MATHEMATICAL MODELLING AND ANALYSIS www.tandf.co.uk/journals/ TMMA

Volume X Issue x, 20xx, 1-14 Publisher: Taylor&Francis
Doi:10.3846/13926292. X X X X . XXXXXX Online ISSN: 1648-3510
(© Vilnius Gediminas Technical University, 20xx Print ISSN: 1392-6292

A practical approach for the derivation of
algebraically stable two-step Runge-Kutta
methods

Dajana Conte®, Raffaele D’ Ambrosio®, Zdzislaw
Jackiewicz’¢ and Beatrice Paternoster®

¢ Dipartimento di Matematica, Universitd degli Studi di Salerno
Via ponte don Melillo, 84084 Fisciano (SA) - Ttaly
b Department of Mathematics and Statistics, Arizona State University
Tempe, Arizona 85287
¢ AGH University of Science and Techonology
Krakéw, Poland
E-mail: dajconte@unisa.it
E-mail(corresp.): rdambrosio@unisa.it
E-mail: jackiewi@math.la.asu.edu
E-mail: beapat@unisa.it

Received November 7, 2011; revised November 7, 2011; published online Mxx 1, 20xx
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1 Introduction

Consider the initial-value problem for ordinary differential equations (ODEs)

{ y'(t) = fy(t), te€lto,T], (1.1)

y(to) = Yo,

where the function f : R™ — R™ is assumed to be sufficiently smooth and
Yo € R™ is a given initial value.

The nonlinear stability analysis of general linear methods (GLMs) for the
numerical solution of the problem (1.1) is subject of several recent papers (com-
pare, for instance, [7, 16, 17, 18, 19]). In this paper we focus our attention on
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the subclass of two-step Runge-Kutta (TSRK) methods [21, 22], whose non-
linear stability properties are object of some preliminary results obtained in
[9, 10, 11]. In fact, in these papers an optimization-based numerical approach
has been used to derive the coefficients of algebraically stable TSRK methods.
Because of the purely numerical nature of this approach, the coefficients of the
corresponding methods are not expressed in rational form, but they are pro-
vided with a certain number of correct digits. As a consequence, the derived
methods satisfy a slightly weaker condition than that of algebraic stability, i.e.
they are e-algebraically stable methods. This concept has been recently intro-
duced in [20], to which we refer for more details. In order to find algebraically
stable TSRK methods whose coefficients are expressed in rational form, in this
paper we use the approach proposed by Hewitt and Hill in [17].

The paper is organized as follows. In Sections 2 and 3 WE recall the main
concepts regarding TSRK methods and algebraic stability for GLMs. In Sec-
tion 4 we describe the derivation of an algorithm for the construction of alge-
braically stable TSRK methods based on the approach of Hewitt and Hill [17].
Then in Sections 5 and 6 TSRK methods with one and two stages are analized
in details. Finally, some conclusions are reported in Section 7.

2 Two-step Runge-Kutta methods

For the numerical solution of (1.1) we consider the general class of TSRK
methods which on the uniform grid

Iy ={tn=to+nh, n=0,1,...,.N, Nb =T —to},

are defined by the formulas

Y = (= iy + gz + Y (a6 0 077,

g 0= (2.1)
o= (L= D)1+ a2+ 03 (0 f ) + w7 1)),
j=1
i=1,2,...,s. Here, y, is an approximation of order p to y(t,) and Yi[n] are

approximations of stage order ¢ to y(t,—1 + ¢;h), where y(¢) is the solution to
(1.1) and ¢ = [eg, ..., cs]T is the abscissa vector. TSRK methods (2.1) can be
represented by the abscissa vector ¢ and the following table of its coefficients

up | @n o ais | b1 oo bis
uw| A| B o -
?9 v w Us as1 s Qgs bsl o bss

19 ‘ ’l}l ... US ‘ wl .. wS

In this paper we focus on methods (2.1) with order p and stage order ¢ = p.
It was proved in [8] that this condition is satisfied if and only if

CkZO, Ck:(), k:1,2,...,p, (2.2)
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where
ak _ l B (_1)k19 B v k-1 B wT(C— e)k—17
k! k! (k—1)! (k—1)!
Cp — i B (—1)ku_ Ack—1 B B(c—e)kt
k! k! (k—1)! (k—1)!
Here e = [1,...,1]7 € R® and ¢* denotes componentwise exponentiation.

It is well known that TSRK methods (2.1) are a subclass of GLMs which
assume the form

Yl [A@I|UI ][ hf(YM) .
AT | T [ Bel|vel S| (2.3)
with z["] eR", Ac RSXS, Ue RSXT, Be Rrxs’ V € R™*" and
v hf(v™) A
yirl= | ] aprPl) = : O
Ys[n] hf(y;[n]) 27[«”]

where I denotes the identity matrix of dimension m and ‘®’ stands for Kno-
necker product of matrices. It can be verified that TSRK methods (2.1) can be
represented as GLMs (2.3) with coefficient matrices A, U, B, and V, defined
by

A ‘ e—u u B

A ITT1=9 9 T
{B V}_ 0 1 0 0 ’ (2.4)

I 0 0 0

and vector 2™ = [y, 1, yn_2, hf(YI"71]T € R**2. Since a GLM (2.3) is zero-
stable if the coefficient matrix V is power bounded, the zero-stability condition
for TSRK methods (2.1) is

~1<d9 <1 (2.5)

We will also focus on the family of TSRK methods with ¢ = 0, u = 0, whose
GLM representation reduces to

AU Ale B
BTV |~ |? 1 w . (2.6)
I 10 0
We observe that such methods are automatically zero-stable.

3 Algebraic stability of general linear methods

The GLM (2.3) is said to be algebraically stable, if there exist a real, symmetric
and positive definite matrix G € R"*" and a real, diagonal and positive definite
matrix D € R*** such that the matrix M € RG+7)*(547) defined by

M_ | PA+ATD-B'GB | DU-B'GV
B U'D-VT'GB | G-VTGV

(3.1)

Math. Model. Anal., X(x):1-14, 20xx.
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is nonnegative definite. The significance of this definition follows from the
result proved by Butcher [5, 6, 15], that for preconsistent and non-confluent
GLMs (2.3), i.e. methods with distinct abscissas ¢;, i = 1,2,...,s, algebraic
stability is equivalent to G-stability. We refer to [5, 6, 15] for the definition of
G-stability. We recall that a GLM is preconsistent if there exists a vector qq
(called preconsistency vector) such that

Uqo=¢, Vqo=qo,

compare [21].

In general, it is quite difficult to check if a given GLM is algebraically stable,
and even more difficult to construct new classes of GLMs which are algebraically
stable. In our search for such methods we will use the fact, proved in [4], that
for a preconsistent and algebraically stable GLM (2.3) the matrices G and D
are not independent but related by the equation

De = B"Gq, (3.2)

where qq is the preconsistency vector.

We will write M > 0 if the matrix M is nonnegative definite. It was
observed by Hewitt and Hill [16, 17] that the analysis of the nonnegative defi-
niteness of the matrix M can be simplified by the use of the result proved by
Albert [1]. This result states that the matrix M given by

M[Mll M12}

My, | My
satisfies M > 0 if and only if

M;; >0, My - MLM M, >0, M; MM, =M, (3.3)
or, equivalently,

My, >0, My — M;pMLMT, >0, MMM, = M7, (3.4)

Here, AT stands for the Moore-Penrose pseudoinverse of the matrix A. We
refer to [13, 14] for the definition of this notion.

Although the criteria based on Albert theorem can be used to verify if
specific examples of GLMs are algebraically stable, these criteria are not very
practical to search for algebraically stable GLMs which depend on some un-
known parameters, unless some suitable simplifications are introduced. This
will be object of the following section.

4 Construction of algebraically stable TSRK methods

In order to find algebraically stable TSRK methods, we use the approach pro-
posed recently by Hewitt and Hill in [17]. This approach consists in enforcing
algebraic stability through the following steps:

(a) fix the matrix G =1I;
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(b) ensure that D = BT qqy > 0;
(c) ensure that Moy =1 — VTV > 0;
(d) impose the condition

R:=DA+A"D-B"B-(DU-B"V)1-V'V)*(DU-B"V)" =0.

We observe that conditions (c¢) and (d) are obtained from (3.4) considering the
second inequality as an equality, and neglecting the third equality, which is
automatically satisfied when Mays is invertible.

The following results will lead to the reformulation of the above conditions
in the case of TSRK methods (2.1).

Theorem 1. Algebraically stable TSRK methods (2.1) with G =1 satisfy
vi>0, i=1,2,...,s

Proof. We recall that for a TSRK method the preconsistency vector is qg =
[1,1,0,0,...,0]7 € R**2? (compare [21]). Then, taking into account that from
(2.4) BT = [v, 0, I], condition (3.2) implies that

De = . (4.1)
The thesis now follows from the condition (b). O

Theorem 2. An algebraically stable TSRK method (2.1) with G =1 and not
reducing to (2.6) is non-consistent.

Proof. We prove that condition (c) is equivalent to ¥ = 1, w = 0. In fact, from
(2.4), we have

—1-9)?2 —9(1-0) —(1-9uT

Mo =1-VIV=| —9(1-9) 1-9 —HwT
—(1—-%w —dw I —ww?
We define
0 a(l+9) 0
@
= 209 — w”
N ) a —w'w 0 |,
Bw —fBw I
with @+ 1)
a(v +
=1-19 =—
“ P (9 + DwTw — ah?’
and .
_ww g7
o
X = 0, _
g V@
—w —w I

Math. Model. Anal., X(x):1-14, 20xx.
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whose inverse is

B —B 0
I} (192 -1+ ﬂ)wTw) BwTw wT
Xt = (1+9)(wTw+9) ~a(wTw + 9) CwTw+ 0
BI(1 + 2¢9) BlwTw + av) wwT
(1+19)(wTw—|—19)w a(wTw + 9) YT W Tw o

Then, the matrix Mss can be obtained by the similarity transformation
M,, = X INX,
and its spectrum is
o(Mzz) = o(N) = {A1, A2, A3},

where A1 and Ay are the roots of the quadratic polynomial

p(N) =A% — (200 — wlw)\ — a2, (4.2)
and A3 = 1 with multiplicity s. Then, condition My > 0 is equivalent to

A1 >0, and Ay > 0. (4.3)

This condition is of course satisfied if ¥ = 1 and w = 0, because it leads to
p(A) = A2, Vice versa, let us suppose that (4.3) is satisfied and, by contra-
diction, we suppose ¥ # 1. Then, —a? < 0 and, by Descartes’ rule of signs,
the polynomial (4.2) has a positive root and a negative one. This contradicts
(4.3), so it is ¥ = 1 and, in correspondence of this value, the polynomial (4.2)
assumes the form

p(Y) = A\ + wlw),

whose roots are A\; = 0 and Ao = —w? w. Therefore, in force of condition (4.3),
it is w = 0. Then, the third condition in (3.4) provides that

which implies v = 0. Thus, the consistency condition C; = 0 in (2.2) is not
satisfied. O

As a consequence of Theorem 2, in our search for algebraically stable meth-
ods we have to abandon TSRK methods of the form (2.4), and consider only
the reduced form (2.6) corresponding to ¥ = 0 and u = 0.

Theorem 3. An algebraically stable TSRK method (2.1) with G =1, 9 =0
and u =0, satisfies w = 0.
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Proof. We prove that condition (c) is equivalent to w = 0. From the formula-
tion of V in (2.6) we obtain

71 T o 0 —U)T
My, =1 VV—[_w 7 —wwl |
We define
—wTw (1 —wlw)w?
N = ,
0 I
and

whose inverse is

o o .
2wTw | w 2wTwl — wwT
The matrix Moy can be obtained by the similarity transformation
My, = X 'NX.
Thus,
O'(MQQ) = U(N) = {1, —U}TU}},

where the eigenvalue 1 has multiplicity s. It follows that My, is nonnegative
definite if and only if w = 0. O

Theorem 3 leads to searching for algebraically stable TSRK methods (2.1)
within the family

Yi[n] = Yp_1 + hz (aijf(yj[n]) + bijf(Yj[”*”)),
J=1 (4.4)
Yo = Yn-1 +h Y v f(V),
j=1

The following result provides representation formulas for the coefficients of
a non-confluent algebraically stable TSRK method with G = I, of order and
stage order s. We recall that a GLM is non-confluent if ¢; # ¢;, i # j.

Theorem 4. The coefficients of a non-confluent TSRK method (4.4) with p =
q = s satisfy the following representation formulas:

v; = /1 Li(x)dx, (4.5)
0

where L;(z) are the fundamental Lagrange polynomials, i = 1,2,... s, with
respect to {c1,ca,...,¢cs}, and
A= (C-BE)C, (4.6)

Math. Model. Anal., X(x):1-14, 20xx.
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where ) ’
C=|,., & <, 52[6 c cs_l],
2 s
E=[e c—e¢ (c—e)* ']

Proof. For the family of methods (4.4), order conditions ék =0,k=1,2,...,s,
in (2.2) assume the form

1
T k—1
vt ¢ =—, k=12,...,s
k 3 7 ) 7
which are the order conditions for the interpolatory quadrature rule with weights
v; and nodes ¢;. Therefore, the weights v; can be expressed as integrals (4.5).
We next compute the coefficient matrix A from stage order conditions Cy, =
0, k=1,2,...,s, in (2.2), which are equivalent to

7

AC = C — BE.

Hence, as the method is non-confluent, the matrix C is nonsingular and the
representation formula (4.6) holds. O

The advancing formula in (4.4) is completely determined in the case p = ¢ =
s, since the expression of the weights v; is given in (4.5). Thus, the unknown
coefficients of algebraically stable methods (4.4) are only the entries of the
matrices A and B. These unknown matrices have to be derived by imposing
condition (d), i.e. R =0, and the representation formula (4.6).

Theorem 5. For methods of type (4.4), the condition R = 0 is equivalent to
lij — vjaji

aij = Vi (47)

with L =1+ D(ee? + BBT)D.
Proof. Taking into account representation (2.6) with w = 0 and (4.1), we have
0 0
_ VTV —

a-vvr=1 o]

BB =TI +vv" = I+ Dee'D,

DU-B’V=[0 DB ].
Then, the matrix R assumes the form

R=DA+ A"D —1-D(ee’ + BBT)D. (4.8)

Since R is a symmetric matrix, the matrix equation R = 0 is equivalent to a
linear system of s(s + 1)/2 scalar equations. The thesis is obtained by solving
this system with respect to the upper triangular part of the matrix A. O
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The results proved in this section lead to the following algorithm for the
construction of algebraically stable TSRK methods (2.1) of order p = ¢ = s:

(1) fix the matrix G =I;
(#7) put ¥ =0 and u = w = 0, i.e. consider the class of TSRK methods (4.4);

(#i1) compute v; from (4.5), and ensure v; > 0, i = 1,2,...,s, finding the
region of R® to which the vector ¢ of the nodes has to belong;

(tv) compute a;j;, j > %, as a function of B through (4.7);

(v) derive a;5, j < i, as a function of B through the lower triangular part of
(4.6) and partly compute the remaining s parameters, i.e. the entries
of the matrix B, by solving the nonlinear system of s(s+ 1)/2 equations
arising from the upper triangular part of (4.6).

The remaining free parameters can be exploited, for instance, in order to
reduce the error constant of the method, or the contributions of high order
terms as in [12].

We observe as the above algorithm combines steps (a)-(d) of Hewitt and
Hill approach [17] with order conditions (2.2): step (i) corresponds to (c); (#i4)
stands for (b), together with Cp = 0, k =1,2,...,s; (iv) matches with (d),
and (v) corresponds to C, =0,k =1,2,...,s.

5 Analysis of methods with s =1

By applying the algorithm derived in the previous section, we obtain a one
parameter family of algebraically stable TSRK methods (4.4) with p = ¢ =
s = 1 and real-valued coefficients depending on the free parameters ¢; > 1/2,
having

u|A|B _ 0]1+ea+v2e—1]-1-2¢-1
d]v|w — 0] 1 | 0 '

The spectrum of the matrix M contains Ag = 0 with multiplicity 2 and
Al =1 +2Cl +2\/261 — ].7

whose plot as a function of ¢; is reported in Figure 1.
We observe that in correspondence of the value ¢; = 1/2, a further order

condition is satisfied, i.e. Cs = 0. Therefore, we obtain the following alge-
braically stable TSRK method of order p = 2 and stage order ¢ = 1.

| AlB _

U 0 ‘—1
ﬁ‘v‘w - 0‘

Math. Model. Anal., X(x):1-14, 20xx.
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57‘

C1

Figure 1. Plot of the eigenvalue A1 of the matrix M for algebraically stable TSRK methods
(44) withp=g=s=1

6 Analysis of methods with s =2

We apply the algorithm derived in Section 4, in order to derive algebraically
stable methods within the class (4.4) of order 2 and stage order 2. Step (ii%)
provides that

1-— 202 201 —1
v, = ——m— V) — ———Mm8 8
! 2(01 —02)7 2 2(01 —02)7
with the condition
1 1 1 1
(cl > 3 and cg < 2) or (cl < 5 and cg > 2). (6.1)
We derive the matrix A from steps (iv) and (v), obtaining
P di —2dydy + (b, + b7, +2) d3
e 2(d; — da)ds ’
g — dy (—(dg — 1) 4 by (—dy + bi1da + dy + 2) 4 4bya(b12ds + 2))
2 4(dy — da)ds ’
aor — —(d2 + 1)2 + 8boo + 4bo1(—dy + da + 2)
21 — 4(d1 — d2) )
a (b3, + b3, +2) df — 2dody + d
22 =

2d; (dy — da) ’
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where di = 2¢; — 1 and dy = 2¢2 — 1. As a result of step (v), we obtain

_4dy + /—2d3 (a0 + arbag + 2d3b3,)

b1 = 242 ’

\/2(d1 — do)?dy* (17 + 3dyd2)* (g + arbag + 2d2b3,) + Bo + Bibas
b2 = 4d5% (8 (=2 + da) + di (=9 — 2d1ds + do?)) ’
byy = Yo — 8d1baa 4 Y1bo1 + (72 — 4d1d2bzz)b127

4dy(2 4 ba1dy)
with

g = —8+di(—1+2dy) —2dy (24 dy)dy + (2 + dy)d3,

a1 =4d1(2+ dy — da),

Bo = —2da(dy — d2)(—2 + day + d1(1 + do(—6 + dy + do))),
B1 = —2d1d2(32 + do + di (1 + da(d1 + d2))),

Yo = d1(d2(dy + da) + 1) + da,

v = 4di(dy — da — 2),

Yo = —4dy(dy — dy + 2).

Since by # —2/dy (otherwise the denominator of by; vanishes), the coeffi-
cients b1o and bo; are real if and only if

agp + a1bos + 2d%b§2 <0, (62)
and 17 + 3d1ds = 0, i.e.
. 362 - ].0
C1 = 602 _3 . (63)

We observe that, in force of (6.3), condition (6.1) reduces to ¢y # 1/2.

Thus algebraically stable TSRK methods (4.4) with p = ¢ = s = 2 and real-
valued coefficients form a two-parameter family of methods with coefficients
depending on the free parameters co # 1/2 and byy € R, satisfying (6.2), with
coefficients A, B and v derived previously. The region of acceptable values for
these parameters is reported in Figure 2.

The spectrum of the matrix M of algebraic stability corresponding to by = 0
is {Ag, A1, A2}, where A9 = 0 has multiplicity 3, and A;, A2 are depicted in Fig-
ure 3 as functions of c¢o, which varies in the interval of admissible values obtain-

able from Figure 2. For instance, if we choose co = 3/2, we obtain ¢; = —11/12
and 3541 — 821/34 —119 +24/34
696 696
A = b
—525+ 8234  6(109 — 2v/34)
986 493
—41+ /34 29
12 12
B = ;
12 —+/34 0
17

Math. Model. Anal., X(x):1-14, 20xx.
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1

-4

-1.0

Figure 2. Region of algebraic stability for TSRK

real-valued coefficients

-05

0.0

0.5
G

1.0

15

o

methods (4.4) with p = ¢

= s =2 and

A1, Ay

[
o)

Figure 3. Plot of the eigenvalues A1 and A2 of the matrix M for algebraically stable TSRK

methods (4.4) withp=¢g=s5s=2

17
29
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The analysis carried out in this section is exhaustive for two-stage methods, as
it is made clear by the following order barrier.

Theorem 6. The mazximum attainable order of convergence for two-stage al-
gebraically stable TSRK methods (4.4) with G =1 is two.

Proof. We remind (compare [21, 22]) that the order conditions which guarantee
order p = 3, with possibly ¢ # p, are

61 = 62 = 63 = 0, Cl = 07 (’UT + ’LUT)CQ =0.

Performing the steps (i)-(iv) of the algorithm and further imposing the condi-
tions C3 = 0, C; = 0, we obtain that (v’ +w’)Cy = —2, which is a contradic-
tion. This concludes the proof. 0O

Future work will address the construction of higher order algebraically sta-
ble TSRK methods with G = I and s > 3, or with possibly G # I, by extending
the results of [2, 3].

7 Conclusions

We described an algorithm for the practical construction of algebraically stable
TSRK methods. This approach is based on the recent work of Hewitt and
Hill [17]. The TSRK methods with one and two stages have been completely
analized.

The derived algebraically stable methods are fully implicit and their imple-
mentation requires the solution of nonlinear systems of dimension m - s, where
m is the dimension of the problem and s the number of stages. Although this is
less efficient than for algorithms based for instance on SIRK or Gear methods
[15, 23], the methods derived in this paper have stage order equal to the order
and as a result do not suffer from order reduction phenomenon [6]. Therefore
they are appropriate for stiff differential systems discussed for example in [15].

References

[1] A. Albert. Conditions for positive and non-negative definiteness in terms of
pseudoinverses. SIAM J. Appl. Math., 17:434-440, 1969.

[2] K. Burrage. High order algebraically stable Runge-Kutta methods. BIT, 18:373—
383, 1978.

[3] K. Burrage. High order algebraically stable multistep Runge-Kutta methods.
SIAM J. Numer. Anal., 24(1):106-115, 1987.

[4] K. Burrage and J.C. Butcher. Non-linear stability of a general class of differential
equation methods. BIT, 20:185-203, 1980.

[5] J.C. Butcher. The equivalence of algebraic stability and AN-stability. BIT,
27:510-533, 1987.

[6] J.C. Butcher. The Numerical Analysis of Ordinary Differential Equations.
Runge-Kutta and General Linear Methods. John Wiley & Sons, Chichester, New
York, 1987.

Math. Model. Anal., X(x):1-14, 20xx.



14

[7]
(8]

(9]

[10]

[11]

[12]
[13]
[14]

[15]

[16]
17)
18]
[19]
[20]
21]
[22)

23]

D. Conte, R. D’Ambrosio, Z. Jackiewicz, and B. Paternoster

J.C. Butcher. Thirty years of G-stability. BIT, 46:479-489, 2006.

D. Conte, R. D’Ambrosio and Z. Jackiewicz. Two-step Runge-Kutta methods
with quadratic stability functions. J. Sci. Comput., 44(2):191-218, 2010.

D. Conte, R. D’Ambrosio, Z. Jackiewicz and B. Paternoster. Numerical search for
algebrically stable two-step almost collocation methods for ordinary differential
equations. Submitted.

R. D’Ambrosio, G. Izzo and Z. Jackiewicz. Search for highly stable two-step
Runge-Kutta methods for ODEs. Appl. Numer. Math. In press.

R. D’Ambrosio, G. Izzo and Z. Jackiewicz. Highly stable general linear methods
for differential systems. In T. E. Simos, G. Psihoyios and Ch. Tsitouras(Eds.),
Numerical Analysis and Applied Mathematics, volume 1168 of AIP Conference
Proceedings, pp. 21-24, 2009.

R. D’Ambrosio and Z. Jackiewicz. Construction and implementation of highly
stable two-step continuous methods for stiff differential systems. Math. Comput.
Simul., 81(9):1707-1728, 2011.

J.W. Demmel. Applied Numerical Linear Algebra. SIAM, Philadelphia, 1997.

G.H. Golub and C.F. Van Loan. Matriz Computations. The Johns Hopkins
University Press, Baltimore, London, 1996.

E. Hairer and G. Wanner. Solving Ordinary Differential Equations II. Stiff and
Differential-Algebraic Problems. Springer Verlag, Berlin, Heidelberg, New York,
1996.

L.L. Hewitt and A.T. Hill. Algebraically stable general linear methods and the
G-matrix. BIT, 49:93-111, 2009.

L.L. Hewitt and A.T. Hill. Algebraically stable diagonally implicit general linear
methods. Appl. Numer. Math., 60:629-636, 2010.

A.T. Hill. Nonlinear stability of general linear methods. Numer. Math., 103:611—
629, 2006.

A.T. Hill. G-matrices for algebraically stable general linear methods. Numer.
Algorithms, 52(2):281-292, 2010.

G. Izzo and Z. Jackiewicz. Construction of algebraically stable DIMSIMs. Sub-
mitted.

Z. Jackiewicz. General linear methods for ordinary differential equations. John
Wiley & Sons Inc., Hoboken, New Jersey, 2009.

Z. Jackiewicz and S. Tracogna. A general class of two-step Runge-Kutta methods
for ordinary differential equations. SIAM J. Numer. Anal., 32:1390-1427, 1995.

J. D. Lambert. Numerical methods for ordinary differential systems: The initial
value problem. John & Wiley, Chichester, 1991.



	Introduction
	Two-step Runge-Kutta methods
	Algebraic stability of general linear methods
	Construction of algebraically stable TSRK methods
	Analysis of methods with s=1
	Analysis of methods with s=2
	Conclusions
	References

