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Abstract. We develop a systematic framework for the model reduction of mul-
tivariate geometric Brownian motions (GBMs), a fundamental class of stochastic
processes with broad applications in mathematical finance, population biology,
and statistical physics. Our approach leverages the interplay between the method
of invariant manifolds and adiabatic elimination to derive closed-form reduced
equations for the deterministic drift. An extended formulation of the fluctuation-
dissipation theorem is subsequently employed to characterize the stochastic com-
ponent of the reduced description. As a concrete application, we apply our reduc-
tion scheme to a GBM arising from a two-state quantum system, showing that
the reduced dynamics accurately capture the localization properties of the orig-
inal model while significantly simplifying the analysis.
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1. Introduction

Complex systems are ubiquitous across the physical, biological, and social sciences,
encompassing phenomena as diverse as turbulent fluid flows, neural networks, crowd
dynamics, and opinion formation. Such systems are frequently modeled via coupled
stochastic differential equations (SDEs), which characterize the temporal evolution of
numerous interacting microscopic constituents (such as particles, spins, or agents) often
subject to external environments or reservoirs. The stochastic terms in these equations
account for the intrinsic uncertainty in the mechanisms driving the microscopic dynam-
ics, which may stem from environmental fluctuations, measurement noise, or unresolved
degrees of freedom [6]. This modeling approach proves especially relevant in fields such
as climate dynamics, for example in the seminal work of Hasselmann [42] and the recent
comprehensive review [57], where the stochastic framework provides a basis for charac-
terizing large-scale behaviors emerging from complex small-scale interactions.

Despite their descriptive accuracy, SDE-based models pose significant analytical
and computational challenges, primarily due to the high dimensionality inherent in
systems with a large number of interacting variables. This necessitates model reduction
strategies that approximate the original system with a lower-dimensional surrogate,
preserving the essential features of the dynamics while simplifying the analysis and
reducing computational costs.

A key early impetus for model reduction came from statistical mechanics, most
notably through N N Bogoliubov’s foundational work in the kinetic theory of gases
[11], which sought to rigorously derive fluid dynamics from the Boltzmann equation.
In a similar vein, the Chapman–Enskog expansion provided a systematic framework
for constructing closed-form hydrodynamic equations and transport coefficients from
kinetic theory [12]. A further major development was the Mori-Zwanzig formalism [62,
79], which employs projection operators to reduce the Liouville equation to a general-
ized Langevin equation, effectively capturing the dynamics of a selected set of coarse-
grained (or resolved) variables. These approaches laid the groundwork for modern reduc-
tion methods centered on memory kernels, fluctuation-dissipation relations, and coarse-
graining techniques [14, 59, 61]. Over the past two decades, the field of model reduction
has matured into a rich and interdisciplinary area, extending far beyond its roots in sta-
tistical physics and finding applications in domains such as climate modeling [42, 57],
systems biology [72], control theory [1], chemical kinetics [52, 69], and fluid dynamics
[71]. Comprehensive reviews and frameworks have further formalized the mathemat-
ical foundations and computational strategies for model reduction; see, for example,
[4, 30, 35, 45, 64].
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A widely adopted strategy in model reduction involves projecting high-dimensional
Markovian dynamics onto a lower-dimensional manifold, typically defined in terms of
a subset of ‘slow’ or ‘collective’ variables [41]. However, this dimensionality reduction
often introduces memory effects, resulting in non-Markovian dynamics for the reduced
model [80]. The Markov property can be preserved in special cases, such as fast-slow
systems, which are characterized by a clear time scale separation and exhibit a well-
defined dynamical structure. On short timescales, fast variables rapidly relax toward a
neighborhood of a lower-dimensional slow manifold. Subsequently, the system evolves
along this manifold over much longer timescales until reaching a stationary state [37].
In the limit of infinite separation, one can rigorously derive reduced Markovian models
for the slow variables alone [36, 80], as systematically explored in works such as [35,
65]. However, many real-world systems lack a clear time scale separation, prompting the
development of alternative model reduction techniques suitable for such settings [70].
Several recent contributions have addressed this challenge. For instance, [76, 77] propose
reduction techniques based on the Edgeworth expansion, applicable to both determin-
istic and stochastic systems with moderate time scale separation. Meanwhile, [13, 74]
leverage Ruelle–Pollicott resonances to develop reduced models for weakly separated
regimes. Other studies, including [24–26, 40, 53–56, 78], focus on diffusion processes
and employ conditional expectations to build reduced models, avoiding the need for
explicit scale separation.

An especially elegant and geometrically motivated approach to model reduction is
the method of the invariant manifold (IM), which has seen renewed interest in recent
years. Originally formulated within the framework of Kolmogorov–Arnold–Moser theory
for perturbed integrable Hamiltonian systems [2, 48, 63], this method leverages the
structure of a dynamical system to identify low-dimensional manifolds that remain
approximately invariant under the flow. The method proceeds by solving a system of
invariance equations which, from a geometric standpoint, ensure that the vector field
of the original system remains tangent to the manifold at every point. In the context of
kinetic theory, the IM method was later adapted to derive closed-form hydrodynamic
equations from the Boltzmann equation [12, 19, 34, 43], enabling an exact resumma-
tion of the Chapman–Enskog expansion [20, 33, 44]. This approach effectively prevents
the spurious divergences in dispersion relations that are typically encountered in high-
order truncations [10, 18]. Recently, the method has been successfully applied across
diverse disciplines, including the reduction of complex reaction networks in chemical
kinetics [31], climate modeling [28], and the dimensional reduction of SDEs [15, 17, 20].
A recent advancement in this field is the hybrid model reduction framework introduced
in [15–17, 20], targeting linear SDEs with additive noise. The approach proceeds in
two stages. First, the deterministic component of the dynamics is reduced using the IM
method. Stochasticity is then incorporated into the contracted description through the
fluctuation-dissipation theorem, which links the diffusion matrix, the drift matrix, and
the stationary second-moment matrix [61, 66, 75, 80], so as to preserve the marginal
stationary distribution of the full system3. Notably, this procedure does not rely on

3 Following Kubo [49], we refer here to the so called ‘fluctuation-dissipation theorem of the second kind ’, which relates the friction
coefficient in the generalized Langevin equation to the properties of the noise, see also [58]. By contrast, the ‘fluctuation-dissipation
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the presence of a time scale separation, that is, the original system is not required to
exhibit a slow-fast structure, which makes the method applicable to a broader class of
dynamical systems.

In this paper, we extend the hybrid IM method to a new and widely applicable
class of models, namely multivariate geometric Brownian motions (GBMs). These are
SDEs in which both the drift and diffusion terms scale linearly with the state, leading
to multiplicative noise. GBMs play a foundational role in fields such as mathematical
finance, population biology, and statistical physics [47, 60]. However, their multiplica-
tive noise structure precludes the direct use of the additive-noise reduction techniques
developed in [15, 16, 20]. Additionally, the conditional expectation method is not appli-
cable to GBMs, as they generally do not admit an absolutely continuous (with respect
to Lebesgue measure) invariant measure, which is a key assumption in that approach.

Our main contribution in this paper is threefold: (i) we extend the hybrid IM method
to handle GBMs with multiplicative noise, thereby broadening its applicability to non-
linear stochastic systems of practical relevance; (ii) we introduce a complementary model
reduction strategy based on the analysis of higher-order ODEs governing the evolution
of low-order statistical moments, offering analytical insight into the structure of the
reduced dynamics; (iii) we highlight the effectiveness of both reduction techniques on a
GBM model derived from the study of localization phenomena in a two-state quantum
system, originally proposed in [7]. This application shows that our method successfully
captures essential dynamical features of the model, such as localization behavior, in the
strong-noise regime. The fact that the contracted description retains the localization
effects observed in the microscopic dynamics represents a significant advancement in the
use of the IM method beyond its traditional domain of kinetic theory. In that context,
the IM method is designed to ensure two fundamental properties of the reduced dynam-
ics, namely the preservation of conservation laws and the preservation of dissipation [33,
73]. Our analysis demonstrates that, when the IM method is carefully combined with
the fluctuation-dissipation theorem for GBMs, the guiding principles of the reduction
scheme can be extended, allowing localization in quantum systems to naturally emerge
as an additional physical observable that can be systematically preserved.

Related works on model reduction for GBMs include [3, 5, 22], where the balanced
truncation method is employed. These approaches also rely on Lyapunov-type equations
associated with GBMs (see e.g. equation (80) below).

The paper is organized as follows. In section 2, we revisit the two-state quantum
system from reference [7], which provides the physical motivation for our reduction
procedure. Notably, the authors in [7] map the Schrödinger equation to a system of
SDEs with purely geometric noise, naturally framing the model within the GBM for-
malism. Sections 3 and 4 then develop two reduced models for the quantum GBM: one
based on higher-order ODEs, and the other on the IM method. Section 5 highlights
the key properties of the resulting contracted description and provides the correspond-
ing error estimates. Conclusions are drawn in section 6, while technical derivations
and detailed computations are deferred to the Appendices. Specifically, appendix A

theorem of the first kind ’ expresses the mobility coefficient in terms of the velocity correlation function and therefore constitutes
a prototypical example of Linear Response Theory [21, 39, 50].
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addresses a two-variable formulation of the two-state quantum system, and appendix B
reviews relevant properties of multivariate GBMs, discussing model reduction strate-
gies for cases where the reduced dynamics is multidimensional. Appendix C provides
the calculation of the eigenvalues of the matrix M (as defined in (24)) utilized in the
preceding sections. Furthermore, appendix D derives the exact fourth-order linear ODE
for the second moment of the reduced dynamics, while appendix E outlines an algebraic
interpretation of the invariance equations. Finally, appendix F is devoted to the proofs
of technical lemmas, and appendix G provides suitable error estimates.

2. A GBM from a two-state quantum system

In this section, we revisit the two-state quantum system originally introduced in [7].
This model exhibits particularly interesting physical behavior, characterized by partial
transition inhibition and loss of periodicity in the strong noise regime. The Schrödinger
equation for this system can be mapped to a set of SDEs equipped with purely geometric
noise terms, making it an ideal test case for our proposed methodology.

2.1. A two-state quantum system

Consider a system with two classical equilibrium configurations, the typical example
being the double-well problem. A classical object with minimum energy is located in
one of the two wells, while the ground state of a quantum object is symmetric and,
therefore, delocalized. If one prepares a quantum state concentrated in one of the wells,
for example by means of a wave function that is a superposition of the (symmetric)
ground state and the first excited state (antisymmetric), the system will move coherently
and periodically from one well to the other and, therefore, permanent localized states
are not possible. The frequency will be ω = ∆E

h̄ where ∆E is the difference between the
energy of the first excited state and that of the ground state.

The simplest toy model that can illustrate this behavior can be constructed by means
of the (spin) Hamiltonian

Ĥ = ασ̂x, (1)

where σ̂x is the first of the three Pauli matrices

σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0
0 −1

)
,

which applies on a complex-valued, two component, spinor

ψ =

(
ψl
ψr

)
. (2)

The Schrödinger equation can be written as

dψ

dt
=−iĤψ, (3)

https://doi.org/10.1088/1742-5468/ae8245 6
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where, without loss of generality, we have set h̄= 1. It follows immediately

dψ

dt
=−iασ̂xψ ⇐⇒ d

dt

(
ψl
ψr

)
=−iα

(
0 1
1 0

)(
ψl
ψr

)
, (4)

where |ψl(t)|2 is the probability that the system is found (by a measurement) in
the left well at time t and |ψr(t)|2 is the probability that it is found in the right
one (the Schrödinger equation preserves normalization so that the scalar product
|ψ(t)|2 = |ψl(t)|2+ |ψr(t)|2 can be set to be equal to 1 at all times).

The only two (normalized to 1) eigenstates of the Hamiltonian are

ψ0 =
1√
2

(
1

−1

)
and ψ1 =

1√
2

(
1
1

)
, (5)

where ψ0 is the ground state with energy E0 =−α and ψ1 is the excited state with
energy E1 = α. Note that neither state is localized, on the contrary, the probability of
finding the system in a given hole by measurement is half for both states. If the initial
state is prepared so that it is localized at time t = 0, for example in the left well which
means ψ (0) = (ψ0+ψ1)/

√
2 = (1,0), its Schrödinger evolution at time t is

ψ (t) =
1√
2

(
ψ0e

−iαt+ψ1e
iαt
)
=

(
cos(αt)
sin(αt)

)
. (6)

One has, therefore, |ψl(t)|2 = |cos(αt)|2 and |ψr(t)|2 = |sin(αt)|2 which are periodic with
frequency ω = 2α= E1−E0 =∆E/h̄. This means that the system is perfectly localized
in the left well at any time t= πn/α and it is perfectly localized in the right well at
any time t= π (n+1/2)/α.

We pose the following question: why is such coherent behavior not observed in
mesoscopic systems? The standard answer is that no system is ever truly isolated, and
once interactions with the environment are taken into account, the phenomenology
changes significantly. The simplest way to introduce interactions with the environment
is to assume that they are numerous but individually weak, possibly arising from various
sources. Starting from the toy model described above, a natural extension is to include
an additional random interaction term to account for this environmental coupling. The
Hamiltonian (1) is consequently replaced by

Ĥ = ασ̂x+βη (t) σ̂z, (7)

where σ̂z is the Pauli matrix and η(t) is a white noise. The Schrödinger equation becomes

dψ =−iασ̂xψdt− iβσ̂zψ dWt−
1

2
β2ψdt (8)

which, in a more explicit form, can be rewritten as

d

(
ψl
ψr

)
=−iα

(
0 1
1 0

)(
ψl
ψr

)
dt− iβ

(
1 0
0 −1

)(
ψl
ψr

)
dWt−

1

2
β2

(
ψl
ψr

)
dt, (9)
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where Wt =
´ t
0 η(s)ds is the standard one-dimensional 1D Wiener process and where

the last term appears because we use Itô’s notation (if Stratonovich notation were used
instead, this would be absent).

It can be directly verified that the Schrödinger equation preserves normalization. In
fact, having defined the row spinor ψ+= (ψ*

l , ψ
*
r), one has

dψ+ = iαψ+σ̂xdt+ iβψ+σ̂zdWt−
1

2
β2ψ+dt, (10)

then, the scalar product ψ+(t)ψ (t) = |ψ(t)|2 = |ψl(t)|2+ |ψr(t)|2 is constant, as it can be
verified using (8) and (10), Itô’s calculus and the commutation and anti-commutation
properties of Pauli matrices. Assuming unitary normalization, one can set |ψ(t)|2 = 1.

2.2. The process: cartesian coordinates

Given that the wave function is a complex object, the equality in (9) is a system of
four coupled linear equations for four real variables (the real and imaginary parts of ψl
and ψr).

We have seen that ψ+(t)ψ (t) = |ψ(t)|2 = |ψl(t)|2+ |ψr(t)|2 = 1 at all times, therefore,
the number of really independent variables is at most three, accordingly, we would like
to rewrite (9) as a system of three equations for the same number of variables. To reach
this goal we define x=ψ+σ̂ψ , where σ̂ = (σ̂x, σ̂y, σ̂z). By components:

x=ψ+σ̂xψ = 2Re
(
ψ*
l ψr

)
,

y =ψ+σ̂yψ = 2Im
(
ψ*
l ψr

)
,

z =ψ+σ̂zψ = |ψl|2− |ψr|2,

(11)

where the variable z encodes the information abut localization. In fact, given that
|ψl|2+ |ψr|2 = 1 one has z ∈ [−1,1], therefore, when z = 1 the system is localized in the
left well (|ψl|2 = 1, |ψr|2 = 0) and when z =−1 it is localized in the right well (|ψl|2 =
0, |ψr|2 = 1).

By means of equations (8) and (10), by the commutation and anti-commutation
properties of the Pauli matrices and by Itô’s calculus one obtains the following equations:

dx=−2β2xdt− 2βydWt,

dy =−2β2ydt− 2αzdt+2βxdWt,

dz = 2αydt,

(12)

which represent the superposition of two rotations, one (stochastic) around the z axis
and another (deterministic) around the x axis. As a consequence, the motion is confined
on the surface of a sphere of constant radius. In fact, by Itô’s calculus one gets

https://doi.org/10.1088/1742-5468/ae8245 8
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dx2 = 2xdx+(dx)2 =−4β2x2dt− 4βxydWt+4β2y2dt,

dy2 = 2ydy+(dy)2 =−4β2y2dt− 4αzydt+4βxydWt+4β2x2dt,

dz2 = 2zdz = 4αzydt.

(13)

It is immediate to verify that

dρ2 = d
(
x2+y2+z2

)
= 0, (14)

which means that the radius is constant. For later use it is also useful to write down
the equation for the variable zy:

d(zy) = ydz+ zdy = 2αy2dt− 2β2zydt− 2αz2dt+2βxzdWt, (15)

in fact, if one takes the averages of (13) and (15) one ends-up with a closed system of
differential deterministic equations.

In appendix A we also provide an alternative two-variable formulation of (12) either
adopting spherical coordinates or using the spin conservation.

2.3. Averages and interpretation

We compute some averages which may highlight the behavior of the system. From the
stochastic equations (12) we obtain the following system of differential equations for
the averaged variables:

d

dt
E [x] =−2β2E [x] ,

d

dt
E [y] =−2β2E [y]− 2αE [z] ,

d

dt
E [z] = 2αE [y] , (16)

where E[·] denotes the average with respect to the noise. The characteristics of the
solution of this system changes depending on the values of the parameters. When β2 <
2|α| (the small noise region) the solution, given a determined initial conditions E[x(0)] =
x(0), is

E [x(t)] = e−2β2tx(0) ,

E [y (t)] = e−β
2t [y (0)cos(ωt)+ c1 sin(ωt)] ,

E [z (t)] = e−β
2t [z (0)cos(ωt)+ c2 sin(ωt)] ,

(17)

where

ω = |4α2−β4|
1
2 , c1 =− 1

ω

[
β2y (0)+ 2αz (0)

]
and c2 =

1

ω

[
β2z (0)+ 2αy (0)

]
.

(18)

Looking at the third component z(t), one realizes that in this small noise region a quan-
tum coherent behavior survives the noise. The localization probability is periodic with
exponential damping: the system jumps from one state to the other almost periodically.
The damping factor, in fact, is a consequence of the accumulation of errors due to the
deviations from the purely periodic behavior. The damping rate, that is β2 for y and z
and it is 2β2 for x, increases with noise.
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When β2 > 2|α| the solution is purely exponential and it may be obtained from (17)
with the substitutions cos(ωt)→ cosh(ωt), sin(ωt)→ sinh(ωt). In this large noise region
the coherent behavior is completely shattered since the localization probability relaxes
exponentially. Therefore, the system jumps randomly from one state to the other and
it loses memory of its initial position with (large) rate β2 for x and with (small) rate

β2− |4α2−β4| 12 for y and z. One has

E [x(t)] = e−2β2tx(0) , (19a)

E [y (t)] = e−β
2t [y (0)cosh(ωt)+ c1 sinh(ωt)]'−α

2

β4
y (0)e

− 2α2

β2
t
, (19b)

E [z (t)] = e−β
2t [z (0)cosh(ωt)+ c2 sinh(ωt)]' z (0)e

− 2α2

β2
t
, (19c)

where ' denotes an approximation up to the leading order term in the extremely large
noise regime β2 � 2|α|.

If one compares the third equation in (17) with the third in (19) one can appreciate
the fact that in the small noise regime the localization is lost at a rate which increases
with β, but after transition to the large noise regime it decreases with β. Moreover, in
the large noise regime, the memory of the initial values x(0) and y(0) is rapidly lost,
while the memory of the initial value z(0) persists longer. This means that for large but
finite β, the system experiences a fast distribution over the parallel fixed by the initial
condition z(0) followed by a slow distribution over the other latitudes. In the extremely
large noise limit (β→∞) the system distributes instantaneously and uniformly over
the parallel determined by the initial condition z(0) (in fact, x̄(t) = ȳ(t) = 0 at any
t > 0), but it does not change its latitude (E[z(t)] = z(0) at any t⩾ 0). Hence, the
system remains localized if it is initially localized (i.e. z(0) =±1). This is precisely the
phenomenology the model aims to illustrate.

Henceforth, it is convenient to adopt the following notation: given a random variable
X(t) ∈ R3, we define the vector of mean values

m(t) = E [X (t)] ∈ R3, (20)

and the second-moment matrix

P (t) = E
[
X (t)X (t)T

]
∈ R3×3. (21)
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2.4. The second-moment matrix

A direct application of Î to calculus (see equation (77) in appendix B for details) shows
that the evolution of the second-moment matrix P is governed by the following system
of ODEs:

ṗxx =−4β2 (pxx− pyy) ,

ṗxy =−8β2pxy − 2αpxz,

ṗxz =−2β2pxz +2αpxy,

ṗyy =−4β2 (pyy − pxx)− 4αpyz,

ṗyz =−2β2pyz − 2αpzz +2αpyy,

ṗzz = 4αpyz.

(22)

The above system decouples into two smaller systems

d

dt

(
pxy
pxz

)
=

(
−8β2 −2α
2α −2β2

)(
pxy
pxz

)
, (23)

and

d

dt


pxx
pyy
pyz
pzz

=M


pxx
pyy
pyz
pzz

 , M =


−4β2 4β2 0 0
4β2 −4β2 −4α 0
0 2α −2β2 −2α
0 0 4α 0

 , (24)

where this second system is the one of physical interest since it contains the information
concerning pzz(t) = E[z2(t)] which together with mz(t) =E[z(t)] (see (19)) contains the
information concerning the localization of the system. The characteristic polynomial
and conditions for the eigenvalues of M to be all negative are detailed in appendix C.

2.5. Stationary second-moment matrix

A stationary solution p∞ = (p∞xx,p
∞
xy,p

∞
xz,p

∞
yy,p

∞
yz,p

∞
zz) solves Mp∞ = 0, that is the fol-

lowing linear system

−4β2
(
p∞xx− p∞yy

)
= 0,

−8β2p∞xy − 2αp∞xz = 0,

−2β2p∞xz +2αp∞xy = 0,

−4β2
(
p∞yy − p∞xx

)
− 4αp∞yz = 0,

−2β2p∞yz − 2αp∞zz +2αp∞yy = 0,

4αp∞yz = 0,

to be considered together with the condition, which follows from (14) and the assump-
tion of unitary normalization (see the last paragraph in section 2.1):

p∞xx+ p∞yy + p∞zz = 1.
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It is a trivial task to verify that the solutions are

p∞xx = p∞yy = p∞zz =
1

3
, p∞xy = p∞xz = p∞yz = 0.

Thus, when M has no eigenvalues with positive real part (in particular, see appendix C
for a condition under which all non-zero eigenvalues of M are real and negative) as
t→+∞:

lim
t→+∞

pxx = lim
t→+∞

pyy = lim
t→+∞

pzz = 1/3, lim
t→+∞

pxy = lim
t→+∞

pxz = lim
t→+∞

pyz = 0.

In the following sections, we analyze model reduction techniques for the geometric
Brownian process described by equation (12). Motivated by the physical significance
of the variable z, which captures localization information of the process, we develop
a reduced description by preserving z as a resolved variable in the large noise regime.
This reduction scheme can be implemented either through the adiabatic elimination or
via the IM approach, leveraging the general framework outlined in appendix B. We first
present the method of adiabatic elimination, which is rooted in the analysis of systems
of higher-order ODEs.

3. Model reduction via higher-order ODEs

In this section, we first derive exact, closed-form equations for both the deterministic
part of the dynamics and the evolution of the second moments, which take the form
of higher-order linear ODEs. Starting from these exact equations, we then construct
corresponding reduced-order models by systematically neglecting higher-order terms.
Furthermore, we demonstrate that these simplified models provide accurate approxima-
tions of the full dynamics within appropriate parameter regimes. We begin by stating
the following result, whose proof is deferred to appendix B.2.

Proposition 1. Suppose that F is an n×n matrix and u= u(t) ∈ Rn solves the following
system of linear differential equations

u̇= Fu, u(0) = u0. (25)

Let pn(λ) :=
∑n

i=0aiλ
i be the characteristic polynomial of F . Then u(t) satisfies the nth

order differential equations:

n∑
i=0

aiu
(i) (t) = 0, (26)

where u(i)(t), for i = 1, . . . ,n, denotes the ith derivative of u(t).

Suppose we now wish to derive a set of first-order ODEs for a subset of variables ū ∈
Rk that approximate the first k components (1⩽ k ⩽ n) of u. The method of adiabatic
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Figure 1. Time evolution of pzz(t), computed from the third-order ODE (34) (black
solid line) and from the adiabatic elimination (37) (black dashed line), with initial
conditions pzz(0) = 0,p ′zz(0) = 0,p′′zz(0) = 0. The dotted horizontal line marks the
asymptotic value 1/3. The parameters are set to the values α= 0.5 and β2 = 2 (left
panel) and β2 = 100 (right panel).

elimination [68] consists in neglecting the higher-order derivatives in equation (26),
which leads to the reduced dynamics:

a1ū
′ (t)+ a0 = 0. (27)

This approach is employed in the subsequent sections to reduce the systems of ODEs
governing the mean value and second-moment dynamics for the two-state quantum
system introduced in section 2. Notably, such procedure yields a faithful approximation
of the original evolution of the second moments in the large β regime (as shown in
figure 1 below). In what follows, to keep the notation light, and since each component
ui satisfies the same differential equation sharing the structure of equation (27), we will
omit the index and refer to the generic component simply as u.

3.1. Exact closed equations for the averages

The deterministic component of (12) obeys the set of ODEs given in (16), which we
conveniently rewrite here in the form:

ṁx =−2β2mx , (28a)

ṁy =−2β2my − 2αmz , (28b)

ṁz = 2αmy . (28c)

The dynamics of mx is already governed by a closed equation. We will derive exact
closed equations for my and mz using proposition 1. We have

d

dt

(
my

mz

)
=

(
−2β2 −2α
2α 0

)(
my

mz

)
=:Q

(
my

mz

)
. (29)

The characteristic polynomial of Q is given by

|Q−λI|= det

(
−2β2−λ −2α

2α −λ

)
= λ2+2β2λ+4α2.
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According to proposition 1, both my and mz satisfy the same higher-order differential
equations

ü+2β2u̇+4α2u= 0, (30)

which can also be straightforwardly derived directly from (29).

3.1.1. Reduced equation for the average: large β regime. In the regime β2 � 2|α|, we
use the method of adiabatic elimination to omit the second-order terms in the exact
second-order equation (30) for y and z and obtain the following reduced dynamics for
x,y,z

˙̄x=−2β2x̄, (31a)

˙̄y =−2α2

β2
ȳ, (31b)

˙̄z =−2α2

β2
z̄. (31c)

The corresponding solution for z̄ is thus given by

z̄ (t) = z̄ (0)e
− 2α2

β2
t
,

which recovers equation (19c).

3.2. Exact closed equations for the second moments

We recall from section 2.4 that the second moments pxx,pyy,pyz and pzz satisfy the
following system of linear ODEs

d

dt


pxx
pyy
pyz
pzz

=M


pxx
pyy
pyz
pzz

 ,

where M is given in (24). The characteristic polynomial of M reads:

|M −λI|= λ4+10β2λ3+
(
16β4+16α2

)
λ2+96α2β2λ.

see appendix C. Applying proposition 1, we deduce that all the second moments satisfy
the same 4-th order differential equation :

....
u +10β2...u +16

(
α2+β4

)
ü+96α2β2u̇= 0, (32)

or equivalently

...
u +10β2ü+16

(
α2+β4

)
u̇+96α2β2u= C, (33)
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where C is a constant depending on u. It can be obtained by letting t in the left-hand side
to infinity, yielding C = 96α2β2u∞. Since p∞xx = p∞yy = p∞zz = 1/3, we obtain that pxx,pyy
and pzz all satisfy the third-order differential equation

...
u +10β2ü+16

(
α2+β4

)
u̇+96α2β2 (u− 1/3) = 0. (34)

In appendix D we provide a direct approach to derive the higher-order differential
equation for pzz which is the quantity of interest in the model reduction scheme pursued
in this paper.

3.2.1. Reduced equations for the second moment: large β regime. We now turn to
the large β regime where α is fixed and β2 � 2|α|. In this regime, the term involving
the third-order derivative in the exact equation (34) becomes negligible. Applying the
adiabatic elimination, we neglect this term and get the following reduced, second-order
linear ODEs governing the evolution of all the second moments:

5β2ü+8
(
α2+β4

)
u̇+48α2β2 (u− 1/3) = 0. (35)

We can simplify further: first by ignoring the term 8α2u̇ (since |α| � β2) and dividing
by β2, we get

5ü+8β2u̇+48α2 (u− 1/3) = 0.

Then we remove the second-order term, to obtain a first order differential equation:

β2u̇+6α2 (u− 1/3) = 0. (36)

Note that we have kept the last term to preserve the equilibrium value. We take (36)
as the reduced equation for pzz. Thus, denoting by p̄zz the adiabatic approximation of
the second moment, we get

˙̄pzz (t) =−6α2

β2
(p̄zz (t)− 1/3) . (37)

The explicit solution to (37) is given by

p̄zz (t) =
1

3
+

(
u(0)− 1

3

)
e
− 6α2

β2
t
. (38)

The graphs of the solution to equation (34), supplied with the initial data pzz(0) =
p ′
zz(0) = p′′zz(0) = 0, and of equation (38) are shown in figure 1, for different values of β,

in the regime where β2 > 2|α|. In particular, the graph of the solution to equation (34)
coincides with the corresponding solution to the original set of ODEs (24). The left panel
also evidences that, if β is not large enough, the adiabatic elimination result can deviate
significantly from the solution of the original ODE system. The two panels shown in
figure 1 should be compared to the corresponding panels of figure 3 in section 4.5.

In section 4, we contrast this strategy with an alternative reduction technique based
on the IM method, which is largely employed in the analysis of dynamical systems
characterized by multiple time scales.
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4. Model reduction via the IM method

The basic idea underlying the IM method is that, after a brief transient, the phase
space dynamics of the system becomes confined to a lower-dimensional surface embed-
ded within the full phase space [27, 32]. This surface is invariant under the flow, i.e. any
trajectory that starts on it remains confined there for all future times. In many applica-
tions, this invariant surface corresponds to the so-called slow manifold, which governs
the long-term evolution of the system once the fast modes have relaxed. In our setup,
the implementation of the method begins with a rescaling of the time variable t and
the parameter β, as discussed in the following section.

4.1. Rescaled systems

Following the approach developed in [17], we rescale t 7→ ϵt and β 7→ β/
√
ϵ. Under this

time rescaling, the Wiener process transforms as dWϵt =
√
ϵdWt, leading to the system:

dx=−2β2xdt− 2βydWt , (39a)

dy =−2β2ydt− 2ϵαzdt+2βxdWt , (39b)

dz = 2ϵαydt , (39c)

which describes the original dynamics observed on the fast time scale.

4.2. The deterministic part of the rescaled system

The deterministic component of the original dynamics for the variables y and z takes
then the form

d

dt

(
my

mz

)
=

(
−2β2 −2ϵα
2ϵα 0

)(
my

mz

)
=:Qϵ

(
my

mz

)
. (40)

4.3. The second-moment equations of the rescaled system

Exploiting the same scaling β 7→ β/
√
ϵ and t 7→ ϵt with the system (24), we obtain:

d

dt


pxx
pyy
pyz
pzz

=Mϵ


pxx
pyy
pyz
pzz

 , (41)

with

Mϵ =


−4β2 4β2 0 0
4β2 −4β2 −4ϵα 0
0 2ϵα −2β2 −2ϵα
0 0 4ϵα 0

 . (42)
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4.4. Reduction of the deterministic component

We introduce a closure relation of the form my(t) = a(α,β,ϵ)mz(t). Substituting this
relation into (40), we can compute ṁy in two ways

ṁy = aṁz = 2ϵαamy and ṁy =−2β2my − 2ϵαmz =
(
−2β2− 2

ϵα

a

)
my,

from which we deduce the following invariance equation for the function a(α,β,ϵ):

ϵαa2+β2a+ ϵα= 0. (43)

The solutions to the quadratic equation (43) are given by:

a± (ε) =
−β2±

√
β4− 4ϵ2α2

2ϵα
, (44)

where the dependence of a± on α and β has been suppressed for brevity. These roots
remain real-valued provided that ϵ⩽ ϵ ′c = β2/(2|α|). Notably, the roots a± reconstruct
the two eigenvalues of the matrix Qϵ in (40), as discussed in appendix E. Specifically,
the root a+ corresponds to the eigenvalue of Qϵ with the smaller magnitude, which
vanishes in the limit ϵ→ 0. Consequently, the reduced description for mz(t) takes the
form:

ṁz (t) = 2εαa+ (ε)mz (t) =−
(
β2−

√
β4− 4ε2α2

)
mz (t) . (45)

Enforcing ϵ� ϵ ′c imposes a large time-scale separation between fast and slow variables,
which corresponds to the regime where adiabatic elimination is applicable. Indeed,
expanding 2εαa+(ε) in powers of ϵ yields

2εαa+ (ε) =−2α2ϵ2

β2
+ o

(
ϵ2
)
, (46)

which, upon further rescaling t 7→ t/ϵ and β 7→
√
ϵβ, allows (45) to recover (31c). This

result underscores a key feature of the IM method: it not only subsumes adiabatic
elimination as a special case, but also extends the validity of the reduced description
across the entire interval ϵ ∈ (0,ϵ ′c]. Notably, the reduced description breaks down at
ϵ= ϵ ′c, where the two eigenvalues of Qϵ merge and, for ϵ > ϵ ′c, become complex-valued.
This transition corresponds to the loss of the IM structure and marks the limit of
applicability for the reduction procedure.

4.5. Reduction of the variance pzz(t)

To comply with the structure of the ODE system (41), we introduce the following
(affine) closures:

pxx (t) = a1

(
pzz (t)−

1

3

)
+

1

3
, pyy (t) = a2

(
pzz (t)−

1

3

)
+

1

3
, pyz (t) = a3

(
pzz (t)−

1

3

)
,

with yet unknown coefficients a1,a2,a3 ∈ R. This closure ansatz ensures the correct
equilibrium values p∞xx = p∞yy = p∞zz = 1/3.
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Figure 2. Behavior of the eigenvalues of the matrix Mϵ in equation (42) (black
dashed lines) and 4αϵa*3(ϵ) (solid gray line) as functions of ϵ, using α= 0.5 and
β = 1. The critical point ϵ′′c ' 0.59185 marks the onset of a pair of complex conjugate
eigenvalues.

The invariance equations for the coefficients a1,a2,a3 amount to the following system
of algebraic equations:

−4β2a1+4β2a2− 4ϵαa1a3 = 0 , (47a)

4β2a1− 4β2a2− 4ϵαa3− 4ϵαa2a3 = 0 , (47b)

2ϵαa2− 2β2a3− 2ϵα− 4ϵαa23 = 0 . (47c)

We examine the eigenvalues of the matrix Mϵ, defined in equation (42), which are
plotted in figure 2 as functions of ϵ. We verify numerically that the spectrum of Mϵ

undergoes a qualitative change at a critical value ϵ′′c , which signals the breakdown of
the reduced description: for ϵ < ϵ′′c , all eigenvalues remain real and distinct, whereas for
ϵ > ϵ′′c a pair of conjugate complex eigenvalues appears. Among the solution branches
{a1(ϵ),a2(ϵ),a3(ϵ)} satisfying the invariance equations (47), we select those that are
both continuous in ϵ and fulfill the asymptotic condition:

lim
ϵ→0

ϵa3 (ϵ) = 0 , (48)

which guarantees that the coefficient 4αϵa*3(ϵ) appearing in the reduced dynamics for
pzz(t) maintains the proper asymptotic behavior in the small ϵ limit. Numerically, we
identify two such solutions. The first is the trivial solution (a1,a2,a3) = (1,1,0), which
is disregarded as it is independent of ϵ. The second, denoted (a*1(ϵ),a

*
2(ϵ),a

*
3(ϵ)), is the

physically relevant one.
Restoring the original (slow) time scale through the transformation t 7→ t/ϵ, the

reduced dynamics for pzz(t) takes the form:

˙̄pzz (t) = 4αa*3 (ϵ)

(
p̄zz (t)−

1

3

)
, (49)
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Figure 3. Time evolution of pzz(t) computed from the original system (41) (black
solid line), and time evolution of the reduced dynamics p̃zz(t) computed from the
invariant manifold reduction (49) (gray short-dashed line) and from the adiabatic
elimination (50) (black dashed line), with initial condition pzz(0) = 0. Results are
shown for ϵ= 0.5< ϵ′′c (left panel) and ϵ= 0.01 (right panel). The inset in the right
panel offers a magnified view of the early-time dynamics. The dotted horizontal
line marks the asymptotic value 1/3. In both panels, parameters are set to α= 0.5
and β = 1.

which should be compared with the result obtained from the adiabatic elimination
expressed by equation (37), rewritten here under the rescaling β 7→ β/

√
ϵ:

˙̄pzz (t) =−6α2ϵ

β2

(
p̄zz (t)−

1

3

)
. (50)

Remarkably, a Chapman–Enskog method of solution can be systematically applied to
the invariance equations (47) through an expansion of the coefficients a1,a2,a3 in powers
of ϵ. The leading-order analysis yields the relation:

4αa*3 (ϵ) =−6α2ϵ

β2
+ o(ϵ) , (51)

which demonstrates that the IM approach correctly reproduces the adiabatic result in
the small-ϵ regime while remaining valid for finite values of ϵ as well. The full behavior
across the large-β regime is illustrated in figure 3.

As a final remark, we observe that the onset of critical values ϵ ′c and ϵ
′′
c imply that

the reduction scheme based on the IM method works for ϵ⩽min{ϵ ′c,ϵ′′c}.

5. Full SDE reduced model of z

In this section, we utilize the general reduction scheme described in appendix B to
derive a reduced SDE for the variable z from the full system of SDEs in equation (12).
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5.1. A general model reduction of GBMs for 1D reduced dynamics

Let n⩾ 1 be an integer, and let A,B,D ∈ Rn×n be given matrices. We consider n-
dimensional GBMs4 of the form:

dX(t) =AX(t)dt+BX(t)dW (t)+DdU(t), (52)

with W (t) and U((t) denoting independent standard Wiener processes of dimension 1
and n, respectively. The above SDEs are equipped with the initial data X(0) =X0. The
dynamics of the mean and second moments of (52) are reviewed in appendix B.1.

Our aim is to construct a reduced dynamics for a subset of resolved variables. In this
section, we focus on the case of a 1D resolved variable, consistent with the application to
the two-state quantum system discussed in section 2. A potential strategy for extending
this approach to the multidimensional case is discussed in appendix B.

We denote the resolved variable by Xred ∈ R, which is assumed to obey a 1D mixed
Ornstein–Uhlenbeck (OU) and geometric Brownian process:

dXred(t) = ĀXred(t)dt+ B̄Xred(t)dw (t)+ D̄du(t), (53)

where Ā,B̄,D̄ ∈ R are the reduced drift and diffusion coefficients, w(t) and u(t) are
independent 1D Wiener processes. The advantage of a mixed OU and GBM is that it is
fully determined by the dynamics of the mean and the second moments; from these, one
can identify the corresponding drift and diffusion matrices. Our task is to determine
the reduced drift and diffusion coefficients Ā,B̄,D̄ ∈ R. The goal of our model reduction
approach is to construct a reduced GBM that captures the exact mean (deterministic
part of the dynamics) and the exact stationary second moment, while providing the
closest evolution of the second-moment matrix. Guided by these principles, we propose
the following procedure for model reduction:

• derive the reduced model for the deterministic part of (52) using either the adiabatic
or IM approach:

˙̄X = ĀX̄ + ā.

where Ā ∈ R, ā ∈ R.
• derive the reduced equation for the second moment, again using either the adiabatic
elimination or the IM approach:

˙̄p= H̄p̄+ h̄.

where the drift coefficient H̄ ∈ R, h̄ ∈ R
• The diffusion coefficients B̄,D̄ ∈ R satisfy the 1D Lyapunov equation (see
equation (80) in appendix B.1 for the general case)

4 More precisely, equation (52) combines features of both an Ornstein–Uhlenbeck process and a GBM.
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(
2Ā+ B̄2

)
p̄∞+ D̄2 = 0 , (54)

where p̄∞ ∈ R is the part of the original invariant matrix P∞ corresponding to the
resolved variables. Equation (54) establishes a connection between the diffusion coeffi-
cients B̄,D̄, the drift coefficient Ā and the stationary second-moment p̄∞. We empha-
size that this condition generalizes the classical fluctuation-dissipation relation for OU
processes [15, 49, 66, 80] to the broader case of GBMs with multiplicative noise, as
described by equation (52). This relation ensures that the reduced dynamics has the
same marginal invariant measure as the original one. Since Ā is known from the first
step, it remains to find either B̄ or D̄. We find B̄ and D̄ such that the second-moment
dynamics of the reduced dynamics (see (78) in appendix B.1 for details)

˙̃p= D̄2+
(
2Ā+ B̄2

)
p̃,

is closest to the reduced second-moment dynamics obtained in the second step (via
the adiabatic elimination or the IM method) in a suitable norm ‖ · ‖, for instance the

L∞-norm ‖f‖∞ = supt⩾0 |f(t)| or the L2-norm, ‖f‖2 =
(´∞

0 f(t)2dt
)1/2

. That is, B̄ and

D̄ solve the following minimization problem

min
B̄,D̄

‖p̄− p̃‖. (55)

This optimization problem can be solved explicitly for both L2− and L∞− norms, see
lemmas 1 and 2 below and appendix G. In appendix B.3, we discuss possible approaches
to solve the corresponding optimization problem when the reduced dynamics is multi-
dimensional.

The distance between the second-moment p̃ of the reduced dynamics and the original
one p|X̄ (which is the subpart of the second-moment matrix of the original dynamics
that corresponds to the resolved variables) can be estimated via

‖p̃− p|X̄‖⩽ ‖p̃− p̄‖+ ‖p̄− p|X̄‖. (56)

Estimates of errors between the original and reduced dynamics using the L2-norm has
been investigated previously in the literature, see for instance [67] and references therein.
The key message is that p|X̄ is expensive to compute (thus the left-hand side), but
the two terms on the right-hand side are simpler because p̄ is essentially an explicit
truncation of p|X̄ . This also explains why we want to minimize the last term by solving
the minimization problem (55).

5.2. Derivation of the reduced models

In the previous sections, using either the adiabatic elimination method in section 3 or
the IM method in section 4, we have already derived the following reduced dynamics
for the deterministic component and second moment of the variable z:
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• reduced deterministic part,

˙̄z = Āz z̄ where Āz =

{
−2α2/β2 in the adiabatic elimination method, cf (31c),

−
(
β2−

√
β4− 4α2

)
in the IM method, cf (45).

(57)

• reduced second moment,

˙̄pzz = Ã

(
p̄zz −

1

3

)
where Ã=

−6α2/β2 in the adiabatic elimination method, cf (37),

4αa*3 in the IM method, cf (49).

By exploiting the general reduction scheme described above, we now construct a full
reduced SDE for z, which is of the form of a general 1-dimensional GBM:

dzred(t) = Āzz
red(t)dt+ B̄zz

red(t)dwt+ D̄z dut, (58)

where Āz is the drift coefficient obtained from the reduced deterministic part, either
using the adiabatic elimination method or the IM method, and wt and ut are indepen-
dent 1D Wiener processes. To find B̄z and D̄z we require the following two conditions

• B̄z and D̄z satisfy the following relation:(
2Āz + B̄2

z

)
p∞zz + D̄2

z = 0. (59)

This relation ensures that the reduced dynamics (58) has the correct equilibrium
z̄∞ = z∞.

• The second moment computed from the reduced dynamics (58) is closest to the
reduced second moment p̃zz in the L∞-norm defined below.

The second-moment equation for z̄ is given by (see equation (77) in appendix B.1 for
the general derivation)

˙̃pzz =
(
2Āz + B̄2

z

)
(p̃zz − p∞zz) , p̃(0) = p̃0, where p∞zz = 1/3.

This has an explicit solution

p̃zz (t) = p∞zz +(p̃0− p∞zz)e
(2Āz+B̄2

z)t.

We aim to find B̄z such that the above dynamics is closest to the reduced dynamics
obtained from the adiabatic limit. To this end, we compute their distance based on the
supremum norm, assuming that p̄zz(0) = p̃zz(0) = p̃0,

‖p̄zz − p̃zz‖∞ = sup
t∈[0,∞)

|p̄zz(t)− p̃zz(t)|= |(p̃0− p∞zz)| sup
t∈[0,∞)

|(eÃt− e(2Āz+B̄2
z )t)|,

and solve the following minimization problem for B̄z:

min
Bz

‖p̄zz − p̃zz‖∞. (60)
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We address this optimization problem in two steps via the following two auxiliary lem-
mas whose proofs are given in appendix F.

Lemma 1. Let a,b < 0. Then

sup
t⩾0

|eat− ebt|=
(a
b

) b
b−a −

(a
b

) a
b−a

.

Let a < 0. We consider the following function of b:

F (b) :=
(a
b

) b
b−a −

(a
b

) a
b−a

.

Lemma 2. We have

min
a<b0⩽b<0

F (b) = F (b0) .

Returning back to the model reduction of the variable z. We apply lemmas 1 and 2
for

a= Ã, b= 2Āz + B̄2
z ⩾ 2Āz =: b0

and deduce that the optimal solution for the minimization problem (60) is obtained at
b= b0, that is B̄z = 0. Thus the reduced dynamics, zred, for z is given by

dzredt = Āzz
red
t dt+ D̄z dut, (61)

where Āz is determined in (57) and D̄z =
√
−2

3Āz.

In appendix G, we consider the minimization problem (60) where the L∞-norm is
replaced by the L2-norm.

Remark 1. We observe that the same result expressed by equation (61) can be reached
through a simpler route, which we briefly outline below. Consider the reduced dynamics
in equation (58), and assume that B̄z = 0, meaning that we seek a priori a reduced
model driven solely by additive noise. In this case, the dynamics takes the form given
in equation (61), namely

dzredt = Āzz
red
t dt+ D̄z dut ,

with coefficients Āz and D̄z to be determined. The drift term Āz can be computed
from equation (57), whereas the noise amplitude D̄z is obtained, in the steady state, by
solving the standard Lyapunov equation [66]:

2Āzp
∞
zz + D̄2

z = 0 , (62)

where p∞zz = 1/3 is the stationary second moment in the z-variable of the original dynam-
ics. Following the procedure outlined in [15, 17, 20], we require the stationary second

moment of z̄t to coincide with p∞zz, which leads to D̄z =
√
−2

3Āz.
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We emphasize that the reduced dynamics governed by equation (61) preserves the
localization property of the original system dynamics characterized by equation (19).
This preservation demonstrates that our reduction method retains the essential physical
behavior of the system while significantly simplifying its mathematical description.

5.3. Quantification of errors

In this section we provide a quantitative error estimates between the original dynamics
z and the reduced one using Wasserstein distance.

Let P2(Rd) be the set of probability measures on Rd having finite second moments.
Let µ,ν be two probability measures in P2(Rd). The Wasserstein distance, W2(µ,ν),
between them is defined by

W2 (µ,ν) =

(
min
π

ˆ
|x− y|2dπ (x,y)

) 1
2

,

where the infimum is taken over π ∈Π(µ,ν), which is the set of all probability mea-
sures that have the first and second marginals as µ and ν respectively. W2(µ,ν) can be
formulated as

W2 (µ,ν)
2 =minE|X −Y |2, (63)

where the infimum is taken over random variables X and Y having distributions µ and
ν, respectively. Let m and m ′ are the means of µ and ν respectively. By using the
transformation

E
(
|X −Y |2

)
= E

(
|(X −m)− (Y −m ′)+ (m−m ′) |2

)
= |m−m ′|2+E

[
|(X −m)− (Y −m ′) |2

]
+2(m−m ′)E [(X −m)− (Y −m ′)]

= |m−m ′|2+E
[
|(X −m)− (Y −m ′) |2

]
,

we obtain the following lemma:

Lemma 3 ([38]). We have

W 2
2 (µ,ν) = |m−m ′|2+ min

X∼µ,Y∼ν
E|(X −m)− (Y −m ′) |2.

Given a probability measure µ and a random variable X ∼ µ. The covariance matrix
Σ is given by

Σ = E
[
(X −EX)(X −EX)T

]
=

ˆ
(x− x̄)(x− x̄)T dµ=

ˆ
xxT dµ− x̄x̄T

where x̄=
´
xdµ(x) is the mean of µ.

From lemma 3 and [23, Main Theorem, section. 2] we obtain the following bounds
for the Wasserstein distance between two probability measures in terms of their means
and covariance matrices.
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Lemma 4 ([23]). Let m,m ′ be the means and Σ and Σ ′ be the covariance matrices of
µ and ν respectively. Then

|m−m ′|2+tr
[
Σ+Σ ′− 2

(
ΣΣ ′)1/2]⩽W 2

2 (µ,ν)⩽ |m−m ′|2+tr
[
Σ+Σ ′+2

(
ΣΣ ′)1/2]. (64)

Note that in one dimension, the bounds (64) become

(m−m ′)
2
+
[√

Σ−
√
Σ ′

]2
⩽W 2

2 (µ,ν)⩽ (m−m ′)
2
+
[√

Σ+
√
Σ ′

]2
.

Employing the above Lemma, we obtain the following quantitative lower-bound and
upper-bound estimates of the error between the reduced dynamics and the original one
via their means and covariances.

Proposition 2. Let µ(t) and µ ′(t) be the distributions of z(t) and zred(t) respectively.
Then

[〈z (t)〉− z̄ (t)]2+

[√
pzz (t)−〈z (t)〉2−

√
pzz (t)− z̄ (t)2

]2
⩽W 2

2 (µ(t) ,µ
′ (t))

⩽ [〈z (t)〉− z̄ (t)]2+

[√
pzz (t)−〈z (t)〉2+

√
p̄zz (t)− z̄ (t)2

]2
.

Proof. The statement of this proposition is a direct consequence of lemma 4 applying to
the exact dynamics z(t) and the reduced dynamics zred(t) with the means and covariance
given by

m=m(t) = E(z (t)) = 〈z (t)〉, m ′ =m ′ (t) = E
(
zred (t)

)
= z̄ (t) ,

Σ = Σ(t) = E
(
z (t)2

)
− (〈z (t)〉)2 = pzz (t)−〈z (t)〉2,

Σ ′ =Σ ′ (t) = E
(
zred (t)2

)
−
(
〈zred (t)〉

)2
= p̄zz (t)− z̄ (t)2 ,

Therefore, we get

[〈z (t)〉− z̄ (t)]2+

[√
pzz (t)−〈z (t)〉2−

√
pzz (t)− z̄ (t)2

]2
⩽W 2

2 (µ(t) ,µ
′ (t))

⩽ [〈z (t)〉− z̄ (t)]2+

[√
pzz (t)−〈z (t)〉2+

√
p̄zz (t)− z̄ (t)2

]2
.

This completes the proof of this proposition.

6. Conclusion

Multivariate Brownian motions provide a fundamental mathematical framework for
modeling systems of interacting stochastic variables. They are widely used in areas
such as financial mathematics, engineering, and biological modeling, where they capture
both individual randomness and complex interactions among components. However, as
the dimensionality increases, the analysis of these systems becomes substantially more
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challenging because of intricate correlation structures and escalating computational
demands.

In this work, we introduced two complementary approaches for dimensionality reduc-
tion in multivariate GBMs. The first is an extension of the hybrid IM method that
systematically incorporates the effects of multiplicative noise while isolating the slow
component of the drift. The second is an analytical framework based on examining
the higher-order ordinary differential equations governing the evolution of lower-order
statistical moments. The effectiveness of both approaches was demonstrated through a
GBM model inspired by localization effects in a two-state quantum model, where the
reduced model successfully retains the main properties of the full dynamics. The low-
dimensional structure of the quantum model allows explicit computation of all relevant
quantities. In principle, the reduction scheme presented in section 5.1 can be extended to
higher-dimensional systems. The main technical challenges in such generalizations arise
from solving the Lyapunov equation (59) and the invariance equation associated with
the IM method. Lyapunov equations in high-dimensional settings have been extensively
studied both analytically and numerically; see, for example, [46, 51]. For the invari-
ance equation, approximate solutions can be constructed using the Chapman–Enskog
method, which provides asymptotic expansions to arbitrary order in the relevant small
parameter [15, 31].

Future work will focus on extending the proposed techniques to high-dimensional
systems of physical relevance, as well as to nonlinear extensions of the two-state model
[8, 9] and GBMs with nonlinear drifts [29].
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Appendix A. Two-variable formulation of the two-state quantum system

The system of linear SDEs (12), which describes a two-state quantum system, serves
as the main theoretical testbed for applying our model reduction procedure. Here we
demonstrate how these equations can be reduced to a system of two stochastic equations
using two different approaches, one employing an alternative coordinate system (with
the trade-off being a loss of linearity in the resulting formulation) and the other based
on the conservation of the spin. Given that the process is constrained to evolve on a unit
sphere, we can reformulate the stochastic equations (12) adopting spherical coordinates:
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x= cosθ cosϕ,

y = cosθ sinϕ,

z = sinθ,

(65)

where θ ∈ [−π
2 ,

π
2 ] and ϕ ∈ [0,2π ). The above definitions (65) can be inverted as

θ = arcsin(z) ,

ϕ= arctan
(y
x

)
.

(66)

From the first definition in (66) and from the third equation in (12) we have respectively
the first and the second equality below

dθ =
dz√
1− z2

=
2αydt√
1− z2

= 2αsinϕ dt, (67)

while the third equality is obtained from the last two definitions in (65) taking into
account that cosθ is always non negative.

From the first stochastic equation in (12) and from the first two definitions in (65)
we immediately have

dx=−2β2 cosθ cosϕ dt− 2β cosθ sinϕ dWt, (68)

moreover, from the first definition in (65) we also have the first equation below (the term
dcosϕ dcosθ vanishes because the variable θ, according to (67), evolves deterministically)
and the second equation below is obtained from (67) taking into account that dcosθ =
−sinθdθ:

dx= cosϕ dcosθ+cosθdcosϕ =−2αsinθ sinϕ cosϕ dt+cosθdcosϕ, (69)

Since both terms at the right of equations (68) and (69) equal dx, we immediately
obtain

dcosϕ =−2β2 cosϕ dt− 2β sinϕ dWt+2αtanθ sinϕ cosϕ dt, (70)

which, in turn, implies

dϕ = 2βdWt− 2αtanθ cosϕ dt, (71)

in fact, using Itô’s calculus one has dcosϕ =−sinϕ dϕ − 1
2cosϕ(dϕ)

2 where for (dϕ)2

only terms of order dt are retained, i.e., (dϕ)2 = 4β2dt, so that (70) is an immediate
consequence of (71) .

In conclusion, the system of equations (12), which is a reformulation of the original
two-state quantum system considered in section 2.1 using the three cartesian variables
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(x,y,z), is replaced by the following system of equations for the latitude and longitude
variables:

dθ = 2αsinϕ dt,

dϕ = 2βdWt− 2αtanθ cosϕ dt.
(72)

The second of the above equations can be replaced by the following equation for the
variable sinϕ:

dsinϕ =−2β2 sinϕ dt+2β cosϕ dWt− 2αtanθ (cosϕ)2 dt. (73)

An alternative method to reduce equations (12) to a system of two stochastic
equations originates from the conservation of the spin. Namely, using the relation
|x|2+ |y|2+ |z|2 = 1, if we remove only x we obtain

dy =−2β2ydt− 2αzdt+2β
√
1− |y|2− |z|2dWt, (74a)

dz = 2αydt. (74b)

Vice versa, suppose we have (74), and let x=
√
1− y2− z2. Then by applying Ito’s

lemma we have

dx=− y√
1− y2− z2

dy− z√
1− y2− z2

dz+2β2
(
1− y2− z2

) z2− 1

(1− y2− z2)3/2
dt

=−y
x

(
−2β2ydt− 2αzdt+2βxdWt

)
− z

x
2αydt− 2β21− z2

x
dt

=−2β2−y2+1− z2

x
dt− 2βydWt

=−2β2xdt− 2βydWt.

Thus, the reduced model (74) turns out being equivalent to the original one. We empha-
size that the identity of the Brownian motions governing the x and y components is
crucial for the above derivation.

Appendix B. Model reduction of multivariate geometric Brownian motions

In this section, we begin by recalling key properties of GBMs. We then present two
complementary model reduction approaches: one based on the analysis of higher-order
ODEs, and the other employing the IM method. These approaches are developed in
parallel to emphasize their respective advantages.

B.1. Dynamics of the mean and second moments of GBMs

In this section, following [47, 60], we recall the dynamics of the mean and second
moments of the GBM (52), which play a central role in the analysis of GBMs. We
compute the mean

m(t) = E [X (t)] ,
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and the second-moment matrix

P (t) = E
[
X (t)X (t)T

]
∈ Rn×n. (75)

We have

dm(t) = dE(X (t)) = E [AX(t)dt+BX(t)dW (t)+DdU(t)] =Am(t) dt.

Thus m(t) solves the ODE

ṁ(t) =Am(t) , m(0) =m0 = E(X0) , (76)

which has the explicit solution

m(t) = eAtm0.

We now derive the evolution equation for the second-moment matrix P (t). Applying Î
to’s product rule yields

dP (t) = dE[X(t)X(t)T ]

= E
[
X(t)dX(t)T +dX(t)X(t)T +dX(t)dX(t)T

]
= E

[
X(t)(X(t)TAT dt+X(t)TBTdW (t)T +DTdU(t)T )

+ (AX(t)dt+BX(t)dW (t)+DdU(t))X(t)T

+(BX(t)X(t)TBT +DDT )dt
]

=
[
P (t)AT +AP (t)+BP (t)BT +DDT ]dt.

Hence, P (t) satisfies the matrix differential equation

Ṗ (t) =AP +PAT +BPBT +DDT , P (0) = P0 =X0X
T
0 . (77)

We can reformulate equation (77) as a standard linear system of ODEs. Let P ∈ Rn2 be
the column vector formed by stacking the entries of the matrix P row by row:

P= (P11,P12, . . . ,P1n,P21, . . . ,P2n, . . . ,Pn1, . . . ,Pnn)
T ∈ Rn2.

For each k ∈ {1, . . . ,n2} define

Pk = Pij, i =

⌈
k

n

⌉
, j = k− (i− 1)n.

Then equation (77) is equivalent to the following linear system of n2 coupled ODEs:

Ṗ=HP+D⊗DT , (78)
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where H ∈ Rn2×n2 given by

H=A⊗ I + I ⊗A+B⊗BT , (79)

where for U = (uij),V = (vij) ∈ Rn×n, U ⊗V ∈ Rn2×n2 denotes their Kronecker product,
that is

U ⊗V =


u11V u12V . . . u1nV
u21V u22V . . . u2nV
...

...
...

...
un1V un2V . . . unnV

 .

Stationary second-moment matrix

Let P∞ denote the stationary second-moment matrix of the general GBM. It follows
from equation (77) that P∞ satisfies the following Lyapunov-type matrix equation

AP∞+P∞A
T +BP∞B

T +DDT = 0. (80)

Equivalently, in terms of the vector P∞ = limt→∞P(t) ∈ Rn2, the stationary condition
can be written as:

HP∞+D⊗DT = 0.

The existence of solutions to (80) and the conditions on the convergence of P(t) to P∞
as t→∞ can be found in [51].

B.2. Model reduction of systems of linear ODEs

We derive reduced equations for the mean and second-moment dynamics given in (76)
and (77), respectively. Both equations are systems of coupled linear ODEs. We begin
by showing that, starting from a general system of coupled linear ODEs, one can derive
an exact closed higher-order differential equation for each component of the original
system. This result is of independent interest and may prove useful in other contexts5.
This finding was formally introduced in section 3 as proposition 1, which we restate and
prove below.

Proposition 1. Suppose that F is an n×n matrix and u= u(t) ∈ Rn solves the following
system of linear differential equations

u̇= Fu, u(0) = u0. (25)

5 While this technique appears to be known in principle, we could not locate a specific reference in the literature.
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Let pn(λ) :=
∑n

i=0aiλ
i be the characteristic polynomial of F . Then u(t) satisfies the nth

order differential equations:

n∑
i=0

aiu
(i) (t) = 0, (26)

where u(i)(t), for i = 1, . . . ,n, denotes the ith derivative of u(t).

Proof. It follows from (25) that, for all i⩾ 0, we have

u(i) (t) =
diu

dti
= F iu, (81)

where F i is the ith power of the matrix F . Since pn is the characteristic polynomial of
F , by Hamilton-Cayley theorem, we have

pn (F ) = 0.

It follows from (81) that

n∑
i=0

aiu
(i) (t) =

n∑
i=0

aiF
iu= pn (F )u= 0,

which is the desired equality (26).

Note that (26) is an equation for u(t) ∈ Rn. Thus, each of the components ui(t),
i = 1, . . . ,n, of the vector u(t) also satisfies (26), which must be equipped with a suitable
set of initial conditions obtained by iteratively computing u(i+1)(0) = Fu(i)(0) for i =
0, . . . ,n− 2.

Remark 2. In this remark, we provide further comments on proposition 1.

1. Proposition 1 still holds true if the characteristic polynomial of F is replaced by
its minimal polynomial or any annihilating polynomial, since these polynomials also
satisfy the Hamilton-Cayley theorem used in proof of proposition 1. By using the
minimal polynomial instead of the characteristic one, one may obtain an exact, lower
order differential equation for each of the component of u.

2. The reverse direction in proposition 1 also holds true, that is the higher-order differ-
ential equation (26) can be transformed to a system of first order ODEs; however,
note that this can be done in many different ways. We observe that two systems of
first-order ODEs will give rise to the same higher-order ODE if they share the same
characteristic polynomial.
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B.3. Derivation of the fully reduced SDE

In this section, we discuss possible extensions of our reduction scheme discussed in
section 5.1 when the reduced dynamics is k-dimensional (1⩽ k < n) mixed Ornstein–
Uhlenbeck (OU) and geometric Brownian process, namely Xred ∈ Rk satisfies the
following SDE:

dXred (t) = ĀXred (t) dt+ B̄Xred (t)dw (t)+ D̄du(t) ,

where Ā,B̄,D̄ ∈ Rk×k are the reduced drift and diffusion coefficients, w(t) and u(t)
are independent Wiener processes of 1 and k dimension, respectively. In this case, the
corresponding reduced model for the deterministic part and second-moment equations,
respectively, become

˙̄X = ĀX̄ + ā, and ˙̃p= H̄p̃+ h̄,

where Ā ∈ Rk×k, ā ∈ Rk, H̄ ∈ Rk2×k2, h̄ ∈ Rk2. The diffusion matrices B̄,D̄ ∈ Rk×k satisfy
the Lyapunov matrix equation

ĀP̄∞+ P̄∞Ā
T + B̄P̄∞B̄

T + D̄D̄T = 0 ,

where P̄∞ ∈ Rk×k is the sub-matrix of the original invariant matrix P∞ corresponding to
the resolved variables. We find B̄ and D̄ such that the second-moment dynamics of the
reduced dynamics (53), P̄ is closest to the reduced second-moment dynamics obtained
in the second step in a suitable norm ‖ · ‖ (for instance the L∞-norm or the L2-norm)

min
B̄,D̄

‖P̄ − p̃‖.

Both dynamics are inhomogeneous linear ODEs and can be solved using Duhamel’s
principle. A multi-dimensional counterpart of lemma 1 is

sup
t⩾0

‖eAt− eBt‖ 2
F ,

where ‖ · ‖ denote the Frobenius norm. Then the equation determining the optimal time
t* becomes

g (t) := tr
[(
eAt− eBt

)T (
AeAt−BeBt

)]
= 0,

which is a nonlinear equation. In some special cases, for instance, when A and B are
symmetric and commute the above equation can be simplified significantly by diago-
nalizing A and B. However, in general cases, one needs to invoke to numerical methods
such as Newton’s method. Additionally, if there exist B̄,D̄ such that

H̄ = Ā⊗ I + I ⊗ Ā+ B̄⊗ B̄T and h̄= D̄⊗ D̄T ,

where I is the k-dimensional identity matrix, then we can take P̄ = p̃.
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Appendix C. Eigenvalues of M

A straightforward, albeit lengthy, calculation yields the characteristic determinant of
M defined in (24):

pλ (M) = |M −λI|= λ
(
λ3+10β2λ2+

(
16β4+16α2

)
λ+96α2β2

)
:= λg (λ) , (82)

where we have defined

g (λ) := λ3+10β2λ2+
(
16β4+16α2

)
λ+96α2β2.

Thus M always has a zero eigenvalue. To determine the number of real nonvanishing
eigenvalues of M we need to determine the number of real roots of g, which is a cubic
polynomial with a discriminant given by

∆ = 1024β12

[
9− 103

(
α2

β4

)
+4

(
α2

β4

)2

− 16

(
α2

β4

)3
]

= 1024β12
[
9− 103r+4r2− 16r3

]
=: f (r) ,

where r := α2/β4. Direct computation shows that f ′(r)< 0 for all r. Hence f(r) is
monotonically decreasing in r. Furthermore, it has a real root r1 ≈ 0.0876. Thus as
r ⩽ r1, f(r)⩾ f(r1) = 0, namely as

α2

β4
⩽ r1 ⇐⇒ |α|⩽√

r1β
2,

we have f(r)⩾ 0. It follows that the discriminant of the cubic polynomial g satisfies

∆ = 1024β12f (r)⩾ 0 as |α|<
√
r1β

2.

Thus under the above relation between α and β, g has three real roots, which are all
negative since all its coefficients are positive. Hence M has one zero-eigenvalue and
three real negative eigenvalues if and only if |α|<√

r1β
2.

Appendix D. Exact closed equation for the mean and second moment of z

We first derive the exact equations for my and mz. From (28b) and (28c) one can easily
derive the exact closed equation for my:

m̈y =−2β2ṁy − 2αṁz =−2β2ṁy − 4α2my,

which thus has the structure (30). It remains to find the exact closed equation for mz.
On the one hand, from (28b), we have

d

dt

(
e2β

2tmy

)
= e2β

2t
(
ṁy +2β2my

)
=−2αe2β

2tmz.
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On the other hand, from (28c), we get

d

dt

(
e2β

2tmy

)
=

1

2α

d

dt

(
e2β

2tṁz

)
=

1

2α
e2β

2t
(
m̈z +2β2ṁz

)
.

Comparing the two expressions above, we obtain

m̈z +2β2ṁz =−4α2mz.

which, as expected, also displays the structure of equation (30).
Now we provide an explicit derivation for the exact closed equation for pzz. The

advantage of this derivation is that it automatically returns the values of the constant
C in (33) without the need of finding the equilibrium values.

Noting that ṗxx+ ṗyy + ṗzz = 0, thus, pxx+ pyy + pzz is preserved, say equal to 1 (this
is the same conservation as in section 2.1). Substituting pxx = 1− pyy − pzz into the RHS
of the equation for ṗyy, (24) reduces to the following system of three ODEs

ṗyy =−4β2 (2pyy + pzz − 1)− 4αpyz (83a)

ṗyz =−2β2pyz − 2αpzz +2αpyy (83b)

ṗzz = 4αpyz. (83c)

From this system, we will derive the exact, closed equation for pzz. From (83a)
and (83c), we have

d

dt

[
e8β

2tpyy

]
= e8β

2t
[
ṗyy +8β2pyy

]
= e8β

2t
[
−4β2pzz − 4αpyz +4β2

]
= e8β

2t
[
−4β2pzz − ṗzz +4β2

]
. (84)

From (83b) and (83c) we have

p̈zz = 4αṗyz

= 4α
[
−2β2pyz − 2αpzz +2αpyy

]
=−2β2ṗzz − 8α2pzz +8α2pyy. (85)

Combining (84) and (85) yields

d

dt

[
e8β

2tp̈zz

]
=

d

dt

[
e8β

2t
(
−2β2ṗzz − 8α2pzz +8α2pyy

)]
=

d

dt

[
e8β

2t
(
−2β2ṗzz − 8α2pzz

)]
+8α2 d

dt

[
e8β

2tpyy

]
= e8β

2t
[(

−2β2p̈zz − 8α2ṗzz
)
+8β2

(
−2β2ṗzz − 8α2pzz

)
+8α2

(
−4β2pzz − ṗzz +4β2

)]
.

Expanding the LHS and canceling out the term e8β
2t we obtain

...
p zz +8β2p̈zz =

(
−2β2p̈zz − 8α2ṗzz

)
+8β2

(
−2β2ṗzz − 8α2pzz

)
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+8α2
(
−4β2pzz − ṗzz +4β2

)
.

Finally, rearranging the corresponding terms, we obtain the following exact third-order
differential equation for pzz

...
p zz =−10β2p̈zz − 16

(
α2+β4

)
ṗzz − 96α2β2pzz +32α2β2. (86)

This equation recovers equation (34).

Appendix E. An algebraic interpretation of the invariance equations

Let Q,P ,R ∈ R2×2 be given by

Q=

(
q11 q12
q21 q22

)
, P =

(
0 a
0 1

)
, R=QP =

(
0 aq11+ q12
0 aq21+ q22

)
,

with a ∈ R. Note that P is idempotent (P 2 = P ).
Define ξ = aq21+ q22 =Tr(R). The matrix R has an eigenvalue ξ which coincides

with an eigenvalue of Q if and only if a satisfies the (invariance) equation

q21a
2+(q22− q11)a− q12 = 0. (87)

This is easily shown by noticing that equation (87) is equivalent to

det(Q− ξ I) = ξ2−Tr(Q)ξ +det(Q) = 0,

upon substituting ξ = aq21+ q22, with I the 2× 2 identity matrix. Likewise, u= (a,1)T

is a common eigenvector of Q and R, with eigenvalue ξ, if and only if (87) holds. Indeed,
formula (87) coincides with the first component of the eigenvalue equation Ru= ξu.
Moreover, since Pu= u and R=QP , then Ru=QPu=Qu= ξu, therefore Q and R
share the same eigenvector u associated with the common eigenvalue ξ.

Finally, we note that the invariance equation (43) introduced earlier appears as a
special case of (87) when the matrix Q is given by the matrix Qϵ in (40).

This framework straightofrwardly extends to higher-dimensional systems.

Appendix F. Proofs of lemmas 1 and 2

In this appendix we provide detailed proofs of lemmas 1 and 2.

Proof of lemma 1. Without loss of generality, we assume a < b < 0. Then

f (t) := |eat− ebt|= ebt− eat.

f is a differentiable function of t and, since a,b < 0 we have

f (0) = 0, lim
t→+∞

f (t) = 0.
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Let t* ∈ R solve f ′(t*) = 0, that is

f ′
(
t*
)
= bebt

* − aeat
*

= 0 ⇔ e(b−a)t
*

=
a

b
.

This gives

t* =
1

b− a
ln
(a
b

)
.

Since (b− a)> 0, when 0⩽ t < t*, we have e(b−a)t < e(b−a)t
*
= a/b, thus f ′(t)> 0 and f

is increasing in [0, t*]. On the other hand, when t > t*, then f ′(t)< 0 and f is decreasing
in [t,+∞). This implies that f achieves a maximum at t= t*. Thus

sup
t⩾0

|eat− ebt|= f
(
t*
)
= ebt

* − eat
*

=
(a
b

) b
b−a −

(a
b

) a
b−a

,

which is the claimed statement.

Proof of lemma 2. Let x := a
b . Then since a < b0 ⩽ b < 0, we have

x⩾ a

b0
> 1.

In addition, we have

a

b− a
=

x

1−x
,

b

b− a
=

1

1−x
.

Using these relations, we can write F in terms of x as

F (b) = x1/x−xx/(1−x) =:G(x) .

Thus the minimization problem becomes

min
a<b0⩽b<0

F (b) = min
x⩾ a

b0
>1
G(x) .

Since x > 1, we have

G ′ (x) = log(x)
xx/(1−x)

x− 1
> 0.

Thus G is increasing and therefore

min
a<b0⩽b<0

F (b) = min
x⩾ a

b0
>1
G(x) =G

(
a

b0

)
= F (b0) .

This completes the proof of the lemma.
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Appendix G. Error estimates in L2-norm

In this appendix, we consider another natural norm to measure the distance between
two functions, which is the L2-norm:

‖f − g‖2 =
ˆ ∞

0

(f (t)− g (t))2 dt.

Using the L2-norm, instead of (55), we consider the following minimization problem

min
B̄z

‖p̃zz − p̄zz‖2. (88)

Let a < b0 ⩽ b < 0. In stead of the L∞-norm as in lemmas 1 and 2, now let us compute
the following function

F (b) =

ˆ ∞

0

(
eat− ebt

)2
dt.

We have

F (b) =

ˆ ∞

0

(
eat− ebt

)2
dt

=

ˆ ∞

0

(
e2at− 2e(a+b)t+e2bt

)
dt

=

ˆ ∞

0

e2atdt− 2

ˆ ∞

0

e(a+b)tdt+

ˆ ∞

0

e2btdt

=− 1

2a
+

2

a+ b
− 1

2b
.

Differentiating F (b) yields

F ′ (b) =− 2

(a+ b)2
+

1

2b2
=

(a+ b)2− 4b2

2b2 (a+ b)2
=

(a+3b)(a− b)

2b2 (a+ b)2
.

Since a < b < 0, we have

(a− b)< 0, (a+3b)< 0, and 2b2 (a+ b)2 > 0.

It follows that

F ′ (b) =
(a+3b)(a− b)

2b2 (a+ b)2
> 0.

Therefore, F (b) is increasing on [b0,0), and the minimum is attained at b= b0, namely

min
a<b0⩽b<0

F (b) = F (b0) =
2

a+ b0
− 1

2a
− 1

2b0
.
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Hence, by applying this result to the minimization problem (88), we also obtain the
optimal solution is given by B̄z = 0. Thus we obtain the same reduced dynamics (61)
for zred as when using the L∞-norm.
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