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Summary. — The functional representation of the Hilbert space in terms of
coherent states is reconsidered with the purpose of studying the connection between
quantum states and the corresponding distributions of classical statistical
mechanics. The statistical predictions of both theories are compared and the
relevance of these results for the conventional interpretation of quantum mechanics
is discussed.
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1. - Introduction.

The first formulation of quantum mechanics in phase space goes back, as is well
known, to Wigner[1]. The interest for a formulation of this kind stems from the fact
that only in phase space is it possible to establish a connection between quantum
mechanies and classical statistical mechanics. Of course the Wigner function W(p,q) is
not a probability distribution in phase space, because there cannot be, due to the
uncertainty principle, a joint probability distribution in both position and momen-
tum. This limitation shows up in the fact that W(p,q) is not positive definite. The
Wigner approach has been extensively used to obtain quantum corrections to classical
thermodynamic functions, but it treats the variables p and g on a different footing,
loosing therefore an important symmetry of phase space. It has however been a
useful tool in the discussion of the quantum measurement problem [2].

More than thirty years later Klauder([3,4] proposed a different approach to the
problem by introducing functional representations of a Hilbert space in terms of
overcomplete families of states. For the simple case of one-dimensional particle
motion he has shown that, by restricting the Hilbert space to the subspace of
coherent states[5], one can reduce the quantum action functional to a classical action
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functional which, when extremized in this subspace, yields classical equations for the
c-number variables p() and q¢(f) which label the coherent states.

An important step has been successively made by Hepp[6] who has rigorously
shown that in the limit A — 0 the deviation of expectation values of quantum
operators in coherent states from the corresponding classical variables is given by the
solution of the quantum harmonic oscillator obtained by linearizing the Heisenberg
equations of motion around the classical orbit.

The purpose of the present paper is twofold. We first of all (sect. 2) push forward
Klauder’s analysis and show that the representative of a Schrodinger wave function
in the phase space defined by an overcomplete set of coherent states defines a positive
definite probability density. We find the evolution equation of this probability
density and show that it reduces to the classical Liouville equation for the harmonic
oscillator potential, and, in the limit # — 0, for any potential. We then examine
(sect. 3) the connection between the statistical distributions of quantum variables P
and @ in a given state and the statistical distributions of the corresponding classical
variables p and ¢ and show that quantum expectation values of operators f(P,Q) may
be expressed as average values of the same classical functions f(p,q) in phase space
plus quantum corrections arising from the reordering of operators in f(P,Q). The
classical limit is easily written down in this representation, thereby exhibiting
explicitly the connection between a given quantum density matrix and its
corresponding classical probability distribution in phase space. Finally (sect. 4) we
briefly discuss the relevance of these results on the conventional interpretation of
quantum mechanics. Their application to the quantum measurement problem will be
dealt with in a separate publication.

2. — Probability density in phase space.

Let P and @ denote the quantum-mechanical momentum and posititon operators
of a particle in one-dimensional motion which satisfy the standard commutation
relations [Q, P] =14 An overcomplete family of states is generated by the Weyl
operator labelled by the c-number variables p, g

ey U(p, ) = exp[(i/ £) (pQ — qP)]

acting on a fiducial state |0) such that

) (0| P|0) = (0]Q[0)=0.
The Weyl operator has the property

3 Ulp, 9 PU'(p, 9y =P — p,

@ Ulp, 9 QU (p, 9 =Q — q.
Coherent states

(5) lg, p) = Ulp, 9 |0)

provide a resolution of unity

(6) 1= (sz)”[dp dg|p, ¢)(p, q|
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but are not orthogonal
™ (p,qlp'sq') = expl(~i/H(pg’ — apK0lp - p', ¢~ ¢').

The phase space continuous. representation of any state vector |Q) is defined by
® $(p, @) = @ H? < p, q|0Q).
It should be noted that ¢(p,q) is the representative of the state |Q) but it is not a wave
function in the ordinary sense because it cannot be assigned arbitrarily at a given

time as it happens with the representative of |Q) in a complete orthogonal basis [7].
In fact ¢(p,g) must satisfy the integral equation

©) #p, @ =Cxn7[dp'dg’(p, qlp’ 4" V400", q")

which is by no means trivial. On the other hand it can be derived easily, once the
representative of the fiducial state |0) in an arbitrary complete orthogonal basis |2) is
known because

(10) (P, @) = 2(01U"(p, 9)]2)(z|0)

and the components (z|Q) can be assigned arbitrarily at a given time.
Now we come to dynamics. Consider a quantum Hamiltonian of the form

(1) I (P, Q) = (1/2)P*+ V(Q).

By using the relations

(12) (p, qlQlp’, q') = ((a/2) + i43/3p)(p, qlp', q"),
(13) (P, q|Plp’, q') = (®/2) — 143/3g)(p, q|p’, q'),
the Hamiltonian (11) leads to the Schriédinger equation for ¢:(p, Q)

(14) 43¢ (p, @)/3t = FC{((p/2) — 143/3g), ((g/2) + i43/3p)} $:(p, Q.

We will show now that the modulus squared g,(p, q) of the amplitude

(15) e(p, @) = |$(p, |*

provides a useful positive-definite distribution function in phase space which is
closely connected with the Wigner distribution function W,(p, q).

To this purpose, the explicit dependence of ¢,(p, q) on p and ¢ should be exhibited.
One possible way of doing it is through the Schrodinger representation (a particular
case of eq. (10)):

(16)  &(p, ) = exp[—ipq/24] J da(0|x — g)exp[(—i/4) p(x — 1{x|Q®)).
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Then one easily finds

A7 olp, q) = ” derdz’ (0| x) (@ + | QM) QW) [x"+ q) (x| 0) exp [(=i/4) p(z — &')] =

= ” dzdy(0]z + y/2) (2 —y/2|0) (x + g + /2| QO QM) |z + ¢ — y/2) exp [(—i/4) py].

The freedom of choosing the fiducial state |0) may now be used to assume
(conditions (2) are clearly satisfied):

(18) (0|x) = (nh/w) Viexp[—22w/24].
By taking into account that
19) (2 +q+y/2]100)NQM) |z + g +y/2) =

= exp[23/3q1[{g + y/2]|Q®)) Q1) |q — y/2)]

and integrating over z, one gets

(20)  o(p, @) = exp [(4/4w) */3¢*] exp[(4w/4) 3 /3p21 W,(q, p) =

= ” dedyexp[~@?w/4) — W2 ho)W(q+ 2, p+y),

where W,(q, p) is the Wigner function

(21) W,(q, p) = J dy(q + y/2|2®)) QW) | g — y/2)exp [(~i/4) py].

The relationship (20) between ¢ and W allows us to derive the evolution equation for
the first quantity, knowing the evolution equation for the second one. Since

(22) oW,(q, p)/3t = Ly W,(q, p)
with
(23) Ly = —pd/dq + (i4)" ' {Vig + (i4/2)3/3p) — VIq — (i4/2)3/3p]},

we obtain

(24) Opi(q, p)/3t = Lo, (q, p) = exp[K]1Ly exp[— Klg,(q, p),
with
(25) K=K, + K, = (4/40)3%/3q% + (4w /4)3%/3p? .

Therefore, from (23), (25) one has
(26) L,= —-pd/3q — (4w/2)(3/3q) (3/3p) +

£

+(i4)" exp [K,1{VIg + (i4/2)3/3p] — Viq — (14/2)3/3p]} exp[—K,].

This is the evolution equation in the general case. We show now that when V(x) is the
harmonic-oscillator potential with frequency w eq. (24) reduces to the Liouville
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equation. In fact in this case we have

{(m-l {Vig + (i4/2)3/3p] — Vig — (i4/2)3/3p]} = u?q3/dp,

27
@D exp[K,Jgexp[—K,] = q + (4/20)3/3q.

With these expressions (24) becomes

(28) Opi(g, p; 1)/3t = Ley(q, p; 1)
with
(29) L= —-pd/3qg + »*qd/3p.

Furthermore, we show that eq. (24) for an arbitrary potential can be written as
the Liouville equation plus corrections of order 4. In fact, since

(30) (@A) ' {Vig + (14/2)3/3p] — Vig — (14/2)3/3p]} = @V/3¢)3/3p + O(4%)
and
381 exp-K,1=1+ 0(4),

our statement follows immediately from eqs. (24), (26).

3. — The statistical distribution of quantum variables in phase space.

In order to evaluate the statistical properties of the quantum operators @, P and
of their functions it is useful to introduce creation and destruction operators acting on
the fiducial state |0) (we take for simplicity of notation w = 1):

(32) AT=@a2(Q -iP), A=@2H2(Q+iP).

Then A|0) = 0.
The Weyl operator (1) can now be written as

(33) Ulp, @) =explaA’ —a*A] = exp[—aa*/2]explaAt]lexp[—a*A],
where
(34) a=24 72+ ip).

In this representation one has for the coherent state |p, q) the form

35 |p, g) = Ulp, 9) |0) = exp [~ (p* + ¢*)/4A L [E AT (g + ip)]" () /2| )
with the states |n) defined as usual by
(36) |m) = (AT (mh)" /2 0).

The coherent state (35) is now an eigenstate of A with eigenvalue a.

We will now discuss the statistical properties of functions of P and @ for the
representation defined by (35). The expectation value of any polynomial in P, @ can
now be expressed as a sum of anti-ordered products of A and A" with all the
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operators A on the left and all the operators A" to the right. Then, since one
has

@7 (QIAA™|Q) =

= @) [ dpdg(2|A™ |p, ) (p, g|A™ |0) = [ dpdgedp, @ ama*,
we can write, for any function

(38) f(P, Q) = X cn, m)AmA™

nm

regular at the origin we have

(39 (QIfP, Q|2) = 3 ctn, m) [ dpdgedp, @a”a" =

= Jdp dqei(p, 9)f(p, ¢ + O(h) from antiordering.

The distribution funetion ¢,(p, q) is not the classical probability distribution in phase
space corresponding to the quantum density matrix |Q)(Q| because it still depends
on /4. Its limit for #— 0, however, is indeed the required phase space probability
distribution. Therefore, eq. (39) not only yields a simple and direct calculation of the
expected value of any operator f(P,Q), but also gives an easy tool for separating the
quantum corrections from the classical average value.

In the simple case of a discrete superposition of coherent states with arbitrary
coefficients independent of 4

(40) |~Q>:%Clc|’rk, Sk)
we easily obtain
(41) }E% Pt (p’ q) = Ek: |Ck |23(p - Tk(t)) a‘(q - Sk(t))a

because the cross terms (r;, s; |7, si) (k #7) vanish exponentially in the limit 4— 0
and the arbitrary coefficients ¢, are independent of 4. The expression on the
right-hand side of eq. (41) is indeed the classical probability distribution in phase
space corresponding to a statistical mixture of a superposition of classical oscillators
of coordinates and momenta 7;s;.

When the state |Q) is given by a continuous superposition of coherent states we
can write

(42) Q) = 2rs)~? J drds |7, s)(r, s|Q@)) = derds c(r, 8)|7, s),
which is the equivalent of (40). The correspondent of (41) is
(43) lim ¢,(p, ) = lim [ drds |e(r, 5)[26(p — 1) é(q — 9),

which is however a simple identity, because the coefficients c(r,s) in general depend
on 4 We have therefore to work out the limit for 4 — 0 for each case.
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As an example we take for |Q) the eigenstate |n) of # with eigenvalue W = 4(n +
+(1/2)). In this case we have

(44)  o(p, @) = CrA)|(p, q|n)|?> = Crhexp{—[(p? + ¢*)/241}1[(P% + ¢%)/24]"/n!.

To perform the limit 4— 0 we have to be careful. In fact, if we keep n fixed the
energy of the state would tend to zero with 4 Only if we keep the energy W constant
we obtain the correct limit. Therefore, we write

45) o(p, @) = CrA)exp[—[(p® + ¢®)/2M1[(p® + q21/24T7 4~ 12 [(W/4 — 1/2)!.
Since o;(p, ¢) depends only on (p? + g2), we go to polar coordinates
q+ip=CE)Y 2 explial; q-1ip=QE)?explix}; dpdg=dEda.

Then the classical limit of the expectation value of any function f(P,Q) may be writ-
ten as

(46) }1_{1}) j dpdqe(p, @ f(p, @) =

= lim j dE exp[—E/#(E/ 5%/ *|(W/ #)! J daf(E, o) = (2n)"! j daf(W, &) .
This means that we can write
47 }1_)m0 ei(p, @ dpdg = 2r) "1 e[(p® + ¢%)/2 — Wldpdg.

This is indeed the classical phase space probabiblity distribution with constant
energy W (microcanonical ensemble).
When |Q) is a superposition of energy eigenstates

(48) |Q>=§n:6" exp[—int]ln)=§n:bn|n>,

we can work out the classical limit by taking into account that the sum over » lies in a
limited range AN around a value N which will be taken very large. Going again to
polar coordinates we have

49 elp, @ =2 2 b,b exp—E/4A1(VE[4)"* ™ expliatn —n")]/Vul Vo'l =
= % lc, |2 exp[—E/#1(E] 4" [n! + ; AE#O B, sn(E, ).

The first term gives the sum of the phase space probability distributions of the
microcanonical ensembles corresponding to the different energies W,,. For simplicity
we discuss explicitly the second term in the case in which the superposition has only
two eigenstates with energies W, and W,. Then we set (W;+ W,)/2=W and
W, — W, =A. Then (! =n")

(0) X X By B, x)=expl—E/sE/WW*|cies | cos[(a — ) A4+ y],
n An =0

where y is the phase difference between c¢; and c,. This gives an oscillating

time-dependent contribution corresponding to a microcanonical probability distri-

bution corresponding to the mean energy W.
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4. — Conclusions.

Our result can be summarized by saying that for any state |Q2) and for any

operator f(P,Q) of the form (38) we find a positive phase space density c:(p, @) and a
variable

(51) S, q) = ;ﬂ c(n, m)a"a™
such that
(52) (@1 P, Q19) = [ dpdaep, 9./ (b, .

Therefore the expectation value of a quantum operator f(P,Q) in any quantum
state |Q) satisfying the Schrédinger equation with Hamiltonian (11) can always be
expressed as the sum of an explicit classical term plus quantum corrections of order %

(53) QAP Q)= [dpdg 2 (p, 9 fp, 9 + O4),
where
(54) L(p,q) = /}ijg e(p, @)

is the classical phase space probability distribution corresponding to the density
matrix |Q)(Q|.

This result is clearly relevant to all discussions on the classical limit of quantum
mechanics. We only wish to stress here that both the uncertainties (Q](AQ) |2) and
(@[(AP?]Q) in coordinate and momentum may be expressed in form (53)[8]. This
means that for semiclassical states () (such that the Heisenberg product AQAP>>h)
the uncertainty of the localization of the system in phase space is essentially of
classical statistical origin, being only the expression of incomplete knowledge on the
actual system state, and cannot be ascribed to the impossibility of defining the
position and momentum of a particle before having measured one or the other. Of
course there is always a fundamental uncertainty of quantum origin which prevents
perfect localization, but this uncertainty is always confined within areas of order k. It
is therefore incorrect to assert, as the conventional interpretation of quantum
mechanics holds, that only after a measurement a particle acquires a position or a
velocity within given ranges. It is in fact meaningful to say that even before any
measurement had been performed, the system coordinate and momentum were
bounded within a region in phase space = h, the effect of 2 measurement having been
therefore the one of reducing our ignorance on its localization in phase space from a
region >> /4 to its minimum possible value = /4.

% %k %k
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