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Intracranial saccular aneurysms are dilatations of the arterial wall.

A possible natural history for saccular aneurysms

[J.D.Humphrey, Cardiovascular Solid Mechanics, 2001]
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• An initial insult may cause a local weakening of the wall and

thus a mild dilatation.
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• This raises the local stress field above normal values, thus setting

into motion a growth and remodeling process that attempts to

reduce the stress toward values that are homeostatic for the

parent vessel.
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• If degradation and deposition of collagen are well balanced, this

could produce a larger, but stable lesion.
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• If degradation exceedes deposition at any time, this could yield

a rupture.
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Spherically symmetric shapes

8



Spherically symmetric placements

p(x) = xo + ρ(ξ) ar(x)

Gradient of p

∇p|x =
ρ(ξ)

ξ
P (x) + ρ′(ξ)N(x).

Prototype

P = αh(ξ)P + αr(ξ)N

where

N(x) := ar(x)⊗ ar(x),

P (x) := I −N(x),
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Warp

F = ∇pP−1 = λh P + λrN

with

λh :=
ρ

ξαh
, λr :=

ρ′

αr

Hence

FTF = λ2
h P + λ2

r N
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In a refined motion

P(τ) = αh(τ)P + αr(τ)N

Ṗ(τ) = α̇h(τ)P + α̇r(τ)N

Prototype velocity

V = ṖP−1 = βh(τ)P + βr(τ)N

with

βh(τ) :=
α̇h(τ)

αh(τ)
, βr(τ) :=

α̇r(τ)

αr(τ)
.
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Gross velocity gradient

∇v = ∇ṗ =
v

ξ
P + v′N

Dv = ∇v P−1 =
v

ξαh
P +

v′

αr
N

with

v(τ) := ρ̇(τ)
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Working (bulk)

∫

D

(
B · ∇ṽ + A · Ṽ

)
=

∫

D

(
2bh

ṽ

ξ
+ br ṽ

′ + 2ah β̃h + ar β̃r
)

∫

D

(
(B ·Dṽ)J + A · Ṽ

)
=

∫

D

(
2λhbhJ

ṽ

ρ
+ λrbrJ

ṽ′

ρ′
+ 2ah β̃h + ar β̃r

)

J = detP = α2
hαr

B = Bi + Bo = Bi = S, B = Bi + Bo = Bi = S

S =
1

J
SPT
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Balance equations

−2sh + 2sr + ξs′r = 0

aih + aoh = 0

air + aor = 0
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Hyperelastic stress B̌i and Ǎi

(B̌i ·Dv)J + Ǎi · V = ψ̇(F,P)

ψ(λh, λr;αh, αr) = ϕ(λh, λr)J = ϕ(λh, λr)α
2
hαr

In order for a potential ψ to exist, the following relations should hold

šh =
1

2

∂ϕ

∂λh

šr =
∂ϕ

∂λr

ǎih = J(ϕ− λȟsh)
ǎir = J(ϕ− λřsr)
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Dissipation inequality

$+ ≥ 0

$(F,P) = ψ̇(F,P) +$+

$(F,P) := (S ·Dv)J + A · V

S = Š + S+

A = Ǎ + A+
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sh =
1

2

∂ϕ

∂λh
+ sh+

sr =
∂ϕ

∂λr
+ sr+

aih = J(ϕ− λhsh) + aih
+

air = J(ϕ− λrsr) + air
+
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Extra energetic constitutive prescriptions

sih
+

:= 0

sir
+

:= 0

aih
+

:=
1

mh

α̇h
αh

air
+

:=
1

mr

α̇r

αr
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Evolution equations

aih + aoh = 0

air + aor = 0

α̇h
αh

= −mh(J(ϕ− λhsh) + aoh)

α̇r

αr
= −mr(J(ϕ− λrsr) + aor)
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Evolution equations

α̇h
αh

= −mh(J(ϕ− λhsh) + aoh)

α̇r

αr
= −mr(J(ϕ− λrsr) + aor)

Passive growth

aoh = 0, aor = 0

Stress driven growth

aoh = âoh(sh, sr), aor = âor(sh, sr)
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Fung strain energy function

ϕF := c(eq − 1)

q :=
Γ

2
(λ2
h − 1)2

ϕ :=
ϕF

H

Incompressibility

λ2
hλr = 1
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Elastic constants

Γ = 13

c = 0.88 N/m

H = 27.88× 10−6 m

Aneurysm dimensions

h = 28× 10−6 m

R = 3000× 10−6 m

Inner pressure

p = 104 Pa

[J.D.Humphrey, Cardiovascular Solid Mechanics, 2001]
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Outer accretive (control) forces

aoh = 4.64× 102(σ?h − σ̄h)

aor = −0.50× 102(σ?h − σ̄h)

σ?h = 0.60× 106 Pa
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