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A generating function is introduced to determine the probability P(q) of the overlap ¢ in disordered
systems via a product of random transfer matrices. In one-dimensional models, the overlap is obtained
by the Lyapunov exponent A of the product. Replica symmetry breaking at zero temperature corre-
sponds to a discontinuity of the derivative of A with respect to an appropriate coupling variable in the
replica space. The method is illustrated in a frustrated magnetic model where g =0.

PACS numbers: 75.10.Nr, 05.50.+q

Disordered magnetic models are important because
they give a simple but nontrivial example of systems
where the interactions of many components produce high-
ly complex and organized structures. Their main feature
is the competing effect of interactions and disorder which
implies that they are not able to satisfy all external con-
straints and become frustrated, following the imaginative
Toulouse term. Consequently, many equilibrium states
can coexist in a very rich structure which cannot be
characterized only in terms of free energy as in standard
problems of statistical mechanics. A deeper understand-
ing is achieved by introducing the notion of distance be-
tween equilibrium states through the overlap g and its
probability distribution. Our Letter proposes a method to
analyze the overlap probability in terms of transfer ma-
trices. As far as we know, there have been no attempts to
use transfer matrix methods to study the overlap struc-
ture though these techniques are extremely powerful and
commonly employed in Ising models to compute the free
energy and the correlation decay. Our plan is the follow-
ing: (1) A generating function for the overlap distribution
is introduced and expressed in terms of a product of ran-
dom matrices. (2) We show that important information
on the overlap structure can be obtained by the maximum
Lyapunov exponent A of the product. In particular, a re-
plica symmetry breaking reflects itself into a discontinui-
ty of the derivative of A with respect to a replica coupling
parameter. (3) As an example, we use our technique to
compute the overlap in a one-dimensional model, with
frustration and nonvanishing entropy at zero tempera-
ture.

In order to explain differences and similarities between
the calculation of the free energy and that of the overlap
probability via transfer matrices in disordered systems,
we consider the classical example of a spin glass with
Hamiltonian Hy = —2X; ;J; jo;0;, where J; ; are random
couplings among the N spin variables o; = X 1. The typi-
cal free energy is given by the quenched average over the
disorder variables J; j:

f~=—§§71‘nzN, )

where Zy =X expl—pBH(c)] is the partition function

for a given set of {/; }. In the thermodynamic limit al-
most all the disorder realizations of {J;;} have the same
free energy,
. . 1

f N]ll}‘lwf[v Nll_l:nm ﬂN anN . (2)
This property is called self-averaging since (InZy)/N be-
comes a nonrandom quantity for N — oo, The most cele-
brated method for calculating f is the replica trick which
allows one to find f by a continuation to n=0 of the an-
nealed averages of the moments Z" [1]. A discussion of
the physical meaning of Z" and its relation with the finite
volume fluctuations of the free energy among different
disorder realizations can be found in [2-4]. For formally
one-dimensional systems (such as strips and bars) with
short range interactions, the free energy can be computed
by means of suitable transfer matrices A; since the parti-

tion function can be written as
N

Zn=TrITA;. (3)

Moreover, considering the direct products of A times it-
self, one has [4,5] the disorder averages of the partition
function of n noninteracting replicas as

Z_"=TI'(A,' n)N s

with A®"=A® - -+ ®A, ntimes.
Given two spin configurations (indicated by {o;} and
{z:}) their overlap is

i) — 1 %
q(a'f)=F;0iTi,

with —1=<g=<1. The overlaps between equilibrium
states are distributed according to a probability distribu-
tion

Py(g:N)=ZN (B2 6 [q - %Z it Je TPH(@) g —pH() |
0,7 i

4)
where the subscript J denotes that in general P, depends
on the particular realization of disorder, even for /N — oo,
In other words, the structure of the equilibrium states
varies with the realizations of disorder in the thermo-
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dynamic limit. The disorder average P, has been com-
puted by the replica trick; see, e.g., [6]. The question
arises whether it can be computed by transfer matrices.
Towards this goal, let us introduce the generating func-
tion of the overlap probability

Gn@ = [ PigiNewrdq. )
Inserting (4) into (5), one has
Gn () =Zy*(B) Y expl—BH(0)]

xexpl—pBH (t)]exp lTa\)/-Z O','T,'] .

(6)
Noticing that the numerator can be regarded as the parti-
tion function of two replicas coupled by a coupling /N,
it is convenient to introduce the corresponding thermo-
dynamic potential T'y(w) =InGy(w). It is evident that
I'v(w) contains all the information on the systems given
by the overlap probability P;(g;/V) and, in general, un-
like the free energy, is not a self-averaging quantity. In
particular, the average overlap is given by the derivative
of the generating function:

! dTn
P;(q;N)dg=—— .
f_lq 7(q;N)dq do | @)
To be more explicit, consider a one-dimensional Ising
model with N spins and Hamiltonian

N
HS_ZJO','O‘,'+|+h,'O'i, (8)
i

where the magnetic fields h; are independent identically
distributed random variables. In this case, the partition
function is given by (3) with random transfer matrices of
the form A; =expB(Jo;0:++h;o;), that is,

A= eﬁ(.l+h,) eﬁ(—J+h,)

! eﬂ(—J—h,) eﬂ(.l—h,)

In the same way, it is straightforward to verify that the
generating function (6) is given by the following product
of 4x 4 transfer matrices:

N
Gy (0)=Zy2(B) Tr]]IT;L(w)], 9
where Z#Z(B) =TrIINT;, and the matrices are T=A
®A,ie.,
Ti=eXP[ﬂ(JG,‘O’,‘+l+h,'O',~)]CXp[ﬂ(JT,T;-;.l+h,"t',')]

(10)
and

L(w) =expl(w/N)o;1;]. an

The matrix elements of (10) and (11) are obtained by
choosing the values =+ 1 for the spins o;,0:+;, and
T;,Ti+1, as usual. The matrix T; has random elements

790

distributed according to the distribution of the fields 4;
while the matrix L is diagonal:
e®N 0 0 0
0 e N 0 0 12
0 0 e™®N o | 12

0 0 0 eV

L(w)=

This concludes the first part of the Letter: We have
shown that it is possible to get the information contained
in P; by a product of random matrices since all our argu-
ments can be trivially extended to any one-dimensional
disordered system with short range interactions. Never-
theless, our result remains rather academic if not ex-
pressed in terms of accessible quantities characterizing an
infinite product of random matrices M;. In analytical
and numerical calculations a quantity of this type is pro-
vided by the maximum Lyapunov exponent
N
ITM;

1

T
A NIEanln , 13)

where ITIMM; Il =|TrTT¥M;| for N— o. For instance,
the maximum Lyapunov exponent of the product of ma-
trices M; =A,; is equal to — Bf, where f is the free energy
of the random field Ising model (8).

However, the Lyapunov exponent, unlike Gy(w), is
self-averaging. In fact, for finite w, Gy (@) is a quantity
O(1) even for N— oo, since in (6) the diverging part
of the numerator is balanced by the denominator
ZA(B)~e /N To overcome this difficulty, we take the
ratio @ =w/N finite, for V— oo. Notice that the matrix
L should be independent of N in order to compute the
Lyapunov exponent, and, if  were fixed, it would be im-
possible to use L(w) since for each N, a different matrix
L(w) enters in (13). From definitions (9) and (13), the
Lyapunov exponent of the product of matrices M;
=T,L(o=QN) is

X(Q)=[\}ilnx%FN(w=QN)—2ﬂf, (14)

and —A(Q)/B is the free energy of a system of two repli-
cas coupled by a macroscopic coupling Q.

If we take w/N =Q finite for N— oo in Eq. (5) then
we lose important information. Indeed, suppose that
P;(g;N) becomes a smooth distribution with a bounded
support [gmin,gmax], when N— oo, As previously dis-
cussed,

I‘N(w)=1nf_lle""’PJ(q;N)dq (15)

is fully equivalent to P;(g;/V). On the other hand, the
Lyapunov exponent is related to the thermodynamic limit
of the rescaled potential

1
%FN(O)=9N)=#lnf_le“qNPJ(q;N)dq. (16)

When N — oo, inserting the saddle point estimate of (16)
into (14), one obtains for small Q
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if >0,
if <0,

Qg max

QGmin (17)

r()—2r(0) ={
with A(0) = —2Bf. It is worth stressing that there exists
a rigorous proof that the Lyapunov exponent is a self-
averaging quantity (Oseledec theorem) [7]. It follows
that, in the thermodynamic limit, the extrema of the sup-
port of P, are the same for almost all disorder realiza-
tions. A(Q) is in general a nonlinear function of Q. On
the basis of the large deviation theory [8] we write the
finite IV corrections to the asymptotic form of P, as

Py(q;N)~Py(g;00) + Ase 1PN

In this case, the saddle point estimate of (16) gives the
Lyapunov exponent as the Legendre transform of the
convex envelope s(g) of S,(q):

A() —2(0) =mqax[qﬂ—s(q)]. (18)
A similar relation linking overlap to replica coupling has
been recently proposed in the context of mean field mod-
els where the transfer matrix formalism cannot be used
[9].

The Oseledec theorem ensures that A(Q) takes the
same value for almost all realizations of disorder, i.e., it is
a self-averaging quantity. As a consequence, (18) shows
that also the envelope s(g) is self-averaging in systems
with short range interactions. By definition s(g) =0 for
q € [gmingmax] and s(g) >0 for 1 =g > gmax and —1
= q <@gmin- Moreover, for large |Q| the saddle point is
given by g==1 so that the asymptotic behavior is
A(Q)=C(+)* Q, where C(+) are constants. No infor-
mation is lost if P(g;e) is a delta function, implying
Gmin=¢max=q*, and 5(g) has only one zero at g =g *.

In conclusion, from the maximum Lyapunov exponent
of the product of 4 x4 random matrices, we have got the
limits of the support of the overlap distribution

a(Q)

4 (max,min) = 4 (19)

n=0*

This result could seem rather limited but it assumes a
great importance when considered as a mark of a replica
symmetry breaking which can appear even in one dimen-
sion at temperature T7=0. Indeed, if limy_ «P;(q,N)
=5(qg —q*), the derivative dA(Q)/d Q at Q =0 does ex-
ist and is equal to ¢*. This is the case in one-dimensional
systems when T0. On the other hand, P,;(g) can differ
from a delta function at 7=0, implying a nondif-
ferentiable A(Q), i.e., a first-order phase transition in the
potential given by limy_. «(1/N)Tx(QN).

The theoretical relevance of our result follows from the
possibility to estimate the Lyapunov exponent either by a
direct numerical calculation or by different analytic
methods [10-13]. :

To illustrate our ideas, we study a particular random
field Ising model given by the Hamiltonian (8) with J =1

and field

hi=n—ni+1, (20)

where the variables n are independent identically distri-
buted random variables (;= =1 with probability ).
As a consequence of the site correlation of the fields A;,
frustration plays an important role. In fact, one can show
that the zero temperature entropy does not vanish. As
usual, we compute the partition function as

N
Zn= 2% IlexpBloicisi+ni+i1(oisi—o)l}

oy=x1 i
N
=TrHA,~ , (2])
where
eP  ef eP ¢ 38 22)
A,‘_ e-3p eﬂ or ep eﬂ s 22

with respective probability +. We can also consider the
zero temperature limit by extracting the diverging part.
For B— oo one has A; =¢’R; with

11 10
Ri=lo 1| o |1 1]

with respective probability 3. The corresponding 4 x4
random matrices for the generating function are
T:;=e?R;®R;. It is thus easy to obtain the thermo-
dynamic limit of Gy(w=QN) via a numerical calcula-
tion of the maximum Lyapunov exponent of the product
of the random matrices (R; ® R;)L(QN).

The result for zero temperature is shown in Fig. 1. It
indicates that the overlap probability is a delta function,
since the A(Q) is a smooth differentiable function. From

(23)
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FIG. 1. Lyapunov exponent A(Q) versus @ (squares) in the
one-dimensional Ising model with random field given by (20) at
zero temperature. The full line is drawn as a guide for the eye.
The angular coefficient of the tangent at @ =0 (dashed straight
line) is the overlap ¢(7'=0)=0.256.
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FIG. 2. Overlap ¢(T) for the random field Ising model (8)
as a function of the temperature 7. The crosses are obtained
from a numerical calculation of A(Q). The line is the annealed
estimate which for high temperature gives g(7) =2/T2

the derivative at Q =0, the overlap is found to be
q(T'=0)==0.256. Its nonzero value confirms the impor-
tance of the frustration in the model, though there is no
replica symmetry breaking. Following the Landau argu-
ment it is possible to show that in one-dimensional sys-
tems, with short range interactions and uncorrelated dis-
order, the P(q) is a delta function at any nonzero temper-
ature.

In Fig. 2, we report the overlap g as a function of the
temperature 7=p8"". g vanishes as f— 0 since at high
temperature the frustration disappears and the system be-
comes “fully” disordered. In this limit, it is sensible to
estimate the Lyapunov exponent by the so-called an-
nealed approximation (the average of the log is approxi-
mated by the log of the average). In fact, the error of
such a crude estimate is proved to vanish as % [14]. By
this method, we get q(7)=2/T?+0(T ~3) in good
agreement with the numerical calculation.

In conclusion, we have found a general tool to deter-
mine the overlap probability P(g) via the product of ran-
dom transfer matrices. This method gives a simple way
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to compute the overlap g in one-dimensional disordered
systems with short range interactions when P(g) is a del-
ta function. Moreover, the replica symmetry breaking is
marked by a phase transition in the maximum Lyapunov
exponent of the product of appropriate random matrices.
More sophisticated ideas are necessary to generalize our
arguments to two dimensions via finite size scaling since
the size of the transfer matrices is 4-x4% for a strip of
size L.
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