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1 - Introduction

The present paper summarizes and extends some of the recent works of the
authors concering the construction and the analysis of both efficient and highly
stable numerical methods for Volterra Integral Equations (VIEs), which arise
in many models of evolutionary phenomena with memory. We will particularly
consider VIEs of the second kind, having the form

(1) u(t) = glt) + / K(t 7 y(r)dr, ¢ < [0,T],



where the forcing function g : R — R® and the kernel k : R? x R4 — R? are
assumed to be sufficiently smooth. Such equations and their classical numerical
treatment has been widely described in [3, 4] and the related bibliography. In
particular, after defining a uniform mesh

I, ={t,:=nh,n=0,..,.N, h>0,Nh=T},
usually the equation (1) is expressed in the following way

y(t) = FUty() + @0 (ty(), ¢ € [ty tas],

where

tn t
FIly() = o)+ [ ke, @) = [ k)

are the lag term and the increment term respectively. A special interest in lit-
erature has been reserved to collocation methods, which are based on the idea
of approximating the exact solution with a suitable function belonging to a fi-
nite dimensional space, usally a piecewise algebraic polynomial, which exactly
satisfies the equation on a certain subset of the integration interval, called the
set of collocation points. In order to improve the properties of classical one-
step collocation methods, Two-Step Almost Collocation (TSAC) methods have
been introduced in [9]: the resulting methods possess higher order of conver-
gence without any additional computational cost and preserve strong stability
properties.

Let us consider m collocation parameters cq, ..., ¢y, which identify m in-
ternal points t,; = t, + ¢;h inside the generic interval [t,,t,41]. Then TSAC
methods for VIEs [9] assume the form

(2)

Po(t, + sh) = 0o(8)yn_1 + p1(8)yn + lej(s)yj[”] T Zl ¢j(s)(FJ[n] I ¢;7z+1])
j= j=
Yn+1 = P(tn-i-l)a

where the algebraic polynomial P,(t, + sh), s € [0, 1], provides a continuous
approximation to the solution y(t, + sh) in the interval [t,,t,41]. Such poly-
nomial is expressed as linear combination of the basis functions ¢g(s), w1(s),
x;(s) and ¥;(s), 7 = 1,2,...,m, which are determined from the continuous
order conditions provided in [9]. Moreover, the polynomial employs the infor-
mation about the equation on two consecutive steps and suitable sufficiently
high order quadrature formulae

(3) . -

FJ["] = g(tnj)+h Z (bok(tnj, ty—1, yy_1)+z blk(tnj7 tV—le Yl[”])+bm+1k(tnj, ty, y,,)),
v=1 =1

and

(4)

(I)E‘n—i_l] =h (wjok(tnjv tnv yn)+z wjlk(tnj ) tnla 1/}[71+1])+wj,m+1k(tnj, tn+1a yn+1)) )
=1



for the discretization of FI"l(t,;, P(-)) and ®+1(¢,;, P(-)) respectively, where
Yi["} = P,_1(tn—1,;) are the stage values and by, b;, b1, Wjo, W), Wjm+1 are

given weights. The polynomial P, (t, + sh) is explicitly defined after solving,
at each step, the following system of (m + 1)d nonlinear equations in the stage

values Yi["H] and Y41, obtained by computing (2) for s = ¢;, i = 1,2,...,m,

and s = 1:

()
m m

Y = gofeynor +er(eun + D@V + S (e (B + o),
j=1 j=1
Ynt1 = @o(yn-1+p1(1)yn + ZXj(l)Yj[n] + ij(l)(Fj[n] + <I>5-n+1]>7
j=1 j=1

n=1,2,...,N —1. The approximation P(t) of the solution y(t) of (1) on [0, T
is then obtained by considering

Pl ) = Palt)-

The aim of this paper is to describe how to reduce the computational cost
associated to the solution of the nonlinear system (5), by suitably extending
a widespread strategy used in the context of Ordinary Differential Equations
(ODEs). This strategy consists in making the coefficient matrix have a struc-
tured shape, e.g. lower triangular or diagonal. In fact, a lower triangular matrix
allows to solve the equations in m successive stages, with only a d-dimensional
system to be solved at each stage. Moreover, if all the elements on the diagonal
are equal, in solving the nonlinear systems by means of Newton-type iterations,
one may hope to use repeatedly the stored LU factorization of the Jacobian. If
the structure is diagonal, the problem reduces to the solution of m independent
systems of dimension d, and can therefore be solved in a parallel environment.

The paper is structured as follows. In Section 2 we recall the main ideas
regarding diagonally-implicit TSAC methods [8]. Section 3 is devoted to the
presentation of a new constructive technique, while Section 4 contains examples
of A-stable methods. Some conclusions and future developements are remarked
in Section 5.

tn,tnta

2 - Two-step diagonally-implicit almost collocation methods: frame-
work

In this section we recall the main results obtained in [8] regarding the con-
struction of diagonally-implicit TSAC methods belonging to the class (2) such
that the coefficient matrix of the nonlinear system (5) has a structured shape,
leading to the solution of nonlinear systems of lower dimension d. First of all
we recall the order conditions.

Theorem 2.1. Assume that the kernel k(t,n,y) and the function g(t) in
(1) are sufficiently smooth. Then the method (2) has uniform order p, i.e.,

Nty +sh) = O(h"*),  h —0,



for s € [0,1], if the polynomials ¢o(s), ¢1(s), x;j(s) and ¥;(s), j = 1,2,...,m
satisfy the system of equations

1— o(s) ZX; — Y W(s) =
(6) " =t m
' —(=1) Z(cy - 1) - ZC?%(S) =0,
€10,1], k=1,2,...,p, where
n(tn +sh) = y(ﬁl” + sh) — o (8)y(tn — h) — p1(s)y(tn)
Q = 3 ()l + (&5 = D)+ 05 (5)y(tn + 1))

j=1
is the local truncation error.

As regards the global error, the method has uniform order of convergence
p* =min{l + 1,q,p+ 1}, where [ and ¢ are the order of the starting procedure
and the order of the quadrature formulas (3)-(4) respectively. Two-step colloca-
tion methods are obtained by solving the system of order conditions up to the
maximum uniform attainable order p = 2m + 1, and, in this way, all the basis
functions are determined as the unique solution of such system. However, as
observed in [9], it is not convenient to impose all the order conditions because
it is not possible to achieve high stability properties (e.g. A—stability) without
getting rid of some of them. Therefore, almost collocation methods have been
introduced by relaxing a specified number r of order conditions, i.e. by a priori
opportunely fixing r basis functions, and determining the remaining ones as the
unique solution of the system of order conditions up to p = 2m + 1 —r. Within
the class of TSAC methods many A—stable methods have been constructed [9].

In [8], we considered we considered w; m+1 =0, j =1,...,m, in such a way
that (5) becomes a nonlinear system of dimension md only depending on the

stage values Yi["H], t=1,...,m, and assumes the following form
[n+1] UEAE s ) ) [n+1]y _ plnl
®) v - h; ;%@Z)wﬂk(tm,tm, YY) =B,
Yn+1 = Pn(thrl)a

Bz[n] ©o(Ci)yn—1+p1(ci) yn"‘z XJ ci) Y[ +Z % ci)F +hz¢g (ci wjok( ngs tnsYn)-
J=1 Jj=1 Jj=1

By defining
yn+1] — |:Y1[7L+1]’Y2[n+1]’.“7Y7£Ln+1]i|T7 Blnl — [Bg ]’ [n] .”7Bm]}T7

U= (Usle) i W= (wi) iy Ktne, m,w“l):(K@m,tm,ﬁ“”ﬁ ,

ij=1



the nonlinear system in (8) takes the form
(10) yn+1] _ h(® ®I)((W ®I)- K(tnc,tnc’y[nﬂ]))e = B,

where - denotes the usual Hadamard product, I is the identity matrix of dimen-
sion d and e is the unit vector of dimension md. The tensor form (10) clearly
shows as the matrices which determine the structure of the nonlinear system
(8) are ¥ and W. In [8] we described a strategy to obtain lower triangular
or diagonal structures for the matrices ¥ and W: in particular we proposed a
quadrature formula of the form

(11) [ £6)ds w0 g + 3" wfter = 1) + Y- wnfen,
0 =1 =1

for the increment
c;

(12) ot P() = h/k(tnj,tn + sh, P, (t, + sh))ds,

(=)

in addition to the quadrature formula

=1

(13) [ ) % g (©) + 3 bif(e) + b 1),
0

for the approximation of the lag term

n 1
(14)  FM(t,5, P(-)) = g(tn;) + hZ/k(tm—,t,,,l + sh,P,_1(ty,—1 + sh))ds.
0

v=1

We observe that in formula (11), in case of triangular structure, w; = 0,
l =1,...,j while, in case of diagonal structure, w;; = 0 and wy; = 0, | =
1,...,j — 1. The determination of the weights in formulae (11) and (13) will be
described in the next section.

Assuming that ¥ and W are lower triangular, we obtain the diagonally
implicit TSAC methods (DITSAC)

(15)
B i—1 i
Y (e wisk (b, s, Y'Y = B 4 BIY b ST ST by () wiik (b, tas, YY),
1=1j=1
Y1 = o(V)yn—1 + 01Dy + > (MY + 3 ;1) (F}”l + q»ﬁ”*”)
j=1 j=1
where Bz[n] is given by (9),
~ 7 m
(16) B =137 (e @ikt ta-1Y™),
j=11=1



and F j[n], <I>£.n+l] are approximations of (14) by means of the quadrature formulae
(13) and (11).

Concerning the linear stability properties of DITSAC methods (15), i.e. the
behaviour of the methods when applied to the basic test equation

(17) y(t) =1+ )\/y(T)dT, t>0, Re(N) <0,

the following result holds.

Theorem 2.2. The stability matrixz associated to the two-step collocation
method (15) takes the form

(18) R(z) = Q7' (2)M(2),
where
1 —tw =91 0
0 I—20W -v 0
0 0 0 1
. . . . 1 ) .
is an invertible matriz for z < W (for some matriz norm), whose inverse
18
(20)
1 2T (W (I — 20W)~1 T ()T + W —2¥¢W)~ 1) 0
1,0 | O (I —29W)~1 —(I —29W)~ 1w 0
Q=1 0 I 0
0 0 0 1
and
pr(D) + 20" (Mwo X"+ 2T (MW 0 @o(1)
_ v1(c) + zP%wy A+ 20W 0 olc)
(21)  M(z) 2bp 41U zubT I zbou
1 0 0 0

Next section will focus on the determination of the basis functions ¥, (s),
j =1,2,...,m, and the weights wj; and @; in (11), in such a way that the
matrices ¥ and W exhibit a lower triangular or diagonal shape.

3 - Constructive issues

In order to achieve a lower triangular or diagonal structure for the matrix
U, the basis functions 1;(s) must satisfy

(22) ¥;(c;) = 0,for j > i or j # i respectively,



i.e. ©;(s) assumes the form

(23) vi(s) = [[(s = ew)dbj(s), 5=2,...,m
k=1

(24) vi(s) = [[(s —en)dbs(s), 5=1,...,m
=

respectively, where 1;(s) is a polynomial of degree p — j + 1 and @ZJ]- (s) is a
polynomial of degree p —m + 1.

In [8] we introduced the following constructive strategy for the determina-
tion of the basis functions, i.e. we fixed the polynomial pg(s) and, eventually,
1(s), depending on some free parameters. We next derived the remaining basis
functions by solving the system of order conditions (6) up to the desired order p.
Then we derived some of the free parameters by enforcing the desired structure
on the matrix U, i.e. by imposing the form (23) or (24) of the basis functions
Yi(s), j =1,2,...,m, and the other free parameters in order to get A-stability.
This approach was used in [8] because we observed that, imposing (23) or (24)
and computing the remaining basis functions as solution of the system of order
conditions, the maximum attainable order would decay to m 4+ 2 and m + 1
respectively. In fact the following theorem holds.

Theorem 3.1. Let us suppose that r =m — 1 or r = m basis functions
are imposed a priori according to the assumptions (238) and (24) respectively.
Then, the resulting system of order conditions up to p = 2m + 1 — r admits a
unique polynomial solution.

In the following we will show that actually it is possible to impose a priori the
conditions (24) without any order reduction, by considering a certain number
of szj (s), 7 =1,2,...,m, as unknowns of the system of order conditions. First
of all, we will show that, in the lower triangular case, this is effectively possible
only if the ¥ matrix is actually diagonal.

Theorem 3.2. Let ¢;(s), j =2,...,m, be chosen as in (28) and assume
that r < m — 1 functions ¥;(s), j = 2,...,7 + 1 are fized a priori. Then the
resulting system of order conditions in the unknowns ¢o(s),p1(s),x;(s),j =
1,2,...,m,1(s), 1/;j (s),j =r+2...,m admits an unique polynomial solution
if and only if ¥;(s), j = 1,2,...,r, are of the form (24) and y(cx) = 1,
k=2,...,r+1.

P r oo f If the basis functions v,(s), j = 2,...,m, have the form (23)
and v¥;(s), 7 =2,...,r+1, are fixed a priori, the system of order conditions (6)



takes the form

(25)
m m r4+1
@o(s) + ¢1(s +ng Y+vis)+ Y [ —codi(s) =1-> w;(s),
Jj=r+2 5;} Jj=2
(—=DFpo(s) + Y (e = DFx(s) + cfvon(s) + D F (s —cody(s) = " = chas(s),
Jj=1 Jj=r+2 g;}
or, equivalently,
(26) H(s)xz(s) = d(s),

where
i—1 m
Hs) = |—10),00),(c — ¢)), ), (c§P> s — ck)) ,
1=r+2

m T
a(s) = [¢o<s>,¢1(s>,<xj< ) RO NCOTE5) Y

r+1

Z 1/}] (1)) ’

with the notation

1 1 1
ar o

a®w — | P " e RHDxR
of o L. ol

for a € R™. We aim to prove that each component of the solution vector z(s)
results to be a polynomial. In order to solve the system (26), we apply the
Cramer rule, obtaining that

det H;(s)

i(8) = ——7=, t=1,...,2 2—r,
zi(s) et H(s) i m+ T

where H;(s) is the matrix obtained by replacing the i-th column of the matrix
H(s) with the vector d(s). By isolating the factors depending on s, we have

r4+1 m—1
det H(s) = H(s — )™t H (s —cx)™ F det H,
k=1 k=r+2

where H is the Vandermonde matrix associated to the abscissa vector [—1,0, (c—

e)T e, (¢i)™, 4. Fori=1,...,m+ 3, it can be easily recognized that
det H;(s)
zls) = det H ’



where H;(s) is the matrix obtained by replacing the i-th column of the matrix
H with the vector d(s), and therefore z;(s) is trivially a polynomial. Let us
analyze the components

- det Hm+2+i7r(s) - det ﬁm+2+i77(8)
Tmeo+ior(8) = = H(s) izl Y
I] (s —ck)det H
k=1

with ¢ =r 4+ 2,...,m. By setting

fri(s) =s(s—1) H(s —c+1D(s—c1) H (s —cx),
k=1 k;;—l_—Z

we can write
r+1
Jri(s) — Zz%(s)fr,i(cj)
xm+2+i7r(8) = i1 - )

H (5 - Ck)fr,i(ci)

k=1

which is a polynomial if and only if

r+1

(27) Frilew) =Y wiler) frile;) =0, k=1,...i—1

j=2

The condition (27) for k = 1 trivially results from (23) and f,;(c1) = 0. By
imposing (27) for k = 2,...,r+ 1, we obtain

k(ck) —1—Zf” %ck t=r+2,...,m,

« frilc
and, therefore,
(28) Yilew) = 0, j=2,....r, k=j+1,...,r+1,
(29) Yr(ck) = 1, k=2,...,r+1

Finally, the condition (27), for k =r+2,...,i — 1, becomes

r—1

Z¢.j(clc)fr,i(cj) =0, 1=r+2,...,m,

=2
and, as a consequence,
(30) Yi(er) =0, j=2,...,r+1, k=r+2,...,m—1

Conditions (29) and (30), together with the hypothesis (23), are equivalent to
(24) which, in addition to (29), conclude the proof. O

As a consequence, the following result holds in the diagonal case.



Theorem 3.3. Let¢;(s), j =2,...,m, be chosen as in (24) and assume
that r < m functions v;(s), j = 1,...,r, are fized a priori. Then the system of
order conditions in the unknowns o(s), p1(s), x;(s),7 =1,2,...,m, 7]1]4(5),]' =
r+1,r+2...,m, admits an unique polynomial solution if Vi(ck) = 1, k =
1,2,...,r.

It is important to underline that, once the condition 9y (ck) = 1 involved in
the previous theorem is imposed on the basis functions we fix a priori together
with 9 (ce) = 0, £ # k, such conditions are automatically inherited by all the
other basis functions we determine as solution of the system of order conditions,
as it is proved in the following general result.

Theorem 3.4. Let us define &y = —1, & =0, oy = ¢j—1, &myatj = ¢,

j=1...,m and T1(s) = ¢o(s), [a(s) = @1(s), La1;(s) = X;(s), Dmp24;(s) =
Yi(s), j=1,...,m and let i € {1,2,...,2m + 2} be a fized integer. Then,

supposing &; # &, i # J,
i. IfT;(&) =1, thenT';(&) =0 for all j # i;
ii. IfT';(&e) = 0 with £ # 1, then T';(&§) = 650 for j #i.

P roof. The system of order conditions (6) can be rewritten in terms of
& and I';(s) as

2m—+2
(31) sF— > ETi(s) =0, k=0,1,....p,
j=1

where we assume £ = 1. We first prove the part 4. of the thesis. For this
purpose, we evaluate (31) in s = &; and, as a consequence, using the assumption
i. leads to the following linear system

2m-—+2
Z é.jk]:‘](gl)zov k:O,l,...,p,
j=1
i
which is a Vandermonde type linear system whose unique solution is I';(&;) =0

for all j # 4. In analogous way, by evaluating (31) in s = & and taking into
account the assumption 4., we obtain the Vandermonde type linear system

2m-—+2
55_ Z gfrj(ff)zov k:()v]-v"’vpv
j=1
J#i
whose unique solution is I';(&,) = d;, for j # 1. O

In addition to the computation of the basis functions, the quadrature for-
mulae (11)-(13) for the approximation of the increment and the lag terms have
to be computed: let us focus our attention on the computation of the weights

10



of such formulae. With the purpose of achieving the desired order, quadrature
formulae of the form (11) and (13) can be constructed by taking into account
that the order of the corresponding increment term and lag term quadrature
formulae is at least O(h9), if they are interpolatory quadrature formulae on g—1
and ¢ nodes respectively [4]. Therefore, we impose that lag term quadrature
formula (13) exactly integrates the functions

f(z) = a*, k=0,1,...,q—1,
while the increment quadrature formula (11) exactly integrates the functions
f(z) = z*, k=0,1,...,q—2.
This leads to the following linear systems when ¢ < m + 2:
bo+ > be+bmir =1,

(32) m

bfclg—"bm-‘rl:ﬁ) k:1527"'7q_15
=1

m J
wjo + X Wie + > wie = ¢,
=1 /=1

(33) m j -

S (o — Deivje+ 3 chwje = g, k=1,2,...,0-2,

=1 (=1
j =1,2,...,m, whose unique solutions gives the weights of (11) and (13) re-
spectively. If ¢ > m + 2, we need some additional points in order to preserve
the order, then we can fix some additional parameters dy, £ = 1,...,¢ — 2 and

djg, 7=1,...,mand £ =1,...,9g—j — 2, and determine the weights by solving
the system

q—2
bo+ > be+bmy1 =1,
(34) s
Eb€d§+bm+1:ril7 k:1727"'7q_17
(=1

a2
wio + D2 Wie+ Y wie = dj,
=1 =1
(35) q—j—~ 5~ 7 i FLas
Z (dg—l) wjg+2dzwjg=]€]+1, k=1,2,...,q—2,
/=1 =1

4 - Examples of A-stable methods

We present in this section some examples of A-stable DITSAC methods of
the form (15), with ¥ and W lower triangular and/or diagonal. We recall that

11



for an A-stable method the roots of the stability polynomial, i.e. characteristic
polynomial p(w, z) of the stability matrix (18), lie in the unit circle, for all z € C
such that Re(z) < 0. We investigate A-stability using the Schur criterion [22],
similarly as it has already been done in [9, 12, 13, 14, 15, 16, 19].

Consider the polynomial

n(w) = dpw® + dj_ 1wt + -+ dyw + do,

where d; are complex coefficients, dj # 0 and dy # 0. n(w) is said to be a Schur
polynomial if all its roots w;, i = 1,2, ..., k, are inside of the unit circle. Define

flw) = dow® + dyw* '+ -+ dp_qw + di,
where d; is the complex conjugate of d;. Define also the polynomial

m(w) = (0)n(w) — n(0)i(w))

w

of degree at most £ — 1. We have the following theorem.

Theorem 4.1. (Schur [22]). n(w) is a Schur polynomial if and only if

[7(0)] > [n(0)]
and n1(w) is a Schur polynomial.

Roughly speaking, the Schur criterion allows us to investigate the stability
properties of a k*" degree polynomial, looking at the roots of a polynomial of
lower degree (i.e. k — 1). Iterating this process, the last step consists in the
investigation of the root of a linear polynomial, plus some additional conditions.

The strategy we carry out in the construction of A-stable methods can be
summarized as follows. First of all we set the quadrature formulae (11) and
(13), deriving their weights by solving the linear systems (32) and (33) or (34)
and (35). Moreover, we assume that the polynomials ;(s) satisfy (23) or (24)
and we fix a priori r of them, depending on some free parameters. According to
Theorems 3.1-3.3, we have to fix r = m — 1 basis functions ¥ (s), k = 2,...,m,
in the triangular case and we can fix 1 < r < m with ¢ (cx) =1,k =1,2,...,r,
in the diagonal case. As a consequence some free parameters must be spent in
order to enforce this condition, while the remaining ones will next be used in
order to achieve A-stability. We next derive the remaining basis functions by
solving the system of order conditions (6) up to p, compute the stability matrix
(18) of the resulting method and the corresponding stability polynomial, whose
stability properties are investigated by using the Schur criterion.

4.1 - Ezamples of methods with m = 2 with ¥ and W lower triangular

We first present the construction of highly stable two-stage DITSAC methods
(15), requiring that the matrices ¥ and W are lower triangular. We have already

12



observed in [8, 12] that A-stable methods of maximum uniform order 5 do not
exist within this class. Therefore, we next relax one order condition (r = 1),
and consider DITSAC methods (15) with m = 2 and order p = 2m = 4. We
compute the weights of the quadrature formulae (11) and (13) according to the
desired order p = 4, obtaining

—60201 + 201 + 202 -1

_ o _ 1—2co 2c1—1
by = ’ b= |: 12(

126102 6171)61(61762) 12(6271)62(62761)
—6cacy +4ep +4ey — 3 ci(cp —3ca+3) 3 —3cico
by = -— , Wo = |[— - )
12(c; — 1)(ea — 1) 6(ca — 1) 6cy
c1(2¢1—3c2+3) 3
W = 6(01_C§+1) 20 W = 0 6(01—024'11)(02—1) .
_ [ _202—30102 ’ 0 0
6(;1(617(;2) 6(lec2)

We next assume that the basis function 9 (s) satisfies (23), presenting the form

Pa(s) = (s — c1)ta(s),

and determine the remaining basis functions ¢g(s), ©1(s), x1(s), x2(s) and ¥1(s)
by imposing the system of order conditions (6) up to order p = 4. The deter-
mined quadrature weights and basis functions now depend on the abscissa vec-
tor ¢ = [c1, c2]Twhich can be regarded as degrees of freedom in order to enforce
strong stability properties for the corresponding methods, such as A-stability
and, moreover, they also depend on the function 1[12(5) In particular, we ob-
serve that the corresponding stability polynomial depend on the values that the
function z/;g(s) assumes in ¢ and in 1: let us denote these values as gg = 152(02)
and g1 = ¥2(1). The degree of the stability polynomial is equal to 6: however,
in correspondence of the value

1
Cl"’CQ’

qo = —

the degree of the stability polynomial becomes equal to 5. We assume for
simplicity that ¢; = 0 and analyze the stability properties of the resulting
polynomial by using the Schur criterion in order to determine the values of the
free parameters ¢; and ¢y corresponding to A-stable methods. The result of this
analysis is reported in Figure 1.

4.2 - Examples of methods with m = 2 with ¥ and W diagonal

We now present the construction of highly stable two-stage DITSAC meth-
ods (15), requiring that the matrices ¥ and W are diagonal. We have already
observed in [8, 12] that no A-stable DITSAC methods with two stages, of order
p = 4,5 and such that the matrices ¥ and W are diagonal exist and, therefore,
we relax two order conditions, attempting the construction of methods of or-
der p = 3. We compute the weights of the quadrature formulae (11) and (13)

13



C1

Figure 1: Region of A-stability in the parameter space (c1,c2) for DITSAC
methods (15), with m = 2 and p = 4.

corresponding to the diagonal case, obtaining

1—302 1 T 2—302
by = ——2 b=|0 - by = ———
0 6y [ 6(cz—1)cQ} T T 6le — 1)

W e T a0 . 0 0
w o= e el owe[F 8] w-[o 3]

We next assume, according to (24), the following form for 1 (s) and ¥s(s):

(s —c2)(qo0 + q19),

Pi(s) =
(36) (s —c1)(po + p18).

Pa(s) =

The remaining basis functions @g(s), ¢1(s), x1(s) and x2(s) are next determined
by imposing the system of order conditions (6) up to p = 3. At this point,
everything depends on the values of qq, g1, pg, 1, c1 and co. We next spend some
of the parameters in order to enforce some assumptions on the basis functions:
in particular, we assume that 1, ¢; and cp are roots of the polynomial @g(s),
ensuring that the resulting methods do not depend on y,,_1: this choice, as also
in the case of two-step Runge—Kutta methods for ODEs, is particularly suitable
in order to improve the stability properties of the resulting methods (compare
with [19, 20]). We also impose that ¢1(s) annihilates in a certain point a that

14



we choose in order to reduce the magnitude of the collocation points, trying
to have them as close as possible to the interval [0,1]: in our analysis, we have
chosen a = %. Under these assumptions, a fourth degree stability function
arises, which depends on ¢; and c;. We apply the Schur criterion, in order to
determine the values of the free parameters c;, co achieving A-stability. The

results are shown in Figure 2.

3.0

25

& 20
15
L -, --‘ﬁ
1.0 . L
1.0 15 2.0 25 3.0

Cy

Figure 2: Region of A-stability in the parameter space (c1,c2) for DITSAC
methods (15), with m = 2, p = 3 and such that the matrices ¥ and W are
diagonal.

We finally present the construction of DITSAC methods (15), with m = 2,
p = 3 and such that the matrices ¥ and W are diagonal and their product is
one point spectrum. Also in this case we assume 11 (s) and 15(s) of the type
(36) and determine all the remaining basis functions as solution of the system of
the order conditions. We next derive the values of qp, ¢1 and p; such that 1 and
¢y are roots of the polynomial ¢g(s), and also impose that 19(s) annihilates in
a certain point  we choose in order to reduce the magnitude of the collocation
points, trying to have them as close as possible to the interval [0,1]: in our
analysis, we have chosen g = f%. We next find pg in such a way that the
matrix YW is also one-point spectrum. As a consequence of our assumptions,
a fifth degree stability function arises, which depends on ¢; and cy: the values

of these parameters achieving A-stability are plotted in Figure 3.
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25

2.0

15
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Figure 3: Region of A-stability in the parameter space (c1,c2) for DITSAC
methods (15), with m = 2, p = 3 and such that the matrices ¥ and W are
diagonal and YW is one point spectrum.

4.3 - Ezamples of methods with m = 3 with ¥ and W lower triangular

We conclude this section showing the construction of A-stable DITSAC
methods (15) with three stages and such that the matrices ¥ and W are lower
triangular. We observe that no A-stable methods of order p = 7,6 can be found
within this class and, therefore, we relax two order conditions, deriving meth-
ods with m = 3 and uniform order p = 5. We first compute the weights of the
quadrature formulae (11) and (13) corresponding to the lower triangular case,
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obtaining

—3+ c2(5 — 10¢3) + Beg + 5er (1 — 2¢3 + ca(—2 + 6¢3))

by = ,
0 60610263
b _ [ —3-‘1—02(5—1003)-‘1-563 —34c1 (5—1003)-‘1—563 3—502+561(—1+262) T
- L 60(—1+c1)ci1(c1—c2)(c1—c3) 60(—14c2)ca(—c1+c2)(ca—cs) 60(c1—c3)(—1+4c3)ecs(—ca+cs) ’
by = —20c3co + 15¢9 + 15¢3 + Hep(—4es + co(6es — 4) + 3) — 12
60(01 — 1)(62 - 1)(63 — 1) ’
w _ [ e (Cf*2(62+C3*2)01+6(02*1)(63*1)) ca(ca(ca—2c3+2)—2¢1 (c2a—3c3+3)) 63(63*20103*26263+66162) }
0 12(ca—1)(ca—1) 12¢1(ca—1) T2c1co ’
_ 1 (36%74(62+6372)(;1+6(6271)(C371)) _ 5‘3(52—2c3+2) (2C27C3)Cg
12(c1 —c2+1)(c1—c3+1) 12¢1(c1—c2)(c1—c3+1) 12¢1(c1—c2)(c1—cs3)
W = 0 ca(c1(4ca—6c346)+ca(—3ca+4c3—4)) c5(c3—2¢1)
12(c1—c2)(ca—c3+1) 12(c1—c2)ca(ca—c3)
0 0 cs3 (3c§ —4cic3—4coc3+6¢1c2
L 12(c1—c3)(ca—c3)
i 0 0 0
~ 03(01—203+2)
W = T2(ci —ca+ 1) (ca—1)(ca—ca) 0 0
c3(c1—2¢242) c3(ca—2c1) 0
L 12(61—63-‘1—1)(03—1)(03—02) 12(01—63+1)(63—1)(—02+03—1)

We next assume, according to (23), the following form for ¥1(s) and ¥s(s):

a(s) = (s = e1)(s — ca)ha(s),
P3(s) = (s — c1)(s — c2)hs(s).

The remaining basis functions ¢o(s), ©1(s), x1(8), x2(s), x3(s) and 1(s) are
next determined by imposing the system of order conditions (6) up top = 5. We
next compute the resulting stability polynomial, having degree equal to eight,
which depends on the collocation points, but also on some evaluations of the
functions 15 (s) and v5(s), i.e.

Qo = Ua(c2), 1 = ¥2(1), po = Ps(cs), p1 = Ps(1).

We impose ¢; = p; = 0 and compute the values of gy and pg in order to reduce
the degree of the stability polynomial. In this way, a sixth degree stability
function arises, which depends on the collocation points. The values of these
parameters achieving A-stability are plotted in Figure 4.

5 - Conclusions

We have presented a family of highly-stable diagonally-implicit two-step al-
most collocation methods for the numerical integration of VIEs (1), and intro-
duced a constructive technique which permits to a priori impose the structure of
the coefficient matrices. These methods possess uniform order of convergence on
the whole integration interval. We have provided examples of A-stable methods
(15) with m = 2 and 3, where ¥ and W are lower triangular and/or diagonal
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Figure 4: Region of A-stability in the parameter space (c1,c2) for DITSAC
methods (15), with m = 3, p = 5, ¢3 = 2 and such that the matrices ¥ and W
are lower triangular.

and, eventually, such that their product is one-point spectrum. Future works
will address the construction of highly stable methods (15) depending on more
stages and their implementation, in order to exploit their properties to get an
efficient variable stepsize-variable order implementation and, eventually, in a
parallel environment.
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