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measurement problem.
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1. Introduction

In Quantum Mechanics (Q.M) the complete description of the state of a physical
system with configuration space IR" is given by specifyng the wave function Y,
which is a square integrable function. The dynamics is given by the Schrodinger
equation and so the state evolves completely deterministically.

Randomness comes into play only when a measurement is made. The manner
in which it is incorporated into the formalism of Q.M. appears for many people to
be not very satisfactory. Indeed physical systems are described in Q.M. as evolving
according to one or the other of two apparentely incompatible ways: completely
deterministic Schrédinger equation and probabilistic state vector reduction.

On the other side it is almost impossible to be dissatisfied with the very brilliant
successes obtained by using Schrédinger equation for predicting the outcomes of
experiments.

In this paper we give an answer to this problem using Nelson’s Stochastic
Mechanics (S.M.). This theory gives a more detailed description of physical systems
with respect to Q.M. but is completely equivalent to Q.M. for predictions of the
outcomes of experiments. Nevertheless, we show that S.M. is able to describe in a
unifed language the deterministic and random aspects of quantum evolution giving
a simple and completely satisfactory solution to the measurement problem.

In section 2 we discuss the measurement process in Q.M. showing that the
problems are essentially a consequence of a more fundamental problem connected
with the classical limnit of the theory.

In section 3 we give a short description of Stochastic Mechanics. We show
that the theory is a kind of minimal randomization of Classical Mechanics which
reconciles the individual particle random trajectories with the Schrodinger equation.

In section 4 we rediscuss the classical limit and the measurement process in
the framework of S.M. showing that both have a simple and coherent description
in this theory.

In section 5 we test our results against a simple model of Stern-Gerlach mea-
suring apparatus.
Finally, in the appendix, we briefly recall how to extend S.M. in order to

describe also discrete processes and we produce another example based on a simple
model of spin-bosous interaction.
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2. Quantum Mechanics: the problems

2.1. The classical limat

The classical limit of Q.M. is generally discussed by exhibiting the connection be-
tween quantum and classical equations of motion. It is shown for example, that the
phase S of a wave function satisfying Schrodinger equation becomes the classical
action function S., which satisfies the Hamilton-Jacobi equation. In this way one
concentrates on the emergence of classical trajectories and remains satisfied with
this result, without considering further the limiting behaviour of the statistical
properties of quantum mechanical states.

Generally speaking, quantum probabilities (which refer to the output of a mea-
surcment) for a given state become, in the limit, the probabilities associated to a
classical statistical ensemble. For example the quantum probabilities of an energy
eigenstate become those of the classical microcanonical ensemble with the same
energy.

Two main difficulties however arise if one looks carefully into this limit [1].
The first is a consequence of the superposition principle. Consider a state

1

[Y> = 7 ([hr> + [hr>) . (2.1)

and suppose that in configuration space the wave functions ¥.(z,t) = <z|,> and
Pi(z,t) = <z|h)> are "classically” separated. As an example for a free particle
Yr and ¥ can be chosen as two gaussians centered in z, = pgt and z; = —pot
respectively. The variance of any single gaussian has the well known form o =
[(Ai);tz -+ 4(21)2 ]% while the separation of the two peaks is 2pgt. Therefore classically

separated means 2pot 3> 20, which for large ¢ reduces to py 3> Ap. The probability
density for the z variable from (2.1) is

1
r(z,t) = Sllbel® + ll* + 2Re(790)] (2.2)
since ¥, and 1; have a very small overlap one can write
. 1 ,
Pl t) 0 7(z,8) = STl + il (23)

The approximate equality r &~ 7 becomes exact in the limit py/Ap — oo.
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The probability 7 (which corresponds to a mixture) coincides with a classical
statistical description in which the particle is on the right of the origin with proba-
bility 1/2 and on the left with the same probability. One would be tempted to say
that also the probability r, well approximated by 7 describes the same situation at
least when py/Ap is very large. This is not possible because the standard interpre-
tation of Q.M. denies that a particle has a definite position before interacting with
a "classical instrument”.

In other words, the classical probability 7 is interpreted as follows: "It is mean-
ingful to say that the particle is on the right or on the left of the origin, but since
we don’t know we assign probability 1/2 to both these possibilities”. On the other
hand we interpret r (even in the limit r — 7) by saying: "It is meaningless to say
that the particle is on the left or on the right. Only if we look with a classical
imstrument (mind?) we find it on the right or on the left with equal probability”.

In conclusion even if r — 7 we do not obtain a classical statistical interpreta-
tion. There is a fundamental gap which is not eliminated in this limit.

The second difficulty arises from the interference terms. If we consider the
density matrix p = |[¢)><1| and the mixture density matrix p

p= %[lwr><¢’r‘ + |thr> <] (2.4)

we can always find an operator A for which

TrlA(p— 5)] # 0 (2.5)

even when pg/Ap > 1. An obvious example is the operator

A= -;—(I¢T><wzl + > <) (2.6)

This is not astonishing. It only means that some ”quantum behaviour” can always
be detected, in principle, also for variables which refer to Imacroscopic systems.

In our example the macroscopic variable is the distance between the two gaus-
sian peaks or, equivalently, the variable py/Ap. In this case the limit Tr{(p — p)A]
can be different from 0 only if the operator A introduces a dependence on the
variable po/Ap which cancels the effect of the vanishing of Tr(p — p) in the limit
Po/Ap — oo.

For a system made of a very large number of particles the macroscopic prop-
erties are described by the collective variables, while the microscopic details are
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represented by the variables of each single particle. However we will not discuss
this question in the present work and we refer to [1,2] for more details.

An orthodox physicist is therefore confirmed in his idea that the situation in
which interference terms are present, even if they are almost vanishing, is qualita-
tively different from the situation in which they are totally absent.

2.2. The measurement

The measurement in Q.M. proceeds as follows [3-8]. Before the measurement the
micro+macro system is described by the state vector

T o> [164> + [g->] (2.7)

where |¢4> and |¢_> are two eigenvectors corresponding to the variable to be
measured. The apparatus is described before the measurement at ¢ = 0 by a state
vector |tho> corresponding to a "neutral” position of the pointer.

Assume that the interaction produces a one-to-one correspondence between the
states |1),> and |y;>> of the apparatus introduced in the previous subsection and
the states ¢4 > and |¢_> of the microscopic object. Then the total wave function

x(z,y,t) = <z,y|x>, at any time t sufficiently large after the measurement, will
be given by

x(z,y,t) = %[tbr(:v,t)m(y,t) + iz, t)d-(y,t)] (2.8)

where y is the configurational variable corresponding to the microsystem. The
probability density of the micro+macro system will be correspondingly

r(2,4,8) = 72, 4,1) + Relrtb} by 6" (2.9)
where 1
Pz, y,t) = §[|¢r|2|¢+l2 + [il* 6] (2.10)

Since the pointer interference terms Y, and i) become negligible when po/Ap
— oo the probability density r reduces to the probability density matrix 7 of the
statistical mixture describing the microscopic object in the state |¢4+ > when the
pointer "1s” at the right of the origin or in the state |¢_ > when the pointer is at the
left. Unfortunately our preceding discussion about the classical limit shows that:
(a) one cannot say that the pointer a ”is” in a given position before it is, at its
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turn, measured by another apparatus (infinite regression); (b) had we considered,
instead of the pointer position z, another variable 4 not comrnuting with z, we
would have obtained a probability density r(A,y,t) = |<A,y|x>|? for variables 4
and y in which appears the interference product <Al¢p»><tp;|A> which might have
not been negligible. Of course this would be possible only if A is a non local operator
and this would correspond to possible ”quantum behaviour” of the apparatus.

If the interference terms Y] and conjugate are not negligible, the "macro-
scopic system” is not a good measuring apparatus, becouse the main requisite that
a measuring apparatus must fulfil is that it should exhibit a one-to-one probability
correlation betwwen the values of the pointer and the values of the quantity to be
measured.

The difficulty however remains that the position z is no longer an ”objective”
property of the pointer as it is for the position of a classical object. It is therefore
clear that the difficulties of the mesurement problem are simply a consequence of
those encountered in the classical limit of Q.M..

3. Basic facts about Stochastic Mechanics

In order to show that S.M. [9-12] is a minimal randomization of Classical Mechanics
(C.M.) it is useful to formulate the last in a convenient form.

C.M. consists essentially in two assumptions, a kinematical and a dynamical
one. We can say that a particle moving in Euclidean space IR™ follows smooth
trajectories (the kinematical assumption) which satisfy the Newton equation (the
dynamical assumption).

We can put this statement in the form of two equations. The first equation
corresponds to a definition of the kinematics

dz(t) = b(z(t),t)dt (3.1)
Where b 1s a velocity field. The second equation is simply the Newton equation
mi(t) = —~VV(z(t)) (3.2)

This can be regarded as a constraint on the allowed velocity fields appearing in
(3.1). In order to see this fact (and also for future comparisons) it is useful to recall
that the total derivative of a smooth real valued function f(z,t) is defined by

Df(s.t) = lim A_lt-[f(x(t AL+ AL — F(a(t),t)] (3.3)
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together with the condition z(t) = z which means that the particle is in z at time
t. A simple calculation, which takes into account formula (3.1), leads to

Df(z,t) = b(z,t)V f(z,t) + a—’cg;—’i) (3.4)

this formula permits to calculate the acceleration field, infact, the i-th component
of the acceleration is

ai(z,t) = DDz; = Dbi(x,t) = b(z, t)Vbi(z, 1) + 8b1-gtv,t)

Let us now assume that b is a gradient function

bz, t) = %Vsc(a:,t) (3.5)

(where S, is the classical action), a short calculation shows that the acceleration
takes the simpler form

8 L, ob(z, t)
a(z,t) = 2Vb (z,t) + 5 (3.6)
and therefore the Newton equation becomes
1 b(z,t
m[=Vb*(z,t) + %—)] = —-VV(z) (3.7)
2 ot
which can be integrated in order to obtain the Hamilton-Jacobi equation
1 ,  0S(z,t) _
2m[VS(:v,t)] + 5 +V(z)=0 (3.8)

On the other hand, it is an obvious fact that equation (3.1) is equivalent to the
continuity equation
z,t
a’"(;t’ ) _div(r(z, t)b(z, 1) (3.9)

which gives the evolution of the probability density r once its initial value is known.

The single trajectory can be eventually obtained simply by assuming that the initial
r 1s a Dirac delta.
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The three equations (3.5), (3.8) and (3.9) give a ”"hydrodynamical” formulation
of C.M. completely equivalent to the standard one.

S.M. can be viewed as a mimimal randomization of C.M.. The kinematical law
of S.M. asserts that the paths of the particle are the continuous but not differentiable
realizations of a diffusion process. In other words, the trajectories are given by the
solution of a stochastic differential equation of the type

dz(t) = bt (z(t),t)dt + /odw(t) (3.10)

This equation is the random counterpart of (3.1). The trajectories are not differen-
tiable becouse w(t) is the standard Brownian motion and therefore dw(t), roughly
speaking, is proportional to (dt)?. o is the diffusion constant whose value we do not

specify at the moment. This stochastic equation corresponds to the Fokker-Planck
equation

or(z,t
~%—) = —div[r(z, )b (z,1)] + %Ar(m,i) (3.11)
which reduces to the continuity equation when ¢ is put equal 0.
Since the trajectories z(t) are not differentiable it is necessary to define a kind
of mean derivative in order to extend the Newton equation (2.2). This can be

done in the following way: given a smooth real-valued function f(z,t), we define a
forward mean derivative as

1
D f(a,t) = Jim L B[f(a(t+At),t+ A8 — f(),Oe(t) =a]  (3.12)
where E[-|z(t) = z] means conditional expectation with respect to z(¢t) = z. In
other words the expectation is taken under the condition that the particle is in the
position z at time ¢. Taking into account (2.4) we easily obtain

DT f(z t) = b¥(z,t)Vf(z,t) + %Af(x,t) + ﬁ% (3.13)

We also give another definition which is time-symmetric with respect to the first
one. We define a backward mean derivative as

D™ f(z,t) = lim iE[f(x(HAt),t + At~ fa(t), Dle(t + At) = 2] (3.14)

At—0

where we have changed the condition in the past with the condition in the future
that the particle is in z at time ¢ + At. One can easily see that

D™ f(z,t) = b (z,t)V f(z,t) — gAf(a:,t) + afg;’t) (3.15)
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where b7(z,t) = b (z,t) — oVlogr(z,t). Both these definitions reduce to the
ordinary total derivative when the trajectory is classical (o =0).

We can now define a mean acceleration which is the counterpart of the classical
one; for the i-th component we write

ai(z,t) = —;—[DJFD_mi + D~ D%z, = %[D“Lbi—(x,t) + Db} (z,t)] (3.16)

We assume, as we have done in C.M., that b is a gradient function (in this case
the definition of b~ implies that b~ is also a gradient function). We can therefore
introduce a scalar function S(z,t) (the quantum action) such that

bt (z,t) = %VS(x,t)-k%Vlogr(:c,t) (3.17)

and

b (z,1) = %VS(m,t) - 2V logr(z, 1) (3.18)

equation (3.16) can be integrated and becomes

1
2m

[VS(z,t))* + 2 — +V(z)=0 (3.19)

The equations (3.11), (3.17) and (3.19) are the counterpart of the classical equations

(3.5), (3.8) and (3.9). It is also clear that assuming that o vanishes we recover the
last three from the first three.

Stochastic Mechanics is therefore simply a generalization of C.M. which is
obtained with a mininimal randomization of the trajectories.

Now comes the question where Q.M. enters in all that since we have, apparently,
somethting which looks much more similar to C.M. than Q.M.. In order to answer
the question we construct the function ¢ in the following way

15(z,t)

mo

p(z,t) = r%(m,t)exp[

] (3.20)
we easily check that it satisfies the equation

oY(z,t) mao?
. ALY

5t~ g Av( )+ V(z)y(z,t) (3.21)
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1t 1s therefore sufficient to put o = —% in order to obtain the Schrédinger equation
which, in this context appears simply as a "trick” to linearize the equations of our
perturbed version of C.M..

We can now reverse our construction and say: given a solution t(z,t) of
Schroedinger equation we can associate a diffusion whose probability density is

r(z,t) = |4¥(z,t)* and whose drift field is

bt (z,t) = %(Re + Im)[Vlog (z,t)] (3.22)
The conclusion is therefore that S.M. embeds the computational formalism of con-
ventional Q.M. into a more detailed description of nature so that v no longer fully
describes the state of the system. Nevertheless, since the probability densities of
S.M. and Q.M. coincide, the two theories are equivalent for what concerns the
preduction of outputs of measurements.

Before ending this section we make two remarks. The first concerns the be-
haviour of trajectories in the proximity of the the nodal set Ny={z € R"|y(z,t) =
0}. It has been shown [see 13,14] that a path never crosses a point of this set. This
leads to a decomposition of IR™ into invariant regions C; separated by Ny. One can
speak in this case of ”trapping” or ”confinement” in C; since a process starting in
Ci does not leaves this region with probability one. In other words Ny acts as an
impenetrable barrier.

The second remark is that the dynamics of S.M. can be alternatively obtained
from variational principles [15-18]
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4. Stochastic Mechanics: solution of the problems

4.1. The classical limit

Consider again the case of the second section. In S.M. one associates to the wave
function

<alth> = —=lo(a,8) + il 1) (4.1)

a process with probability density
r(@,8) = Sl I? + [l + 2Re(ub 4] (42)

and drift "
¥ (z,t) = —(Re + Im)Vlog(yh + 1) (4.3)

In the limit py/Ap — oo 9, and ¥; tend to have disjoint supports and therefore the
probability of crossing of the origin becomes very small, furthermore, the density
and the drift at right of the origin are well approximated by

re(z,t) = [¢r|* (4.4)
and "
bt(z,t) = —TE(RG + Im)V log 1, (4.5)

while on the left they are approximated by

ri(z,t) = |t]? (4.6)

and

b (z,t) = h(Re + Im)V log ¢, (4.7)

As a consequence of this fact the process splits in two separate processes [see also
19,20], the first will live on the right of the origin and will have density r,.(z,t) and
drift b} (z,t) and the second will live on the left and will have density ri(x,t) and
drift b} (z,t). The system belongs to the first process or to the second one with
probability %

It should be remarked that the presence of nodes around the origin would
improve the mechanism because the supports of the two processes would be disjoint
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even before the limit. Obviusly the limit po/Ap — oo is still necessary in order to
have convergence of densities and drifts.

We can compare these two processes originated from the pure state with the
other two which originated from the mixture. By definition the first process of
the mixture will have density r,(z,t) and drift b} (z,t), furthermore, in the limit
Po/Ap — oo it will be confined on the right of the origin (r.(z,t) vanishes on the
left). An analogous discussion holds for the second process of the mixture. We

conclude that the couple originated from the pure state and the couple associated
to the mixture coincide in the limit.

The problems of Q.M. have now disappeared because the statement that the
system is on the right (left) is always fully meanigful, therefore in the limit there is
not any conceptual difference between a pure state and a mixture.

Now comes the question: what happens to the interference terms when the
limit is not exact? They simply modify the behaviour of the process in the inter-

ference region. In principle one can detect this difference which corresponds to a
semiclassical behavior.

In S.M., as in Q.M., one can define variables which are particularly sensitive
to the details of the wave function (and therefore of the drift) in the interference

region. These variables show, therefore, a typical quantum behaviour (an example
of this fact will be given in section 5).

There is, however, no one-to-one correspondence with the operators of Q.M.,
because all variables in S.M. are defined in terms of the stochastic variable z,. This
1s not a disadvantage, in our opinion, for two reasons. Firstly because an operator
such as A of eq. (2.6) does not correspond to any operational definition, on the
contrary, operators which are operationally well defined can be constructed from Ty
(for example the output momenta of particles which scatters on a target [21,22]).
Secondly, because no problems of interpretation arise in S.M., since the position

always has a physical meaning.
4.2. The measurement

From eq.(2.7)we have, denoting, as before, by z the configurational macroscopic

variable, and by y the configurational microscopic variable, that the wave function
before the measurement is

1 ‘
<z,ylx> = E<xlwo>(<yl¢+> + <ylé->) (4.8)
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The corresponding process for the two stochastic variables z(t), y(t) has density

(@,,6) = 5o, D194 (4,1) + 6_(u, 1) (4.9)
and drift

bt (z,y,t) = %(Re + Im)[Vy log(é4(y,t) + ¢_(y,t)) , V. log Yo(z,t)]  (4.10)
The drift has two components, the first one for the microscopic variable, the second
for the macroscopic one. Since the density for the two components 1s a product and
the two components of the drift are uncorrelated, the stochastic variables z(t) and
y(t) are statistically and dynamically independent.

After the measurement we have

<z,ylx> = %{<ml¢r><y|¢+> + <alpr><ylé_>] (4.11)

Since 1, and ), have disjoint supports the process splits into two separated
processes [19,20]. The first one has density

re(2,y,t) = [¥r(z,1)* 64 (y, 1)) (4.12)
and drift
h
bf (z,y.t) = E(Re +Im)[Vylog ¢4 (y,t) , V,logt,(z,t)] (4.13)
The second has density
ri(z,y,t) = [$i(z,)]*|9-(y, t)|” (4.14)
and drift
. h
b (z,y,t) = —?:"L—(Re + Im)[Vylogd_(y,t) , V,logu(z,t)) (4.15)

The total system belongs to one of them with probability 1/2. The effect of a

measurement on the microscopic variable alone is therefore the following [23]. Before
the measurement we have the process whith density and drift

S0+ 6 OF . (Rt Im)Y, log(, 00+ 6_(0,0) (410
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while after the measurement we have two processes, the first with density and drift

h
|6+ (v, O)I* —(Re +Im)V,log 6, (y,1) (4.17)
the second with
. h _
- (Re+ Im)V, log 6_(y, ) (4.18)

The microsystem belongs to one of these two with probability 1 /2. The measure-
ment has the effect of modifying the process of the microscopic variable. This fact
leads to the conclusion that the trajectories of S.M. are not observable [23] since
any observation modifies the process.

There is only one case in which this modification does not occur namely the
case in which the "microscopic” variable to be measured is indeed classical. This is
the same as saying that ¢4 and ¢_ have disjoint supports. Therefore one has that
the ante-measurement process (4.16) coincides with the couple of post-measurement
processes (4.17) and (4.18) In other words, if the microsystem is classical, we can
look at the dichotomic variable corresponding to the states $pm without disturbing
it. Looking has the only effect of increasing our knowledge. Classical trajectories
are observable and have an objective meaning.

This kind of reasoning can also be applied to measurements of the total system
(microscopic 4 macroscopic). Since it is globally classical, the associated process
1s not affected by any further measuring interaction. This means that we can look
at the pointer without fear of changing its state or the state of the microsystem.

It is clear at this point that the measurement in S.M. proceeds as follows:

(a) We produce an interaction which links the microscopic variable to a macro-
scopic one
(b) Since the total system is now classical we can look at it (measure, interact)

without disturbing the micro+macro system. Therefore we look at it with only
result the of a gain of information.

5. A model: the Stern-Gerlach apparatus

We consider a Stern-Gerlach apparatus in which a beam of atoms is split in two

separated beams by a suitable interaction between their internal angular momentum
and an external magnetic field.
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A simple model for this system can be constructed by coupling the inter-
nal angular momentum J = (Jj,Jy,J;) with an inhomogeneous magnetic field
B(z1,22,23) = (0,2;,0) acting in the time interval between ¢ = 0 and ¢t = T.The
coordinates of the center of mass are z;, 22 and x5 but we 1gnore x5 and z3 since
they are not involved in the interaction and we simply use z = z,.The internal
configurational variable is y. This leads to the quantum mechanical Hamiltonian

R 42
H=———— —\Lhz0()(T — ¢ 1
S ALTO(T ~ 1) (5.1)

We take the initial state to be a product of a gaussian

o(z) = (2/ma)s exp{—2?/a) (5.2)

times a superpostion of two eigenstates ¢(y) and ¢_(y) corresponding to the
eigenvalues +nh and —nh of Jy:

<oyl = %(x%wy) T 6-(y)] (5.3)

where a = k% /(Apy)? and Apy is the indeterminacy of momentum. The total wave
p

function at time ¢ will be easily obtained once the following Schrodinger equation
for the z variable only is solved

Ldy RBP4y

h—=—— -1 5.4

Ma T wmde? Y (5-4)
with I = £Ahn and initial condition ty. The method is standard and one obtains
a solution which for ¢ larger than T is

1 ‘ 2
2 4 1 (z + 2o — 22 Do
P(z,t) =(—) — exp{— m exp{t— 5.9
et = )y enl= T U enti ) (69)
which is a gaussian whose parameters are
T
<p> =LT=py , <> =22(t-2)=%_ 4 (5.6)
m 2 m

[(Ap0)2t2 X

A :A =
<Ap>y Po , <Az>; — +4(Ap0)2]

[XTL
—
ot
-~J
~—
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The classical condition is, therefore, LT > Apy. Of course there will be two

different wave functions 1, and ¢; depending on the two values py = LT = +\hnT
which have to be substituted in the above expression.

The total quantum mechanical wave function has the form (2.8). Now we asso-
ciate to this wave function a stochastic process with two components z(t) and y(t)

whose probability density at time ¢ > T will coincide with the quantum mechanical
expression

r(z,y,t) = F(z,y,t) + Re{y}(z, t)i(z, )% (y)d—(v)} (5.8)
with 1
F(z,y,t) = 5([%(%t)|2|<15+(y)l2 + [z, )2 |d-(v)?) (5.9)

We will now show that there is a vanishing probability for the macrosystem to cross
the origin. In fact, if we consider the region around the origin for which |z] < et,
we have from (5.5) that for large ¢t and small ¢

it < [ exp{~%} (5.10)

Therefore the total probability P(e,z) = f+6t r(z,y,t)dz that the microsystem is

—e€t
in y and the macrosystem in the region |z| < et satisfies

(po)?

Pler2) < (18- + I+ Q)P + 206-WlIow Wl 75— exp{= g2} (5.11)

this proves our statement for large po/Apy. The process therefore splits into two
processes. Since a similar inequality holds for

5 —+e€t
P(e,z) = / #(z,y,t)dz (5.12)

—et

we can say that also the right and left process associated with the wave functions
xr(2,y,t) = r(z, )44 (y) (5.13)

Xl(:rvy,t) = ¢'l($vt)¢-(y) (5'14)
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never cross the origin and remain on the right and on the left of the origin respec-
tively.
One can easily prove that the pair of processes originating from the pure state

and the pair originating from the mixture coincide. One has, in fact, for any z,
and sufficiently large times

zo+et % 2
[ et~ #(e e < -l Wl 5T el =Ry (519

Furthermore, since there are no processes in the region |z| < et, we can restrict
the calculations of the drift to the regions |z| > et. The right and left processes
associated to the pure state have, in the classical limit, drifts

21(z +z polt h

bl = (Re + (2L o oy R (s 1), og gato)
(5.16)
They both coincide with the drifts of the two processes associated to the mixture.
Finally, we wish to show that in spite of this conclusions, there is, at least
In principle, a way to detect the difference between the processes associated to
the pure state and those associated to the mixture. In fact, if we evaluate the
conditional probability density to find the microsystem in y after having found the

macrosystem in the region |z| < et, we obtain

. 2Re [ 6_(y)¢% (v (2 )vi(z)da
r(yle) — (yle) = -

—et [or(@)? + hi(2)|?)de

(5.17)

where, as usual, r and 7 refer to the pure state and to the mixture respectively.
Now both the numerator and the denominator are of order exp{—(po)?/(Apo)?}
and therefore the difference of the conditional probabilities has the form

r(yle) = 7(yle) = a(e)Re[¢-(y)¢% ()] + b(e)Im[— ()% (y)] (5.18)

with a(e) and b(e) of order 1 whith respect to exp{—(po)?/(Apo)?}. The difference,
which may be experimentally detected, does not vanish in the classical limit. Nev-
ertheless these "non classical” events are extremely rare and one has to wait a time
which grows as exp{(po)?/(Apy)?} to see them.
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6. Discussion

The basic inconsistency between the properties attributed to physical systems by
the classical limit of Quantum Mechanics and those described by Classical Statis-
tical Mechanics is eliminated if we adopt the point of view that a representation
of their state more complete than the one provided by the quantum mechanical
wave function is possible. In spite of the widespread belief that this possibility
does not exist, it is however a fact that Nelson’s Stochastic Mechanics accomplishes
this task by embedding the computational formalism of Quantum Mechanics into
a more detailed description of physical systems. We have seen that the additional
stochastic variable, far from being a meaningless complication of the picture, is in-
stead necessary if a smooth and internally consistent transition from the quantum
to the classical domain is required. As an example, we have shown that, according
to this picture, in a Stern-Gerlach apparatus a given particle is always located in
one of the two beams irrespectively of whether its position is measured or not. This
localization occurs, of course, only when there is a clearcut separation in space
between the two beams. As soon as they begin to overlap the usual interference
phenomena start to show up.

This solution eliminates one of the most striking paradoxes of the conven-
tional interpretation of Q.M., according to which each particle materializes instan-
taneously into one of the two beams, no matter how far away they may be, only
when the corresponding counter is triggered at random.

Last, but not least, this picture of reality supports our cherished belief that
we can look at macroscopic object without modifying its state. Classical trajecto-

ries have an objective meaning: looking, far from killing cats, only increases the
knowledge of the observer.
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Appendix
Quantum Mechanics and Discrete Stochastc Processes

Nelson’s S.M. represents the position of a quantum mechanical system in terms
of a diffusion associated to its position but it is unable to describe discrete variables
like spin or photon number [24-26]. In order to extend the theory to this more
general case many people have proposed to introduce also jump processes.

We briefly recall here one of these extensions, which is particularly suitable for
treating the evolution of systems which provide models of macroscopic measuring
instruments such as counters.

The attempt is to construct a stochastic field theory based on the assumption
that for any normal mode of a given classical field with amplitude qxk(t) the corre-
sponding action variable J; becomes a stochastic variable assuming only positive
integer values nj in units of A.

The dynamical evolution of the field is described by means of the infinite set
of discrete stochastic processes ni(t) representing the occupation number of each
mode k. The state of the field at time ¢ will be therefore specified by the probabil-
ity r(n1,n2,...nk, ..., t) that the stochastic variables ny(t), ny(t), ..., ni(t),.have
the values ny,ns,...nk,... at time t. To obtain the time evolution of r the jump
probability rates are needed. These quantities are defined, as in the case for the
drift in Nelson’s S.M., in terms of the quantum mechanical wave function of the
state considered.

In order to show how the method works it is sufficient to treat a very simple

model, namely the case of a single field oscillator in interaction with a fixed source
[see 25]. The Hamiltonian is

1
H= —2—(p2 + w?g®) + MW 2uwq (A.1)
which reduces to
H =wata+ Aa+a™) (A.2)

when the Dirac oscillator variables

+

0= (g tip) of = —=(wg—ip) (A.3)

are introduced. The Schrodinger equation in the occupation number representation

reads (A = 1)

d
ia<n|¢> = nw<n|yp>+ AvVn + 1<n + 1> + Av/n<n — 1> (A.4)
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From (A.4) one obtains the time derivative of the probability

r(n,t) = |<nfp>|? (A.5)
in the form
) altmA-(n, 1) + Imds(n, ], 1 (4.6)
with
<plnt1>

Ax(n,t) = A/n+(1+1)/2 (A7)

<p|n>
Eq. (A.6) does not yet have the form of a Fokker-Planck equation for the jump
process n(t). It is however possible to define positive jump probability rates as
follows

p+(n,t) = |Ax(n,t)| + ImAL(n,t) (A.8)

In terms of which the equation (A.6) reads

T (r4 1,002+ 1,8) 4 Pl =, (= 1,6) = [p—(r, &)+, O, )

(A.9)
which is now a Fokker-Planck equation for the probability density r(n,t). The
transition probability density p(n,t;ng,t,) to find the system in n at time ¢ if it
was 1n ng at time g satisfies the same equation. These are all the ingredients we
need to discuss from the point of view of discrete stochastic processes a simple
model of measuring apparatus which was proposed in reference [3].

In this model the microsystem is represented by a dichotomic variable (spin)
and the macrosystein by an ensemble of N particles (bosons) which may be in
one of two states, the state 0 or the state 1. Introducing creation and destruction
operators ag, ao and af, ay respectively, a generic state of the counter with n
particles in the state 0 and N — n particles in the state 1 is given by

1

m(aér)"(aT)N“"lO, 0> (A.10)

The generic spin state of the microsystem is represented by

in, N—n> =

lw>=cyluy>+coju_> (A.11)
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where |uy> are the two eigenstates of the spin corresponding to the elgenvalues
+1.

The hamiltonian H is constructed in such a way that the counter interacts

only with the spin state |uy>, while the spin state |u_> leaves the counter state
unperturbed

A
H= 5(1 + o.)ad a1 + at aq] (A.12)

If the initial state of the total system is the product
1
5(|u+> + Ju_>)|N,0> (A.13)
after a time t the total system will be in a state
N
1
x> = 5 (3 fal®lus >ln, N = n> + [u_>|N,05) (A.14)
n=0

with [see 3]

%(—i)lv_”(cos o(t))"(sin a(t))N " (A.15)

fn(t) =

where a(t) = At/V/N and 7 = 1/X is the typical one-particle discharge time.

The state of the counter corresponding to |uy > is characterized by an average
number n(t) of particles in the state 0 (and correspondingly N — 7(t) particles in
the state 1) while the counter’s state corresponding to |u_> has not changed from
1ts initial state with IV particles in the state 0 and no particles in the state 1.

The average number 7(t) is easily obtained from the probability distribution
P(n,t) obtained from (A.14) and (A.15)

N!

P(n,t) = m(0082 a(t))*(sin® a(t))N " (A.16)

This distribution is strongly peaked around the value
7i(t) = Ncos®a(t) (A.17)

with a relative width An/N which tends to 0 as 1/v/N.
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The two states, the first corresponding to N particles in the state 0 and the
second to 7i(t), becomes macroscopically different as n(t)/N become different from
1. The whole discussion made in Sections 2 can be completely repeated in this case.

We now introduce the stochastic interpretation sketched above. The bosons’
state corresponding to |u_> remains undischarged and therefore no jumps occur
in this case. The discharged boson’s state, on the contrary, has a density P(n,t)

given by (A.16). The jump probabilities p+(n,t) are easily calculated by using the
formulas (A.7) and (A.8). One gets

pi(n,1) = (N = n){[ctga(t)] — ctga(t)} (A.18)
p—(n,t) = (N — n){ltga(t)] + tga(t)} (A.19)

For t < @%, one has
p+(n,t) =0 p_(n,t) = 2ntga(t) (A.20)

The solution of the Fokker-Planck equation, given that the counter has initially NV

bosons in the state ¢, coincides, of course, with the probability P(n,t) of equation
(A.16). In other words, one has

P(n,t) = P(n,t; N,0) (A.21)

We can now speak of trajectories in the discrete n space. The probability that a
trajectory of the discharged counter starts at N at time zero and ends in N at time
t1s
£2

P(N,t;N,0) = (cos*a(t))N ~ exp ) (A.22)
the second approximate equality holds for ¢t < 7+/N. Therefore, looking at the
counter at a time ¢ which satisfies 7v/N > ¢t > 7 the probability to find all the
N bosons in the state 0 becomes negligible. On the contrary, the counter remains
in IV all the time in correspondence of |u_>. Trajectories which tend to go in the
"wrong” beam arc therefore negligible. This shows that also in this case, if we

ascribe a meaning to the process n(t), all interpretational problems disappear. The
counter 1s either discharged or not even before looking at it.

Acknowledgements

One of us (M.C.) is grateful to Prof. R.Omnés for reading this manuscript and
for his useful comments. He is also grateful to him and to C.N.R.S. for supporting

his stay at L.P.T.H.E. Orsay. We also thank S. Nicolis for a critical reading of the
manuscript.



Stochastic formulation of quantum mechanics 171

References
[1] M. Cini and M. Serva, Found. Phys. Lett., 3 (1990) 129

[2] M. Cini and M. Serva, Contribution to Quantum Theory without reduction, A.
Hilger, IOP Pubblishing Ldt. London, 1990

[3] M. Cini, Il Nuovo Cimento, T3B (1983) 27

[4] M. Cini and J. M. Levy-Leblond, Quantum Theory without reduction, A. Hilger,
IOP Pubblishing Ldt. London, 1990

[5] N. G. van Kampen, Physica A, 153 (1988) 47

[6] J. S. Bell, CERN TH 5611/89 Contribution to 62 Years of Uncertanty, Erice
5-14, August 1989

[7] R. Omneés, Annals of Physics, 2d (1990) 354
(8] K.Hepp, Hel. Phys. Acta, 45 (1972) 237

[9] E. Nelson, Dynamical Theories of Brownian Motion, Princeton University
Press, Princeton N.J. (1967)

[10] E.Nelson, Quantum Fluctuations, Princeton University Press, Princeton N.J.
(1985)

[11] Ph. Blanchard, Ph. Combe and W. A. Zheng, Mathematical and Phisical As-

pects of Stochastic Mechanics, Lecture Notes in Physics 281, Springer Verlag
(1987)

[12] F. Guerra, Phys. Rep., 77 (1981) 263

[13] Ph. Blanchard and S. Golin, Comm. Math. Phys., 109 (1987) 421
[14] S. Albeverio and R. Hgegh-Krohn, J. Math. Phys., 15 (1974)

[15) K. Yasue, J. Math. Phys., 22 (1981) 1010

[16] K. Yasue, J. Funct. Anal., 41 (1981) 327

[17] F. Guerra and L. M. Morato, Phys. Rev. D, 27 (1983) 1774

(18] L. M. Morato, Phys Rev. D, 31 (1985) 1982

[19] S. Goldstein, J. Stat. Phys., 47 (1987) 645

[20] M. Jibu, T. Misawa and K. Yasue, Phys. Lett. A, 150 (1990) 59
[21] E. Carlen, Ann. Inst. Henri Poincaré, A42 (1985) 407

[22] M. Serva, Lett. 1l Nuovo Cimento, 41 (1984) 198

[23] Ph. Blanchard, S. Golin and M. Serva, Phys. Rev. D, 34 (1986) 3732
[24] M. Cini and M. Serva, J. Phys. A, 19 (1986)1163



