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Abstract

The aim of this paper is the analysis of some new modified collocation based nu-
merical methods for solving Volterra Integral Equations (VIEs), which turn out to be
at the heart of many modern applications of Mathematics to natural phenomena and
are used more and more for the description of complex systems, in particular evolution-
ary problems with memory. The developed methods have strong stability properties and
higher order of convergence than the classical one-step collocation methods, without any
increase of the computational cost, which is an important request in order to approach
real problems.

Keywords: Volterra Integral equations, two-step collocation methods,
order conditions, A-stability.

1. Introduction

In this paper we analyze the construction of high order, highly stable
new two-step collocation methods for Volterra Integral Equations (VIEs)
of the form

(L1) y(t) = g(t) + /O K(tmy(m)dn, tel,

with I C Ry, K € C(D xR), D = {(t,n) : 0 <n <t <T}, K satisfy-
ing the uniform Lipschitz condition with respect to the third variable and
g € C(I). VIEs are models of evolutionary problems with memory arising
in many applications. In fact, the spread of diseases, the growth of biologic
populations, the brain dynamics, elasticity and plasticity, wave problems,
heat conduction, fluid dynamics, scattering theory, sismology, biomechan-
ics, game theory, control, queuing theory, design of electronic filters and
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many other problems from physics, chemistry, pharmacology, medicine, eco-
nomics can be modelled through systems of VIEs [1,15-18,20]. The following
books and survey papers contain sections with various applications of VIEs
in the physical and biological sciences and also include extensive lists of
references: Brunner [4,5], Agarwal and O’Regan [2], Corduneanu and Sand-
berg [12], Zhao [25]. Due to the high variety of applications, it gets more
and more important to develop efficient numerical methods in order to solve
these problems and make some special requirements on these methods, such
as high order and strong stability properties.

In the literature many authors (see [4,5] and references therein con-
tained) have analyzed one-step collocation methods for VIEs. As it is well
known, a collocation method is based on the idea of approximating the ex-
act solution of a given integral equation with a suitable function belonging
to a chosen finite dimensional space, usually a piecewise algebraic polyno-
mial, which satisfies the integral equation exactly on a certain subset of the
integration interval (called the set of collocation points). As done in [14]
for Ordinary Differential Equations (ODEs), in the papers [9,10] we derived
a general classe of m—stage r—step collocation methods for VIEs, with the
aim of increasing the order of classical one-step collocation methods with-
out any additional computational cost. The resulting high order methods
had, however, bounded stability regions. For this reason, in [11], in analogy
to the case of ODEs [13], we introduced a modification in the technique,
leading to two-step almost-collocation methods. Such methods have been
obtained by relaxing some of the collocation conditions and by introducing
some previous stage values, in order to further increase the order and to
get A-stability.

In this paper we analyze a modified class of high order two-step collo-
cation methods, providing A-stable methods of uniform order p = 2m on
the whole integration interval, where m is the number of collocation points,
without relaxing any interpolation or collocation condition.

The paper is organized as follows. In Section 2 we describe the new
two-step collocation methods and analyze the order. In Section 3 we carry
out the linear stability analysis. In Section 4 we provide examples of one-
stage and two-stage A-stable methods. Finally in Section 5 some concluding
remarks are given and plans for future research are briefly outlined.

2. Construction of the methods and order conditions

We divide the interval I in N subintervals of fixed length h, obtaining
the set of grid points I, = {t, : 0 = tp < t1 < ... < ty = T} and we
define the set of collocation points X, = {t,j =t +cih:0< ¢ <c <



e <em<1,n=0,1,...., N — 1}. The equation (1.1) can be rewritten, by
relating it to this mesh, as

y(t) = Fn(t) + én(t)v te [tna tn+1]7

where Fy(t) = g(t) + /0 "kt y(r))dr and By(t) = / Kty () dr

ln
represent respectively the lag term and the increment function.

The collocation polynomial is considered of the form
(2.1) P(tn + sh) = o(s)yn + Z Xj(8)Yn-1; + Z ¥;(8)Ynj,
Jj=1 J=1

with s € [0, 1], where
(2.2) Yn-1; = P(tn-1;), Yn;:=P(tn;),

and the polynomials ¢(s), x;(s), ¥;(s) are determined by imposing the in-
terpolation condition P(t,) = yn, and by satisfying (2.2). The collocation
polynomial (2.1) differs from the polynomial introduced in [11], because
we drop the previous time step y,—1, mantaining only the previous stages
Y1, as it is usually done in two-step collocation and Runge-Kutta meth-
ods for ODEs, in order to get better stability properties and an efficient
implementation, see [6-8,19,21,23,24].

By imposing the collocation conditions, i.e. that the collocation polyno-
mial (2.1) exactly satisfies the VIE (1.1) at the collocation points t,; and
by computing y,+1 = P(tn+1), the two-step collocation method takes the
form

Yn,i = L'ns + q)n,i

m

(2:3) Yt = o(Wyn + S G (DYarrg+ 3 (1Y
j=1 j=1

The lag—term and increment—term approximations

n—1 p1

(24) Fri=g(tng) +h Y bik(tnity + &b, Pty + §h)) i=1,...m
v=0 [=1

1)
(2.5) Opi=hY_ wik(tn,tn + dih, Po(tn + dgh)) i=1,..,m
=1
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are obtained by using quadrature formulas of the form
(26) (glv bl)’zl:lp (dil7 wil)fﬁlv 1= ]-7 ceey M,

where the quadrature nodes § and d; satisfy 0 < & < ... < §,; <1 and
0 <di < ..<dy, <1, po and py are positive integers and w;;, b; are
suitable weights, as in [10].

The continuous order conditions and the convergence can be easily ana-
lyzed by looking at the method (2.3) as a subclass of the methods introduced
n [11], with ¢o(s) = 0, as shown in the following theorem.

Theorem 2.1. Assume that the kernel k(t,n,y) and the function g(t) in
(1.1) are sufficiently smooth. Then the method (2.3) has uniform order p
for s € [0,1], if the following conditions are satisfied

1—¢(s) = ZXj(S) - Z%‘(S) =0,
(2.7) m Ot =
F =D (e =) xi(s) = Y chi(s) =0,
j=1

€ [0,1], k = 1,2,...,p. Assume moreover that ¢; # cj, ¢; # ¢j — 1, ¢; #
0,1. Then the system of continuous order conditions (2.7) is satisfied with
p = 2m if and only if the polynomials ¢(s), x;(s) and ¥;(s), j =1,2,....,m
satisfy the interpolation conditions

(2.8) e(0) =1, x;(0)=0, ¢;(0)=0

and the collocation conditions

(2.9) p(ci) =0, xjlc) =0, j(ci) = di
(2.10) p(ci—1)=0, xjlei—1)=0iy, Pj(ci—1)=0,
1=1,2,...,m.

Proof. The order conditions (2.7) can be derived from Theorem 2.1 in [11].
An argument similar to the proof of Theorem 2.2 in [11] leads to the a
characterization (2.8)—(2.10) for the coefficients of the methods having order
p = 2m. |

It can also be proved that the order of convergence is 2m if the conditions
(2.8)—(2.10) are satisfied and the quadrature formulas (2.6) are of order at
least 2m.



3. Linear stability analysis

In this section we carry out the stability analysis of method (2.3) with
respect to the basic test equation

(3.1) y(t) =1+ )\/t y(n)dn, t>0, Re(\) <0,
0

usually employed in the literature for the stability analysis of numerical
methods for VIEs (see [3,5] and their references). Let us consider the follow-

ing vectors and matrices: Yy, = [Yn1, .., Yml?, w1 (1) = [01(1), .oy Ym(1)],
X ( ) [ ( )7 7Xm(1)]7 90( ) [ ( ) 7@(5#1)]T7 b = [bla'”vbm]Tv
6 = [ﬁla' 76771] y V= [’717' arym]T’ v = [Ulv'“avm]Tv Q = [Qi7jj|;:)fj:17
A= [Aw]w:l, where

w1 p1

Bi =Y bix;(&), vi=_ buy(&),
=1 =1
140 120] HO

vi= Y wap(d), Quij=Y wixi(da) Aij =Y with;(dip)
=1 =1 =1

and put e = [1,1,..,1]7. The following theorem provides the expression for
the stability matrix of the method (2.3) with respect to the test equation
(3.1).

Theorem 3.1. The two-step collocation method (2.3), applied to the test
equation (3.1), leads to the following matrix recurrence relation

Yn+1 Yn
Y =R |
Yn Yn—1
Yn—l Yn—2

z = h\, where the stability matriz R(z) is

(3.2) R(z) = Q7' (2)M(2),

with the matrices Q(z) and M(z) defined by

1 —47(1)00
0I—2A00
0 0 0I
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p(1) X;(l) Y !
M(z) = zlv I+ z(uy 0+ Q—A) z(eb goof) —v) z(ef 0— Q)
0 1 0 0

Proof. By applying the method (2.3) to the test equation (3.1) we obtain

(3.4) Yni1 = p(LVyn +x" (1) Y1 +07(1)Y,
where
(3.5) Y,=F,+ 2(ynv +QY,_1+AY,),
n—1
(3.6) F,=e+z) (b oy, + Y, 1+77Y, e
v=0

From the expression (3.6) we derive
(3.7) F, —Fn1=z2(b"0(€)yn-1 + " Yooty Yo 1)e.

The computation of the difference Y, —Y,_1 by substituting the expression
(3.5) for both terms Y,, and Y,_1, and by using (3.7), leads to
(I —2A) Y, = 2vy, + (I+ 2(uyt + Q- A)Y, 1+
+ 2(ebp(€) = Vg1 + 2(ef” — Q)Y .

From the last equation and (3.4) the thesis immediately follows. O

We next consider the stability function of the method

(3.8) p(w, 2) = det ()\I - R(z))),

where I is the identity matrix of order 2m + 2, and we investigate on the
conditions to impose on the collocation abscissas ¢, ..., ¢, in order to get
A-stable methods: this means that all the roots A1, ..., Aop42 of (3.8) lie in
the unit circle for all z € C such that Re(z) < 0. The investigation, carried
out using the Schur criterion (cfr. [22]), has shown the following results for
m=1and m = 2.

Theorem 3.2. Any one-stage collocation method of the type (2.3) is A-
stable if and only if ¢ > 1.

Fig. 1 shows the A-stability region in the parameter space (c1,cq) for
two stage collocation methods (2.3).



Fig. 1. Region of A-stability in the (c1, c2)-plane for two-step methods (2.3) with m = 2
and order 4.

4. Examples of methods

We first consider the case m = 1. According to Theorem 3.2, for any
value of ¢ > 1 we obtain A—stable methods of order 2. Solving the order
conditions (2.7) for m = 1, p = 2, we obtain

82 S — ZC CclC — S — C S
p(s) = Lo bcle D) ) L () = Lzt

clc—1) c—1 c
The weights in (2.4) and (2.5) can be chosen by discretizing the lag-term
by the trapezoidal rule and the increment term by the midpoint rule, i.e.,

o =1, p1 =3,

T 1117
¢=100,¢1", D=¢, b= 5,0,5 , W=c

This leads to a one parameter family of methods of order p = 2, depending
on the collocation abscissa c.

We next consider the case m = 2. Solving the order conditions (2.7) for
m = 2, p = 4, and choosing, according to Fig. 1, ¢; = % and ¢y = %,
obtain

we

(126 — 1155 + 255%) (66 — 855 + 25s%)

ols) = 8316 ’
s(5s —11) (126 — 115s + 2557) s (5s — 14) (66 — 855 + 25s%)
xi(s) = — o xa(s) =
144 54
5(5s — 6) (126 — 1155 + 255> s(5s — 9) (66 — 855 + 255>
n(s) = 22O 120 L, ats) = Sk )

The weights in (2.4) and (2.5) can be chosen by considering g = 3, u1 = 4,
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and
[0
o C1 D— |:O C1 CQ:|
5 - I - 9
Co 0cy e
|1
r—142c1+2co—6¢1c2
12¢cic
1—5022 _C%—36102 c1(2¢1—3c2) c3
b _ 12¢1 (612;11_)<I61—02) ; W _ 27662 6(61 7302) 6C2(Cl :CQ) ’
S ] _c3—3cica c; _ c2(2c2—3c1)
i i I D b falama)l o fere)
L 12(c1—1)(c2—1)
i.e., with ¢; = % and co = %,
0 233
619
11 ol 13 _ 975 431 22 1331
= ||, D= 0|, b= &%, W= |1udp %
5 5 5 4459396 165 495 9
1 648

5. Concluding remarks

We have developed a class of modified two-step collocation methods
(2.3) for the numerical solution of VIEs. These methods are of uniform
order p = 2m on the whole integration interval. We have discussed their
stability properties, deriving A—stable methods. Examples of methods have
also been provided.

The above methods seem to be promising for further investigations, be-
cause of their good properties of accuracy and stability. The uniform order
and the continuous approximation to the solution make such methods par-
ticulary suitable for a variable stepsize implementation. The implementa-
tion issues related to these methods are subject of future work. They include
the choice of appropriate starting procedures, estimation of local discretiza-
tion error and stepsize changing strategies. Our aim is also to extend the
results to other functional equations, such as Volterra integro-differential
equations.
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