MULTILAYERED BEAMS
WITH DISTENSIBLE THICKNESS

A. Di Carlo and A. Tatone



Placement of each layer

Test velocity fields

Placement and test velocity fields

x,: LT —&, 1,:7T-—-YV.

wi:1l—=YV, g:I-—=YV,

g =0 li+w; xL,

w; velocity,
0; thickness stretching,

w; Sspin.
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Affine deformations
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Power balance

weeh) Laptin) — g,
N layers

N
+ Z (wi(0) - tz@ +wi(L) - tz('L) +gi(0) - mg0> +gi(L) - m§L>)7

N L
whin ::—Z / (Wi bi+g-¢+w s +g -m;)de.
; 0

b, bulk force, «¢; bulk couple, s;,m; 1-stress,
b,,¢; O-stress, t; boundary force, m; boundary couple.
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External interactions

47
force b antisymmetric couple c

v
symmetric couple c
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Balance equations

Let us consider test velocity fields (2) without any bonding constraint. The balance equations
can be derived from (4). By integration by parts

/OL (W) - s:)dE = [w; - 8] — /OL (w; - s7)dE, (7)

/o (i - m;)d¢ = [gi - mi; —/0 (g - mj)de, (8)

and substitution into (5) and (6), we get for each layer

b; —b; +s; =0, (9)
c; — ¢ +m; =0, (10)
On the boundary
t” +5,(0) = 0, (11)
t" —s,(L) =0, (12)
m” 4+ m;(0) =0, (13

m® — m;(L) = 0. (14)
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The balance equation (9) and (10) can also be written as

bi—bi—ksi':

ll' X (Ci — G +m;)
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0,
0,
0.



Material objectivity

The inner power be zero for any local rigid test velocity field

N

Z(wi-bi+gl~-ci+w§-s¢+g§-mi):O.
i=1

rigid test velocity field

The condition on the inner power density (18) is

N
Z(v‘v'bi—l—wx (% —x0) bi+@wx]-c+wxxi-s+wxl-m)=0.
1=1

In order to be true for any @ and w, this condition implies

N
> b =0,

1=1

x; —X0) X b +1; x ¢; +x; xs; + 1/ x m;) = 0.

Mz

=1
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(22)

(23)



0-Stress decomposition

Let us assume that the inner power is made up of two parts: one pertaining to each single layer

and another describing the interaction between two layers

N L
W= =37 [ (e b g w4l m)
i=1 vV

N—1 L
-> /O (Wi + W) s+ (Wi —w) - 7;) dE,
1=1

where

+ .

w, =W, + h; g,

w, =w;,—h;g

are the upper and the lower surface velocity for each layer.

Ei dual to w;;
¢; dual to g;:
s; dual to the average velocity of two adjacent layers 7,4 + 1;

7; dual to the relative velocity of two adjacent layers 7,7 + 1.
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(24)

(25)
(26)



For a three layer beam the inner power is

3

Z(W; S+ g mi)

1=1
+W1'(61+51—71)+g1'(51+h151—h171) (27)
+ Wy - (62+51+7'1+52—7'2)+g2- (Ez—hgﬁl—h2T1+h252—hQTg)
+ W3 - (53—|—52—|—72)+g3- (Eg—hgﬁg—h;gTz).

By comparison with (6)

N L
W<m) Z:—Z / (WZ"bi—ng'Ci—l—W;-Si—Fgg'mi)df
i=1 0

we get the following decomposition

by = by +5 — 7, (28)
by = by + 51 + 71 + 59 — T, (29)
bs = b3 + 52 + T, (30)
¢p=¢+hi s — hy 7y, (31)
¢ =C— has1 — hoT1 + hosy — hoTo; (32)
3 =3 — h3sy — h3 7. (33)
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Material objectivity (refined)

Each term of the decomposed inner power (24) be zero for any local rigid test velocity field.
Let us consider the first part

WZ--Ei+g¢-fi+w;-si+g§-m¢:0. (34)
By substitution of (19), (20) we get
Wb tox (x—x0) b +r@xl-§roxxi-s+@xl-m;=0. (35)
In order to be true for any w and w, this condition implies
b; = 0, (36)
(xi—xo)><Ei+lixﬁi+xgxs¢.+lgxmizo, (37)
The last one can also be written

lix\éi+x;xsi+lgxmz~:0. (38)
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Let us consider the inner power due to the interaction of two layers. For any locally rigid test
velocity field this is required to be zero as well

(Wi +w/) s+ (Wi —w/) -7, =0. (39)
Because of (25) and (26) we get
Wi (8 —Ti) + higi - (8 — Ti) + Wip1 - (8 +7i) — hig1ip1 - (80 +7i) = 0. (40)
By substitution of (19), (20)
(s —T) W (si+7) @ X (x5 —%) - (5:— 7)) + @ X (X401 — %) - (8 +7)

W
—|—(.:J><l@"hl'(5i—7'i)—GJXIZ‘+1°}ZZ'+1(5Z‘—|—T¢):0

(41)
which implies
5, = O, (42)
and
(Xi—i—l —Xo) X T; — (Xi —Xo) X T —ll' X hi’Ti _lH—l X hi—l—lTi = 0. (43)
The last condition can be transformed into
(Xi_ﬂ — Xz’) X T;— (hz'—i-l li_|_1 + hz l@) X T; = O, (44)
((Xi+1 — his1 li+1) — (Xi + h; ll>> X 1; =0, (45)
(xi — %) x 1, =0. (46)
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Summary

Balance equations (15), (16), (17)

Conditions derived from objectivity (22), (23), (36), (38), (42), (46),

bi—bﬁrsi’:O,
ll(cz—cmLm;):O,

l; X (¢; —¢; + m}) = 0.

N
> b=
1=1

L X ¢;+ %] xs;+ 1, x m;) =0,

Mz

=1
b; =0,
s, =0,

(xi — %) x 7, =0,

1

; X ¢; +x; xs; +1: xm; =0.

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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By using the 0-stress decomposition given by (28), (29), (30), (31), (32), (33), into the balance
equations (15), (16), (17), we get

b — (b + 51 +5 +Ti.1 —T;) +8, =0, (47)
] - (c@- — ¢+ hisi1—his;i+h;Tio1+h; T + m;) =0, (48)
I, X (¢; — &+ hisi_y — his; + hyTioy + hy 7; +mj) = 0. (49)
The objectivity conditions (36), (38), (42), (46) are
b, =0,
s; = 0,

(xiy — %) x 7 =0,

L, x ¢, +x; xs; + 1) xm; =0.

The reduce form of the balance equations is

bz'—TZ’_1—|—TZ'+S;:0, (50)
l; - (Ci—éi+hi (T¢_1+T¢)—|—m;) =0, (51)
ll' XCZ'—I—X; X'S; + (12 Xmi)/+hili X (Tz'—l"'_Tz') = (. (52)

There 1s one condition still to be satisfied
(XZ._+1 — X;r) x 7; = 0.
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Tir(i+1) I 7-2+(z‘+1)
T o(i41) T 1(i+1)
T { 5
Ty Ty
i) R Tai-1)
Togi-1) 1 T1i3-1)

By defining
—-
T, = Ty
T, = —Ti-1

equations (50), (51), (52) can be written as
b+ (7 +7;)+s, =0,
L - (

l@'XCZ"FX;XSZ'—F(I@'XHIZ')/—FI’L@'IZ'X(’T;——T-_

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]

ci—Ei+hi(Tf—T;)+m;):0,
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A. Tatone, DISAT, Universita

Bonding constraints

X3 = Xg + haoly + 2h3 13,
X3 = X9 + holy + hsls,
X; =Xy + holy = %3,
X; =X — haly = x5,

x| =Xy — holy — by 1y,

Xl_ = X9 — h212 - 2h1 11.

Wi = Wa + ha g2 + 2h3 g3,

W3 = Wy + ho 89 + h3 g3,

Wi = Wo+ hogo = wy
+

W] =Wy — hogy =Wy,

Wi =Wy — hago — hy 81,

W, =Wy — hogo — 2h3 g1.

dell’Aquila [June 1999 — 6th December 2002 (1428)]
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Balace equations for bonded layers (68)

Power expressions (5)

N /L
wie — Z/ (Wi -bi+gi-ci)dé
i=1 70
N
3 (wi0) - £+ wiL) -t 4 g, (0) - m¥ 4+ gi(L) - m{P),
i=1
and (24)

N L
W(m>=—2/ (gi ¢ +w,-s;+g -m;)dE.
i=1 70

where the O-stress decomposition and the objectivity conditions (36) and (42) have been used

together with the constraint
wi, —w, =0. (69)
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For a three layer beam the balance of power is

W(est) + W(m) _

/0 ((Wo — hogo — hig1) - (b +8}) + g1+ (c1 +m) —¢p))d

+ (W(0) — ha g2(0) — by g1 (0)) - (&1 +51(0)) + 1(0) - (m{” + my (0))

+ (wa(L) = haga(L) — higi(L)) - (" = s1(L)) + g (L) - (m{" — my(L))
+/0 <W2 - (by +85) + g2 - (Co + mf — €3))dE

+wa(0) - (85 + 85(0)) + g2(0) - (m§” + my(0))

+wa(L) - (15 — so(L)) + ga(L) - (mS” — my(L))

+ /0 ((W2 + hagy + h3gs) - (b3 +s3) + g3 - (c3+ mj — 53))d§

+ (W(0) + o g2(0) + h3 g5(0)) - () + 53(0)) + g5(0) - (m” + mj(0))

+ (Wa(L) + ha ga(L) + hy gs(L)) - (85" — s3(L)) + ga(L) - (m§" — my(L)) = 0

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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from which we get the balance equations

W2<f)
(by + 1) + (bs +85) + (bg +85) =0, (71)

g1(§)
C1 + m’l — El — hl (bl + Sll) = O, (72)

g2(&)
Co + m’2 — EQ — ho (bl + Sll) + ho (bg + Sé) =0, (73)

g3(§)

C3 + mg — ¢3+ hg (bg + Sé) = 0. (74)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]



19

and the boundary balance equations

A 1 +51(0) + £ +52(0) + " +5(0) = 0, =
g1(0) m” +my(0) — byt — hys1(0) = 0, (76)
g:(0) m” 4+ my(0) — hot\” — hys1(0) + hoty + hys3(0) =0, ()
850 my +m3(0) + hytl + hys3(0) = 0, (78)
wa(L) tgm —si(L) +t87 — so(L) + téL) —s3(L) =0, (79)
B mgL) —my(L) — Iy tgL) +hisi(L) =0, (80)
g2(L) my” —ma(L) — hat{") + hosi(L) + hoty” — hosy(L) =0, (81)
g3(L)

mS” — my(L) + hst\”) — hyss(L) = 0. (82)
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As an alternative the balance equations can be written as

3

Z(b@' +s) =0

1=1

0

L - (c1 — ¢ +mj — hy (by +8)))
I, X (c1 — ¢ +mj — hy (b +5})) =0
I, (co — ¢+ m) — hy (by +8}) + hy (bg +s5)) =0
I, X (€o — €+ m) — ho (by +87) + ha (b +85)) =0
I3 (c3 — ¢3+mj + hy (bg +85)) =0

I3 X (c3 — €3+ mj + hg (bs + s5)) = 0.

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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The objectivity condition still to be satisfied is (38)
12' X EZ—FX; XSZ'—i—lg- sz‘:O.

From that we get the following balance equations

3

Z(bZ + S;) =0

i=1
L - (c1 — ¢ +mj — hy(by+5))) =0

X} x 81+ (I xmy) +1; x (¢4 — hy (by +5)) =0

I, (co — ¢2+m) — hy (by +8}) + hy (bg +85)) =0

Xy X Sp + (ly x mo) 4+ 1y X (€2 — ho (by +8}) + hy (bg +4)) =0
I3 - (c3 — ¢34+ mj + hy (by +85)) =0

Xg X 83 + (13 X mg)/—!—lg X (03+h3 (bg-FSé)) =0,

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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together with the balance equations at the left boundary

S (Y +5i(0)) =0 (97)
i=1

- (=t +m” = hysy(0) + my(0)) =0 (98)
Iox (=t +m” = hysy(0) + my(0)) =0 (99)
Lo (= hotl” + hotl + mi” — hys1(0) + hys3(0) + my(0)) = 0 (100)
I x (= hotl” + hot? + m” — hys(0) + hys3(0) + my(0)) = 0 (101)
Is - (hst)” + m\” + hys3(0) + ms(0)) =0 (102)

Is x (hatl + m{” + hgs5(0) + ms(0)) = 0; (103)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]



and the balance equations at the right boundary

3
Z (" —si(L)) =0

Lo (=t +m™ 4+ hysy (L) —my (L)) =0

11 X ( — hl tgL) + mgm + hl Sl(L) — ml(L)) =0

12 . ( — hg tgm + hg téL) + mgm + hg Sl(L) — hg Sg(L) — mQ(L)) =

12 X ( — hg tgL) + hg tgL) + méL) + hz Sl(L) — hg Sg(L) — mg(L)) =0

Iy - (hatl" +mi" — hyss(L) — ms(L)) =0

13 X (hg téL) + méL) — h3 Sg(L) — mg(L)) = 0.

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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Scalar quantities

N L N
W =37 [ (b ci)dg + 3 (w0t 4w D)+ gi0) 4 (L))
i=1 70 i=1

N L
WO =37 [ (gt wios gl m)dg
i=1 70

e3-l; xs; = (—n;)-s; = —N;(§), l; - s = Qi(§),
es3-L; x m; = M;(§), ;- m; =T;(§),
es L xt" = —N, Lt = QY
e;-l; x tEL) = —N,L»(L), 1 - tl(-L) = QEL)a
&1 x m® — 1) - m® = 70,
es 1 xm™ =), L-m" =1
e3-1; x by = —by;(§), 1 - by = b (&),
es-l; x ¢; = ¢(§), ;- c; = P(&),
l; - ¢; = F(§)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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Linearized scalar balance equations

From equations (90) — (96) we get

Z b22+Q

1=1

w

> (bi+N)) =0,

i=1
P — F1 + Ty — hiby — hQ} =0,

Py — Fy + Ty — hoboy — hoQf + habag + hoQf = 0,
Py — F5+ T4 + habes + hsQ5 = 0,

c1 + Q1+ M] — hiby; — hyN{ =0,

Co + QQ + Mé — hoby1 + th{ + hobiz — thé =0,

C3 + Qg + M?/) — hsbi3 + thgl) = (.

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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N CHE g
G S G
Ot = W

/N /N /N /N /N
N
T
-

N— N N~ N~ N~

[ —
—_
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left boundary conditions

3

S +Qi(0) =0 (119)
z?

SN+ Ni(0) =0 (120)
1=1

7" — mQ" + T1(0) — Q1 (0) = 0 (121)
MO 4+ b N 4+ M (0) + hi N1 (0) = 0 (122)
T — 15Q" + 1@ + To(0) — haQ1(0) + haQ3(0) = 0 (123)
M + N — By NS+ My (0) + ho N7 (0) — haN3(0) = 0 (124)
13" + hyQY) + T5(0) + h3Q3(0) = 0 (125)

M — hy NS 4+ My(0) — hyN3(0) = 0; (126)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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right boundary conditions

i(@ﬁ-” ~Qi(L) =0 (127)
i?

S (N~ Ni(L)) =0 (128)
i1

T — QW — /(L) + Q1 (L) = 0 (129)
MY 4 N — My(L) = hyNy(L) = 0 (130)
73" — haQi” + haQY — To(L) + haQu(L) — haQs(L) = 0 (131)
M + hoNE — NS — My(L) — haNi(L) + haN3(L) = 0 (132)
T 1 haQlF) — Ty(L) — hsQs(L) = 0 (133)

M — ng NS — My(L) + hyNs(L) = 0. (134)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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Reduced inner power (affine microstructure)

Inner power density

w-b+g-c+w-s+g -m (135)
Objectivity
fx coz —x'xs—1xm (136)
By substituting
g c=(0l+wxl)-c=0l-c—wxxs—wx!l'-m (137)
g =(0l+wx]) =01+01+w x1+wx]V, (138)

we get the following expression for the inner power
g-c+w-s+g - m=56(1-c+1' ' m)+ (W -—wxx) s+l - m+w-1xm (139
Linearizing near a natural state and using the components we arrive at
Fo+Nw +Q(wy—w)+T§+MdJ, (140)
which can be interpreted as

Fa+Neé+Qy+Tn+ Mx. (141)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]



Streching
inner power: Né + QY+ Fa+Tn+ My

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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2-Dimensional Cauchy continuum

Test velocity fields

(£, ¢) = 01(&) — ()¢, (142)
ts(€,C) = (&) + a(§)C (143)
Velocity gradient
o .
Tz (€, ¢) = 1(§) — 0'(§)C, (144)
0
Tz (€, ¢) = 15(§) + d'(§)¢ (145)
5 (€ ¢) = ~d16), (146)
0
¢ us(€, C) = a(§) (147)
Planar deformation
o 7 0 a% Uy a% up 0
T -G = (7’ o9 0) g o pg Uz 0 (148)
0 0 o3 0 0 0

T-G =01 (01() — CO'(€)) + 7(04(E) + ¢&/(§) — 6(8)) + 026(€) (149)
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—wtin) :—/h (T-G)d¢ = o) /haldu(f)g—@') /thC—Q’/halgdC

h 7Lh . —h h (150)
+ /hT(dC—l—d/hagdc
h h h h
—lin) ::/ (T-G)d{zé/ O'1dC+’7/ Td(—)'(/ o1 dC
—h _hh —hh —h (151)
+7'7/hTCd(:+o'z/h02dC

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]



Comparing the two expressions for the inner power we get

Né+Qy+Mx+Thi+Fd = é/

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]

Stress identification

h

—h

h
N:/ UldC,
—h

h
O'1d§‘|—’.y /
—h

+o’7/17<dg+a/z

QZ/’;ng,

M = /Zalgdg,

h
=)
—h
h
e
—h

7¢ dg,

O'QdC.

h
Tdc—x/holcdc

o9 d(
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(152)

(153)

(154)

(155)

(156)

(157)
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Stress identification (planar deformations)

T = A\trE)I+2uE,

01 T12 T13 100 €11 €12 0
T 09 T3 | = )\(811 + €99 + O) 01 0] +2u e €22 0
T13 T23 O3 001 0 0 0

o1 = (A+2u)err + e,
oo = Aenn + (A +2u) e90,
03 = AE11 + A €99,

Tig = 2[€12,

Ti13 = Tog = 0,

dell’Aquila [June 1999 — 6th December 2002 (1428)]
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h

h
T(e) = / (€0 dG =2 / (€, C)C dC

—h
h

en(€,¢) d¢ + (A + 200) / en(€,C) dC

—h

h

F<£>=/zag<f,<>d<=A/

h
h

en(€.O)CdC + A / eon(€, C)C dC

—h

h

h
MO = [ ae0cdc = v [

—h
h

cn(€.C)dC + A / el£,¢) dC

—h

h

Vo= [ aeqac=0+am |

—h
h

h
Qé) = / r{€.¢)dg =2 / ERSL
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Affine deformations

w (&, ¢) = (&) — 08¢,
us(§, €) = v2(§) + al§)¢

E =symVu
enn(&, Q) = vi(§) — ()¢ = (&) — x(§)C,

212(¢, ¢) = vy(€) = 0(&) + &/ (§)¢ = (&) + n(&)C,

e22(,¢) = a(§).

Affine constitutive identification

T(&) = Zuh’n(&),

F(€) = 2Ahe(§) + 2(A + 2u)h a(8),
M(€) = S(A+ 2u)h° X (€),

N(€) = 2h(\ + 2p1) £(€) + 2\ha(€),
Q&) = 2uh~(§)

r 2002 (1428)]
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Cubic deformations

ui(€,¢) = vi(&) = 0(6)C + ar(€)(C* = 1) + bu(€)(¢° — 1*C), (182)
us(€, C) = va(€) + a(€)¢ + aa(€)(¢° — 1) + ba()(¢° — h*() (183)
v1(§) v2(§) 0(£)¢ a(§)¢
‘ 0.21 0.4 I —(\)\3 0.3 01l01
T ~0.2 ! 0.2 I
a1(§)(¢* = h?) b1(€)(¢? = h*() as(€)(¢* — h?) b2(€)(¢? = h*()
5.3 ‘o 1 0 1‘ 8,1 —63‘0 1 0 1‘ 8.1
| 2 e |2
e11(€,¢) = v1(&) = 0'(6)C + ay(§)(C° — 1) + 1y (€)(¢° — h*() (184)
2e19(€,¢) = v5(€) — 0(E) + ' (€)¢ + 2a1(€)¢ + 01(€)(3¢° — 7
+a5(€)(¢* = h?) + b5(6)(¢* = h*¢) (185)

e2(, C) = a(§) + 2a2(€)¢ + ba(€)(3¢% — I¥) (186)
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Mixed constitutive identification

T(€) = ¥ (n(€) + 21(6)) — ol B(E),

F(€) = 2Ahe(€) — A0 ah(€) + 2h(A + 2p) a€),
M(€) = ZH O+ 20) X() + -+ 2 B(€) — SN aule),

N(€) = 2000+ 20) () — 5K\ + 20 04 (6) + 2¥ha(€),

39

(187)
(188)
(189)
(190)

(191)
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Coefficients a1, a9, by, by can be expressed in terms of the interlaminar stress. Let us introduce
the following “boundary balance equations”

o (§) = 0a(&, h), (192)
o (§) = 02§, —h), (193)
71(§) = (&, h), (194)
7_(€) = 112(&, —h) (195)

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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As 09(&, h), e T19(€, h) are given as functions of €11, €19, by substituting (184), (185), (186) for

€11, €92, €12 We get

o (&) =2p (2has(&) + al) + 277 bs(E)) + A (2has(§) + a(€)
+2 7% by(€) — hx(€) +€(€)),

o (&) =2p(—2has(é) + (&) +2R°0y(€)) + A (— 2 as(€)
+a(f) + 207 bo(€) + hx(§) +£(6)),

T(§) = 1 (2hai(§) + 217 bi(€) + () + hn(©)),

(&) = p (= 2hai(€) + 207 bi(€) + (&) — hn(E)),

from which we can obtain the following expressions
1 1

(€)= =500 + 7z (7€) = 7-(6),
A
a(€) = 555X + g (746 — 0 (€),
€)= —57(6) + (74O +7-(6).
A 1 1

bo(€) = TR £ 2@5(

ita dell’Aquila [June 1999 — 6th December 2002 (1428)]

&)~ 52O+ i 10 0+ O 0-(9).

(196)

(197)

(198)

(199)

(200)
(201)
(202)

(203)
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2Nk 2 uh?

T(€) = 50N 1 20 €I<§>+B“h377(€)_15u+2u)
FIE) = 2hA<(€) + 200 + 20 al6) + NP6~ (@)~ 7€) (209
Mi§) = LR ) - 20+ 20 716 "
. . 206
— T = o 6) + A+ 207 + 7 (6)

2

N(€) = 2h(A+ 21 £(6) + 20 o€ + 1A+ 2u)/(6) — :%“ £ 2u)((6) = 7(€)) (207)

2\1h? 2

3(A 4 2u)

Y(€) — M

Q&) = 2hu~(§) —



Model with cubic microstructure

Placement
x,:L—E& 1,:T—-YV,
a,: 7 —>R: b;:7—R%.

Velocity field

XiZI—>V, IZI—>V,
ai:I—>]R2, bi:I—>R2.

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]
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(209)

(210)



W(ext) :
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witert) L wlind = g, (211)

. (0) | (L) | (0) | ; (L) (212)
+Z (Xl<0) ’ tz’ + X2<L) ’ tz’ + 11(0) -m; + lZ(L) -m,

+2;0)- A 1 a,L) - A% 45,000 - BY + by(L) - BEL)),
L . . . |
/ (Xzbz‘i‘lC@—i—X;SZ—{—I;ml)+aA—|—bB+a’A+b’B)d€ (213)
0

b; bulk force,
c; bulk couple,
s;,m;, A;, B; 1-stress,
b;,c;, A;, B; 0O-stress,
t; boundary force,
m; boundary couple,

A;, B; other boundary force descriptors.

A. Tatone, DISAT, Universita dell’Aquila [June 1999 — 6th December 2002 (1428)]



A. Tatone, DISAT, Universita dell’Aquila [June

Balance equations (cubic microstructure)

b; — b, +s. =0,
ci— ¢ +m; =0,
—A; + A, =0,
—B;+ B, =0,

1999 — 6th December 2002 (1428)]
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