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ABSTRACT. The paper aims to explore the long-term behaviour of stochastic
two-step methods applied to a class of second order stochastic differential equa-
tions. In particular, the treatment focuses on preserving long-term statistics
related to the dynamics of a linear stochastic damped oscillator whose velocity,
in the stationary regime, is distributed as a Gaussian variable and uncorrelated
with the position. By computing the solution of a very simple matrix equal-
ity, we a-priori determine the long-term statistics characterizing the numerical
dynamics and analyze the behaviour of a selection of methods.

1. Long-term dynamics of a damped stochastic oscillator. Let us consider
a damped stochastic oscillator related to the motion of a particle subject to both a
deterministic and a stochastic forcing term described by the following second order
differential equation
i = f(z) — i + =€), 1)
where f(x) is a deterministic forcing term related to a potential V(z) by the relation
f(z) = =V'(x), n is the damping parameter, £(t) is the stochastic forcing term of
amplitude €. As highlighted by [5, 6], such a differential problem can be recast in
terms of position and velocity of the particle by the following system of coupled
differential equations
dX(t) = V(t)dt,
(2)
dV(t) = —(qV(t) — f(X(t)) dt + edW (¢),
where X (t) is a stochastic process describing the position of the particle at time ¢,
whose time dynamics is described by a deterministic differential equation, V' (¢) is a
stochastic process describing the velocity of the particle at time ¢ and varies in time
according to an It6 stochastic differential equation (SDE), being W (t) a Wiener
process. More details on It6 SDEs and their numerical treatment can be found, for
instance, in [9, 10] and references therein.
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We are now interested in underlining some long-term properties of this dynamical

system. Therefore, we remind that the probability density at time ¢ is given by
d d
I it) = ——P(X(¢t t
(2,0:) = T2 P(X(t) <2,V () < v),

and analyze the stationary density
My (z,v) = tlgrolo II(x, v;t)
that, related to the solution of (2), has the following analytical form [5, 6]
M (2,0) = Noexp (=25 (v +2V()) ) (3)
where the constant Ny can be computed by the condition

/ / oo (z,v)dxdv = 1.

Thus, the long-time behaviour of the stochastic dynamical system described by (2)
has a Gaussian distributed velocity, which is totally uncorrelated with the position
of the particle.
If the forcing term is linear, problem (2) assumes the form
dX (t) = V(t)dt,
(4)
AV (t) = — (nV(t) + gX (t)) dt + edW (¢),

with g > 0 constant value, and the stationary density (3) becomes
oo (,v) = No exp (—sﬂz(ggc2 + 112)) . (5)

Therefore, the following long-term statistics characterize the dynamical system (4)
2

2 _ 1 2_ £
ox = lim E[X(#)]" = 2gn’
2 : 2 €
oy = lim B[V ()" = '

p= Jim E|X(0)V(1)] = 0.

We collect these values in the following correlation matrix
1

o2 s | — 0

=[5 als
reov "o 1

which highlights the main features of the long-term behaviour of (4).

This paper, following the path of structure-preservation in stochastic dynamical
systems along numerical solutions (see [1, 3, 4, 11, 12] and references therein), aims
to give answer to the following question: how accurately is the correlation matrix
(6) reproduced by time-stepping methods for SDEs? In other terms, the goal of
the paper is to analyze the conservation of the structure of the stochastic damped
oscillator (4) along the numerical dynamics carried out by selected stochastic meth-
ods, extending the analysis provided by [5, 6] for one-step methods. The considered
family of methods, i.e. the family of indirect stochastic two-step methods, is intro-
duced in Section 2; the long-term behaviour of these methods when applied to (4)
is then discussed in Section 3; some conclusions are provided in Section 4.
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2. Indirect stochastic linear two-step methods. The starting point of our
treatise, for a general system of It6 SDEs [9, 10]

dX (t) = f(X(t))dt + g(X (t))dW(t)
is given by the family of two-step stochastic methods
@ Xit1 + o Xi + aoXi—1 = h (Baf(Xit1) + B1f(Xi) + Bof(Xi-1)) )
+ 71 9(Xi) AW + 70 g(Xi—1) AWy,

investigated in [2] and references therein. The Wiener increments AW, and AW;_4
in (7) are normally distributed with expected value 0 and variance h.
Two-step methods (7), specialized to (4), give rise to the family of methods

arXip1 + a1 Xs + aoXi—1 = h(B2Vig1r + A1Vi+ BoVio1)
aVipr +arVi+ aVicy = —h (B2 (Vi1 + 9Xi1) + B1(nVi + 9X5) (8)
+Bo(nVie1 + gXi—1)) + e(mAW; + v AW, _1),

which, following the notation introduced by Henrici [8], will be denoted as indirect
two-step methods (ITS methods) in the remainder of the treatise. Their indirect
nature is due to the fact that ITS methods (8) are applied to the first order version
(4) of the second order problem (1).

Let us compute X;41 from the first equation in (8), obtaining

h
Xiv1=— (BoVigr + B1Vi + Vi) — *X - 7Xz 1- 9)
(&) (&%)

We replace above expression for X, in the second equation in (8), leading to

Vitr = *V+ oV 1+§1X +§°Xz 1+5—AW+ VOAW1 Lo (10)
where
B2 B2
Ko = Qg + hfgn + —— 529 H1:fa1—hﬂmfm’
(65) Qs
h2
Ko = —ag — hfBon — M,
a2
hpBsa hBocr
leM—hﬂlg7 &):M_hﬁog.
(65 o

We finally replace (10) in (9), obtaining
h h h h h
X¢+1:< Bak1 ﬂl)V—i—( 5250+50)Vi1+< 5251_041)Xi

Qok2 Q2 Q2k2 Q2 Q2k2 Q2

(11)
hBaem1 hBagm \y 4 hB2e70

2K2 2K2

AWifl.

h
+ <ﬁ2§0 _ Oéo) Xifl +
A2K9 [6%)

Finally, in compact notation we get
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with
1 h K
— (h52€1 - 0l1> — <521 + 51)
Qo K2 (0%) K2
Ri(h) = ,
& 51
K2 K2
1 h K
— (hﬁzgo - a0> — (520 + 50)
Qo K9 (e%] K2
Ro(h) =
S Ko
K2 R2
and
ha
r(h)y =25 | Q2 | o0,
K2
1

The coefficients of the method (12), given by the matrices Ro(h), R1(h) and the
vectors ro(h), r1(h), are then collected into the Butcher tableau

_ | Ru(h) | Ro(h)
M_{m(h) ro(h) ] (13)

which will be used in the remainder of the treatise to denote any specific method
(12).

3. Preservation of the correlation matrix. We now aim to analyze the prop-
erties of the numerical correlation matrix

X ﬁ]

S = (14)

~2
wo oy

with

A= B BN 5=l BV = i B
being X,, and V,, numerical solutions of (4) generated by the ITS method (12). The
following result holds.

Theorem 3.1. The correlation matriz 3 that results from ITS method (12) satisfies
the matriz equation

S = Ri(h) SRy ()T + Ro(h)SRo(h)T + ri(h)ry(h)Th+ ro(h)ro(h)Th. (15)

Proof. We know that problem (4) has a stationary density, given by (5), which is
Gaussian with expected value 0 and correlation matrix ¥ given by (6). Since the
advancing rule given by the ITS method (12) is a linear transformation, certainly
also the corresponding numerical solution has a stationary density which is Gauss-
ian with expected value 0 and correlation matrix ¥ given by (14). Then, in the
stationary regime,

X ]
is still Gaussian with expected value 0 and correlation matrix Ry (h)SRy (h)T, while

Ro(h) { )15__11 }
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is Gaussian with expected value 0 and correlation matrix Ro(h)SRo(h)T. Moreover,
proceeding similarly for the Wiener increments in (12), in the stationary regime
we have that r1(h)AW; has correlation matrix r1(h)ri(h)Th and 79(h)AW,_; has
correlation matrix ro(h)ro(h)Th. Then, regarding (12) in terms of the correlations
in the stationary regime here computed gives the thesis. O

We observe that the matrix equality (15) is the two-step extension of the analo-
gous one-step version, derived in [5, 6]. It can be treated in a twofold way:

e as a matrix equality whose unknown is 3. In this way, we can a priori compute
the entries of the numerical correlation matrix & and analyze the long-term
properties of a given method;

e by imposing ¥ = Y in (15), we can employ it as a matrix equality whose
unknowns are some of the coefficients of the method. This provides a con-
structive tool for methods (12) that would exactly preserve, within round-off
error, the matrix s along the numerical dynamics.

However, constructing new methods is out of the scope of this paper and, there-
fore, we will only use (15) to a priori analyze the long-term properties of a selection
of ITS methods (12), as highlighted in the following subsection.

3.1. Analysis of selected methods. We now aim to analyze the long-term prop-
erties of some known methods within the family of ITS methods (12), by a priori
computing the statistics contained in the numerical correlation matrix (14). Such
analysis strongly relies on Theorem (3.1) and, in particular, on solving the matrix
equation (15).

Euler-Maruyama method

We first analyze long-term properties of the Euler-Maruyama method [9] that,
specialized to problem (4), assumes the form
Xiy1 — Xi = hVj,
(16)
Vi+1 — ‘/z = —h(?]‘/i + ngL') + é‘AWZ
Recast in the compact notation (12), the corresponding Butcher tableau (13)
assumes the form

1 h [0 0
M=| —gh 1—nh |0 O
0 e [0 0

We solve the matrix equation (15) with respect to the matrix 3 defined by (14),
whose entries are given by

52 _ e2(2 — hn + gh?)
CEMT g (202h + gh(4 + gh?) — (4 + 3gh?))’
~92 262

0w, EM = _2772h + gh(4 + gh?) — n(4 + 3gh?)’

e2h
2n2h + gh(4 + gh?) — n(4 + 3gh2)’

HEM =
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We observe that above values are coherent with those derived in [5, 6]. Moreover,
thought as functions of the stepsize h, they satisfy the following properties

o g2 - g2 L
M ey = gy M TueM =gy fmem =0
since ) )

5 € € )

= L hrom
az,EM 2917 + 2772 + ( )a

2 20,2

~2 _ ¢ e“(n” + 2g) 2
Oy, EM = % + 4772 h+ O(h )v

2

19
fiem = ——h+ O(h?).
BEM P + O(h*)

Figure 1 shows the patterns of the errors |52 5y, — 02|, [0 gy — o] and [fign —
u| over the damping coefficient 7. It is visible from the figure that, the more
the problem is damped, the more the error in the long term mean-square of the
velocity remains constant. The error associated to jigps decreases when the problem
becomes more damped. As a consequence, in the long-term, numerical position and
velocity of the particle computed by the Euler-Maruyama method tend to become
less correlated, in accordance with the corresponding property of the continuous
problem. Moreover, also the error on 52, gy decreases for increasing values of 7.

-5

10 L L L L L L L L

FIGURE 1. Patterns over 7 of |5£7EM — 02| (continuous line),
|337EM — 02| (dashed line) and |z — p| (dashed-dotted line),

for g =1, At = 1072, ¢ = 1 for the Eulero-Maruyama method (16)
applied to the stochastic problem (4).

Trapezoidal method

Let us analyze the properties of the trapezoidal method applied to (4)
h

Xi+1 — Xz = 5(‘/2 + Vvi+1)7
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h
Viei —Vi= 3 (N(Visr + Vi) + g(Xip1 + X2)) + eVRAW,. (17)

Regarded in the compact notation (12), the corresponding Butcher tableau (13)
assumes the form

4+ 2nh — gh? 4h 0 0

_ 1 —4gh 4—2nh—gh? |0 0
4 4 2nh + gh?

2eh?/? 4evh 0 0

Through the matrix equation (15), solved with respect to Y defined by (14), we
obtain the following long-term statistics
=2 o e?h?
z, TRAP 4,9 ¥ 2ngha

~9 Ezh
Oy, TRAP = ma

8e2h3
g2ht +4(2 + hn)2 + 4gh2(6 + hn)

Figure 2 shows the patterns of the errors |62 ppap — 03|, |00 rrap — 02l and
|trrap — u| over the damping coefficient . One can recognize that, the more
the problem is damped, the more the long term mean-square of the velocity and
the position are approximated with low accuracy. The error associated to firpap
remains essentially constant when the problem becomes more damped. Hence, in
the long-term, numerical position and velocity of the particle computed by the
trapezoidal method mostly remain uncorrelated, as desired.

ﬁTRAP =

FIGURE 2. Patterns over 1) of |62 ppap — 02| (continuous line),
|62 rrap — 02| (dashed line, almost overlapping the continuous
line) and |firrap — | (dashed-dotted line), for g = 1, At = 1072,
e = 1 for the trapezoidal method (17) applied to the stochastic
problem (4).
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An Adams-Moulton method

We now consider the following Adams-Moulton method [2] applied to (4)

1
Xip1 —X; = ﬁh (5Vig1 +8V; = Viq),

1 1
Viet = Vi = —5h (GVig + 9Xi11) +8(Vi + 9X0) = (Vi1 +9Xi0)) (1)
+€AW¢,

corresponding to the following Butcher tableau

1 —

= 19
M M4+&mh+2wbzwt (19)
where
144 4 60nh — 40gh? 156h 5gh? —12h
M= —156gh —8(—18 + 12nh + 5gh?) | 12gh  h(12n + 5gh)
60ch 144¢ 0 0

Through the matrix equation (15), solved with respect to 5 defined by (14), we
obtain the following long-term statistics

— 90e2h

T AM T 0468 + 1950k — 25gh2)

B 2592¢2

Tv.AM = 71950213 1 1445(—39 + 5hn) + 60g7h(—39 + 10h)
N 8640e2h?
HAM =

62592h* + 144(12 + 5hn)? + 120gh?(264 + 25h7)

Figure 3 shows the patterns of the errors 57 45, =02, |67 sp —02] and [Fanr—p
over the damping coefficient 77. One can recognize that, the more the problem is
damped, the more the long term mean-square of the velocity and the position are
approximated with low accuracy, with slowly decreasing errors. The error associated
to fap remains essentially constant when the problem becomes more damped.
Hence, in the long-term, numerical position and velocity of the particle computed
by the Adams-Moulton method mostly remain uncorrelated, as desired.

A BDF method

We now consider the following BDF method [2] applied to (4)

2
X1 = Xi = ghVig,

(20)
2 1
Vien = Vi = —gh (MVig1 +9Xig1) + € <AW¢ - SAW¢1> )
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1 2 3 4 5 6 7 8 9 10

FIGURE 3. Patterns over 1 of |62 45, — 02| (continuous line),
|62 apr — 04l (dashed line) and |fian — p| (dashed-dotted line),
for g =1, At = 1072, ¢ = 1 for the Adams-Moulton method (19)
applied to the stocastic problem (4).

corresponding to the following Butcher tableau
9+ 6hn 6h 0 0

_ 1 —6gh 9 0
M_9+4gh2+6h77

o

(21)

6eh 9¢ | —2he —3¢

Through the matrix equation (15), solved with respect to  defined by (14), we
obtain the following long-term statistics
s 92%h
Ox,BDF = ’
= 29(9 + 2gh? + 6hn)

812
~2 _
0y,BDF = 4(4g%h3 + 9n(3 + hn) + 6gh(3 + 2hn)) ’

542h?
16g2h* + 9(3 + 2hn)? + 12gh2(9 + 4hn)

Figure 4 shows the patterns of the errors |52 zpp — 03|, |0 ppp — 04| and
|Eppr — u| over the damping coefficient 1. One can recognize that, the more the
problem is damped, the more the long term mean-square of the velocity and the
position are approximated with low accuracy, with slowly decreasing errors. The
error associated to ippp remains essentially constant when the problem becomes
more damped. Hence, in the long-term, numerical position and velocity of the
particle computed by the BDF method mostly remain uncorrelated, as desired.

ﬁBDF =

4. Conclusions. The treatise presents a long-term analysis of two-step methods
for second order stochastic differential equations. In particular, we have focused on
the problem of preserving the long-term properties of a linear stochastic damped
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FIGURE 4. Patterns over 7 of |52 zpp — 02| (continuous line),
|62 ppr — 02| (dashed line) and |ippr — p| (dashed-dotted line),
for g =1, At = 1072, ¢ = 1 for the BDF method (21) applied to
the stochastic problem (4).

linear oscillator, whose position and velocity are uncorrelated in the long-term and
the velocity has Gaussian distribution. The tool we have introduced, following [5, 6],
is given by the simple matrix equation (15), which enables to perform an a-priori
analysis of the long-term properties of two-step stochastic methods (12). As shown
on selected examples of methods, it is not automatic that a method preserves the
long-term properties of the given problem and methods have to be accurately chosen
to achieve the prescribed behaviour. Following this path, future investigations will
be oriented to employing Equation (15) to derive measure exact methods within
the class (12), exploiting the larger number of degrees of freedom in the method
with respect to the one-step case described in [5, 6] in order to achieve a better
balance among accuracy, stability and conservation of qualitative properties of the
continuous problem. Moreover, it is relevant to analyze the ability of stochastic
multistep methods in preserving other types of properties of stochastic differential
problems: this is the case, for instance, of stochastic Hamiltonian problems [3, 4],
where a long-term behaviour in the mean-square of the Hamiltonian function is
a-priori known and it looks relevant to merge this information in the numerical
scheme, in order to accurately reproduce the same property along the numerical
dynamics over long times.
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