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Summary. — Shucker has shown how to define momentum in stochastic mechanics
for a free particle. The purpose of this note is to generalize his result to the case in
which a nonvanishing potential is present.

SHUCKER hag defined (1) the stochastic momentum as the limit for ¢t — + oo of
a(t)/t (where a(t) is the stochastic position variable). For any free particle such a limit
has a finite definite value and its probability coincides with the one given by quantum
mechanics for the momentum.

The advantage of this definition consists in providing an operational meaning to
the corresponding physical quantity.

In scattering problems the experimentally measured quantities are the initial and
final momenta. Therefore, the extension of Shucker’s result to this case is obtained
by suitably defining the corresponding stochastic variables.

It will be shown that also in this case the limit for ¢t — 4 oo of a(t)/t is finite.
Furthermore, it turns out that the probabi ity density of tlim a(t)/t is equal to the

quantum probability density for the initial momentum, and li?_l a(t)/t has the same
t—>+cw

probability density of the final momentum. We will start with a statement of a general

nature.

In stochastic mechanics the function p(x,t; «',1’) represents the probability den-
sity for a particle to be found at point x at time ¢ if at time ¢'= ¢ — Atf its position
was in a’.

For small At one has

—(x — &' —bH(x',t') At)?
el 3 (x —=x
(1) plx, t; x',t') = (4dnv At) ™% exp { Y } .

() D.S. SHUCKER: J. Funct. Anal., 38, 146 (1980).
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By defining y = x/t one obtains from (1) the corresponding transition probability
for the y:

. _ar r__ 14r o gr 2492
(2) Py, by, ) = (4w At)~Hee exp{ Y=y + by —briy't, ¥ AtfE)' }

4v At
From this expression it is clear that, provided

(3) lim b+(yt, £)/t = 0

t—>too

the transition probability vanishes for y <« 5’ when ¢ — 4 oco. It will be therefore
sufficient to show that (3) holds in order to conclude that a(t)/t reaches definite (different)
limits at + — 4 oo.

We will consider in this note the elastic scattering of a particle interacting with a
spherically symmetric potential vanishing sufficiently rapidly. In fact we will assume
that the potential vanishes at distances larger than an arbitrary but finite length a.

Let us define, as usually in quantum mechanics, g(x,%) = |y(x, t)|* as the position
probability density, and @(p,?) = |@#(p,?)|*? as the momentum probability density,
where (p, t) is the Fourier transform of the wave function y(x,t).

We want to show that the two following equalities hold:

4 lim 3 = lim §
(4a) t_ggnt o(pt, t) t_fﬁo é(p,t),
(4b) 1121 b+(pt, )/t = 0.

t—=>Ltoo

The wave function describing the scattered particle is a superposition of eigenfune-
tions belonging to the continuum energy spectral range, which can be written in the
form E(r) Y n(8, ¢); Y,,(0, ) are the angular-momentum eigenfunctions, R,,(r) are
defined (for r > a) by

(8) Byy(r) = (— 1) el P "

7l ( d )l(A(k, 1) exp [ikr] + A*(k, 1) exp [— ikr])
with |4A(k, )| = 1.
The corresponding free-particle eigenfunctions are

13
(6) RY(r) = (— 1)!2 7%(

rdr

d \!sinkr
pant

The wave function y(x,t) at time ¢ can be written:
+o 7 2%
1 +o 41 .
(7) p(r, 0, o, t) =2—fffw(r', o', ¢, 0)(2 > Y6, @) X107, @)
T 1=0 m=—1
O 0 o

+co
L2
. J‘Rkl("“)Rm(”',) exp l:— 1 5 t] dk) sin6' r'2de’ dg’ dr’ .

0
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Its Fourier transform is

+o 7z 27

1 4o 41
(8) Pp, & B, 1) = —*}f f f p(r', 0, @', 0)(2 > Yl A0, @)
(27)
0 0 o0

1==0 m=—1

+ + o
2

2 k
-kal('r’)(— i)’kal('r) Rpi(r) C dr exp [- i Et] dk) sin ' r'2de’ d6’' dr’ .
p

0 0

Let us perform the substitution x — pt. This means the replacement (for ¢ > 0) r — pt,
¢ >3, 0 —ain (7).
We obtain

+o m 2m

1 +oo +1
(9) W(Pt, &, .B’ 1) = 2_7_; f f f ‘/’(7“', o', QQI, 0) (Z Z Ylm(“a ﬁ)yfm(el, ‘P’)'
0o 0 o

=0 m=—1
4o
k2
'fRIcl(pt) Ry, (r') exp Ii—‘ ( 3 t] dk) sin 0’ r'2de’ do'dr’.
0

Let us assume that the wave function (7) contains only states with energy in the range
between k2;,/2 and k2,./2 .In this case we can replace in (9)

o
kZ
(10a) kal(pt) B, (r') exp [—i ) t] dk
0
with
kmax
kZ
(100) ka,(pt)Rk,(r’) exp [—— 1 > t] dk .
Xmin

Now when ¢t - 4+ oo we can change K, (pt) with its asymptotic value:

g Ak, D) : L AX k1 .
(1) Bispt) = (— iy =2 exp tikpt] + (1 ) exp [ ikpt]
obtained from (5) in the limit of large r.
Therefore, one gets
kmax
i v %2 p?
(12) lim | B, (pt) By (7') exp [—i — t] dkt? exp [—i —t] =
t—>+co 2 2
Emin
kmax 3
] k| dkt 2
= lim f (— ) Ak, 1) Byy(r') exp [ikpt —1 —] —— exp [— ) P t] +
=>4 2 pt 2
Fmin
kmax 3
) k2 ]| dkt 2
+ lim f (1)L A*(k, 1) By (r') exp [— thpt — 1 — t] ——— exp [— ) P t] .
t—>+o 2 pt 2

Emin
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By replacing k with ¢/t* 4 p in the first term and with ¢/t — p in the second term the
limit (12) becomes

1
(130') - (—— i)LR:oL(,rI)A(p9 l)(— 27”:)% (fOI' k’min< p < kmax) ’
P
(130) 0 (for P < kyin OF P > k) -
Consider now the limit
+o +®
. (=) 72 N . p?
(14) tgﬂf Ry (r") '(Ez)-; fchz(T) RYy(7) g dr exp [— ) > t] dk exp [’e?t .
0 0

It can be shown that, when integration on p is limited to the range k., <p<k one

max?

can rveplace Ry (r), RJ(r) with their asymptotic values Ry (r), Rj(r), respecitvely,
(Rpi(r) is obtained from (6) in the limit of large r).

With a suitable change of variable we obtain (for k_, <p <k_ ):
kmax +oo
. (=) r? k? PP
(15) t-l—:fiof Ry (r") @) Ry, (r) Ryy(r) p drexp [—i —2—t dk exp |1 St=
Emin 0
L ) RPN
= (— ) Bpu(r') A(p, D(— 2m0)3(4)* .

When p <k_, or p <k, the limit (15) vanishes.
In order to prove (4a), we now must compare the limits

2
(16a) t}gﬂo t¥ exp [*73 %t] () y(pt, o, B, 1),
2
(16b) t—I:En exp I:z %— t] P(p,  f, t) .

If we suppose that the wave function u(r, 6, ¢, 1) does not contain values of the
angular momentum I larger than 7., it is easy to see that the sums appearing in (8)

and (9) are limited to 0 <1<1,,.. In this case the two limits (16a) and (16b) are equal.
This means that (4a) holds.

In order to prove (4b) we start from the definition

(17) b+(pt, 1) = R 1o it it I 12 (pt, )/ (ypt, t
pl,t) = Re ;gw(p,)/w(p,) + ngwp,)/wzw,),

where (S/0p)w(pt,t) can be written in the form

5 ] +o 5 o2x e 42
(18) — v(pt, t) = —f f f (', 0, ¢, 0) (Z > YL, ¢):
ap 27I =0 m=—1
000
kmax
G , k? .
. . Y (e, ﬂ)kal(pt) R, (r") exp [— % 0 t] dk) sin 6’ r'2 do’ d6’ dr' .
P

kmin
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By expressing 0/0p in polar co-ordinates, and taking into account that

kmax

.18 , _k? ' . p*

(19) til_rl_nw n @ Ry (pt) Byi(r') exp | — 4 Et dkttexp |— 4 Et =
Emin
= B, (') (— i) A(p, I)(— 2mi)?,
we obtain
kmax

.19 K  p?

(20) lm —— ¥, (o, B) | Bpu(pt) Ryy(r') exp | — i —t | dkttexp | —i = ¢ | =
t—>+o t Op 2 2
Emin

A(p, 1)

= 4p(8in « cos f, sin a sin B, ¢o8 ) Xy, (o, B) iR, (r')(— 4)* (— 2m1)2

and, therefore,

(21) lim b+(pt,t) = p .
=>4
This implies the validity of (4b).

The same result can be obtained when ¢ — — co.

This complete the proof of our initial statements.

Its validity is limited by the assumptions made, nemely: 1) the potential vanishes
for r > a; 2) the wave function y(r, 0, ¢, t) contains only states with 1<, ; 3) the
momentum range is between k,;, and k,,, From a physical point of view they are all
reasonable and experimentally justified; from a mathematical point of view their
replacement with weaker conditions seems feasible, but would require a more sophis-
ticated formalism.

The extension of this method to the treatment of scattering of particles by targets
with internal degrees of freedom is possible and it is presently under investigation.

kK 3k
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