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Abstract. We consider a large size population which evolves according to neu-
tral haploid reproduction. The genealogical tree is very complex and genealog-
ical distances are distributed according to a probability density which remains
random in the limit of a large population. This density which varies for dif-
ferent populations, and varies for the same population at different times, has a
distribution that we find out.

The evolution of languages closely resembles the evolution of haploid organ-
isms or mtDNA. This similarity allows for the construction of languages trees.
The key point is the definition of a distance between pairs of languages. Here we
use a renormalized Levenshtein distance among words with the same meaning
and we average on all the words contained in a list. Assuming a constant rate
of mutation, these lexical distances are logarithmically proportional, in average,
to genealogical distances.

The relation between lexical and genealogical distances is then further in-
vestigated in order to take into account the intrinsic randomness associated
with the lexical evolution. We test our method by constructing the trees of the
Indo-European and Austronesian groups.
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1. Introduction

Haploid reproduction implies that any individual has a single parent in the
previous generation. Since some of the individuals may have the same parent,
the number of ancestors of the present population decreases going backwards in
time until a complete coalescence to a single ancestor. The genealogical distance
between two individuals is simply the time from the last common ancestor. One
would expect that in the limit of infinite population size, some quantities would
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reach a thermodynamic deterministic value. For example this could be the case
for the probability density of genealogical distances in a single population. On
the contrary, this quantity is random even in the thermodynamic limit and,
therefore, it varies for different populations or, at different times, for the same
population. The discovery of this non self-averaging behavior is due to the
pioneering work of Derrida, Bessis and Peliti [4,7].

We consider a very general model of a population of constant size N whose
generations are not overlapping in time. Any generation is replaced by a new one
and any individual has a single parent. Stochastic rules assigning the number
of offsprings to any individual can be chosen in many ways. In fact, for a large
size population, results do not depend on the details of those rules, the only
requirement is that the probability of having the same parent for two individuals
is of order 1/N for large N.

To be clearer we make two examples of stochastic dynamics that satisfy this
assumption. First rule: at any generation one half of the individuals (chosen
randomly) has no offsprings while the remaining part has two (see [34]). With
this rule the probability of having the same parent is 1/(N — 1). The second
rule (Wright — Fisher) is that any individual in the new generation chooses one
parent at random from the previous one, independently from the choice of the
others. With this rule, that we will choose for simulations, the probability of
having the same parent for two individuals is exactly 1/N.

The relevant quantity that we compute is the distribution of the random
probability density of pair distances in a single large population. We also show
how to reconstruct the genealogical tree of a group of individuals. Sections 2,
3, 4 and 5 are devoted to this part of our research.

Languages evolve in time according to a process in which reproduction and
extinction are both possible. Reproduction, because a single language may have
more then one offspring, for example Latin, and extinction when the number
of speakers becomes too small, for example many Australian languages. This
is very similar to haploid evolution for asexual organisms. This similarity al-
lows us to use some of the ideas developed in the first part of the paper in
order to verify hypotheses concerning the relationship among languages and
to reconstruct their family tree. The key point is the definition of a distance
among pairs of languages in analogy with the genetic distance among pairs of
organisms. Distances can be evaluated comparing grammar and/or vocabulary
but while it is difficult, if not impossible, to quantify grammar distance, it is
possible to measure a distance from vocabulary differences. The method used
by glottochronology computes distances from the percentage of shared “cog-
nates” which are words with a common historical origin. Recent examples are
the studies of Gray and Atkinson [12] and Gray and Jordan [13]. The weak
point of this method is that subjective judgment plays a relevant role. Here we
define the distance of two languages by considering a renormalized edit distance
among words with the same meaning and averaging on the two hundred words
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contained in a Swadesh list [31]. In our approach the vocabulary of a language is
the analogue of DNA for organisms. The advantage is that we avoid subjectivity
and our results can be replicated by other scholars assuming that the database
is the same. We apply our method to the Indo-European and the Austronesian
group considering, in both cases, fifty different languages. The two trees we
obtain are for many aspects similar to those found by glottocronologists with
some important differences concerning the position of few languages. Sections
6, 7 and 8 are devoted to this part of our research.

A last problem that we have to face is that the genetic distances that we
measure for languages are not exactly the genealogical distances defined for the
coalescent process. In fact, we compute a distance from the lexical differences
and not from the historical time separation which is unknown in most of the
cases. Genetic distances are proportional to genealogical ones only on average,
due to the inner randomness of lexical mutations. This is the same problem
that scholars face in biology when they measure the time distance from the last
common ancestor measuring genetic differences between two species. We try
to fill this gap introducing randomness in the coalescent process which allows
comparison between the statistics of genealogical and genetic distances. In par-
ticular, we are able to quantify the error that we may make when we reconstruct
family trees by genetic distances in spite of the unknown historical records of
genealogical ones. Sections 9 and 10 are devoted to this part of our research
while Section 11 contains our conclusions.

2. Frequency of pair distances

The distance between two given individuals is the number of generations
from the common ancestor. For large N distances are proportional to IV, it is
then useful to re-scale them dividing by N. In a population of size N we have
to specify N(N — 1)/2 distances which correspond to the entries of an upper
triangular matrix.

Let us define d(«, ) as the rescaled genealogical distance between individuals
«a and B in a population of size N. For two distinct individuals o and ( in the
same generation one has

(2.1)

where g(a) and g(3) are the parents of o and [ respectively. Parents are chosen
among all possible ones with equal probability 1/N and, therefore, g(«) and g(3)
coincide with probability 1/N. In this case the distance d(g(«), g(3)) vanishes.
On the contrary, the parents of @ and (3 are distinct individuals o/ and 3" with
probability (N —1)/N. The above equation entirely defines the dynamics of the
population, and simply states that the rescaled distance in the new generation
increases by 1/N with respect to the parents distance.
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Briefly, d(«, 3) = 1/N with probability 1/N and d(«, 8) = d(o/, ') + 1/N
with probability (N —1)/N.

This equation can be iterated for any of the possible N(N —1)/2 initial pairs
«a and 3 and the iteration stops when there is a coincidence of parents. In this
way, all the entries d(«, 3) of the upper triangular matrix of distances can be
calculated.

Distances assume values which are multiple of 1/N, and we may define the
frequency f(x) as the number of pairs whose distance is z divided by the total
number N (N — 1)/2 of pairs, i.e., the fraction of pairs whose distance is x.
Alternatively, we can introduce the density g(z) defined as

o) = =g 2 e (0. 9) (2.2

a>f

where § indicates the Dirac delta function. The two quantities are simply related
since the integral of ¢(x) on the interval [z —1/(2N), x+1/(2N)] gives f(x).
The advantage in considering ¢(z) is that in the limit of large N the distance
can assume any real positive value but the density ¢(z) remains well defined.
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Figure 1. Frequency f(z) of distances in a single population computed for a
population of 700 individuals. Most of the distances assume few values corre-
sponding to the distances between major subpopulations.

The dynamics can be easily simulated. One may assign initial arbitrary
conditions for all distances. Then, distances of all the following generations are
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obtained from (2.1). The simulation has to last for a time much larger than N
in order to be independent from the initial conditions and, finally, f(x) can be
calculated. The frequency inside a single population of 700 individuals can be
seen in Fig. 1. It is immediately obvious that this frequency is quite wild, due
to the fact that individuals naturally cluster in subpopulations. In fact, most
of the distances assume few values corresponding to the distances between the
major subpopulations.

One could think that this singular behavior would disappear in the ther-
modynamic limit of large N. On the contrary, not only this singular behavior
remains, but one easily realizes that the density ¢(x) remains random, varying
for different populations and varying for the same population at different times.

The random and singular nature of the density in the N — oo limit reminds
that of the overlap function in mean field spin glasses. In fact, both show similar
non self-averaging properties.

In Section 4 we will be able to give the probability distribution of the ran-
dom probability density g(x), so that the complete specification of the static
properties of the model will be achieved.

Hereafter we use ‘average’ to intend average on many realizations of the
population process or, equivalently, by ergodicity, average on the same popula-
tion at different times. Average will be indicated by (-). The average density
(g(z)) turns out to be simply exp(—z) [25,26]. This smooth average density is
completely different from a typical sample. To appreciate this fact, see again
Fig. 1 where the frequency f(x) is plotted.

3. The coalescent

The content of this section is devoted to the most studied problem for this
model: the coalescent. The idea is very simple and goes back to the papers of
J.F.C. Kingman [14-17] and some results have also been independently discov-
ered in [4,7].

Consider a sample of n individuals in a population of size N. The probability
that they all have different parents in the previous generation is HZ;S (1—-k/N).
Therefore, the probability that their ancestors were all different in the past
time ¢, corresponding to tN generations, is | Z;& (1 —k/N)*N. If N is large
compared to n this quantity is approximately exp(—c,t) where ¢, = (n(n —
1))/2. Therefore, the average probability density for the time lag for a first
coalescent event is p,(t) = cpexp(—cpt). Then, it is easy to find the joint

probability density
m—+1

11 »ets) (3.1)
k=n

which gives the statistics for successive coalescence time lags t,, ,tp—1,.. ., tm+1
until the number of ancestors reduces to m. This is the core of the celebrated co-
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alescent, which is mostly associated to the name of the probabilist J.F.G. King-
man.

The coalescence random time lag from n individuals to m ancestors, is simply
the sum > ,_ 41 k. Its distribution is given by the convolution of n —m
successive exponentials. In particular, the time density distribution of the time
lag T for complete coalescence of n individuals to a single ancestor is

n -1
@ =3 (-1 @~ 1)a <H le) exp{—a Ty,  (3.2)

=2 s=1 s

Then, the density distribution for the time lag T for the coalescence of
all the individuals of a large population to a single ancestor is pmaz(T) =
lim;, 00 pn (7). We can look at this last distribution in another way: pmaa
is the distribution of the maximum d,,.; of all possible distances in a large
population, i.e.

dmaz g%}i d(a, 8) (3.3)

In fact, by definition T is equal to dy,q, Which, in turn, coincides with the
maximum of the support of the g(z). The randomness of ¢(z) implies that
dmaz 18 also random. The statistical properties of this quantity, which measures
the time from the common ancestor of the whole population, have been widely
investigated in a number of papers in the last two decades [2,8,14-17,20,21,32,
33], and more recently [3,10,11,25,26,29]. The dynamics of d.,q, has also been
recently studied numerically and analytically in [26,29].

4. Statistics of the random density

The result in the previous section is far from being complete, since it gives
the distribution of the maximum distance d,,4, corresponding to the maximum
of the support of g(x) but it does not give ¢(z) itself. Nevertheless, the above line
of reasoning allows to compute the probability density which has the form [26]:

o0

q(z) => piolx—q) . (4.1)

=2

Now, what we need is to give the statistics of the random numbers g3, g3, . . .
and ps2,ps,... The first part is simple. In fact, since the probability for the
sequence ta,ts, ... 18 [[7oy ¢k exp(— cx t) and since q41 = ¢ — t; we have that
the joint probability for the sequence ¢o, g3, . .. is

IT e expl= (k= 1) al , (4.2)
k=2
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Figure 2. The point x2 is chosen with uniform distribution on [0, 1] than the
shaded area in (a) is p2. The point x3 is also chosen with uniform distribution
on [0, 1], then, ps is the darkest shaded area in (b). The point x4 is also chosen
with uniform distribution on [0, 1], then, ps will be the darkest shaded area in
(¢). The whole square will be shaded when the operation is repeated infinite
times corresponding to the fact that > .-, p; = 1.

where it is assumed that ¢ > qrt1.

The second part concerning the random numbers ps, ps, ... is a little more
difficult and can be found in [26]. There is a useful picture that briefly describes
the rule for the distribution of the ps,ps,... Consider a square with unitary
surface. Choose a point x5 with uniform distribution between 0 and 1. Put it
on the base of the square, then it will cut the unitary segments in two parts,
the shaded area in Fig. 2a, then, is po. Choose a second point x3 with uniform
distribution between 0 and 1. Put it on the base and it will be in one of the
two previously created segments with a probability proportional to their size.
Furthermore, the cut in the chosen segment will be uniformly distributed. Then,
ps will be the darkest shaded area of Fig. 2b. Then, choose a third point x4
with uniform distribution between 0 and 1. Put it on the base of the square
and it will be in one of the three previously created segments with a probability
proportional to their size. Furthermore, the cut in the chosen segment will be
uniformly distributed. Then p4 will be the darkest shaded area of Fig. 2c. Then
you can continue and the whole square will be shaded when the operation is
repeated infinite times.

In conclusion, we have the complete rule for constructing ¢(x) since we have
the joint probability for gs, , g3, ... and we have the simple rule exemplified in
Fig. 2 for the joint probability for ps, ps, ...

This also means that for any realization of the process, the density ¢(z) has
an isolated Dirac delta function corresponding to the maximum distance di,qz
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while all the remaining support is concentrated in a segment whose size is, on
average, one half of the maximum distance.

5. Trees reconstruction

Iteration of equation (2.1) gives as output the realization of the random
N (N —1)/2 distances d(«, 3) which are the entries of an upper triangular ma-
trix. This matrix contains all the necessary information for the reconstruction
of the family tree of the population. The tree is completely identified by its
topology and by the separation time of all branching events. There exist many
methods that can be used for this reconstruction, a simple one is the Unweighted
Pair Group Method Average (UPGMA). This algorithm works as follows: it first
identifies the two individuals with the shortest distance, and put their branch-
ing at their separation time. Then, it treats this pair as a new single object
whose distance from the other individuals is the average of the distance of its
two components. Subsequently, among the new group of objects it identifies the
pair with the shortest distance, and so on. In the end, one is left with only two
objects which represent the two main branches, whose distance gives the time
position of the root of the tree. Then, the time from the last common ancestor
of all individuals in the population results fixed.

This method works for any kind of upper triangular matrix representing
distances among pairs of individuals, not necessarily originated by the coalescent
process. In the coalescent case, nevertheless, the method gives the correct tree
reproducing the historical branching events and the correct time separations
among them. Notice that, at any time, it chooses two individuals with the
shortest distance. Then, it is easy to realize that for the coalescent, the distance
of the two individuals from any third one is the same. Therefore, in this case,
all UPGMA averages are between pairs with identical distances so that also the
resulting new common distances are the same.

6. Method and database for languages

A Swadesh list contains 200 terms which are common to all cultures, concern
the basic activities of humans and are more resistant to lexical modifications.
The use of Swadesh lists in glottochronology has been popular for half a century.
The point of glottochronology is to find the percentage of shared cognates in
order to compute the lexical distance between any pair of languages. Cognates
are words inferred to have a common historical origin, their identification is often
a matter of sensibility and personal knowledge. In fact, the task of counting the
number of cognate words in the list is far from being trivial because cognates
do not necessarily look similar. Furthermore, results are often biased since it is
easier for European or American scholars to find out those cognates belonging
to western languages. For instance, the Spanish word leche and the Greek word
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gala are cognates. In fact, leche comes from the Latin lac with genitive form
lactis, while the genitive form of gala is galactos. An analogous identification
hardly would have been possible for languages, let’s say, of Central Africa or
Australia.

With our approach we try to avoid this subjectivity. For any language
we write down a list of the same 200 words according to the original choice
of Swadesh [31], than we compare words with the same meaning belonging to
different languages considering only orthographical differences. This may appear
reductive since words may look similar by chance, while cognate words may have
a completely different orthography, but we will try to convince the reader that
indeed this is a simpler, more objective and more efficient choice with respect
to the traditional glottochronological approach.

In order to find the lexical distance between pairs of words in different lan-
guages we use a modification of the Levenshtein distance (or edit distance)
which is defined as the minimum number of operations needed to transform
one word into another. An operation is an insertion, deletion, or substitution
of a single character. Our definition of distance between two words is taken
as the edit distance divided by the number of characters of the longer of the
two. With this definition, the distance can take any value between 0 and 1.
To understand why we renormalize, let us consider the following case of one
substitution between two words: if the compared words are long and the differ-
ence between them is given by one substitution they remain very similar; while,
if these words are short, let’s say two characters, one substitution is enough
to make them completely different. Without renormalization, the distance be-
tween the words compared in the two examples would be the same, no matter
their length. Instead, introducing the normalization factor, in the first case the
genetic distance is much smaller than in the second one.

We use distance between pairs of words, as defined above, to construct the
matrix of lexical distances. For any pair of languages, the first step is to compute
the distance between words with same meaning contained in the Swadesh list.
Then, the lexical distance between each languages pair is defined as the average
of the distance between all words. As a result we have a number between 0
and 1 which we claim to be the lexical distance between two languages.

The database used here [35] to construct the phylogenetic tree is composed
by 50 languages of the Indo-European group and 50 languages of the Austrone-
sian group. The main source for the database for the Indo-European group is
the file prepared by Dyen et al. in [9] which contains the Swadesh list of 200
words for 96 languages. Many words are missing in [9] but for our choice of 50
languages we have filled most of the gaps and corrected some errors by finding
the words on Swadesh lists and on dictionaries freely available on the web. For
the Austronesian group we used as the main source the lists contained in the
huge database in [22]. The lists in [22] contain more than 200 words which do
not coincide completely with the words in the original Swadesh list [31]. For
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our choice of 50 Austronesian languages we have retained only the words which
are in [9] and are also in the original Swadesh list. The resulting list has many
gaps due to missing words in [22] and because of the incomplete overlap of [22]
with the original Swadesh list. Also in this case we have filled some of the gaps
by finding the words on Swadesh lists available on the web and, in one case
(Malagasy), by direct knowledge of the language. For some of the languages
in our lists [35] there are still few missing words. When a language has one or
more missing words, these are simply not considered in the average that brings
to the definition of lexical distance between two languages. This implies that for
some pairs of languages, the number of compared words is not 200 but smaller.
There is no bias in this procedure, the only effect is that the statistic is slightly
reduced.

In the database only the English alphabet is used (26 characters plus space);
those languages written in a different alphabet (i.e. Greek etc.) were already
transliterated into the English one in [9]. Furthermore, in [22] many additional
characters are used which we have eliminated so that also in this case we reduce
to the English alphabet plus space. Our database is available at [35].

The result of the analysis described above are two 50 x 50 upper triangular
matrices with the lexical distances of the languages of the two groups. Each
matrix contains the 1225 distances among all pairs in a group. Indeed, our
method for computing distances is a very simple operation, that does not need
any specific linguistic knowledge and requires a minimum of computing time.

7. Time distance between languages

A phylogenetic tree can already be built from one of these matrices whose
entries are the lexical distances, but this would only give the topology of the
tree whereas the absolute time scale would be missing. In fact, we would like to
find quantities which are directly comparable with genealogical distances d(c, ()
corresponding to time separations.

In order to have this quantitative information, some hypotheses on the time
evolution of lexical distances are necessary. We assume that the lexical distance,
on one side tends to grow due to random mutations in the vocabulary and, on
the other side, may reduce since different words may become more similar by
accident or, more likely, by language borrowings.

Therefore, the lexical distance D(c, ) between two given languages « and
[ can be thought to evolve according to the simple differential equation

D(a,8) = a(1-D(e,f3)) = bD(a, ) (7.1)

where D is the time derivative of D. The parameter a is related to the increase
of D due to random permutations, deletions or substitutions of characters (ran-
dom mutations) while the parameter b considers the possibility that two words
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become more similar by a “lucky” random mutation or by words borrowing from
one language to the other or both from a third. Since a and b are constants, it
is implicitly assumed that mutations and borrowings occur at a constant rate.

At time ¢ = 0 two languages begin to separate and the lexical distance D
is zero. With this initial condition the above equation can be solved and the
solution can be inverted. The result is a relation which gives the time separation
t(a, B) between two languages in terms of their lexical distance D(a, )

t(a,8) = — In(1 - yD(a, ) (7.2)

The time separation ¢(«, 3) is the quantity which we would like to compare
to the genealogical distance d(c, 3). Indeed, the two quantities do not coincide
since the process of lexical mutation is not constant in time but random and,
therefore, t(a, 3) equals d(a, 3) only on average. The problem, obviously, is that
it is not possible to perform the average since there is only one single realization
of the process of languages differentiation. Hereafter, we will call ¢(«, 3) genetic
distance.

The values for the parameters e = 1/(a + b) and v = (a + b)/a can be fixed
experimentally by considering two pairs of languages whose separation time is
known. We have chosen a distance of 1600 years between Italian and French and
a distance of 1100 years between Icelandic and Norwegian. The resulting values
of the parameters are £ = 1750 and v = 1.09 corresponding to o =2 5% 10~ and
B 22 6% 107°. This means that similar words may become more different at a
rate that is about ten times the rate at which different words may become more
similar. We use this choice of the parameters both for the Indo-European and
Austronesian groups.

A genetic distance t(«, ) is then computed for all pairs of languages in the
database, obtaining two 50 x 50 upper triangular matrices with 1225 entries.
These matrices preserve the topology of the lexical distance matrices but they
also contain the information concerning absolute time scales.

8. Trees and distances distributions

Phylogenetic trees in Fig. 3 and in Fig. 4 are constructed from the matrices
using the Unweighted Pair Group Method Average (UPGMA) which works as
previously described.

The tree in Fig. 3 is similar to the one in [12] but there are some important
differences. First of all, the first separation concerns Armenian, which forms a
separate branch close to the root, while the other branch contains all the re-
maining Indo-European languages. Then, the second one is that of Greek, and
only after there is a separation between the European branch and the Indoira-
nian one. In [12] the separation at the root gives origin to two branches, one
with Indoiranian languages plus Armenian and Greek, the other with European
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Figure 3. Indo-European phylogenetic tree constructed from the matrix of dis-
tances using the UPGMA.
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languages. The position of Albanian is also different: in our case it is linked
to European languages while in [12] it goes with Indoiranian ones. Finally, the
Romani language is correctly located together with Indian languages but it is
not as close to Singhalese as reported in [12].

In spite of these differences, our tree seems to confirm the conclusions re-
ported in [12] about the Anatolian origin of the Indo-European languages, in
fact, in our research, the first separation concerns those languages geographically
closer to Anatolia, that is to say Armenian and Greek.

Also the tree in Fig. 4 is similar to the one in [13] but differences are more im-
portant here. The first separation concerns Formosan languages (Atayal group)
which are in the first main branch, while all the other Formosan languages
(Paiwan group) are in the second main branch together with all the other lan-
guages of the group. In this second main branch the first separation concerns
the Oceanian languages, the second separation the Malagasy, the third all the
remaining Formosans languages (Paiwan), the fourth the Philippino languages,
and, finally, the fifth the Indonesian/Sulawesi languages with two sub groups:
Sulawesi and Indonesian.

The fact that the first separation concerns Formosan languages of the Atayal
group seems to confirm that the Austronesian group originated indeed in For-
mosa as it is widely accepted by researchers. Nevertheless, the second group of
Formosan languages (Paiwan) is located differently and closer to the Philippino
and Indonesian languages. This result, if confirmed, would suggest two different
waves of migration from Formosa with different origin into the Island. Further-
more, the early separation of the Oceanian languages would be linked with the
first wave and the Philippino/Indonesian with the second. Finally the Malagasy
language is not grouped close to Kalimantan languages as often claimed in the
literature even if the closest language (Maanyan) is in that group, a fact that
suggests a multiple origin.

From the entries t(a, 8) of the two matrices we may compute also the fre-
quencies for the two groups. We plot in Fig. 5 the frequency of genetic distances
of the Indo-European group of languages. If we compare this frequency with
frequency in Fig. 1 we see that they are qualitatively very different. It should be
considered that in the model of Kingman, genetic distances have the objective
meaning of measuring time from separation while in our realistic case genetic
distances are reconstructed from lexical distances. In this reconstruction we
assume that lexical mutations and borrowings happen at a constant rate. This
is true only on average, since there is an inherent randomness in this process
which is not taken into account by the deterministic differential equation (7.1).
Furthermore, the parameters a and b may vary from a pair of languages to
another and also they may vary in time according to historical conditions.

There are two major consequences, the first, as already mentioned, is that
the distributions of Fig. 5 and of Fig. 1 are quite different; the second, is that the
trees 3 and 4 may be also quite different from the genealogical trees associated
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to the history (which is hidden to us) of the languages of the two groups. In
order to take into account the inner randomness and measure the probability of
wrong tree reconstruction we have to modify equation (2.1) in order to include
randomness in the distance. We will try to do this in the next two sections.

9. Random coalescent process

As already mentioned, in the coalescent model genealogical distances mea-
sure the time from the last common ancestor of two individuals while, in the
case of languages, genetic distances are reconstructed from lexical distances. In
turn, lexical distances are measured from differences between words and can
take values between 0 and 1. If words are already partially different, new mu-
tations may increase further their lexical distances, may be neutral, or even,
they may decrease their distances. This is taken into account in equation (7.1),
for this reason we transformed lexical distances into genetic ones. These last
should be roughly proportional to the number of mutations which occurred in
both the compared languages, independently on the fact that these mutations
were able to increase or not the lexical distance.

If we assume that an individual randomly accumulates mutations at a con-
stant rate, the genetic distance of a pair of individuals is then defined as the
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sum of the mutations that they accumulated since their last common ancestor,
eventually rescaled by a factor. As a consequence, genetic distances are propor-
tional only on average to genealogical ones. Therefore, we have to modify the
deterministic equation (2.1) in order to take into account this randomness. We
may assume that increments in the genetic distance have the simple form

t(a, B) = t(g9(),9(B)) +Ya + V8 (9.1)

where g(a) and g(0) are the parents of o and 3 respectively, while v, and 73
are random variables associated to the mutations of a and § . They are zero
if the genome of the parent is transmitted unaltered and a positive constant if
a mutation occurs. We assume that the probability for zero is 1 — u/(2N) and
w1/ (2N) for the positive constant 1/u. In a compact form:

b= 1- %a
i (9.2)

PN

Vo =

=~ 2

This rule grants that genetic distances are equal to genealogical distances
on average. In fact, the expected value of the sum v, + g is 1/N.

Notice that we compare genealogical distances generated by (2.1) with ge-
netic ones generated by (9.1). Since they describe two aspects of the same
population, the family history must be the same. This means that the realiza-
tion of the part of the process which assigns parents in (2.1) and in (9.1) must
also be the same.

In Fig. 6 we have plotted the frequencies in a single population of 700 indi-
viduals of the genetic distances generated by (9.1) with = 20. The realization
of the parent attribution process o — g(«) used for the generation of the ge-
netic distances is the same as the one used for the generation of genealogical
distances. Therefore, Fig. 1 and Fig. 6 refer to the same historical event. The
first one measures the frequency of unknown historical genealogical time sep-
arations the second one measures the frequency of genetic distances used as
estimators of genealogical ones. The two distributions are very different since
the noise smoothed the spikes in Fig. 1.

On the contrary, the distribution in Fig. 6 is qualitatively much more similar
to Fig. 5. The main difference being that the part of distribution corresponding
to small distances in Fig. 6 is absent in Fig. 5. This is due to our choice, in
fact, we did not use all the languages in the original database but we avoided
repetition of various close versions of the same languages. For example, we did
not consider both Portuguese an Brazilian and we considered only a version of
Irish and a version of Armenian. We made this choice because we were mostly
interested in historical remote branchings, and not in trivial recent ones, for the
reconstruction of the Indo-European tree. But, in this way we made a cut on
the low distances in the frequency.
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Figure 6. Frequency f(t) of genetic distances in a single population computed
for a population of 700 individuals and for p = 20. The population is the same
as in Fig. 1 where the genealogical distances assume only few values, while here
the genetic distances spread around the peaks of Fig. 1.

Finally, we would like to mention that at this stage we are still not able to
make any quantitative comparison in order to give an estimate of the value of
which better fits the case of languages.

10. Wrong tree reconstruction

When g = 2N equation (2.1) and (9.1) coincide and randomness in muta-
tions is lost. In this limiting case genetic and genealogical distances are equal
and, not only the frequency distributions are identical, but also the family trees
reconstructed by UPMGA will be exactly the same. For smaller values of u,
we expect that the fidelity level of reconstruction of a tree decreases. Then,
we would like to have a quantitative information on the difference between the
trees reconstructed from the matrices of genealogical and genetic distances.

We start considering the simplest situation of tree with three leaves. The
topology of a three leaves tree is completely determined by the pair of individuals
that match together first because the distance is smaller. Consequently, the
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genealogical and the genetic trees reconstructed by the UPGMA will have the
same topology if the same pair of individuals has both the smallest genetic and
genealogical distance. Let us call a;, § and y the three individuals, and assume
that @ and [ are the pair with the smallest genealogical distance d(«, §). By the
argument in Section 3 we know that d(«, 5) = t3 and d(«,v) = d(8,7) =ta+t3
where to and t3 are independent exponentially distributed variables with average
1 and 1/3 respectively. Then let us consider the two following events concerning
genetic distances, the first that we call A is

(e, B) < min{t(a, 7); t(3,7)} (10.1)

If A is satisfied, the topology of the genetic tree reconstructed by UPGMA is
the correct one since it is the same of that of the genealogical tree. The second
that we call B is

t(a, B) = min{t(a,7); t(B,7)},
Ha,y) # H5,7) (102)

which corresponds to an ambiguous (but unlikely) situation for UPGMA which
will be able to reconstruct correctly the tree with probability 1/2. The third
that we call C will be

t(a, B) = t(a,y) = £(8,7) (10.3)

which is also ambiguous (and even more unlikely). In this case, UPGMA will
be able to reconstruct correctly the tree with probability 1/3.

Let us now call P(A |tz ,t3) the probability of the event A given the realized
values to and t3, and P(B|ty,t3) and P(C|t2,t3) the equivalent conditional
probabilities for the events B and C' respectively. Let us also call P(W |ts,t3)
the probability of a wrong reconstruction of the tree correspondingly to to and ¢3.
We have

1 1
P(Wta,ts) =1 — P(A|ta,t3) — §P(B|t2,t3) - §P(C|t2,t3). (10.4)

Now we call n(«) the number of mutations along the branch « divided by p,
as shown in Fig. 7, analogously we define n(8), n(v) and n(a8) as the numbers
of mutations divided by p along the branches indicated in Fig. 7. We will have
Ha, 8) = n(a) + n(A), Har) = nl(a) +n(a) + n(y) and H(8,7) = n(A) +
n(af) + n(vy). The advantage is that the four new variables are independent
and can be obtained as the sum of variables of type (9.2) where the sum goes
on a number which is N times the time lag of the associated branch. Namely,
ts for n(a) and n(B), ta for n(aB) and to + t3 for n(y).

Given this construction we can trivially but painfully compute the condi-
tional probability P(W |t2, t3) and, then, the absolute probability of a wrong
tree P(WW) as the marginal of the joint probability P(W |ts,t3)p(t2)p(ts) where
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Figure 7. Outline of a three leaves tree. n(«a), n(8), n(y) and n(af) are the
number of mutations divided by p (as explained in the text).

p(te) and p(ts) are the exponential densities previously described. The proba-
bility of a wrong tree P(W) is plotted in Fig. 8 with respect to the parameter p.

If we take into account more than three individuals the situation imme-
diately becomes more complicated since the possible tree topologies increase
exponentially with the number of leaves. So we need to introduce a measure of
difference between the genealogical tree and an associated genetic one. The sim-
plest tree distance measure is the Robinson —Foulds Symmetric Difference [23],
which only depends on the topology of the two trees and not on the differences
in branch lengths.

The Symmetric Difference (SD) is computed by considering all possible
branches that could exist on the two trees. Each inner branch, i.e. a branch
connecting two nodes or one node to the root, identifies a clade in the set of
leaves. The resulting distance is simply the number of clades present in one of
the considered trees but not in the other. Therefore, two identical trees have
zero SD, but it is enough to exchange two leaves on one of them to have a non
zero SD.

In general SD has not an immediate statistical interpretation, i.e. we cannot
say whether a larger distance is significantly larger than a smaller one. In the
particular case of trees with only three leaves the symmetric distance is twice
the wrong topology probability P(WW). In fact, in a three leaves tree there is
only one clade and the Symmetric Distance is equal to 0 in the case of correct
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Figure 8. ESD between a genealogical tree and the associated genetic tree
plotted with respect to u. The bold line on the left y axes correspond to a three
leaves tree while squares on the right y axes correspond to a 20 leaves tree.
In the first case it is computed exactly and in this case the ESD is twice the
probability of wrong topology.

topology (if both trees have the same clade) and is equal to 2 in the case of
wrong one (if clades are different).

In order to compute numerically the expected SD (that we call ESD) between
a genealogical tree and the associated genetic one with parameter p we use the
following procedure: we take 20 individuals in a population of 500 (a large one)
and we use UPGMA to reconstruct their genealogical tree from a realization of
the genealogical distances matrix. Then, we construct several associated genetic
trees (5 for p < 15, 10 for greater values) and we compute their averaged SD
with respect to the associated genealogical tree. We start again with a new
realization of the matrix of genealogical distances and we repeat the procedure,
ending with a new averaged SD. We do it many times (from 6 for y =5 to 30
for ;4 = 100) and, finally, we further average on all averaged SD ending with
a quantity that should be very close to ESD. The number of genealogical trees
and that of the associated genetic trees increases with p since we observe an
increasing fluctuation in the SD value, so we need to compute the average of
more realizations of the process. In Fig. 8 we plot the estimated ESD of the
20 leaves tree. We also plot the ESD of a three leaves tree which is twice the
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exactly computed P(WW). We find out that they only differ for a factor due to
the total number of clades, which depends on the number of leaves.

11. Discussion and conclusions

Before discussing our results concerning languages, we would like to com-
ment on the relevance of the coalescent process phenomenology in biological
applications. Our example concerns the use of mtDNA in recent paleoanthro-
pological studies. Mithocondrial DNA (mtDNA) is inherited only from the
mother, for this reason, mtDNA of a given species should be considered as an
haploid population and results in this paper should apply to it. Let us discuss
the first example. In the years from 1997 to 2000 some mtDNA from three
different specimen of neandertal was extracted [18,19] and short strands of
the hyper-variable region (HVR1 and HVR2) were amplified using polymerase
chain reaction (PRC). After comparison with mtDNA of modern humans they
found that the distance neandertal/modern is about three times the distance
modern/modern and about twice the distance neandertal /neandertal. The con-
clusion was that, given the above ranges in differences, neandertals mtDNA is
statistically different from modern humans mtDNA

But our point of view is different. Consider the situation as it was 40 thou-
sands years ago, when moderns and neandertals coexisted (as well as erectus
and florensis). If mankind was a single large interbreeding population we would
have a distribution of mtDNA distances similar to that in Fig. 1. In this case,
distances inside some subpopulations could be easily one third or one half of
the distance between different subpopulations. To be clear, we do not conclude
here that humanity was a single large interbreeding population (multiregional
hypothesis) but we only claim that the mtDNA argument cannot be used to
support the opposite conclusion.

For what concerns languages, we would like to stress that our method to
find out distances is very simple and does not require any previous knowledge
of languages origin. Also, it can be applied directly to all those language pairs
for which a translation of a small group of words exists. Furthermore, our
method correctly finds out all clusters, but while for the Indo-European group,
the hierarchical organization of clusters is similar to that found by [12], for the
Austronesian group it is quite different from that obtained by [13]. We find out,
according to [12], that in the Indo-European tree the first separation concerns
languages geographically close to Anatolia, so that the Anatolian origin of the
group seems to be confirmed. The only relevant difference with [12] is that
Romani seems to be closer to Northern India subgroup than to Singhalese. In
the Austronesian tree, differences with [13] are more relevant since Formosan
languages split in two clusters with a different hierarchical position and Oceanian
languages separate earlier. This suggests two different waves of migration from
the original location.
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Finally, we would like to mention that our results must be seen at the light
of the last two sections of the paper. A partially wrong reconstruction of the
trees remains possible. The probability of errors could be smaller if translations
and transliterations are more accurate, nevertheless, the inner randomness of
lexical mutation is an insuperable obstacle to a safe reconstruction of the trees.
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