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Abstract. The partition function of thep Ising model with random nearest-neighbour coupling
is expressed in the dual lattice made of square plaquettes. The dual model is solved in the mean
field and in different types of Bethe—Peierls approximations, using the replica method.

1. Introduction

The application of methods of mean-field type to Ising models allows one to obtain very
accurate approximations of the thermodynamic quantities. However, in the presence of
guenched disorder this approach is difficult to implement. In this paper, we show that
rather good results can be obtained after performing a duality transformation of the Ising
model with random nearest-neighbour coupling that assumes the vlues +1 with

equal probability. The model is thus defined on a dual lattice where the spin variables
are attached to the square plaquettes. The advantage is that the quadratic term of the dual
Hamiltonian has constant coefficients instead of random ones. It is therefore possible to use
the standard methods of the mean field to estimate the quenched free energy. Our results
can be generalized to higher dimensions, although the approximations become rougher,
because the number of plaquette spins over the number of interaction links increases with
the dimensionality [1]. In particular, we obtain an extremely good estimate of the ground-
state energy of the random Ising model, by applying the Bethe—Peierls approximation where
part of the short-range order is taken into account.

In section 1, we introduce the dual lattice made of elementary square plaquettes. On
this lattice the partition function can be expressed as a function of the inverse temperature
B = —% Intanh(1/T) whereT = g1 is the temperature of the original lattice. In section 2,
we apply the mean-field approximation to the dual model, using the replica method. In
section 3, we introduce the Bethe—Peierls approximation. This allows us to obtain a
very precise estimate of the ground-state energy of the two-dimensional Ising model with
random coupling. In section 4, we show that it is possible to improve the Bethe—Peierls
approximation by introducing an interaction between different replicas. In section 5, the
reader will find some remarks and conclusions.
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2. Duality transformation

The partition function of the Ising models on a lattice Mfsites with nearest-neighbour
couplingsJ;; which are independent identically distributed random variables, in the absence
of an external magnetic field, is

ZyB.h = ) [ | exnBJijoioy) (1)
{o} (. )

where the sum runs over theé" Xpin configurationgc}, and the product over then2
nearest-neighbour sit€g j). One is interested in computing the quenched free energy

f=- lim iNm )

N—oo 3

where A indicates the average of an observallleover the distribution of the random
coupling. The quenched free energy is a self-averaging quantity, i.e. it is obtained in the
thermodynamic limit for almost all realizations of disorder [2].

On the other hand, it is trivial to compute the so-called annealed free energy

. I
fo= = Jim i InZ ®
corresponding to the free energy of a system where the random coupling is not quenched
but can thermalize with a relaxation time comparable to that of the spin variables. In our
model, where the couplings are independent dichotomic random varigbles £1 with
equal probability, one has

fo=—B"1In(2coskB). (4)

However, f, is a very poor approximation of the quenched free energy, and is not able to
capture the qualitative features of the model.

In order to estimate (1), it is convenient to use the link variahle= o; o;, since
only terms corresponding to products of the variabtgson closed loops survive after
summing over the spin configurations: on every closed loop of the Idtfieg = 1, while
[1xij = 0,0, for a path from sitea to siteb. A moment of reflection shows that it is
sufficient to fix][[x;; = 1 on the elementary square plaquetie$o automatically fix it on
all the closed loops. The partition function thus becomes

Np

{x;} i=1 ()]

where the number of plaquettes is
N,=N

and we have introduced the plaquette variable- ]_[7, Xij.
For dichotomic random coupling;; = +1 with equal probability, the free energy of
the model is invariant under the gauge transformatign— J;; x;;, so that one has

z=X 1M [T ©

{xi;} i=1 @J)
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where J; = [Ip, Jij is again a dichotomic random variable (the ‘frustration’ [3] of the
plaquette;). It is worth remarking that (6) gives the partition function in terms of a sum
over the 2V configurations of the independent random variabjgs= 41 with probability

e

= Scostp @)

Pij

In this section we shall indicate the average of an observabtsrer such a normalized
weight by

(A=) [[ria

{xij} G, J)

e.g. one hagy;;) = tanhg and (x;) = tantf 8. With such a notation, the partition function
assumes the compact form

N
2z = 2" cosi?' ) [+ 7.30). ®)

i=1

In order to estimate the average in (8), let us introduce the dual lattice [4] where the sites are
located at the centres of each square of the original lattice. A dual-spin variable is attached
to each square plaquette and can assume only the valuest+1 with equal probability,

so that one has the identity

1450 = ) G dpHoe, ©)
g;=%1

Since there is a one-to-one correspondence between links on the original and on the dual
lattice, we can estimate the link average noting that

N

~(14-5; 1+6;)/2+(1405;)/2 — 55

< | |xi(l+m)/2> _ < | | xi(j+(f,)/ +(1+0;)/ > — | | (tanhﬁ)(l 5i5))/2 (10)
i=1 @) @)

The last equality in (10) follows from the fact that

A+5)/2+1+5)/2 _ | (xij) =tanhpg if o #0; 1
i = o~ (11)
1 if o6,=0;.
Inserting (10) and (9) into (8) one has
~ N ~ ~ ~
Zy =2V cost¥ (g e N ¥ Y [T H2 [ &7 (12)
) i=1 )

where we have introduced the variable

B = —1Intanhp (13)

which is the inverse temperature of the dual model vanishing #swehen the temperature
T = B~ — 0. The quenched free energy (2) thus becomes

— B f(B) =Insinh2B) — BF(B) (14)
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where f is the free energy of the dual model, defined as

f(B) = — lim Nimz,v (15)

N—oo BN

in terms of the partition function
~ ~ o~ N ~ ~
Zy = Z B0 T l_[ ji(1+<f,')/2 ) (16)
& i=1

From equation (16) the Hamiltonian of the dual model can be defined via the relation
Zy, =) ;€ as

H=-Y 535 Z In(J;) (1+ %) (17)

@,))

Let us stress that the quadratic term of the dual Hamiltonian is independent of the random
coupling and the randomness enters via a random complex magnetic field that can assume
the two values 0 andri/(28) with equal probability. In fact, the weight egpg H) does

not define a standard Gibbs probability measure on the dual lattice: it defines a signed
measure, differing from that of the pure Ising model only by the presence of the random
sign related to the frustrations of the square plaqudtigs

3. Replica trick and mean-field approximation

The introduction of the dual model allows one to apply the mean-field approximation, since
one can easily linearize the Hamiltonian (17) by neglecting fluctuations. A similar method
has been introduced in the framework of field theory in statistical systems without disorder,
such as lattice-gauge theories or spin models [5, 6].

For our purposes, it is convenient to use the replica method in order to get the quenched
free energy of the dual model as

F(B) = —lim_lim ~1N In(Zy)" . (18)

n—0N—o0 /371

Let us thus consider non-interacting replicas of our disordered system labelled by
a =1,...,n. Now, theJ are are independent random variablesin Indeed, one can
easily verlfy that[ |, J = [1; Ji because/; = +1 with equal probability. It is worth noting
that this is not true i3, where theJ; of theith square plaquette of a cube can be obtained as

a product of the remaining fivé's of the cube, mplymgﬂcubeJk =1,so0 thatﬂcubejk =1
while (J;)8 =0. In contrast, a plaquette frustratioh cannot be expressed as a product
of the other ones irD. As a consequence, from (16) the partition functiomofeplicas
becomes

e v pegw e
(Zy)" = Zeﬁzaz1 Yipa” 5" 1_[ .7;(1+ iz (19a)

(s} i=1 a=1
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where the sum in (18 runs over the #" spin configurationgs} of the replicas, and we
use the compact notation:

(s} ={ED), ..., (™).

One can easily perform the disorder average ira]khd get

N

sy =z C Fwz@ 1 n ~(a)
(ZN) — ZeﬂZaZ(w) i J 1_[ 2(1+ (—1) l:[O'i ) (1%)

(s} i=1

As the free energy is invariant under the gauge transform&ﬁ‘ﬂm —El.(“), equation (18)
assumes the simpler form

N

@ =Y dnrna5 ] ;(1 +]1 8‘5”)> | o

{s} i=1

It is worth stressing that the above expression differs from the partition function of a
collection of n non-interacting Ising systemsithout disorderonly because of the factor
[1,2+4T1,5“)/2. Such a term introduces an ‘effective’ interaction between replicas: a
configuration contributes to the annealed partition func&@nonly if [], 5 = 1 on each
site of the dual lattice (plaquette of the original lattice).

Now we can use the mean-field approximation to estimate (19), by introducing the

magnetizations

1 N
; ~(@)
ma:AJIT]ocNLZOiQ a=1,...,n. (20)
Indeed, if we neglect the fluctuations, the quadratic term ob)X%n be estimated as
55 = m? so that (16) becomes

1

N
~ 1
n — 283, mf, ~() |+
(Zy)" = E{S}:eN ,-|=1| (1+ |a| G )2. (21)
The mean-field solution can be found by the introductiom @uxiliary fields®y, ..., ®,.

Using the saddle-point method, one has, in the liMit> oo,

N2 / dd, exp(N 2 (2m,®, — D2)). (22)
As a consequencé€Zy)” is given by the maximum oveby, ..., ®,} of

S e NAY 9t ﬁ % (1 +T1 5;06)) AT, 0,5
{s} o

i=1

=Y eV aL ﬁ ;[ﬁe“g‘?‘”)% A 5 ‘Dﬁf‘”)} . (23)

(s}
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Figure 1. Graphical solution of the implicit equation (25) &t= B~1 = 1 corresponding to
B =0.136.... The full curves are coil88®) versus® and the straight line = &.

Now, we can explicitly carry out the sum over th&2spin configurations in (23) and
obtain

N

(Zy)" = max g PN Lo ® l—[ ! <1_[ 2 cosh4B®,) + 1_[ 2 sinf(4§d>a)). (24)

1yees P 1.2

In 2D, it is commonly believed that there is no glass transition and no replica symmetry
breaking, so that we expect that the maximum of (24) is realized at the $amed* for

all the replicas. As a consequence, using the replica trick (18), the quenched free energy in
the mean-field approximation reads as

~ ~

fB)=-p"* m¢ax(% In(2sinh8 f®)) — 28 ?) (24)

where the maximum of (24) is realized by the val@&, solution of the self-consistency
equation

coth8Bd) = @ . (25)

The graphical solution of this implicit equation is showed in figure 1. One seesbthat
should always be larger than unity and f@t— oo (infinite temperaturel’ = =1 limit)
®* = 1. It can appear rather odd that in the dual model the magnetizdtforz: 1.
This stems from the fact that the Gibbs measure(eH) is a signed measure because
the random coupling is transformed into a complex random magnetic field in (17). From
figure 1, it is also clear that the mean-field solution does not exhibit phase transitions at
finite temperature. However, there is an essential singularify at0, since inserting (24)
into (15) and (14) one sees that~ exp(1/T) for T — 0. _

It is possible to explicitly solve the self-consistency equation wher 0 since (25)
becomes

* = (88) Y2 (1+4B/3+0(?)). (26)
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£(T)

Figure 2. Annealed free energy, given by (4) (broken curve) and the mean-field solution
(full curve) versus temperaturé = g~1. The broken lines are the Maxwell constructions
obtained by imposing that the free energy is a monotonic non-decreasing function Bie
annealed solution estimates a ground-state engggy —1.559; the mean-field solution gives
Eo > —1.468; the numerical result of [5] i€g = —1.4044+ 0.002.

The zero-temperature energy of the mean-field solutiofigis= —1.5 while the numerical
simulations [7] giveEy = —1.40440.002. In figure 2, we show the free energy as a function

of T. One sees that entropy is negative at low temperature, thus indicating that the solution
is unphysical. As a consequence, a better estimate of the ground-state energy is given by
the maximum of f(8), following a standard argument of Toulouse and Vannimenus [8],
and one hasy > maxg f(8) = —1.468.

4. Bethe—Peierls approximation

The mean-field approximation neglects the short-range order, that can be taken into account
by the so-called Bethe—Peierls approximation [9, 10]. It is still useful to consider the model
on the dual lattice and, moreover, it is convenient to work on the internal energy

a9
Up) = @(ﬂ 12 (27)

instead of the free energy. From equations (14) and (15) one thus has

U(B) = —2 coth2f) — B) (28)

sinr‘(Zﬁ)u
with

~ 9 o~~~ ) ~
UP) = = BFE)) = lim 1, B)
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where f(B) is given by (18) so that the internal energysofeplicas is

Un(B) = (Zn)") ZN(” (”H <1+]_[5(“)>]_[eﬂzwf“)i‘“’ (29)

that in the limitn — O givesi/(B).

Now comes the key step. Let us sum over all the spin couples except:theatest-
neighbour spin&*, 5., 5\, 5\ around then spin&,* in the numerator of (29). In
order to simplify the notation, in the following we shall indicate all thesespins asss,
and the 4 lateral ones as

Noting that the prefactofZy)" is a constant depending on the expression (29)

becomes

u”(l’g) (ZN)" Z 5(1/)0[ v, (5(4)) % l_[ <1+ 1_[~(o:)) l_[neﬁa(wo(u) (30)

{s®)

where W, is a function of the 4 lateral spinss,. In practice, we are considering the 5
free spinsss) on replicated crosses which are interacting with the mean field generated by
the othem (N — 5) spins.

The ansatz of the Bethe—Peierls approximation consists in assuming that any function
v, of the spin configurations such as (30) might be expressed as

) (Zn)"
e 31
v- (11 ) .2 &

where we have introduced the normalization factor

2(n, B, ) = Z Wu(s) (32)

{s)}

related to the weight of the, configurations

S i (e T

The parametep is a sort of chemical potential representing the energy cost necessary to
flip the lateral spins in the opposite directiondf destroying the short-range order. In fact,
the Bethe—Peierls approximation is also indicated agjthesi-chemicabpproximation.

As a consequence, the internal energy becomes

Uy(B) = —2(Go 51)n - (34)

Here and in the following A), indicates the average of an observahle

(A =271 0, B, 1) Y AWa(s) (35)

(s}

over the 2" configurations of the spins on the replicated crosses weightew,by The
chemical potentiajx depends on the replica humberand can be determined through a
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self-consistency equation given by the requirements that the average value of the dual spin
is invariant under translations, i.e.

(G0)n = (Gi)n i=1....4 a=1...,n. (36)

One is interested in the limit — 0, as usual. In order to write the self-consistency equation
in a simpler form, it is convenient to introduce the generating function

Suh . B =10 Wy(sg) € e (37)

{s)}

so that (36) corresponds to requiring

(38)

Ohlio 401 lizo

where¢ is the quenched generating function,

¢, 1, p) = lim @

The solution of this implicit equation gives the value of the chemical potem’iaﬁ) as
a function of the temperature. The internal energy can then be expressed in terms of the
generating function as

~ 10
ud) = -3 2%

2 98 (39)

h=0, u*(B)

In order to obtain the quenched generating functigrwe should perform some algebraic
manipulations. After performing the sum over th#'2 configurations{s,} in (37) we
remain with a sum over the configuratioss= 5", ..., 5"

4
B — 2(1 + ]_[ ~<">> (]’[ 2coshy® + ] 23inhn(°’)) ROML
=> Z ( ) (1 + 1_[ ~<")) [T (2coshy)" " T (2sinhy@)* &%

{so} k=0 o
ZZ Z ( ) ]‘[ ()72 (2 coshy @)™ (2sinhy@)* 7" (40)

where we have introduced the variable
N =+ pE (41)

for simplifying the notation. Now, the previous sum has been obtained by an annealed
average over the disorder, i.e.

222 ()AM: (42)

k=0 j=+1
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where one has

Ay =[G 72(2coshy@) ™ (2sinhy @) %"

{so} «

= (Z G2 (2 coshp)** (2 sinhi)* eﬁ") = (a, ;)" (43)

{00}

with n = u + Bop. Noting that

1
lim —Ina” =1Ina
n—0n
eventually one can write the quenched generating function as
LS S (M 1n 3 @02 costf+y sinit a4
"5:?22;{ ny A cost—* 5 sinH . (44)
j==%1 k=0 Go=+1

Here and in the following we omit writing the constant additive term 4 1n @.irfNote that
such a term disappears in the derivatives. The first sum pver(44) can be performed
by a trick. Let us use an auxiliary spi = +1 with equal probability so that

4
¢ = 515 > (2) In " @5 (coshy coshy')* (sinhy sinhy')* (45)
k=0 Go. 5y=1

with n’ = M+EE(;. It is easy to realize that & anda have opposite sign, the contribution
to the sum vanishes. We can limit ourselves to consider the case of equal sign, so that (45)
becomes

4
b= %> (:) In 3 Goe?® costi y sint? . (46)
k=0

co=%1
Moreover, in the limit: — 0, one has
8092]150 ~0oo+2h. (47)

It follows that (cp) is

d¢ N @k ) itk
ol = ﬁz L )5 > 2cosR*™ y sint p (48)
h=0 pa Gomt1
with
S =Y Go cosit“ ™y sink?* (49)
oo==+1

while Y7, (5)) is

14\ ., N
= > Z (k) S, Z ooYr(n) (50)
h=0 7
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with

Ye(n) = cosi@0 5 sint? 5 [2(4 — k) tanhy + 2k cothn] . (51)

Inserting (45) and (46) into the self-consistency equation (38), the chemical potential
can be obtained as a function of the dual inverse tempergtu@nce we have determined
the value ofu*, the internal energy is given by a derivative of the generating function. In

particular, one has

G- 199
UB =335

7 N
= > <k> St ). (52)
k=0

Go=%1

h=0, u*(B)

In figure 3 we showﬁ/ﬁ as a function oﬁ, where one observes that fEr—> oo (limit of

high temperaturd’ of the original Iattice),u*/ﬁ — 3. This can be understood noting that
each one of the lateral free spins of the cross interacts with three other spins, so that at zero

dual temperaturé;‘l, the energy lost in a flip is exactly equal to 3. Figure 4 illustrates the
graphical solution of (38) by plotting

o 1TG L
im (e~ 4 260 59

as a function ofu at three different temperatures. The solutjgh of the self-consistency
equation is given by the intersection of the function with the horizontal axes. We look
only for real solutions. At larges, there exists only one solution. However, figure 4
shows that at lows two solutions appear, and f@# < 0.031 there is no real positive
solution. The internal energy given by the Bethe—Peierls approximation together with the
annealed energy, = —2tani8) and the mean-field result are plotted as function of the
temperature in figure 5. One sees thatfor 0.05, i.e.T < 0.667..., the energy increases

* ~
m/B
0 — — T T :
0T ; I
" B
- Py
3.8 — @ \ —
f A ;
N i
i ! = 1
3.6 1 W o
- L"_I N .
I 8
3.4 — & ~ ]
. | 5]
| N
\
| o
3.2 b ~ _
b N 1
h - -1
b=
3.00 N ,00|5; - ,0|1\ - ,0115, L .012. ~
) ) ’ : Figure 3. Chemical potentiaju*/8 as a

B function of the dual inverse temperatyge
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0 ! & 8 4 5 6 B = 0.1 (full curve), B = 0.05 (broken
8 curve) andg = 0.028 (dotted curve).
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-125 -
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r Figure 5. Internal energy given by
~1.75 p— the annealed approximation, i.€, =
. —2tanhg (broken curve), and by the
r P ] Bethe—Peierls solution (full curve)(T)
~2.00 p o = 7 ~ versus temperatur® = g71. The
..o by b o b w1 dotted line is obtained by imposing that
0 0.5 1 15 2

the Bethe—Peierls internal energy is a
T monotonic non-increasing function af.

with decreasing the temperature while the chemical poteptiadecreases, indicating that
the Bethe—Peierls solution becomes unphysical. The ground-state energy can be estimated
by the minimum value assumed by the internal energy, i.e.

Eo~minU(B) = U(B = 0.05...) = —1.3975.
B
It is extremely close to the numerical estimate of ] = —1.404+ 0.002.
Finally, we want to mention that the problem remains open to understand whether, with
an appropriate ansatz of replica symmetry breaking, one can obtain a solution of the self-

consistency equation fgf < 0.03. It is indeed well known that the mean-field approach
can give phase transitions, even when they are absent in the original model.

5. Improved Bethe—Peierls approximation

In order to improve the Bethe—Peierls approximation in the framework of the replica method,
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we introduce a second variational parametebeyond the chemical potential, that puts
in interaction the different replicas. In other words, we replace the (standard) ansatz (31)
with

v, = o 54y Yy 5GP (ZN)” 54
Hl—[ gn. B.u.y) &9

where we have introduced the normalization factor

g(n, B, . y) = Z P(5(5) (55)

(s}
related to the weight of the, configurations

(@)~(B)

P,(s5) =W, € Lap O G (56)

with W, given by (33). We shall indicates the average of an observabbeer this new
normalized weight by((A)),.

The two variational parameters are determined by the coupled self-consistency equations
obtained in the limit: — 0 by

{(Go))n = ((Gi))n (574)
(Go” 53" Nn = (5 &) (570)
withi=1,...,4anda,8=1...,n
The ansatz proposed here is related to a hypothesis of existence of a glassy phase. In
fact, one can apply this approximation scheme to the solution of the random-coupling Ising
model directly on the original lattice id dimensions [11]. In this case, after performing
the limit d — oo, one obtains the Parisi solution [2] of the Sherrington—Kirkpatrick model.
Following the same idea as in the previous section, let us introduce the generating
function

Unlh oy B) =10 Y Pl Do+ Xy 5757 (58)

{s®)}

so that (5a) and (5D) correspond to requiring

y _ 1y (5%)
Oh [—0e—0 40 |p—0=0

and
y _ 1y (5%)
0 [h—0e=0 49V |p=o=0

wheres is the quenched generating function,

vy, B) = im ﬁ (60)
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The solution of this implicit equation gives the valugs(8) and y* as functions of the
temperature. The internal energy can then be expressed in terms of the generating function
as

0
9B 1y

<

(61)

NI =

UP) = -

=0,6=0, 11* (B).y*(B)

Let us now simplify as much as possible the self-consistency equations. It is convenient
to use the standard Gaussian identity

exp( ;Um (ﬂ)) _ eXP(g(; gém)z B 52”)
= exp< SN ) xoZG(O‘) x0> (62)

in order to write the generating function as

4 Y4 4 dx; 2
wn =_(y-’_)n+|n<25 fn efxi/2

2 io V2r
x Z(l +11 géa)) (1—[ 2 cosho® + 1—[ 5 smha)(‘")) i30VD T, 5 ~<m)
" (63)
with
wi(a) =0+ x/y. (64)

Using the same ‘algebraic’ strategy that in the previous section leads to (44), we obtain the
guenched generating function as

v= g [ e >

J1sj2. s, ja=%1

4
X In( Z 5 € (h+VEx0)%0 1_[(00\'shw,-)1+ij (sinha),-)lf") (65)

oo==%1 i=1
with
;i =n+xif=580+u+xiﬁ.
The constant additive term 41n 2 is again omitted.
By derivatingys one has the self-consistency equations (57)ufoland y* in terms of

the sum of five Gaussian integrals. A careful analytic and numerical study of these equations
might give enlightenment as to the nature of spin glasses in low-dimensional systems.



Bethe—Peierls approximation for tte® random Ising model 1395
6. Conclusions

Let us briefly summarize our main results.

(i) Formulation of the random coupling Ising model on the dual lattice made of square
plaquettes. The dual model has signed Gibbs measure as the random coupling is transformed
into a random complex magnetic field.

(ii) Application of the mean-field approximation to the two-dimensional dual model in
the framework of the replica method. We find the solution using a replica-symmetry ansatz,
obtaining a good estimate of the ground-state enegy:= —1.468, compared with the
numerical result of [7]Eq = —1.404+ 0.002.

(iii) Application of the Bethe—Peierls approximation. It gives a very accurate estimate
of the ground-state energf§ = —1.3975) although it becomes unphysical belgw= 0.05
and there is no real solution of the self-consistency equatioi far0.03.

(iv) Improvement scheme of the Bethe—Peierls approximation by considering a second
variational parameter that puts in interaction different replicas of the dual model.

There are still many problems that remain open in our approach. As a major issue,
it would be interesting to understand whether the ansatz proposed in section 4, or other
similar assumptions, lead to a solution of the self-consistency equations of the Bethe—
Peierls approximation at loyg, that would allow one to decide whether a transition to a
glassy phase is present at low dimension.

The dual transformation is indeed a very powerful tool for determining the critical
temperature in non-disordered systems and our method might give some results in this
direction. Last but not least, we plan to find a cluster expansion scheme that permits
improvement of the mean field in a systematic way.
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