filling effect, namely,
when the density is very high individuals sense each other more intensely due to their positive
volume.

Several authors have recently addressed the use of nonlinear diffusion also in the con-
text of chemotaxis, with the aim of achieving a more refined balance between diffusion and
chemotaxis, in which (possibly) the competition between the two effects result in possible
existence of steady states (or non trivial patterns) when chemotaxis prevails. In a few words,
one would like to see a pattern formation instead of a blow up effect as a consequence of a
chemotaxis–dominated regime. We shall see that the use of the Darcy’s law is one of the
possible ways to produce (at least) a solution to the Keller–Segel model which never blows
up (no matter how large the initial mass is) and which is always bounded uniformly in time.
This suggests the formation of nontrivial patterns for large times.

Let us then consider once again the Keller–Segel system described in the above section
with a nonlinear diffusion instead of a linear one. We shall choose

D(n) = Cnm−1, m > 1, C > 0,

which represents a general case of a diffusivity with polynomial growth for large densities.
Since div(nm−1∇m) = 1

m∆nm, we can normalize constants to obtain
nt = ∆nm − div(n∇c)
0 = ∆c+ n

n(t, 0) = n0(x).

(11.3.1)

We somewhat expect that being D(n) larger and larger for high densities helps the diffusion
effects to prevail, thus pushing down the density in case of strong aggregation.

We shall prove here that this is actually the case, namely the density n does not blow-up
as it did in the case with linear diffusion. For simplicity we shall work once again in the whole
space x ∈ R2. We shall assume further that the solution n is initially compactly supported.
Due to the fact that the diffusion is nonlinear (like a porous medium type diffusion), we
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expect that the support remains compact at any time t. This fact should be actually proven
rigorously, but the proof goes beyond our purposes. We shall therefore assume that supp(n(t))
is finite at any t ≥ 0. Let us now consider the energy functional

E(n, c) :=
1

m− 1

∫
nmdx+

χ

2

∫
ncdx.

Let us compute the evolution of E(n(t), c(t)):

d

dt
E(n(t), c(t)) =

m

m− 1

∫
R2

nm−1ntdx+
χ

2

∫
ntcdx+

χ

2

∫
nctdx.

Now, let us recall that we can actually solve the Poisson equation ∆c = −n on R2 as follows:

c(x, t) = − 1
2π

∫
log |x− y|n(y, t)dy.

Therefore, we have∫
n(x, t)ct(x, t)dx = − 1

2π

∫ ∫
∂t (log |x− y|n(y, t))n(x, t)dydx

= − 1
2π

∫ ∫
log |x− y|nt(y, t)n(x, t)dydx

and since log |x− y| is invariant after the change of variable (x, y) 7→ (y, x), we have∫
n(x, t)ct(x, t)dx = − 1

2π

∫ ∫
log |x− y|n(y, t)nt(x, t)dydx =

∫
nt(x, t)c(x, t)dx.

Therefore, going back to the evolution of the energy,

d

dt
E(n(t), c(t)) =

m

m− 1

∫
R2

nm−1ntdx+ χ

∫
ntcdx =

∫
R2

nt

(
m

m− 1
nm−1 + χc

)
dx.

(11.3.2)
Now let us write the continuity equation for n as follows:

nt = div (∇nm + χn∇c) = div
(
n∇

(
m

m− 1
nm−1 + χc

))
,

which on substituting into (11.3.2) yields

d

dt
E(n(t), c(t)) =

∫
R2

(
m

m− 1
nm−1 + χc

)
div
(
n∇

(
m

m− 1
nm−1 + χc

))
dx.

Now, assuming (as usual) that the quantity
(

m
m−1n

m−1 + χc
)

goes to zero as |x| → +∞, we
can integrate by parts in the above expression to get

d

dt
E(n(t), c(t)) = −

∫
R2

n

∣∣∣∣∇( m

m− 1
nm−1 + χc

)∣∣∣∣2 dx ≤ 0.

This means that the energy is non increasing along the solutions to (11.3.1). Assuming further
that the initial energy is finite, we have

1
m− 1

∫
nm(x, t)dx+

χ

2

∫
n(x, t)c(x, t)dx ≤ E(n0, c0) < +∞
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which shows that the energy E(n(t), c(t)) is bounded from above by a finite quantity uniformly
in time. We want to prove that actually E(n(t), c(t)) is finite. We shall actually prove a
stronger result, namely that the quantity

1
m− 1

∫
nm(x, t)dx

is bounded from above. In order to prove that we shall make use of the following logarithmic
Hardy–Littlewood–Sobolev inequality

−
∫

R2

∫
R2

f(x) log |x− y|f(y)dydx ≤ M

2

∫
R2

f(x) log f(x) + C,

which holds for all f ≥ 0 such that
∫
f log f < +∞. Here, M is the total mass of f and C is

a positive constant depending on M . With such inequality at hand, we obtain

E(n(t), c(t)) ≥ 1
m− 1

∫
nm(x, t)dx− Mχ

8π

∫
n(x, t) log n(x, t)dx− χC

4π

=
∫

R2

(
1

m− 1
nm(x, t)− Mχ

8π
n(x, t) log n(x, t)

)
dx− χC

4π
.

Now, we observe that the function

[0,+∞) 3 n 7→ g(n) :=
1

m− 1
nm − Mχ

8π
n log n

satisfies
lim

n→+∞
g(n) = +∞.

Then, there exists a constant N > 0 such that

g(n) ≥ 0 for all n ≥ N.

Hence, we can write

0 ≤
∫
n≥N

g(n(x, t))dx ≤ E(n(t), c(t))−
∫
n≤N

g(n(x, t))dx+
χC

4π
.

Now, since we assumed that the support of n is finite for all times, we can state that the
integral ∫

n≤N
g(n(x, t))dx

is finite if the integrand g(n(x, t)) is finite on the set n ≥ N . Since g is continuous on the
interval n ∈ [0, N ] (Exercise!), this is actually the case. Therefore, since E(n(t), c(t)) ≤
E(n0, c0) < +∞ the integral ∫

n>N
g(n(x, t))dx

is finite. Now, let us recall that g behaves like the power law nm for large n. Indeed, it is an
easy exercise of calculus to prove that there exists a constant H > 0 such that

g(n) ≥ Hnm, as n > N.
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Let us now evaluate the Lm norm of n(t):

‖n(t)‖mLm =
∫

R2

n(x, t)mdx =
∫
n>N

n(x, t)mdx+
∫
n≤N

n(x, t)mdx

≤ 1
H

∫
n>N

g(n(x, t))dx+
∫
{n≤N}∩supp(n)

n(x, t)mdx.

Since the support of n is finite, the second term in the right hand side above is finite for all
t ≥ 0. The first term is finite in view of the above arguments. Therefore, we have proven
that the Lm norm of the density n(t) is finite for all times.

This last assertion proves that n cannot become a Dirac’s delta in a finite time. Suppose
by contradiction that a concentration to a Dirac’s delta happens in a finite time: then one
would have that the Lm norm of the Dirac’s delta is finite, but this is not true because the
space Lm for m > 1 is weakly closed, unlike the space L1 (cf. any basic textbook in functional
analysis).

With the above argument have therefore proven that no finite-time blow up can occur if we
replace the classical linear diffusion with a porous medium type diffusion in the Keller–Segel
system. Unfortunately, such an argument does not provide any information about possible
formation of patterns in the large time. Moreover, we don’t know whether stationary solutions
exists or not. We still would like to see some complexity in the model, namely, to produce
different behavior by changing the initial data. This will be the argument of the next section.

11.4 Models with maximal density

Another recent approach aiming to avoid concentration in the density of individuals in chemo-
taxis systems consists in prescribing a maximal density. More precisely, one assumes there
exists a value nmax such that

0 ≤ n(x, t) ≤ nmax, for all (x, t) ∈ Rd × [0,+∞).

As a matter of fact, the model (and the initial conditions) should be modified in such a way
that such a property is satisfied by the solution for all times. One possible way to perform
this task is to consider the following modified equation for the density of individuals

nt = D∆n− χdiv (n(nmax − n)∇c)

in which we have taken the chemotactic sensitivity to be depending on the density n in a way
that the chemotaxis effect shuts off when n reach the density nmax. In fact one can easily
prove (we shall not do it here) that if the initial datum satisfies 0 ≤ n0(x) ≤ nmax, then the
solution satisfies 0 ≤ n(x, t) ≤ nmax for all x and t.

Although possibly more realistic, such a model turns out to be quite uninteresting from
the point of view of complexity. Indeed, one can easily prove, for instance, that the one
dimensional model {

nt = nxx − χ(n(nmax − n)cx)x
0 = cxx − αc+ βn, χ, α, β > 0,

does not admit nontrivial steady states on the whole R. To prove that, suppose by contra-
diction that (n∞, c∞) is a steady state. Then

0 = n∞xx − χ(n∞(nmax − n∞)c∞x )x =
(
n∞(nmax − n∞)

(
log

n∞

nmax − n∞
− χc

)
x

)
x

.
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Since n∞ should be integrable at |x| → +∞, the term

n∞(nmax − n∞)
(

log
n∞

nmax − n∞
− χc

)
x

should be zero (it is constant, but the constant can only be zero). Therefore, either n∞ = 0,
or n∞ = nmax, or

log
n∞

nmax − n∞
= χc∞ + C

for some constant C ∈ R. Now, clearly the steady state n∞ should be continuous (this is a
consequence of the smoothing effect of the diffusion operator, we omit the details). Therefore,
in case n∞(x) = nmax at some point x, there must be a sequence of points xk → x such that
n∞(xk)→ nmax and n∞(xk) < nmax. By substituting above we get

log
n∞(xk)

nmax − n∞(xk)
= χc∞(xk) + C

and the term in the left hand side diverges to +∞. Therefore c(xk)→ +∞. This is impossible,
because we can prove that c is uniformly bounded. To see this, multiply the equation for c
by c and integrate on R:

0 =
∫
ccxxdx− α

∫
c2dx+ β

∫
cndx.

Integration by parts implies∫
c2
xdx+ α

∫
c2dx = β

∫
cndx ≤ α

2

∫
c2dx+ C(α, β)

∫
n2dx,

where we have used the weighted Young’s inequality on the right hand side. Recalling the
definition of the Sobolev H1 norm we obtain

‖c(t)‖2H1 ≤ C0(α, β)
∫
n2dx

and the last term is uniformly bounded. Recalling the Sobolev inequality 9.2.1, we obtain

‖c(t)‖L∞ uniformly bounded for all t ≥ 0.

We have therefore proven that n∞ can never touch the value nmax. On the other hand, with
a similar argument we can prove that n∞ cannot touch the value 0, because otherwise we
would have the logarithmic term above unbounded once again. This cannot happen also when
|x| → +∞. Therefore, the steady state should be such that n∞ ∈ [ε, 1 − ε] for some ε > 0,
but this fact contradicts the integrability of n∞.

A valid alternative of the above model is the following one{
nt = div (n(nmax − n)∇ (Dn− χc))
0 = ∆c− αc+ βn.

(11.4.1)

Let us point out that the chemical c can be recovered by solving the elliptic equation above
as follows. For simplicity, we shall solve such a problem in one space dimension. One can
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easily prove (we shall not do it here) that if the initial datum n0 satisfies 0 ≤ n0 ≤ nmax,
then 0 ≤ n(x, t) ≤ nmax.

Let us apply the Fourier’s transform to the equation

0 = cxx − αc+ βn,

to obtain
0 = −(4π2ξ2 + α)ĉ+ βn̂.

This implies that

ĉ(ξ, t) =
β

4π2ξ2 + α
n̂ =

β

α
· 1

4π2(ξ/
√
α)2 + 1

n̂.

Now, we leave as en exercise for the reader to compute the inverse Fourier transform

F−1

(
1

4π2(ξ/
√
α)2 + 1

)
(x) =

∫ +∞

−∞
eixξ

1
4π2(ξ/

√
α)2 + 1

dξ =
√
α

2
e−|
√
αx| =: Kα(x).

Then, the convolution property of the Fourier transform implies

c(x, t) =
β

α
F−1

(
K̂α(ξ)n̂(ξ, t)

)
=
β

α
Kα ∗ n(x, t) =

β

2
√
α

∫ +∞

−∞
e−
√
α|x−y|n(y, t)dy.

Let us define the energy

E(n, c) =
∫
n(Dn− χc)dx,

and compute its evolution

d

dt
E(n(t), c(t)) = 2D

∫
nntdx− 2χ

∫
cntdx = 2

∫
nt(Dn− χc)dx

= 2
∫

(Dn− χc)div (n(nmax − n)∇ (Dn− χc)) =

= −2
∫
n(nmax − n) |∇ (Dn− χc)|2 dx ≤ 0,

where we have used integration by parts in the last step and the fact that
∫
ntcdx =

∫
nct,

which analogous to what we have seen for the Keller–Segel system with nonlinear diffu-
sion. The term on the right-hand-side is called energy production, and we shall denote it by
−I(n(t), c(t)). More precisely, we shall write

d

dt
E(n(t), c(t)) = −2I(n(t), c(t)).

Let us now consider two separate cases, namely D < βχ
α and D > βχ

α .
Case D < βχ

α . In this case we can prove (or, at least, give a sketch of the proof) that
there exists a non-trivial stationary solution to the model (11.4.1) in one space dimension.
To see that, decouple system (11.4.1) by using the above convolution method and consider a
stationary solution n∞ (c∞ can be recovered by convolution):

0 = (n∞(nmax − n∞)(Dn∞ − βχ

α
Kα ∗ n∞)x)x.
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Now consider the integral equation

n(x) = Kα ∗ n(x)

on the whole real line R. It can be proven that such an equation admits a unique nonnegative
solution under the constraint

∫
R n(x)dx = M . This fact is a consequence of Krein–Rutman’s

theorem on Fredholm’s integral equations, and we shall omit the details here. Let us now
evaluate the energy E on this particular state n. Denote by c := β

αKα ∗ n. We have:

E(n, c) =
∫
n(Dn− χc)dx

=
∫
n(Dn− βχ

α
Kα ∗ n)dx

=
∫
n(Dn− βχ

α
n)dx

= (D − βχ

α
)
∫
n2dx < 0

because of the assumption D < βχ
α . Therefore, there exists a nonnegative density with mass

M (namely n) with strictly negative energy. Then, if we take n as initial datum to (11.4.1), the
energy of the corresponding solution n(x, t) will remain negative since the energy is decreasing.
Now, since the energy is monotone decreasing, it certainly has a limit as t → +∞ and such
a limit will be strictly negative. It can be proven (we shall not do it here since this is too
technical), that there exists a sequence of times tk such that tk → +∞ and n(tk, x) converges
to some limit ñ(x) for all x ∈ R as k → +∞ and moreover the energy production satisfies the
property

lim
k→+∞

I(n(tk), c(tk)) = I(ñ, c̃) = 0,

where we have denoted
c̃ =

β

α
Kα ∗ ñ.

Now, from the definition of the energy production I, one can immediately see that

I(n, c) = 0

if and only if n is a stationary solution. To see this, assume first n is a stationary solution.
Then either n(x) = 0 or n(x) = nmax or (Dn− χc)x = 0, and this implies that the integrand
in I(n, c) is identically zero, therefore I = 0. Viceversa, if I(n, c) = 0, since the integrand
is nonnegative this implies that the integrand must be zero. But that implies that n is a
stationary solution. With this fact, we have proven that ñ is a stationary solution. Moreover,
since n(tk, x)→ ñ(x) as k → +∞, then we can pass into the limit in the energy

lim
k→+∞

E(n(tk), c(tk)) = E(ñ, c̃).

This is a consequence of the dominated convergence theorem, which states that if a sequence
of integrable functions fk(x) has a limit f(x) as k → +∞ and if |fk(x)| ≥ g(x) for some
function g such that

∫
R g(x)dx < +∞, then

∫
R fk(x)dx→

∫
f(x)dx as k → +∞. Apply such

a theorem to fk := n(tk)(Dn(tk)− χc(tk)) and use the fact that

c(x, tk)→ c(x, t) :=
β

α
Kα ∗ n(x, tk)
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which can be checked by exercise. Therefore, we have proven that ñ is a stationary solution
and it satisfies

E(ñ, c̃) < 0.

Now, it can be clearly seen that if the energy is not zero, then the integrand cannot be zero
for all x. Therefore ñ(x)(Dñ(x) − χc̃(x)) 6= 0 on a set of positive measure, which implies
ñ(x) 6= 0 on the same set.

Case D > βχ
α . In this case we can (once again, by a sketch) prove that there exist no

compactly supported stationary solutions other than n∞ = 0. To see this, assume (n∞, c∞)
is a steady state and consider the auxiliary functional

L(n) =
∫

(n log n− (nmax − n) log(nmax − n)) dx.

Let us compute the evolution of L through the solutions to (11.4.1). We have

d

dt
L(n(t)) =

∫
nt(2 + log n+ log(nmax − n))dx

= 2
d

dt

∫
ndx+

∫
nt(log n+ log(nmax − n))dx

and since the total mass of n is constant, we have

d

dt
L(n(t)) =

∫
nt(log n+ log(nmax − n))dx.

Now, using the first equation in (11.4.1) and integrating by parts we obtain

d

dt
L(n(t)) =

∫
(log n+ log(nmax − n))(n(nmax − n)(Dn− χc)x)xdx

= −
∫
n(nmax − n)(Dn− χc)x(log n+ log(nmax − n))x

= −
∫
n(nmax − n)(Dn− χc)x

(
nx
n

+
nx

nmax − n

)
= −

∫
n(nmax − n)(Dn− χc)x

nmax
n(nmax − n)

nxdx

= −Dnmax
∫
n2
x + χnmax

∫
cxnxdx.

Now, using that

cx(x, t) =
β

α
(Kα ∗ n(x, t))x =

β

α
Kα ∗ nx(x, t),

we have

d

dt
L(n(t)) = −Dnmax

∫
n2
xdx+

βχnmax
α

∫
Kα ∗ nx(x, t)nxdx

≤ −Dnmax
∫
n2
xdx+

βχnmax
α

‖Kα ∗ nx(t)‖L2‖nx(t)‖L2 .

Now we use the following convolution inequality

‖K ∗ f‖L2 ≤ ‖K‖L1‖f‖L2 ,
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to obtain
‖Kα ∗ nx(t)‖L2 ≤ ‖nx(t)‖L2

and therefore
d

dt
L(n(t)) ≤ −nmax

(
D − βχ

α

)∫
nx(x, t)2dx ≤ 0

because we are assuming D > βχ
α . Now, assume that n∞ is a compactly supported stationary

solution. Then, since the function

[0, nmax] 3 n 7→ n log n− (nmax − n) log(nmax − n)

is bounded (Exercise!), we deduce that the functional L(n∞) is finite (it is the integral of a
bounded function on a compact support, remember that 0 ≤ n ≤ nmax!). Then we can apply
the above energy inequality to obtain that

0 =
d

dt
L(n∞) ≤ −nmax

(
D − βχ

α

)∫
n∞x (x)2dx ≤ 0

which implies that ∫
n∞x (x)2dx = 0

and therefore n∞x is zero on the whole R, which means n∞ is constant. Since n∞ is (continu-
ous) and compactly supported, the constant can only be zero and therefore n∞(x) ≡ 0, which
proves the assertion.

Let us provide some comment to the above result. The model (11.4.1) provides (at least
in one space dimension) a quite satisfactory complex behavior depending on the parameters.
When the ratio D/χ is larger than the constant β/α, then diffusion dominates, and the only
possible asymptotic state is zero. One could actually prove that all solutions converge to zero
for large times. Once again, this is a typical diffusive behavior. On the other hand, when
D/χ is less than the threshold β/α, then there are nontrivial steady states. Actually the
steady states are non unique: they depend on the initial support. In any case, this model
provides for the formation of nontrivial patterns in the large time when chemotaxis dominates
versus diffusion. This is the advantage of the model with respect to the classical Keller–Segel
system, in which a chemotactical behavior was resulting into a blow-up of solutions. On the
other hand, this model provides no complexity in terms of initial parameters such as the
initial mass. This is due to the fact that the term on the right hand side of the equation is
homogeneous in n and c, therefore there cannot be a threshold condition as in the classical
Keller–Segel system.
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Chapter 12

Structured population dynamics

Many problems arising in biology may be described, at a first stage, using differential equa-
tions. This means that the model has been elaborated after averaging some population in
order to keep only the time variable. This average usually hides some character that can vary
from an individual to the other. Taking in to account this character leads to the so–called
structured population dynamic equations.

We shall give some example from ecology, of population structured by a parameter de-
scribing a biological character of the individuals. When this character is inherent to the
individual, i. e. it is fixed at the very beginning of its life, we refer to it as a trait (phenotype
alternatively). The theory which focuses on phenotypic evolution driven by small mutations
in replication, while ignoring both sex and genes, is known by the name Adaptive Dynamics
and is part of Evolution theory.

The two main ingredients in this theory are (i) the selection principle which prescribes the
population with best adapted trait, and (ii) mutations which allow off-springs to have slightly
different traits than their mother. The combination of the two effects is studied by adaptive
dynamics. This turns out to be an extremely complicated theory on which several possible
mathematical approaches are possible. One of the reasons is that it is merely impossible
to consider this problem without introducing small parameters (mutations can be small or
rare for instance, population should be large in any case but relative death rates can vary).
Therefore adaptive evolution can be studied with various mathematical tools.

In this chapter, we give a first and very elementary point of view based on structuring
an ODE in this context. Our main goal is to perform the corresponding asymptotic theory
and show how the concept of monomorphic population arises naturally in the limit of small
mutations over a long time compared to one generation length. Moreover, we shall prove a
similar result in a continuous model.

12.1 An example in ecology: competition for resources

We consider the dynamics of several micro-organisms under the action of a chemostat, i.
e. a single substrate acting as a nutrient. An inflow with rate R of pure chemostat with
concentration S0 is compensated by an outflow with the same rate containing both the micro-
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organisms and the nutrient. In this situation, the system is given by
Ṡ(t) = R(S0 − S)−

∑I
j=1 ηj(S)Nj

Ṅi(t) = Ni(ηi(S)−R)
S(0) = S0 > 0
Ni(0) = N0

i > 0, i = 1, . . . , I.

(12.1.1)

The variable S(t) denotes the single substrate of nutrient (in terms of the mass of a given
representative constituent), Ni(t) is the biomass of the i-th micro-organism in the chemostat
(written in terms of the same constituent), R is the dilution rate of the input flow of nutrient
concentration S0. Finally, the ability for the i-th organism to use the nutrient S depends
only on S in the simplest model, and is denoted by ηi(S) (uptake rates).

One usually assumes that ηi is increasing with respect to S, more precisely we shall require

η′i ≥ α > 0, for all i = 1, . . . , I, and S ≥ 0. (12.1.2)

Moreover, we assume that ηi(S0) > R for all i = 1, . . . , I. The latter indicates that the initial
amount S0 of chemostat is enough to produce a growth for all the species. Also, assume that
the numbers η−1

i (R) are all different. Then there are I + 1 steady states. The first one is the
trivial one Ni ≡ 0, S = S0. To find the non trivial ones, suppose

ηk(S) = R

for some j ∈ {1, . . . , I}, which corresponds to have Nk non zero. Then, since ηj(S) 6= R for
all j 6= k, we have Nj = 0 for all j 6= k. Therefore, the steady equation for S implies

0 = R(S0 − S)−RNk

which gives
Nk = S0 − η−1

k (R).

Hence, besides the trivial steady state we have the I states composed of a single micro-
organism

(0, . . . , 0, N i, 0, . . . , 0) S = η−1
i (R) < S0,

with N i = S0 − η−1
i (R).

We shall prove now that, among these steady states, only one is asymptotically stable.
More precisely, among the I species of micro-organisms, only one will survive in the large
time asymptotics. Such species is somehow determined as the one with the ‘largest’ growth
rate for a given amount of nutrient S. More precisely, let us denote by i0 the index such that

S∗ := min
1≤i≤I

η−1
i (R) = η−1

i0
(R).

Then, we shall prove that

Ni0(t)→ N i0 = S0 − S∗, S(t)→ S∗

as t→ +∞.
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As a first step let us prove the following balance law. Let us add all equations in (12.1.1).
We obtain

d

dt

[
S(t) +

I∑
i=1

Ni(t)

]
= R(S0 − S)−

I∑
j=1

ηj(S)Nj +
I∑
i=1

Ni(ηi(S)−R)

= −R

[
S(t) +

I∑
i=1

Ni(t)

]
+RS0.

Therefore, by solving the above linear ODE for the quantity in the squared bracket, we obtain

S(t) +
I∑
i=1

Ni(t) = e−Rt

(
S0 +

I∑
i=1

N0
i +RS0

∫ t

0
eRsds

)

= e−Rt

(
S0 +

I∑
i=1

N0
i + S0(eRs − 1)

)
= S0 +Q0e

−Rt, (12.1.3)

with

Q0 = −S0 + S0 +
I∑
i=1

N0
i .

The above property also proves that all the quantities N1, . . . , NI , S are uniformly bounded
in t:

As a second step, we prove that the sum of all the populations of micro-organisms is
bounded from below for large times. To see this, let us take the sum of all equations for Ni:

d

dt

I∑
i=1

Ni(t) =
I∑
i=1

Ni(t)(ηi(S)−R).

Let us define
η(S) := min

i=1,...,I
ηi(S),

with η(S) > 0 for all S (check!). Then, we have

d

dt

I∑
i=1

Ni(t) ≥ (η(S)−R)
I∑
i=1

Ni(t).

Now, if
∑I

i=1Ni(t) tends to zero as t → +∞, then (12.1.3) implies that S(t) → S0. Since,
due to the assumption ηi(S0) > R for all i = 1, . . . , I we have (η(S0) − R > 0, then we can
conclude that (η(S)−R) is uniformly positive for large times and therefore

∑I
i=1Ni(t) grows

exponentially for large times, which contradicts the fact that all Ni are uniformly bounded.
Therefore, we have proven that

lim inf
t→+∞

I∑
i=1

Ni(t) = M > 0. (12.1.4)

We now prove that S(t) has a limit as t→ +∞. Such a procedure is usually referred to as
convergence, which must be complemented with consistency in order to prove that a certain
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time dependent quantity has a certain limit as t→ +∞. The former only solve the problem
of the existence of a limit, i. e. of a unique limit point. From the first step we know that

Ṡ +
I∑
i=1

Ṅi = −RQ0e
−Rt,

which yields, after taking the time derivative of Ṡ,

d

dt
Ṡ(t) =

d

dt

R(S0 − S)−
I∑
j=1

ηj(S)Nj


= −RṠ −

I∑
i=1

η′i(S)ṠNi −
I∑
i=1

ηi(S)Ṅi

= −
I∑
i=1

(ηi(S)−R)Ṅi − Ṡ
I∑
i=1

η′i(S)Ni +R2Q0e
−Rt

= −
I∑
i=1

(ηi(S)−R)2Ni − Ṡ
I∑
i=1

η′i(S)Ni +R2Q0e
−Rt.

We now multiply the above identity by

sign+(Ṡ) =

{
1 if Ṡ ≥ 0
0 otherwise

to obtain
d

dt
(Ṡ)+ = sign+(Ṡ)

d

dt
Ṡ

= sign+(Ṡ)

(
−

I∑
i=1

(ηi(S)−R)2Ni − Ṡ
I∑
i=1

η′i(S)Ni +R2Q0e
−Rt

)

≤ −(Ṡ)+

I∑
i=1

η′i(S)Ni +R2Q0e
−Rt.

We recall that, for z ∈ R,
(z)+ = max z, 0.

Due to the assumption (12.1.2) and to (12.1.4), therefore obtain

d

dt
(Ṡ)+ ≤ −αM(Ṡ)+ +R2Q0e

−Rt.

Let us integrate the last inequality on the time interval [0, T ]:

αM

∫ T

0
(Ṡ(T ))+dt ≤ R2Q0

∫ T

0
e−Rtdt+ (Ṡ(0))+ − (Ṡ(T ))+.

By using the differential equation for S we immediately see that Ṡ is bounded uniformly in
t. Therefore, we can sent T → +∞ and recover that∫ +∞

0
(Ṡ(T ))+dt < +∞.
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In a similar way (we omit the details) one can prove that∫ +∞

0
(Ṡ(T ))−dt < +∞,

where
(z)− = max−z, 0.

We also recall that, for all z ∈ R,

|z| = (z)+ + (z)−.

Hence, we have proven that ∫ +∞

0
|Ṡ(T ))|dt < +∞,

which is equivalent to require that S(t) is a function with bounded variation on the time half
line [0,+∞). Standard results in functional analysis (cf. the book by Perthame and the PDE
book by Evans) imply that there exists the limit limt→+∞ S(t).

The next step is the consistency, i. e. the identification of the limit for S(t) as t→ +∞.
We aim to prove that

lim
t→+∞

S(t) = S∗.

Assume first that
lim

t→+∞
S(t) > S∗.

Then, by definition of S∗,
lim

t→+∞
ηi0(S) > R

and therefore, using the equation for Ni0 we deduce that Ni0 grows exponentially fast to +∞,
which is a contradiction with all species being uniformly bounded. Let us then assume that

lim
t→+∞

S(t) < S∗.

Now, the definition of ηi0 and the fact that all ηi are strictly increasing easily imply that

ηi(S∗) ≤ ηi0(S∗) = R, for all i = 1, . . . , I,

and therefore
lim

t→+∞
ηi(S) ≤ ηi(S∗) < R

and using the equation for Ni we deduce that all species Ni decay to zero as t→ +∞. This
is clear because

Ṅi = Ni(ηi(S)−R)

and lim→+∞(ηi(S)−R) = −l < 0 for some positive l, which implies that Ni behaves like the
solution to

Ṅi = −lNi

for large times. This fact is a contradiction because of (12.1.4): the sum of the species
∑
Ni

cannot converge to zero for large times. Therefore, the unique possible behavior for S is

lim
t→+∞

S(t) = S∗.
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As a consequence of that, ηi0(S) − R tends to zero as t → +∞, whereas all the values
ηi(S) − R for i 6= i0 achieve negative values in the limit. This implies that Ni0 is the only
species not converging to zero in the limit. Since the limit of the whole dynamical system
(12.1.1) is a steady state, the only possible limiting value for Ni0 is N∗.

12.2 Continuous traits

A natural generalization of the model (12.1.1) is that of a family of species indexed by a
continuous trait (uptake ability, in this case) x > 0. The system (12.1.1) is replaced by the
following system of integro–partial differential equations, in which the discrete variable i is
replaced by a continuous variable x,

Ṡ = R(S0 − S)−
∫ +∞

0
η(x, S)n(x, t)dx, t ≥ 0, x ≥ 0

∂

∂t
n(x, t) = n(x, t)(η(x, S)−R),

S(0) = S0 > 0,
n(x, 0) = n0(x) > 0, n0 ∈ L1 ∩ L∞([0,+∞))

(12.2.1)

Under similar assumptions to those prescribed for the discrete model (12.1.1), one can
prove that the solution n(x, t) to (12.2.1) concentrates around one single trait x0. More
precisely, assuming that η(x, S) is increasing with respect to S, that η(x, S0) > R for all x ≥ 0,
and assuming the existence of a unique point x0 > 0 such that S∗ := η−1(x0, R) < η−1(x, S)
for all x 6= x0 (here η−1 denotes the inverse with respect to S), one can prove that, as t→ +∞,

n(x, t)→ (S0 − S∗)δx0(x), S(t)→ S∗.

Such a limiting population (with a single trait) is called monomorphic.
We shall not prove the above result. On the other hand, in the next subsection we shall

tackle a similar problem from evolution theory with a mathematical structure very similar to
(12.2.1).

12.3 Evolutionary stable strategy in a continuous model

The first question we consider here is to give a mathematical description of the process in
which some specific trait is selected in a given environment. It is the best adapted trait
in terms of using resources and that trait is called an Evolutionary Stable Strategy (ESS in
short). The origin of this denomination comes from evolution theory; no other mutant with
a different trait can invade a population with the trait corresponding to an ESS. An example
of the selection principle has already been mentioned, in the case of the chemostat. Here we
give an easy example that can be treated by explicit computations.

For simplicity we shall consider a variant of the logistic equation which we structure with a
trait x ∈ R and we illustrate the selection principle on this very simple example. We consider
that the reproduction rate depends on the trait, i.e., b = b(x) > 0 (b a continuous function),
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and that the death rate is proportional to the total population number. We arrive at
∂

∂t
n(x, t) = b(x)n(x, t)− ρ(t)n(x, t),

ρ(t) =
∫ +∞

−∞
n(x, t)dx,

n(x, 0) = n0(x) ≥ 0,

(12.3.1)

and we assume that
n0(x) > 0 if and only if x ∈ (xm, xM ),

for given xm, xM ∈ R. Such an assumption implies that only the range of traits (xm, xM ) is
initially present. We state that such a set of traits is actually invariant. More precisely, we
prove that n(x, t) = 0 for all x which do not belong to the set (xm, xM ). Let x /∈ [xm, xM ],
then we have

∂

∂t
n(x, t) ≤ Cn(x, t)

because b is bounded on [xm, xM ]. Therefore, by comparison principle (exercise!) we have

n(x, t) ≤ n0(x)eCt = 0

because n0(x) = 0 in this case. This proves the assertion.
Before proving our asymptotic result on (12.3.1), let us (partially) justify the use of such

an equation in the context of models with a chemostat of the form (12.2.1). As already
pointed out about chemotaxis models, it is customary to assume that the chemostat diffuse
much faster than the other species. Therefore, the evolution of the chemostat can be supposed
to be approximately at equilibrium, i. e. the system (12.2.1) can be replaced by

0 = R(S0 − S)−
∫ +∞

0
η(x, S)n(x, t)dx, t ≥ 0, x ≥ 0

∂

∂t
n(x, t) = n(x, t)(η(x, S)−R),

S(0) = S0 > 0,
n(x, 0) = n0(x) > 0, n0 ∈ L1 ∩ L∞([0,+∞)).

(12.3.2)

Let us assume the simple case of a function η linearly depending on S as follows

η(S, x) = ξ(x)S.

We can therefore decouple the above system in the following way

S(t) = S0 −
S(t)
R

∫ +∞

−∞
ξ(x)n(x, t)dx

⇒ S(t) =
S0

1 +
1
R

∫ +∞

−∞
ξ(x)n(x, t)dx

=: Q
(∫ +∞

−∞
ξ(x)n(x, t)dx

)
.

Hence, the system (12.3.2) reduces to

∂

∂t
n(x, t) = n(x, t)

(
ξ(x)Q

(∫ +∞

−∞
ξ(x)n(x, t)dx

)
−R

)
.
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In the case of a constant function ξ (for instance ξ(x) ≡ 1) one would recover a nonlocal
equation in which the evolution of n depend on the total population, in a similar fashion as
(12.3.1), namely

∂

∂t
n(x, t) = n(x, t) (ξ(x)Q (ρ(t))−R) , ρ(t) =

∫ +∞

−∞
n(x, t)dx.

We shall now devote on detecting the asymptotic behavior of (12.3.1) as t → +∞. In
order to prove our result, we shall require the following conditions: b continuous, b(x) ≥ b̄ > 0,
n0 > 0, and

b(x0) = max
x∈[xm,xM ]

b(x) is attained for a single x̄ ∈ [xm, xM ]. (12.3.3)

Please notice that the condition (12.3.3) depends not only on b but also on the support of
the initial condition n0. We shall prove that only the trait x̄ will survive at t → +∞. More
precisely, we shall prove that

ρ(t)→ ρ̄ := b(x̄), n(x, t)→ b(x̄)δx̄(x), as t→ +∞. (12.3.4)

Notice that the equation ((12.3.1)) admits many steady states, namely n(x) = b(y)δy
for any y, therefore the result (12.3.4) really selects the best trait, the ESS. One should
understand it as the trait that realizes

max
x

[b(x)− ρ̄] = b(x̄)− ρ̄ = 0.

This result also indicates that the natural setting for structured population models should
differ from that for differential equations because functional spaces (measures here) appear
to play a role.

We give a proof of (12.3.4) that relies on a simple computation, another proof is possible
based on more general arguments. We define

N(x, t) = n(x, t)e
∫ t
0 ρ(s)ds. (12.3.5)

This satisfies
dN(x, t)

dt
= b(x)N(x, t),

and thus N(x, t) = n0(x)eb(x)t. We deduce from (12.3.5) that

d

dt
e
∫ t
0 ρ(s)ds = ρ(t)e

∫ t
0 ρ(s)ds =

∫ +∞

−∞
N(x, t)dx =

∫ +∞

−∞
n0(x)eb(x)tdx.

Therefore, integrating the above identity along the time interval [0, t], using Fubini’s theorem
we obtain

e
∫ t
0 ρ(s)ds =

∫ t

0

∫ +∞

−∞
n0(x)eb(x)sdxds =

∫ +∞

−∞

n0(x)
b(x)

eb(x)tdx+K,

K = 1−
∫ +∞

−∞

n0(x)
b(x)

dx.∫ t

0
ρ(s)ds = log

(∫ +∞

−∞

n0(x)
b(x)

eb(x)tdx+K

)
,

ρ(t) =

∫ +∞
−∞ n0(x)eb(x)tdx∫ +∞

−∞
n0(x)
b(x) e

b(x)tdx+K
,

147



and we notice that the constant K may be negative but the denominator above is larger than
1. This is a Laplace type of formula which we can analyze as follows. We have

ρ(t) =

∫ +∞
−∞ b(x)n

0(x)
b(x) e

b(x)tdx∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx+K
≤ b(x̄)

∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx+K

and since the integral term above diverges to +∞ as t→ +∞, we have

lim sup
t→+∞

ρ(t) ≤ b(x̄) lim
t→+∞

b(x̄)

∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx+K
= b(x̄).

To prove the reverse inequality, we fix an ε > 0 and define

I(ε) := {x ∈ R : b(x) ≥ b(x̄)− ε} .

Then,

ρ(t) ≥

∫
I(ε) n

0(x)eb(x)tdx∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx+K

=

∫
I(ε) b(x)n

0(x)
b(x) e

b(x)tdx∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx+K

≥ (b(x̄)− ε)

∫
I(ε)

n0(x)
b(x) e

b(x)tdx∫ +∞
−∞

n0(x)
b(x) e

b(x)tdx+K
. (12.3.6)

Now, it can be easily seen that∫
R\I(ε)

n0(x)
b(x) e

b(x)tdx∫
I(ε)

n0(x)
b(x) e

b(x)tdx
→ 0 as t→ +∞. (12.3.7)

Indeed, ∫
R\I(ε)

n0(x)
b(x) e

b(x)tdx∫
I(ε)

n0(x)
b(x) e

b(x)tdx
=

∫
R\I(ε)

n0(x)
b(x) e

(−b(x̄)+ε+b(x))tdx∫
I(ε)

n0(x)
b(x) e

(−b(x̄)+ε+b(x))tdx

and the definition of I(ε) gives (12.3.7). Therefore, we can take the lim inft→+∞ in (12.3.6)
to obtain

lim inf
t→+∞

ρ(t) ≥ lim inf
t→+∞

(b(x̄)− ε)

1 +

∫
R\I(ε)

n0(x)
b(x) e

b(x)tdx∫
I(ε)

n0(x)
b(x) e

b(x)tdx
+

K∫
I(ε)

n0(x)
b(x) e

b(x)tdx

−1

= b(x̄)− ε.

Since ε is arbitrary, we obtain

lim sup
t→+∞

ρ(t) ≤ b(x̄) ≤ lim inf
t→+∞

ρ(t)

which proves the first formula of (12.3.4). Finally, from (12.3.5) and the expression of N(x, t),
we deduce

n(x, t) = n0(x)eb(x)t−
∫ t
0 ρ(s)ds.

Now, let x 6= x̄. Then, it is clear that b(x)t−
∫ t

0 ρ(s)ds tends to −∞ as t→ +∞. Therefore
n(x, t)→ 0 as t→ +∞. This proves (12.3.4).
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