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Abstract

We investigate algebraic stability of the new class of two-step almost collocation methods for ordinary differential
equations. These continuous methods are obtained by relaxing some of the interpolation and collocation conditions
to achieve strong stability properties together with uniform order of convergence on the whole interval of integration.
We describe the search for algebraically stable methods using the criterion based on the Nyquist stability function
proposed recently by Hill. This criterion leads to a minimization problem in one variable which is solved using the
subroutine fminsearch from MATLAB. Examples of algebraically stable methods in this class are also presented.
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1. Introduction

Consider the initial value problem for systems of ordinary differential equations (ODEs)

{ y/(t)Zf(y(t))7 te [tmT}v

(1.1
¥(t0) = yo,

where the function f : RY — R? is sufficiently smooth. Concerning the numerical solution of the problem (1.1),
some recent work in the literature have been devoted to the derivation of continuous A- and L-stable collocation-based
methods belonging to the family of two-step Runge-Kutta (TSRK) formulas introduced in [33, 34]. This is the case
of two-step almost collocation (TSAC) methods, first derived in [21] and further analyzed in [20, 24, 25, 26, 33].
Similar methods for Volterra integral equations were investigated in [16, 17, 18] and for Volterra integro-differential
equations in [13, 14]. Different approaches to the construction of continuous TSRK methods outside collocation have
been presented in literature in the papers [3, 4, 35].

The nonlinear stability analysis of general linear methods (GLMs) for ODEs [12, 33] is subject of several recent
papers, see for instance [11, 29, 30, 31, 32], where some classical results on algebraically stable Runge-Kutta methods
[6,7,8,9,10, 11, 12, 19] have been extended to GLMs. Some preliminary results on the nonlinear stability properties
of TSRK methods have been obtained in [22, 23], and examples of algebraically stable methods have been provided.
It is the purpose of this work to analyze the nonlinear stability of two-step collocation methods of the form

m
Pl +50) = @01 + @15+ Y (1 OS Pl +e) + w0l tem)).
j=1 .
Ynt1 = P(tay1),

where t, =to+nh,n=0,1,...,N, Nh =T — 1o, is a uniform grid. The formulation of (1.2) is modelled by TSRK
methods: in fact, advancing from the grid point #, to the point #,, the approximation y,; depends on the approxi-
mations y,_; and y, to the solution y(z) of (1.1) at two consecutive step points #,_; and 7,, and in addition on the stage
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derivatives related to the last two subintervals of integration. The continuous approximant P(f, + sh) is an algebraic
polynomial which is obtained using a collocation approach described in [21]. This polynomial can be expressed as
linear combination of the basis functions

{(PO(S), (pl(s>7 XJ'(S)v WI(S>7 Jj= 1725"'7m}7

which are unknown algebraic polynomials to be suitably determined. It is generally required that the polynomial
P(t, + sh) satisfies the interpolation conditions

P(tn—1) =yn-1, P(tn) =Yn, (1.3)

and the collocation conditions
P(ty—1+cjh) = f(P(ty_1 +cjh)), P'(tn+cjh) = f(P(tn+c;jh)), (1.4)
j=1,2,...,m. However, in order to obtain methods with strong stability properties such as, for example, A- or L-

stability, we relax some of the interpolation and collocation conditions. This leads to additional free parameters which
are then used to obtain methods with desirable stability properties. Following the terminology introduced in [21] the
resulting methods are called TSAC methods. It is the main purpose of this paper to search for algebraically stable
methods within this class of TSAC formulas.

The paper is organized as follows. In Section 2 we describe the family of TSAC methods introduced in [21] and
recall their main properties. In Section 3 we provide the tools needed for the investigation of the algebraic stability
properties of TSAC methods. Such tools are then employed in Section 4 in the search for algebraically stable TSAC
methods, and examples of such formulas up to order p = 4 are given. Finally, in Section 5 some concluding remarks
are shown and future research plans are briefly outlined.

2. Two-step almost collocation methods

In the remainder of this paper we aim to analyze the nonlinear stability properties of TSAC methods (1.2). Such
methods are obtained by fixing p basis functions among the set

{oo(s), xi(s), j=1,2,....,m}, 2.5

as polynomials of degree p = 2m+ 1 — p, and deriving the remaining ones as solutions of the system of order condi-
tions

Pols) +o1(s) =1,

(— 1)k m (c;— 1)1 AN (2.6)
Kl (po(s)‘LjZl(xf(s) = +Wj(s)(k]1)!>_k!’

k=1,2,...,p. Then, it was proved in [20, 21], that p = 2m+ 1 — p is the uniform order of the resulting method.
The choice of p basis functions among the set (2.5) is made clear in Section 4, where the construction of alge-
braically stable TSAC methods (1.2) is described. Usually the p functions from the set (2.5) are also required to
satisfy the conditions
®(0)=0, 2;(0)=0, 2.7

in order to guarantee that at least the interpolation condition P(t,) = y, is satisfied. This follows as consequence of
Theorem 2.4 in [21] which, in the hypothesis (2.7), ensures that

¢ (0) =1, lI/]'(O) =0.

The resulting collocation polynomial (1.2) is obtained as linear combination of the derived basis functions. In par-
ticular, we observe that by evaluating the collocation polynomial at s = 1 and s = ¢;, i = 1,2,...,m, and by setting
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Y" = P(t,+cih), i =1,2,...,m, TSAC methods (1.2) can be formulated as TSRK methods
vt = 8y 1+ Oy +h Y. (vif ) +wir (1)),
] z ] [n—1] @9
Y™ = uiyn 1 +tiyn+hy, (aijf(yj ) +bij f(Y] )>,
=1
where ~
O=gqo(l), O6=0i(1), vi=wi(l), wi=x(l),
up=@o(ci), ui=@i(ci), aij=yjlci), bij=x;ci),

i,j=1,2,...,m. Observe that 0=1-6 and uj=1—u;, i =1,2,...,m. Moreover, we will next also use the
formulation of TSAC methods as GLMs

Y =hAeDFM - (Ua)yl, 2.9)
Q.
Yt = B DFI + (Vo)
where,
Y, ﬁ f (Yﬁ)
n n Yn
yii— | " U R R e
: : hFn=1]
v £

and the matrices A € R™*™ U € R™*", B € R™" V € R™7, with r = m + 2, assume the form

A‘e—u u B
AUl |V 1-0 6 Wl
[B }_ 0 1 0o 0
I 0 0 0

An interesting family of TSRK methods can be obtained choosing the parameter values 8 = u; =0, j=1,2,...,m.
With this choice, the corresponding TSRK methods can be represented as GLMs with input vector

[n] _ Yn
y |: hf(y[n]) :| )
and coefficient matrices A, U, B and V defined by

EYAR T
BV I 10 0
with A e R™" U e R™ B e R™ VcR™ and r = m+ 1. Observe that for the choice 6 = 0 and u; = 0,

i=1,2,...,m, the dimensions of the matrices U, B, V are one less as compared with the general case 8 # 0 and
uj#0,j=12,...,m.

Remark 2.1. Since 0 = @o(1) and u; = @o(c;), i = 1,2,...,m, TSAC methods equivalent to TSRK methods with
0=u;=0, j=1,2,...,m, are obtained choosing

am B

@o(s) = (s= D) [ [(s—ci)@u(s),

1

Il
_

where Qy(s) is an algebraic polynomial of degree p—m — 1, if p is the order of the method. As a consequence, if
the TSAC method has order p =m or p = m+ | and satisfies the interpolation condition @y(0) =0 in (2.7), then it
necessarily follows that @y(s) = 0.
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It was proved in [21] that the local discretization error of TSAC methods takes the form
E(tur1) = Co(DRPT P (1) + O(RP*?), (2.10)

where the continuous error constant Cy(s), s € [0, 1], is defined by

N ) e IR W N TS | PN
= o e %(S)_j; (x’(s)]p!ﬂfj(s)p]!) @10

The quantity 7+ +1) (t,) can be estimated by the expression having a similar form as the method itself. To be more
precise it was proved in [21] that

Ry P () = Ogyn—1 + uyn+h Y (ﬁjf (P(ty—1 +cjh)) + 7, f(P(ty+c jh))> +O0(h" ), 2.12)
=1

where the constants ¢, o, 3 i, and ¥;, j=1,2,...,m, satisfy the system of linear equations

OC0+(X1=0,

(71)k m (C__l)kfl ck.il

N () RIS @1
(_1)p+1 n (c~—1)p cf B

(Gt 0 e L (B ey ) =

Additional implementation issues for TSAC methods are investigated in a recent paper [25].

3. Search for algebraically stable TSAC methods

The representation of TSAC methods (1.2) as GLMs (2.9) allows us to exploit the recent results on the nonlinear
stability properties of GLMs, which are formulated with respect to the nonlinear test problem

(g o=

g :RxR? — R?. Here, the function g satisfies the one-sided Lipschitz condition of the form

(8(t.31) —g(t,y2)) (v —y2) <0, (3.15)

for all # > 0 and y;,y» € R?. Denote by y(t) and y(¢) two solutions to (3.14) with initial conditions yo and yp,
respectively. Then the condition (3.15) implies that (3.14) is dissipative, i.e.,

[y(r2) =5@) || < [|y(t1) —3(11)]], (3.16)

for 0 <t <, compare [11, 27, 33].

Let {zI"/}¥_ be the solution to (2.9) with initial value zI%, and by {Z//}"_; be the solution obtained by using a
different initial value Z* or by perturbing the right hand side of (3.14). A GLM (2.9) is said to be G-stable if there
exists a real, symmetric and positive definite matrix G € R™” such that

HZ[n+1] _2{n+1]||G < ||z[”] _g{n]Hm (3.17)

for all step sizes i > 0 and for all differential systems (3.14) with the function g satisfying (3.15), where

r r
126=Y Y gijzlzj, zeRi=12,...r (3.18)
i=1j=1



The GLM (2.9) is said to be algebraically stable, if there exist a real, symmetric and positive definite matrix G € R"™*"
and a real, diagonal and positive definite matrix D € R™*™ such that the matrix M € R(m+7)x(m+7) defined by

M_ [ PA+A'D—B'GB | DU-B'GV
“| UD-VIGB | G-V'GV

(3.19)

is nonnegative definite. The significance of this definition follows from the result proved by Butcher [9, 10] (see also
[28]), that for preconsistent and non-confluent GLMs (2.9), i.e. methods with distinct abscissas ¢;, i = 1,2,...,m,
algebraic stability is equivalent to G-stability.

It was observed by Hewitt and Hill [29, 30] that the verification if the matrix M is nonnegative definite can be
simplified by the use of the following result proved by Albert [1].

Theorem 3.1. The matrix M given by

M, | M,
M pr—
{ M, | My
satisfies M > 0 if and only if
M >0, My —-MLM{ Mj3>0, M;M; M, =Mj,, (3.20)
or, equivalently,
My >0, M —M;pMLML, >0, MxpMj,M|, = M],. (3.21)

Here, A" stands for the Moore-Penrose pseudo-inverse of the matrix A.

Although the criteria based on Albert theorem can be used to verify if specific examples of GLMs are algebraically
stable, these criteria are not very practical to search for algebraically stable GLMs which depend on large number of
unknown parameters. In such searches it is necessary to examine many inequalities which depend on the unknown
coefficients of the matrix G and the remaining free parameters of GLMs and this task often exceeds the capabilities of
symbolic manipulation packages such as Mathematica or Maple. However, there is a more practical approach where
this search can be done numerically, using the criterion for algebraic stability based on the Nyquist stability function,
defined by

N(E)=A+UEI-V) !B, &cC-0o(V), (3.22)

where (V) stands for the spectrum of the matrix V. Denote by W a principal left eigenvector of V, i.e. the vector
such that
wiv=wl, wiqg=1, (3.23)

where ( is the preconsistency vector of GLMs (2.9). Following [31], we define the diagonal matrix D by
D = diag(B"w), (3.24)

and by He(Q) the Hermitian part of a complex square matrix Q, i.e.,

(Q+Q"),

| =

He(Q) =

where Q* stands for the conjugate transpose of Q. We have the following result.

Theorem 3.2. (compare [10, 31]). A consistent GLM (2.9) is algebraically stable if the following conditions are
satisfied:

1. the coefficient matrix V is power-bounded;

2. Ux # 0 for all right eigenvectors of V and BT x # 0 for all left eigenvectors of V;
3. D> 0and DA > 0;

4. He(lN)N(g)) >0 for all & such that |E| =1and & € C— o (V).
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The numerical search for algebraically stable TSAC methods which is based on the criterion consisting of the condi-
tions 1-4 in Theorem 3.2 is described in the Section 4.

We observe that, in the case of TSAC methods, the preconsistency vector qq takes the form

1
qo = 1 c ]RS+27
0
the vector w satisfying (3.23) is
1
~ 1
=g | 0| €RT
T w
and the matrix D defined by (3.24) is
~ 1
D= T 9diag(v+w).

We next compute the Nyquist stability function N(&) corresponding to TSAC methods in the TSRK formulation (2.8)
and the Hermitian part of DN(&). By using the inversion formula for block matrices (see [2]), we obtain

I3 0 wl ]
A A A
vl |1 E—140 | W
(EI-V) ' = n A |
0 0 él
where
A=E(E-14+60)-0=(E—1)(E+0).
This leads to

N(&) A+UEI-V)"'B

g T 1 T 1 T

1
S AT ENEr e TEDEr e TEre™ TEEre™ TE

We have also

e D fl D l T l T\D 76 NgvT 76 veTﬂvf ;FVMVT

H (DN(&))2<D<A+5B)+(A +5B >D+(€_])(§+9>D +ETDETY) D 55D
e — Y et DY B D
o CTEEre " T E e DT EEre " TEEre) D)'

Using the relations

~ 1
=Ty twh ¢'D=glrw)’,
1 1
D’ = o (b)) D= v(v ) w)
~ 1
DuwT:7((V+W)'M)W s WMTD:mW((V+W)'M)T,



where, 1 - v denotes componentwise multiplication of vectors, He(DN(&)) can be written as

He(DN(&)) = ! <diag(v+w) (A + 13) + (AT + éBT> diag(v+w)

2(1+6) ¢
: g\ ! £\
i <(él)(§+9) * (5—1)(§+e)) " ((él)(é+9) * (5—1)(§+9))
é ! wyl ! ! ww!
+ (g-1)(§+e)+(g_1)(g+e)) +<<€—1>(5+9>+(5—1)(é+6))
1 1 1 1
—ﬂ((Ver) u)VT_E+9V((v+W) M)T_§(§+9) (v+w) M)WT_E(E+9 (v+w) )T>
With the aim of computing the limit
g He(BN(E)|,_,.
we observe that
lim< 5 4 ) __ 1=
S\ E-DETe) E-1DE+0)/)lg=er  (1+0)>
. 1 3 2
35%<<é—l><&+e>+a; D@ +6)§=eit (1+6)
. 3 1 -2
}5%<(§1)(5+9)+ )gen_ (1+6)*
. 1 __3+6
35%((&—1><é+9> ) §+e)5ew_ (1+0)

The above discussion leads to the following result.
Theorem 3.3. (compare [20, 23]) For a consistent TSAC method (1.2), the Hermitian part of the matrix l~)N(§) has
the following limit

1
g=et  2(1+0)

2

m (VWT + WVT)

lim He (DN()) ‘ <diag(v +w) (A +B) +(A+B)  diag(v+w) —

(3.25)
1-6 , 3+6 . 1

T axer” T a+er™ T1+te

((v—|—w)~u)(v—|—w)T—|—(v—|—w)((V—|—w)~u)T)>.

Using this theorem we can make the search for algebraically stable GLMs more efficient by eliminating formulas for
which the limit defined by (3.25) is less than zero.
An analogous result can be obtained in correspondence of the choice 8 =0 and u; =0,i=1,2,...,m. In this case,
the preconsistency vector (g takes the form
_ 1 s+1
qo = [ 0 ] eR

W= || eret
w

Hence, the matrix D defined by (3.24) takes the form

and the vector w satisfying (3.23) is

D = diag(v+w).
7



By means of arguments similar to that leading to Theorem 3.3, the hermitian part of the matrix DN (&) behaves as
follows

limHe (DN(&))

t—0

1
‘57 i D (diag(v+w)(A +B)+ (A+B) diag(v+w) —w! —2(vw’ 4wT) - 3wa>.

4. Derivation of algebraically stable TSAC methods

In this section we describe the derivation of algebraically stable TSAC methods with m = 1, 2, 3, carried out by
employing the tools provided in the previous section. In particular, in the case m = 1, by applying Albert Theorem
3.1, we are able to determine classes of algebraically stable methods, together with their corresponding G and D
matrices. In the case m = 2,3, we have implemented an algorithm for the numerical search for algebraically stable
TSAC methods written as GLMs (2.9). This algorithm is based on minimizing the objective function which computes
the negative value of the minimum of the eigenvalues of the matrix

He(DN(E)), for & such that |€|=1and & € C\ (V). (4.26)

This objective function is a numerical realization of the necessary condition 4 for algebraic stability, which is listed in
Theorem 3.2. Once the methods for which He(DN(&)) > 0 for £ such that |§| =1 and £ € C — o (V) are found, the
remaining necessary conditions 1-3 in Theorem 3.2 for algebraic stability are verified on the case by case basis.

Since A-stable TSAC methods with m = 1,2,3 and p > m + 1 have not been found in previous works (compare
[20, 21]), we will describe next the search for algebraically stable methods with p =mor p =m+ 1.

4.1. Methods withm=1and p =2

We first consider the case of methods such that & = u = 0. By relaxing the conditions on the basis function @y (s),
i.e., assuming that p = 1, and imposing the interpolation condition ¢y(0) = 0 we obtain, according to Remark 2.1,
that @o(s) = 0. By solving the system of order conditions (2.6) for p = 2 we obtain

1 1
Pu(s) =1, x(s)=55(2c—s), Wls)=7s(2-2c+s).
In this way, a one-parameter family of TSAC methods depending on the collocation abscissa c arises. Such methods,
according to the Schur criterion [36], are A-stable if and only if ¢ = 1. In this case, the stability polynomial is the
same of the trapezoidal rule, which is A-stable, but not algebraically stable [28].
We next consider the case 6 # 0, u # 0, and relax the conditions on the basis function ¢y(s) according to (2.7), by
assuming

@o(s) = s(p1 + pas)-
The order conditions (2.6) for p = 2 lead to

¢i(s) = 1—pis—ps’,
x1(s) = is(pi+(p2—1)s+2c(p1+pas+1)),
yi(s) = %s(m+p2s+s—2c(p1+p2s+l)+2).
In order to deal with a quadratic stability function (compare [15]), we assume that p; = —2cp;. In this way, a two-

parameter family of TSAC methods arises, depending on p, and ¢. By applying the Schur criterion we obtain that
such methods are A-stable if and only if

1
<pp < ——0.

1 (c—1)?
= d
c> an py—

2 2(2c—1)



Assuming ¢ = 1, pp = 1/2, and applying Albert conditions, we obtain an algebraically stable TSAC method for which
the matrices G and D are defined by

9 1 1l
10 30 30
2
_ 19 1 3 _ | =2
G_ j TO ) D _ [15 .
11 3 1
30 10 5

We obtain from (2.11) that the error constant associated to this method is C,,(1) = 0. Moreover, by solving the system
(2.13), we can derive a one-parameter family of local error estimators of the type (2.12), with

30p—2 2w
) , Nn= 5

o =—0p, Pi=

depending on the parameter .
Another example of algebraically stable method corresponds to ¢ = 3/4 and p, = 3/2. It can be verified using
Theorem 3.1 that for this method the matrices G and D are defined by

1987 641 1769
3750 1250 3750
8
_ | _es 1 23 _
G= 1250 2 50 ’ D= [1875 '
_ 1769 23 127
3750 50 300

In this case, we have C,(1) = 0 and, by solving the system (2.13), a one-parameter family of local error estimators
(2.12) arises, with
Sop—4 4 -o

4 h= R

o =—-0p, Pi=

depending on the parameter o.

4.2. Methods withm = p =1
We first consider the case of methods such that 8 = u = 0. We relax the conditions on p = 2 basis functions and
impose the conditions (2.7) which take now the form

As a consequence of these choices, and taking into account Remark 2.1, we obtain
@o(s) =0, x(s)=ris. 4.27)
We determine the other basis functions by solving the system of order conditions (2.6) for p = 1, which leads to
ei(s) =1, y(s)=(1=r1)s.
We analyze the A-stability properties of the resulting methods by using the Schur criterion: each method belonging to

the derived two-parameter family of methods is A-stable if and only if

1 1 1
(r1<0 and c>2> or <O<r1<2 and c>2(1+r1)>.

Moreover, the following result holds.

Theorem 4.1. A-stable TSAC methods with m = p = 1 and basis functions (4.27) are also algebraically stable, with

1 ri
5 ] , D =1] (4.28)

r rl—crl—i-c—%

9

G=




Proof. For the matrices G and D defined in (4.28), the matrix M in (3.19) takes the form

_rlC+C—% 0 (c—l)rl
M= 0 0 0
(c—1r 0 —r]c—i-c—%

Theorem 3.1 ensures that this matrix is nonnegative definite, which concludes the proof. O

We next consider the case 0 # 0, u # 0. Following [24] we assume that

o(s) =pis, x(s) =qis, (4.29)

and derive the remaining basis functions by imposing the order conditions. In this way, a three-parameter family of
methods arises, depending on the values of the parameters p;, g; and c¢. The A-stability properties of such methods
have been analyzed in [24], by means of the Schur criterion (see Fig. 1).

2 I

K

< 1 L i
= i Algebraic 1
N stability ;

i A-stability A-stability

-3/ ]
_4;\ | | | \;
~1.0 -05 0.0 0.5 1.0

P1

Figure 1: Region of A- and algebraic stability in the (p1,q1)-plane of TSAC methods (1.2) with m = p = 1, basis functions (4.29), c =3/4 and o
given by (4.33)

Sufficient conditions for algebraically stable TSAC methods are given by the following result.

Theorem 4.2. TSAC methods (1.2) with m = p = 1 and basis functions (4.29) are algebraically stable if the parame-
ters p1, q1 and c satisfy the conditions

0<p <1,

—a?(p1—1)*pt = (cpi+c—1)2(p1 —q1)?
+a(pr—Dpi(Epi(pr+1)2+2¢(p1 (P2 —prg1 —2) +q1 — 1)
+p1(=2p1g1+(p1 = pi+4i+1)+1) >0,

(4.30)

where o > 0 is a fixed parameter.
10



Proof: Define the matrices G and D by

1 _
2 0 P q
P1 P1
G = 0 1 1 , “4.31)
P1—q1 2p1q1 —p1— 43
- | T PATA g
P1 P1—P1
and
1
D:[ +P1]. (4.32)
P1

The first hypothesis in (4.30) and the condition ¢ > 0 ensure that G and D are positive definite. The corresponding
matrix M defined by (3.19) assumes the form

(prete—Daq

mi —pic—c+1 pic+c—1
pP1
—pic—c+1 I=pi p1—1 q1—1
M= ,
pic+c—1 p1—1 l—=p; I—qi

—1 alpr—1)—(q1 —1)?
(pictc—1)qi o1 - (pr—=1)—(g1—1)
L D1 pi—1 .

where

pi((pr—aq1)*+a—oapi—p1)+2c(p?—1) (pr—q1+1)+1
(p1—=1)p1

By applying the Albert Theorem 3.1 and employing the second hypothesis in (4.30), it follows that the matrix M is
nonnegative definite. This completes the proof. O

my =

In Fig. 1 the region of A- and algebraic stability in the (p;,q)-plane is reported for ¢ = 3/4 and

o 49p3 —56p%q1 +2pt + 16p1q3 — 23p1 +24q1 — 8
32(p1—1)p1 ’

inside the A-stability region. In particular, by making the choice p; = g, Theorem 4.2 allows to find algebraically
stable formulae for any value of the abscissa ¢ greater than 1/2. This situation is described in the following result.

(4.33)

Corollary 4.1. TSAC methods (1.2) with m = p = 1 and basis functions (4.29) with p\ = q| are algebraically stable
for any choice of the parameters p| and ¢ within the region o/ \U %, where of and % are the regions given by

gf:{(c,pl):%<c§[3 and (0<pi<ml(c) or )/z(c)<p1<73(c))},

B = {(c,pl) ce>B and 0<p; < yl(c)}.
Here, B is the positive root of the polynomial
4x3 +32x% —8x—5,
and 1 (c), 12(c) and y3(c) are the roots of the polynomial
A+ (22 = 1)+ (¢ =2+ 1x+1-2c.
11



Proof: The second condition in (4.30) of Theorem 4.2 for p; = ¢; reduces to
—(a+1)(p1=Dp1+pi(pr+1)* =2c(pr +1) +1 <0,
whose left hand side identically vanishes by choosing
g 1P —pt—2c(14p1)+2pi(l +P1)2.
pi(pr—1)

Then, the algebraic stability conditions of Theorem 4.2 reduce to 0 < p; < 1 and a > 0, which are satisfied for any
(¢,p1) € &/ UZAB. It can be verified that the matrices G and D associated with these algebraically stable methods are
given by

1
— 0 0
P1
G— D= 1+p1 .
0 1 1 ’ pi

0 1 1+
O

Observe that the condition ¢ > 1/2, together with the condition for zero-stability 0 < p; < 1, is a necessary condition
to achieve A-stability. In fact, by applying the Schur criterion to the methods of Corollary 4.1, the region of A-stability
in the parameter space (c,p;) is (1/2,00) x (0,1). Fig. 2 shows the algebraic stability region &7 U % inside the
A-stability one, in the rectangle (1/2,1) x (—1,1).

1.0 [T T T T T T ]
05 ; —|
I Algebraic stability
s 00 I
sl A-stability ]
-10 ;\ S S TS S R TS H R S M R W
05 0.6 0.7 0.8 0.9 1.0

C

Figure 2: Region of A— and algebraic stability in the (¢, p;)-plane for TSAC methods (1.2) of Corollary 4.1

Finally, we have searched for L—stable methods which are also algebraically stable. It has been proved in [24]
that TSAC methods with m = p = 1 and basis functions (4.29) are L-stable if c = 1, g; =0 and p; € (—1, 1]. By using
Theorem 4.2 with the parameter ¢ given by

_ —1-2pi+pt+4p}
2(p1—1)p1

we obtain L- and algebraically stable methods for the parameter values ¢ = 1, ¢; = 0, and p; € (0,(1+ v/17)/8).
12




4.3. Methods withm =2 and p =3

Our search for algebraically stable methods with m = 2 and p = 3 will be carried out inside the class of A-stable
methods derived in [21]. Therefore, following [21], we impose the interpolation conditions (2.7) which take the form

?0(0)=0, 2(0)=0,

and we fix the p = 2 basis functions

Po(s) =5 (q25* +qis+qo0), x1(s) =s(r2s*+ris+ro),

where g2, g1, qo, 12, 11, and rg are real parameters. We next derive the values of these parameters realizing the
collocation conditions

@p(c1) = @o(c2) =0 and  xj(c1) = x1(c2) =0.

This leads to
(c14¢2)q0 q0 (c1+c2)ro ro

2= r = r = :
26’1C2 4 3C1C27 2C1C2 ’ 3C1C2

q1 = —

We next determine the remaining basis functions @;(s), x2(s), ¥i(s), and y,(s) by imposing the system of order
conditions for p = 3. As in [21], we fix ¢; =5/2 and ¢, = 9/2. This leads to a two-parameter family of TSAC
methods, depending on go and ro. Within this family, we search for algebraically stable methods, by minimizing the
negative value of the objective function computing the minimum of the eigenvalues of the matrix (4.26). For instance,
for

go = —0.4253608181543406, ro = 1.6033382155047602, (4.34)

we obtain a method satisfying

He(DN(&)) e 0, re0,27).

This bound has been obtained by dividing the interval [0,27] into n = 10000 subintervals. The eigenvalues of
He(DN(&)) for & = €', t € [0,27], are plotted in Fig. 3.

4.4. Methods withm =2 and p =2

Our search for algebraically stable methods with m =2 and p = 2 will be carried out inside the class of A-stable
methods derived in [25]. Therefore, following [25], we impose the interpolation conditions (2.7) which are given by

®0(0) = x1(0) = x2(0) =0,

and assume that @y (s), x1(s), and x2(s) take the form

oo(s) =s(p1+p2s), xi(s) =s(q1+q2s), 22(5) =s(r1+rs),

where p1, p2, q1, g2, 71, and r, are real parameters. Then solving the system of order conditions for p = 2 we obtain
a six-parameter family of methods of order p = 2 depending on these parameters. Next, we looked for algebraically
stable methods within the class of A- and L-stable TSAC methods derived in [25] for ¢; = 1/2, ¢, = 1, and
2pa(1+1) 2pi _2n(l4n)

y q1=——) r=——7——", =2,

pi= 24+nr P2 241

Fig. 4 shows the region of A— and L— stability in the parameter space (p;,r2). Corresponding to the asterisks
marked in Fig. 4, we found formulas for which

He(DN(&)) a2 —107°%, te[0,27]. (4.35)
=l
This bound was obtained by dividing the interval [0,27] into n = 10000 subintervals. Dividing [0,27] into n = 1000
and n = 100 subintervals, this bound is equal to 0. The circled asterisk in Fig. 4 corresponds to the values

p2 = 0.7567262495625600, r, = —0.4460521573543530, (4.36)
13
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Figure 3: Eigenvalues A;(r) and A, (¢) of the matrix He(DN(&)) for & = ¥, 1 € [0,27], in correspondence to the choices (4.34) of the free
parameters go and ry

20 T T T T T T T T T

161 -

k- = T I e + + e

10}

A5 A- and L-stability 7
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Figure 4: Region of A- and L- stability in the parameter space (pa,r2). *: methods satisfying the bound (4.35). (®): method satisfying the bound
(4.37)
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Figure 5: Eigenvalues 4;(r) and A, (r) of the matrix He(DN(E)) for & = ¢, 1 € [0,27], in correspondence to the choices (4.36) of the free

and the resulting method is L-stable and satisfies the bound

He(DN(&)) e 0, re0,27).
s

This bound has been obtained by dividing the interval [0,27] into n = 10000 subintervals

He(DN(§)) for € = e, t € [0,27], are plotted in Fig. 5

4.37)
We obtain from (2.11) that the error constant associated to this method is

The eigenvalues of

C,(1) = —0.18492969764966272
(2.12), with

Moreover, by solving the system (2.13), we can derive a two-parameter family of local error estimators of the type
o =-a, Pi=

4 —7.4089106474630990) — 7>,
B> = —8+16.8178212949261980 +37,, 1 =
depending on the parameters o and 7y,

4 —8.4089106474630990p — 37>,
4.5. Methods withm =3 and p =4

In this case, we relax the following p = 3 basis functions
—S(Z€ +£4 ), —S(ZE +£4 CI4>

=5 ( Z li(s + Ly(s )
These functions satisfy the interpolation conditions (2.7), where ¢;(s), i = 1,2,3,4, are the Lagrange fundamental

(4.38)
polynomials associated to the abscissas {c1,cz,c3,1}. We next derive the remaining basis functions by imposing the
15
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Figure 6: Eigenvalues A, (¢), A»(t) and A3(¢) of the matrix He(DN(&)) for & = ¢!, t € [0,27]

system of order conditions up to order p = 4. In this way, we obtain a 15-parameter family of TSAC methods (1.2),
depending on ¢;, j =1,2,3 and ¢;, r;, s;, i = 1,2,3,4, which represent the evaluations of the basis functions (4.38) in

{01702703, 1}, i.e.

xi(c1) =qi, x1(c2) = q2, x1(¢c3) = g3, x1(1) = qa,
x2(c1) = s1, 22(c2) = 52, 22(c3) = s3, 22(1) = s4,
Qo(c1) =r1, @o(c2) =r2, @o(c3) =13, @o(1) =ry.

We carry out a numerical search for algebraically stable methods and for the parameters

q1 = —0.2726789592434525, q2 = —0.4181859079468002,
q3 = —0.4081521541939172, qs = —0.3900512337727580,
r1 = 0.0254105370486458, rp = —0.0410914281399805,
r3 = —0.0865247300437837, r4s = —0.0406851876697910,
s1 = —0.0345953002848433, 5o = —0.0027633289164017,
53 = —0.1546470396551506, 54 = —0.0293367577248120,
c1 = 0.8052565472589601, ¢ = 0.2883202630501468,
c3 = —0.2961982211404683,

we obtain a method satisfying

He(DN(E))|, , =0,

E=ell
This bound has been obtained by dividing the interval [0,27] into n = 10000 subintervals.
He(DN(&)) for € = e, t € [0,27], are plotted in Fig. 6.

We obtain from (2.11) that the error constant associated to this method is

t€[0,2m].

C,(1) =0.13146585625709778.
16

The eigenvalues of



Moreover, by solving the system (2.13), we derive a two-parameter family of local error estimators of the type (2.12),
with op = —0.16308569769132666, «; = 0.16308569769132666,

B1 = —0.07010794285202898 — 1.43856881793989487, —0.803738349389213y3,

B = —0.0887295271619641 + 0.8632491086735037y, — 0.2438015854681021673,

B3 = —0.0038847814923057837 — 0.1845680275203434Y, + 0.034316728210577824 3,

1 = —0.0003634461850278035 — 0.2401122632132887, +0.01322320664673810573,

depending on the parameters 95 and 73.

4.6. Methods withm =3 and p =3

In this case, we relax the p = 4 basis functions

-

Il
-

G(s)gi,  x2(s) = Y 4i(s)sis  x3(s) = Y Lils)pi,

i=1 i

AMA
gk

lfi(s)”i, 21(s) = '

Po(s) =

Il
-

1

where 4;(s), i = 1,2,3,4, are the fundamental Lagrange polynomials associated to the abscissas {cy,c2,c3,1}. We
next derive the remaining basis functions by imposing the system of order conditions up to order p = 3. This leads to
a 19-parameter family of TSAC methods depending on c;, j = 1,2,3 and ¢, r;, s;, p;, i = 1,2,3,4, which represent
the evaluations of the basis functions (4.38) in {c;,c2,¢3,1}, i.e.

x1(c1) =qi, 21(c2) = qa, 21(c3) = g3, x1(1) = qa,
x2(c1) = s1, x2(c2) = 52, x2(c3) =53, x2(1) = s4,
23(c1) = pi, 23(c2) = pa, x3(c3) = ps, 23(1) = pa,
Po(c1) =r1, Po(c2) =12, ®o(c3) =r3, @o(1) = ra.

We carry out a numerical search for algebraically stable methods and for

p1 =0.2161653206100524, p2 =0.5305046665091202,
p3 = 0.5006036194861265, p4 = —0.0442411660931498,
g1 = 0.4890828798433550, q2 = —0.0436404150461699,
g3 = 0.4863106562462140, q4 = 0.2325277079503709,
r1 = 0.0578387262996022, ry = —0.2486414601865061,
r3 =0.4182238288736025, r4s = —0.1101403829440502,

s1 = —0.6730527554702595, 52 =0.9200313313645769,
53 = —1.4427135243568587, 54 = —0.0472056454517496,
c1 = 1.6279435207726001, ¢ = 0.7466367275877779,
c3 = 0.2657929207108657,

we obtain a method satisfying

He(DN(&)) a2 0, re(0,2n].

This bound has been obtained by dividing the interval [0,27] into n» = 10000 subintervals. The eigenvalues of

He(DN(&)) for & = ¢, t € [0,27), are plotted in Fig. 7.
In this case, we obtain from (2.11) that the error constant associated to this method is

C,(1) = 0.0035029427463059287.

17



x 10"

Figure 7: Eigenvalues A, (¢), A»(t) and A3(¢) of the matrix He(DN(&)) for & = ¢!, t € [0,27]

Moreover, by solving the system (2.13), we derive a three-parameter family of local error estimators of the type (2.12),
with

0 = —0.027309616275544915 + 0.020227003707928848; +0.00080001745859137337, — 0.000855759237601838673,
o = 0.027309616275544915 — 0.020227003707928848y; —0.0008000174585913733 7, 4+ 0.000855759237601838673,
B1 = —0.0005816766234610915 — 3.701386325079529y; — 1.2335336759648714y, — 0.4324780791578719573,

B2 = —0.011654042794290243 + 5.58275322001603957; +0.41510818468011687, — 0.854955692376019473,

B3 = —0.015073896857793579 — 2.8611398912285817y; — 0.18077449125665404y, + 0.286578012296289673,

depending on the parameters ¥, > and ;.

5. Conclusions and future work

We have presented the approaches for systematic search for algebraically stable GLMs for ODEs, based on Albert
theorem and the recent criteria formulated by Hill, which are based on Nyquist stability function. These searches were
illustrated on TSAC methods up to uniform order p = 4. Future work will address the construction of algebraically
stable TSAC methods of high order and the derivation of the G-matrices (for instance according to [32]) of the derived
methods.

Future work will also address various implementations issues related to these methods and comparison with clas-
sical methods for ODEs such as Runge-Kutta and linear multistep methods. The realization of this program requires
the derivation of efficient local error estimators for small and large stepsizes, the design of stepsize and order changing
strategies and efficient solution of nonlinear systems of equations by some variants of Newton method at each step of
integration. The techniques to accomplish these goals are different from those employed in this note and these topics
will be the subject of separate paper.
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