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eived 1 August 1998We 
onsider a sto
hasti
 model of investment on an asset in a sto
k market for a prudentinvestor. She de
ides to buy permanent goods with a fra
tion � of the maximum amountof money owned in her life in order that her e
onomi
 level never de
reases. The optimalstrategy is obtained by maximizing the exponential growth rate for a �xed �. We deriveanalyti
al expressions for the typi
al exponential growth rate of the 
apital and its
u
tuations by solving an one-dimensional random walk with drift.1. Introdu
tionA large number of studies on �nan
e have the main purpose of �nding theoptimal strategy for a given kind of investment [1-4℄. These problems 
an be ta
kledby looking for simpli�ed (but non-trivial) models whi
h are able to des
ribe theobserved phenomenology and whi
h 
an be, eventually, solved analyti
ally. For anintrodu
tion to �nan
ial problems dis
ussed from the point of view of the theoreti
alphysi
s see [5-10℄.The optimal strategy is usually de�ned as the one whi
h maximizes a givenutility fun
tion taking into a

ount the risk. The use of utility fun
tions introdu
ea high degree of arbitrariness sin
e the parti
ular 
hoi
e depends on the subje
tiveaversion to risk of the investor. This psy
hologi
al arbitrariness 
an be removed ifone 
onsiders that the rate of growth of the 
apital is an almost sure quantity inthe long run. Therefore, the best strategy 
an only be the one whi
h maximizesthis rate, i.e. the one whi
h maximizes the expe
ted logarithm of the 
apital. Any473



474 R. Baviera et al.other strategy almost surely ends with an exponentially, in time, smaller 
apital[7, 9-11℄.The deep understanding of the reasons for the use of logarithmi
 optimizationstrategy 
omes from the Kelly's pioneering work [11℄. In his paper he proposes andsolves a model where an investor uses a fra
tion l of her 
apital to buy shares ofa given asset at dis
rete time steps. It is assumed that the pri
e of the shares 
an,at ea
h time, double or vanish, so that the investor doubles or loses the fra
tionshe has invested in it. It is assumed that the probability p of doubling is largerthan 1=2; this is a reasonable assumption sin
e the 
ontrary situation implies thatis better to keep the money in a risk-free investment (the interest rate is supposedto be vanishing).If the investment is absolutely sure (p = 1), of 
ourse she will invest all the
apital (l = 1) at ea
h step. In this way after t steps her 
apital will be 2t timesthe original one. However, if the evolution of the share pri
e is un
ertain and shewants to maximize the expe
ted value of her 
apital, she 
hooses the same strategyby investing a fra
tion l = 1. Obviously this is not the best approa
h: she may loseeverything.Using arguments from the theory of probability, Kelly has shown that the 
orre
tquantity to maximize is the expe
ted value of the growth rate �(t) of the 
apital:this quantity 
orresponds to the rate of transmission over a 
hannel in informationtheory or to the Lyapunov exponent in dynami
al systems and statisti
al me
hani
sof disordered systems. The value of �(t) for a parti
ular sequen
e of investments
u
tuates around the expe
ted value h�(t)i and the 
u
tuations approa
h zero inthe limit t!1.If one introdu
es a random interest fa
tor rt and/or a random gain fa
tor vt(in the original Kelly's work rt = 1 and vt = 2) the model is still trivial from amathemati
al point of view and it is easy to �nd out the optimal strategy. This isdue to the fa
t that the model 
an be written in terms of a multipli
ative randompro
ess. For a dis
ussion on optimal investment strategy of a multi-asset portfoliofollowing Kelly's approa
h see [7℄.Re
ently Gallu

io and Zhang [8℄ have 
onsidered a generalization of the previ-ous model, where at ea
h time step several kinds of investment are possible: a sureone (i.e. the bank) and the other risky ones (i.e. the sto
k market). They assume, asKelly does, a simple behaviour for the market and �nd the values of the parameterswhi
h optimize the Lyapunov exponent. This model 
an be written as produ
t ofindependent random matri
es and it 
an be treated with standard perturbativemethods [12℄ or by 
onstrained annealing [13, 14℄.In this paper we 
onsider the 
ase of an investment where there is a diversi�
a-tion between the sto
k market and permanent goods. A permanent good, su
h as ahouse, is 
hara
terized (at least as a �rst approximation) by a value that does not
hange in time, and it is not easy to 
onvert into 
ash. The prudent investor wants,at least, to assure herself the same e
onomi
 level for all her life (i.e. the 
apitalinvested in permanent goods does not de
rease). In order to rea
h the goal she
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ides the permanent goods must equal a fra
tion � of the maximum total 
apitalowned in the past. Therefore the 
apital 
annot be less than this threshold andonly the remaining part 
an be invested in the market. As a 
onsequen
e the modeldes
ribes the 
apital as a sto
hasti
 variable with memory.Let us brie
y sum up the 
ontents of the paper. In Se
. 2, we introdu
e ourmodel as a modi�
ation of Kelly's and we give an interpretation of the parametersintrodu
ed. Se
tion 3 is devoted to the analyti
al solution of the model. In Se
. 4,we 
ompare our results with Kelly's. In Se
. 5, we dis
uss some aspe
ts of our modeland its main features, in parti
ular we 
onsider the possibility of looking for time
hanging strategies of investment.2. The ModelA given asset in a sto
k market 
an be always modelled in absen
e of memoryby Wt+1 = Ft(Wt) ; (2.1)where Wt is the 
apital at dis
rete time t and Ft is a random fun
tion, i.e. atea
h time t one 
hooses among di�erent fun
tions a

ording to given probabilities[15, 16℄. The simplest 
ase is Ft = utWt, where the ut are independent sto
hasti
variables (e.g. they 
an assume only two values as in the 
ase of Kelly).In the Kelly's model the investor keeps untou
hed a fra
tion 1�l (with 0 � l � 1)of its 
apital, while the rest is used to buy shares with two di�erent results: eithershe doubles her investment, or loses it. Therefore the 
apital at time t+ 1 is givenby Wt+1 = (1� l)Wt + l(1 + �t)Wt = (1 + l�t)Wt : (2.2)It follows that ut 
an be written asut = 1 + l�t;where the di
hotomi
 random variable �t�t = � +1 with probability p ,�1 with probability 1� p ,des
ribes the 
hange of the share pri
e.The growth rate of the 
apital at time t is �(t) = 1t lnWt. This quantity israndom. Nevertheless for large t, be
ause of the law of large numbers, it 
onvergesalmost surely to the Lyapunov exponent� � limt!1�(t) : (2.3)Let us noti
e that the optimal strategy proposed by Kelly 
onsists in the max-imization of � (i.e. hlnWti) and not of hWti. Following the naive idea to maximizehWti one has l = 1 and hWti = (2p)t whi
h is mu
h larger (at large t) than the
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orresponding value obtained with the maximization of �. Nevertheless, the naivestrategy is 
learly wrong sin
e at large t one has a probability 
lose to 1 to lose ev-erything. On the 
ontrary the maximization of � has a well established theoreti
almotivation in the law of large numbers. Basi
ally one has that for almost all therealizations the quantity �(t) at large t is 
lose to its mean value �, i.e. the quantity�(t) is self-averaging. Then, sin
e we are dealing with a multipli
ative pro
ess, onehas that the probability distribution of Wt is 
lose to the log-normal one [12, 17℄:P (Wt) ' 1p2��2t Wt exp �(lnWt � �t)22�2 t ; (2.4)where �2 = limt!1 th(1t lnWt � �)2i : (2.5)Equation (2.4) holds for small values of (lnWt � �t) =�pt, on the 
ontrary the tailsdepend on the details of the multipli
ative pro
ess [12, 17℄. Let us remark that theinvestor 
an have a small but �nite probability to have a very low 
apital at time t.The optimization problem 
onsists in 
hoosing the fra
tion l of the 
apital thatmaximizes � given the probability p > 0:5; the result is lmax = 2p� 1.Our aim is to modify Kelly's model so that the 
apital 
annot be
ome too smallin any realization of the random sequen
e f�tg. This time the investor de
ides tobuy shares with only a part of the 
apital and uses the other part to buy permanentgoods. The value of the goods equals a fra
tion � of the maximum total 
apital shehas owned in the past.The model 
an be written in the form:Wt+1 = �fWt + (1 + l�t)(Wt � �fWt) ; (2.6)where fWt = maxfi�tgWi ; (2.7)Let us stress that �fWt is the part of the 
apital kept untou
hed (Wt+1 is alwayslarger than �fWt), and l is the fra
tion of the available part Wt � �fWt, risked attime t. In the following, � will be 
onsidered a �xed parameter depending on thegreediness (or pruden
e) of the investor. The Kelly model is re
overed for � = 0.Let us remark that the optimal strategy of the model (2.6) and (2.7) is, from a
on
eptual point of view, equivalent to the optimal strategy of the original Kelly'sproblem with a suitable utility fun
tion whi
h takes into a

ount the pruden
e ofthe investor. The model is then a non-markovian pro
ess for the single variableWt.A typi
al realization of Wt and fWt is shown in Fig. 1.Moreover it is interesting that our model 
an be 
onsidered a Markovian pro
essof two variables (Wt and fWt) if we express the maximum 
apital owned in theinvestor's life (2.7) as:fWt+1 = maxffWt;Wt+1g = maxffWt; (1 + l�t)(Wt � �fWt) + �fWtg : (2.8)
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Fig. 1. A typi
al realization of the 
apital Wt (full line), of its maximum fWt (dashed line) andof the 
apital invested in permanent goods �fWt (dotted line), for � = 0:7 and p = 0:75. The twoarrows shows a pro
ess of type (3.12), where fWt is 
onstant.Equations (2.6) and (2.8) are in fa
t a random map of two variables of the form(2.1): � Wt+1fWt+1 � = Ft� WtfWt � : (2.9)Equation (2.9) 
an be 
onsidered a produ
t of random matri
es of in�nite order.This is 
lear if one 
onsider the pro
ess (2.6) with where now fWt isfWt = V (1)t = maxfi=t�1;tgWi ; (2.10)or fWt = V (j)t = maxft�j�i�tgWi : (2.11)It is easy to realize model (2.6) with fWt given by (2.10) 
an be represented in termof a Markov pro
ess of order 1 (i.e. the state at time t depends from the states att and t� 1). Similarly using (2.11) one has a Markov pro
ess of order j.As far as we know for a general problem like (2.9) there isn't an Oselede
 theorem[12℄ for the self-averaging of the quantity �(t). Nevertheless for our spe
i�
 
ase weshall show in the next se
tion that �(t) is self-averaging.
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ess (2.6) and (2.7) 
an 
onsidered a sequen
e of independent pro
esses.Ea
h of them starts at time ti and ends at time ti+1 when fWt 
hanges its value(i.e. Wt rea
hes a new maximum) so that, during this time, fWt is 
onstant andequals the starting 
apital Wti (see Fig. 1).Between ti and ti+1 the variable Wt � �Wti is multipli
ative as in the Kelly'smodel, in fa
t the Eq. (2.6) redu
es toWt+1 � �Wti = (1 + l�t)(Wt � �Wti ) ; (3.12)where Wti plays the role of a 
onstant.We noti
e that the �nal value of the ith pro
ess Wti+1 turns out to be propor-tional to its initial value Wti : Wti+1 = e
(i)Wti ; (3.13)where 
(i) depends on all the f�tg extra
ted during the time interval (ti; ti+1).This pro
ess ends when Wti+1 be
omes larger than Wti ( 
(i) > 0 ) for the �rsttime. Of 
ourse the time interval N (i) = ti+1 � ti is a random quantity, and itdepends on the f�tg sequen
e.In this 
ontest the global pro
ess Wt (2.6) 
an be expressed in terms of Mindependent Markovian pro
esses 
(1),...,
(M) as:Wt =W0 MYi=1 e
(i) ; (3.14)where t equals the sum of the time duration of all the M Markovian pro
essest = PMi=1N (i). Let us remark that (3.14) is a produ
t of independent randomfa
tors; this implies that �(t) rea
hes the value � at large t for almost all realizations.Let us stress that the ith pro
ess des
ribed by (3.12) is a one-dimensional ran-dom walk with positive drift (p > 1=2), in terms of the variable Ptt0=ti �t0 . Thepro
ess ends as soon as the random walk rea
hes an es
ape point that runs awaywith velo
ity ��1�+1 , where � is a monotoni
 fun
tion of l de�ned by� = � ln(1� l)ln(1 + l) : (3.15)with � � 1.Supposing that it happens with n(i) defeats (or negative steps of the randomwalk), we �nd that
(i) = ln h�+ (1� �)(1� l)n(i)(1 + l)N(i)�n(i)i : (3.16)Let us noti
e that N (i) and n(i) are not independent but must satisfyN (i) = 1 + n(i) + hn(i)�i � Nn(i) ; (3.17)where the square bra
ket indi
ates the integer part.
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ess 
 ends with n defeats; it 
an bewritten down as p(n) = Cn(1� p)npNn�n ; (3.18)where Cn is the number of di�erent ways to exit from the pro
ess with n defeats.The following re
ursive formula for Cn holds (see Appendix) for n � 3:Cn = �Nn�1 � 1n� 1 �� n�2Xr=1 �Nn�1 �Nrn� r �Cr ; (3.19)with initial values � C0 = C1 = 1 ;C2 = N1 � 1 : (3.20)Equations (3.19) and (3.20) represent a pra
ti
al tool to numeri
ally 
ompute p(n).Noti
e that for a �xed p, there exists an interval of � (i.e. of l), su
h that theith pro
ess has a non-vanishing probability to have an in�nite time duration (ithappens when the mean velo
ity 2p�1 of the random walk is lower than the velo
ity��1�+1 of the es
ape point). This implies that the growth rate � of the 
apital is almostsurely zero, sin
e its evolution remains 
on�ned in an ith pro
ess, with �nite i. Of
ourse it is a non-optimal situation, and the following 
onsiderations are restri
tedto the more interesting 
ases with � > 0.In the limit M !1, be
ause of the law of large numbers, the Lyapunov expo-nent � 
an be written as � = limM!1 PMi=1 
(i)PMi=1N (i) = 
nNn ; (3.21)where the bar indi
ates the average a

ording to the distribution p(n).Let us re
all that the distribution of Wt is approximated by a log-normal (2.4),and furthermore the varian
e (2.5) 
an be written as�2 = limM!1 " (PMi=1 
(i) � �PMi=1N (i))2PMi=1N (i) # = (
n � �Nn)2Nn ; (3.22)where the last result is obtained simply noti
ing that PMi=1N (i) is equal, for thelaw of large numbers, to M N +O(M 12 ).4. Dis
ussion of the ResultsAs in Kelly's model we maximize the Lyapunov exponent with respe
t to l, to�nd the long time optimal strategy. We have 
omputed � and its varian
e usingEqs. (3.21) and (3.22). The probability p(n) is found out for any n smaller than anappropriated en so that Penn=0 p(n) � 1� 10�8, en is typi
ally O(102).
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pFig. 2. �max = �(lmax) (3.15) as fun
tion of p for � = 0:6. The plateaux 
orrespond to rationalvalues of �max.In Fig. 2 we report �max � �(lmax) as a fun
tion of p for � = 0:6. We observe that�max is 
onstant for some intervals of p. These plateaux 
orrespond to rational valuesof �max. This feature of the model 
an be explained noting that the probability p(n)is dis
ontinuous around any rational �. As a 
onsequen
e, the Lyapunov exponent� as fun
tion of � for a �xed value of p, has a 
usp at any rational value of �. One ofthese 
usps is a maximum of � 
orresponding to the plateau of p (see, for instan
e,Fig. 3a).In this 
ontext, varying p one has only a rotation of the 
usp, so that at di�erentp 
orresponds the same value of �max that maximizes the Lyapunov exponent �,while for p out of the plateau one has a de
reasing or an in
reasing 
usp, like inFig. 3b. The width of the plateau depends on � and it be
omes larger when �in
reases and when � is integer.Let us restri
t to the 
ase of integer �. In order to simplify the notation, we use�̂ to indi
ate a quantity 
omputed at integer values of �. If we study the probabilitydistribution of the defeats (3.18) for �xed values of � and p as a fun
tion of � wenoti
e that, when � 
rosses an integer value �̂, the time durations fNng (3.17) andthe 
oeÆ
ients fCng (3.19) 
hange for every n. Nn 
hanges sin
e it depends on theinteger part of n�, and Cn sin
e the number of paths of the random walk endingwith n losses depends on the 
ases with less defeats. For the same reason both ofthem remain 
onstant immediately on the right and on the left of �̂, at least untiln is big enough to have negligible e�e
ts on the probability distribution p(n).
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ρ(b)Fig. 3. Lyapunov exponent � as fun
tion of � for: (a) p = 0:8 and � = 0:6, where the maximumis a 
usp (� = 2); (b) p = 0:6 and � = 0:6, where an in
reasing 
usp (� = 1:5) is present but notin 
orresponden
e to the maximum.Following this idea we perform a linear expansion in l of � around its value onthe 
usp. Then we write �� = ��0 + ��1 Æl;where �+ and �� are respe
tively the right and the left limit for l ! l̂ � 0 of �.After some algebra one obtains�+0 = ��0 = �̂ = (p� �̂(1� p)) ln(�+ (1� �)(1 + l̂)) : (4.23)and ��1 = 1� �1� l̂2 �p[2 + b̂(1 + �̂)℄� [1 + l̂ + �̂b̂℄� ; (4.24)



482 R. Baviera et al. �+1 = 1� ��l̂(1� l̂)2 b̂[2p� (1 + l̂)℄ ; (4.25)where b̂ = �l̂(1� l̂)�+ (1� �)(1 + l̂) : (4.26)The signs of ��1 tell us when the 
usp is a maximum of � as a fun
tion of l (i.e. when��1 � 0 and �+1 � 0) . From (4.24) and (4.25) it is easy to see that this happenswhen p is between pmin and pmax wherepmin = 1 + l̂ + �̂b̂2 + b̂(1 + �̂) ; (4.27)pmax = 1 + l̂2 : (4.28)Some of the widths of these plateaux (i.e. pmax � pmin) are plotted in Fig. 4.It is interesting to observe that the plateaux disappear (pmax ! pmin) in Kelly'slimit (� ! 0) and pmax is the value for whi
h Kelly's model rea
hes its maximumwhen l = l̂. Then we noti
e from (4.23) that for this value of p the maximumLyapunov exponent res
aled with the fun
tion�(�; p) = ln(�+ 2(1� �)p) : (4.29)is the same for every �.
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Finally we noti
e that the Lyapunov exponent 
omputed at the optimal valuel = lmax, res
aled with (4.29), is quantitatively independent of �, see Fig. 5.



484 R. Baviera et al.In addition the standard deviation � is proportional to the Lyapunov exponentwhen l = lmax.This is an exa
t result, at any �, when p = pmax and it is qualitativelytrue for generi
 values of p, see Fig. 6.Remember that a good parameter for quantifying the strength of the 
u
tuationis the ratio R = �2=�. In fa
t, in the log-normal distribution (2.4) both �2 and �have the dimension of the inverse of time, and therefore �2� is time independent.Sin
e the �=� is basi
ally only fun
tion of p and not of �, one hasR = �2� ' ��� �2Kelly � ' ��� �2Kelly ��Kelly�Kelly = ��KellyRKelly � RKelly ; (4.30)i.e. a redu
tion of the relative 
u
tuations.5. Con
lusionsIn this paper we have 
onsidered a diversi�
ation of the portfolio between per-manent goods and investments in a market. The model is a non trivial modi�
ationof Kelly's where only a part of the 
apital is allowed to be invested in the market.The investor keeps the remaining part as a se
urity amount of money, equal toa fra
tion � of the maximum 
apital owned in the past. In this way the investoravoids the possibility of losing almost all her 
apital due to a large 
u
tuation as
an happen in Kelly's 
ase: the parameter � 
an be 
onsidered a measure of theinvestor's pruden
e.The small 
u
tuations of the 
apital around the typi
al value W0 e�t follow,at large t, a log-normal distribution and therefore they are well des
ribed by thetypi
al exponential growth (or Lyapunov exponent) � and the deviation � fromthis quantity. We give expli
it analyti
al expressions for both these quantities. Inparti
ular we obtain a de
reasing of the relative strength of the small 
u
tuations(i.e. �2=�).An interesting feature of the model, from a mathemati
al point of view, isthat the Lyapunov exponent is a 
ontinuous but not di�erentiable fun
tion of theparameters. This fa
t is parti
ularly relevant when we look for the fra
tion l of theallowed 
apital (i.e. the 
apital that 
an be invested in the market ea
h time), whi
hmaximizes �. We observe a devil's stairs like behaviour [18℄ for �max as a fun
tionof the probability p. The existen
es of plateaux 
an be understood if one 
onsidersin more detail the � itself as a fun
tion of l at �xed p and �. The sizes of theseplateaux 
an be 
omputed; as an example we derive the width of the largest ones.We have found that the Lyapunov exponent, when res
aled by a proper fun
tionof the parameters, and the ratio between � and �, show a behaviour similar to theKelly's 
ase: the prudent 
onstraint we have introdu
ed has basi
ally the e�e
t ofres
aling the exponential growth and the relative strength of the small 
u
tuationsof the 
apital invested on the sto
k market a

ording to Eqs. (4.29) and (4.30).The study of non-
ommutative multipli
ative models of the sto
k market hasthe great advantage that they often 
an be analyti
ally treated. In generi
 
ases one
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an use powerful systemati
 methods to obtain good approximations [12-14℄. Webelive they 
an be useful to understand problems 
lose to the reality, su
h as theones where the investor does not de
ide only on
e the best strategy to follow, but
an 
hange her mind at ea
h step depending on the behaviour of the market. It 
anbe shown that a �xed strategy is not the best one when we introdu
e 
orrelationsbetween su

essive times or di�erent hedgings for prudent investors.AppendixIn this appendix we derive the re
ursive formula (3.19) for Cn. The randomwalk (3.12) has a positive drift (p � 12 ) and it ends as soon as the 
apital ex
eedsits initial value. The total number of steps ne
essary for that is Nn, where n isthe number of negative steps (i.e. defeats). The stop is when n=Nn is smaller than1=(�+ 1) (with � � 1), so that Nn = 1+ n+ [n�℄, where the square bra
kets meaninteger part (see Eq. (3.17)).The number of di�erent ways Cn 
an be 
omputed noti
ing that the n negativesteps have to appear before the (Nn�1)th step, in order to avoid a prematureinterruption of the pro
ess with only n� 1 negative steps. This yields to �Nn�1n �di�erent 
ombinations, but in this number are also in
luded the 
ases of prematurearrest with r negative steps in the �rst Nr time steps, with 0 � r � n � 2. Ea
hof these 
ases leaves out an amount of 
ombinations equal to �Nn�1 �Nrn� r �Cr,where the 
ombinatorial fa
tor 
omes from the di�erent ways that the remaining(n� r) negative steps have to appear in the interval [1 +Nr; Nn�1℄.It immediately follows the re
ursive formula (3.19)Cn = �Nn�1n ��Pn�2r=0 �Nn�1 �Nrn� r �Cr == �Nn�1 � 1n� 1 ��Pn�2r=1 �Nn�1 �Nrn� r �Crwhi
h holds for n � 3, while for n = 2 one hasC2 = N1 � 1:The 
ases n � 1 
an be trivially derived:C0 = C1 = 1:A
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