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An example of an immersed complete genus one minimal
surface in B° with two convex ends

Barbara Nelli

Abstract. We prove the existence of a compact genus one immersed minimal surfs
boundary is the union of two imm ly convex cuny g in parallel plan

part of a complete minimal surface with two finite total curvature ends.
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1. Introduction

In 1978 Meeks conjectured that a connected minimal surface bounded by two
¢ curves in two parallel planes is topologically an annulus; hence it has genus
The conjecture has never been proved and the most general result, due to
Schoen, is the following.

Let T = Ty UT} be any boundary consisting of two Jordan curves in parallel
planes; assume that T is invariant by reflection through two planes Py, Py orthog-
onal to the planes of the T; and that both Py and Py divide T into pieces which
are graphs with locally bounded slope over the dividing plane. Then any minimal
surface spanning T is topologically an annulus and is an embedded surface meeting
each parallel plane between the planes of the T'; in smooth Jordan curves.

In particular, if Ty and T are circles such that the line joi
perpendicular to the planes in which they lie, then M is ¢

In 1991, Mecks and White studied the space of minimal annuli bounded by
convex curves in parallel planes (cf. [MW]).

In this paper we prove th of a compact genus one immersed minimal
surface M, whose boundary is the union of two immersed locally convex curves
lying in parallel planes. In fact M is a part of a complete minimal surface with
two finite total curvature ends.

The method we use to construct our surface is the following,

It is well known that a minimal s of genus g and k ends can be desc
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1. Introduction

In 1978 Meeks conjectured that a connected minimal surface bounded by two
convex curves in two parallel planes is topologically an annulus; hence it has genus
zero. The conjecture has never been proved and the most general result, due to
Schoen, is the following.

Let T = Ty UT} be any boundary consisting of two Jordan curves in parallel
planes; assume that T is invariant by reflection through two planes Py, Py orthog-
onal to the planes of the T; and that both Py and Py divide T into pieces which
are graphs with locally bounded slope over the dividing plane. Then any minimal
surface spanning T is topologically an annulus and is an embedded surface meeting
each parallel plane between the planes of the T'; in smooth Jordan curves.

In particular, if Ty and Ty are circles such that the line joining their centers is
perpendicular to the planes in which they lie, then M is a catenoid (cf. [Sc]).

In 1991, Mecks and White studied the space of minimal annuli bounded by
convex curves in parallel planes (cf. [MW]).

In this paper we prove th of a compact genus one immersed minimal
surface M, whose boundary is the union of two immersed locally convex curves
lying in parallel planes. In fact M is a part of a complete minimal surface with
two finite total curvature ends.

The method we use to construct our surface is the following,

It is well known that a minimal s of genus g and k ends can be described
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1. INTRODUCTION

Consider a Riemannian manifold A of dimension 7+ 1 with sectional curvatures
uniformly bounded from below; denote by sec(A) the infimum of the sectional
curvatures of A'. Let M be an immersed submanifold of codimension one and let
H be the mean curvature of M in the metric induced by the immersion. If H is
constant, we call M an H-hypersurface. We prove the following diameter estimate.

Theorem 1. Let M" C N1 be a stable complete H-submanifold, n = 3,4.
There evists a constant ¢ = c(n, H,sec(N)) such that for any p € M one has:
dist s (p,OM) < ¢ whenever |H| > 2\/Tmin{0, sec(N) ]|

For the definition of \ralulm' see Section 2. Particular cases of the previous
Theorem in R* H* H? x R and any homogeneously regular three-manifold are
proved in [9], [5], (7] (8], respectively.

We wonder if Theorem 1 holds in all dimensio:

Corollary 1. Let M" be a_complete stable H-hypersurface of N"**. If n = 3,4
and |H| > 2/Tmin{0,sec(N)J], then M # 0

In [12] it is proved that an H-hypersurface in ", with finite total curvature,
is minimal, so, table, it is a hyperplane (cf. [4]). For n = 3,4, we are
able to generalize this result in the following sense. We do not need the finite
total curvature hypothe M, and the ambient space can be any manifold with
uniformly bounded sectional curvature, provided the mean curvature |H] is large
enough (see Corollary 1)

As sequence of the diameter estimate in Theorem 1, we have the Maximum
Principle at Infinity

Received by the editors January 24, 2006 and, in revised form, May 17, 2006
2000 .\luﬂlr‘mutn«.n/ + Classification. Primary 33012,
The first author was partially supported by CNPq and Faper]
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Abstract We study the minimal surface equation in the Heisenberg space, Nil3. A geometric
proof of non existence of minimal graphs over non convex, bounded and unbounded domains
is achieved for some prescribed boundary data (our proof holds in the Euclidean space as
well). We solve the Dirichlet problem for the minimal surface equation over bounded and
unbounded convex domains, taking bounded, piecewise continuous boundary value. We are
able to construct a Scherk type minimal surface and we use it as a barrier to construct non
trivial minimal graphs over a wedge of angle 6 € [5, xr[, taking non negative continuous

boundary data, having at least quadratic growth. In the case of an half-plane, we are also able

to give solutions (with either linear or quadratic growth), provided some geometric hypothesis
s o w w on the boundary a are satisfied. Finally, some open problems arising from our worl

posed.
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