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Lithium ion battery

Cathode Siorage Particles

Current
Collector

[from: McMeeking-Purkayastha, Procedia IUTAM (2014)]
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Lithium ion battery

The main chemical reaction is the so-called redox reaction, which
consists of a reduction
Lit + e~ — Li

and an oxidation

Li — Lit + e
In the charging process there is a reduction in the anode followed

by intercalation.

The intercalation process makes the host crystal lattice swell, with
the molar volume increasing several times.
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Anode Si particles

[from: McDowell-Lee-Nix-Cui, Adv.Mater. (2013)]
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Anode Si particles

[from: McDowell-Lee-Nix-Cui, Adv.Mater. (2013)]
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Decomposition of the deformation gradient Vy
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intercalation L ‘

distortion G
elastic
[ﬁF | F distortion
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Kinematics and kinetics

Host material lattice deformation
X:Ro— R
Vx =FG
Lithium concentration
o L
Po
1
G=p31I
b=14+ac
pLi  molar density of Li atoms per unit reference volume
Po ~ molar density of lattice sites per unit reference volume
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Molar conservation law for lattice sites

d d

= pav=2"{[ pedv=0
dt Jp" dt/op

VIPCR,Po CRo) | X:Po—P

p  molar density of lattice sites per unit current volume

= p+pdivyv=20

d d
— dV = — dV = C po dV = cpdV

c p  molar density of Li atoms per unit current volume
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Species molar balance

i/cpdV:—/ h-ndA+/th
dt Jp oP P

/épdV:—/ h-ndA—i—/th
P oP P

cp=—divh+h

h=0 = c¢cp=—divh
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From molar balance to power balance

¢p=—divh

Introducing a scalar field o (energy per mole of lithium)
transforming the molar balance into a power balance

/uépdV:—/,udivth Y
P P

div(uh) =p divh+ V- h

/,uépdV:—/ ,uh-ndA+/h-V,udV Y
P oP P

( w is the chemical potential )
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Species power balance

/,uépdV:—/ ,uh-ndA+/h-V,udV Y
P oP P

/,uoépodV:—/ uoho-nodA+/ ho - Vi dV Vi
Po 0Po

o

ho = (detFo) Fo ' h
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Power balance

Species power balance

/,uoépodV:—/ uoho-nodA+/ ho - Vi dV Vi
o] 87)0 7DO

Force power balance

/ bo-vodv+/ to - Vo dA = So - Vvo dV Yo
Po OPo Po
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Free energy imbalance

Species power balance

/,uoc':podV:—/ ,Lboho'nodA+/ ho - Vo dV
(o] 87DO o

A\ e
-~

external power

Force power balance

/bo-vodv+/ t,-vodA= | S.-F,dV
(o] 67DO 7DO

A

~~

external power

Free energy imbalance

So'Fo‘|‘,UoC,00_ho'v,Uo_E¢ZO

Lithium ion batteries



Free energy imbalance

| | d
So‘Fo+Mono_ho‘vMo_E¢ZO

w — @Z(Foa C)

d : :
b= S0 Fot o Epo
_ho'vuozo

ho = —M Vi, (Fick's law)
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Free energy expression

N\

W(Fo, ) = po we(c) + det G pe(F, c)

) (Fo, ¢) = det G ¢(F)

a _g.F

mwﬁ) S

F=F,G! G=§851 fB=1+ac

d : :
szﬁs-F%—agp(F)c
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Constitutive characterization

| | d
So‘Fo‘|‘,uoC,00_ho°v,uo_a¢ZO

d .
szﬁs-F—l—ago(F)é

d : -1
Ew:So'Fo‘FNopoé:BS'F+§O‘S'Fé+ﬂopoé

1
—ozgo(F)+§oz detF tr T 4+ po po =0
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Constitutive characterization

reference X, Vx current
shape shape
Ro [T R
s
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;l- TJ . F (e:lﬁgéﬁion
=]
« 1
o = — (p(F) — = detF tr T)
Po 3
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: d
5. F= L oF
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Compressible neo-Hookean material

o(F) =k (71 — 3) + ky (J — 1)?

L1 = tr FTF
11 = U1 J_%
J =detF

] 1
S(F) =2k J73 (F — s F )2k (J-1JFT

1
T(F):2kIJ_g(B—§L1|)—|—2k\/(J—1)|
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Constrained cylindrical particle
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Constrained cylindrical particle

Let us consider deformations such that

51/3 0 0
G=| 0 pBY3 o0
0o o0 p¥3
A 0 O
Fo=10 X O
O 0 A
A, radial stretch
A axial stretch
with the constraint
Ar=1
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Constrained cylindrical particle

As a consequence

g3 0 0
F=| o g3 0
0 0 Ap1/3

2 4+ N\ A
QD(F):/(/ < )\2/3 —3)—|—k\/ (B—].
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Constrained cylindrical particle
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Constrained cylindrical particle

N 4

Ua(Aaﬁ):gklﬁ \5/3 + 2 ky (B_]-
. 2, A —1 A
Ur(Aaﬁ):_gklﬁ \5/3 + 2 ky B_l

)
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52\ B)=0 = x=AX(p)
divho = —¢ po
ho = —M Vi,
to = flo(A, )

)
)

A
Z_1

B

)




Constrained cylindrical particle

Ga(\B)=0 = A=X(B)

h, = —¢ pe
ho = —d 15
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Constrained cylindrical particle
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Constrained cylindrical particle
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Constrained cylindrical particle

nonlinear  (solid lines)
linearized  (dashed lines)
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Particle surrounded by a constant lithium concentration
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Cylindrical particle surrounded by a constant lithium concentration

Total Li flux on the left face
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Cylindrical particle surrounded by a constant lithium concentration
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Cylindrical particle surrounded by a constant lithium concentration

Chemical potential
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