Numerical Algorithms manuscript No.
(will be inserted by the editor)

Order conditions for General Linear Nystrom
methods

Raffaele D’Ambrosio - Giuseppe De
Martino - Beatrice Paternoster

Dedicated to John C. Butcher,
in occasion of his 80th birthday

Received: date / Accepted: date

Abstract The purpose of this paper is to analyze the algebraic theory of
order for the family of general linear Nystrom (GLN) methods introduced in
[20] with the aim to provide a general framework for the representation and
analysis of numerical methods solving initial value problems based on second
order ordinary differential equations (ODEs). Our investigation is carried out
by suitably extending the theory of B-series for second order ODEs to the case
of GLN methods, which leads to a general set of order conditions. This allows
to recover the order conditions of numerical methods already known in the
literature, but also to assess a general approach to study the order conditions
of new methods, simply regarding them as GLN methods: the obtained results
are indeed applied to both known and new methods for second order ODEs.
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1 Introduction

This paper is devoted to the numerical solution of Hadamard well-posed initial
value problems based on special second order Ordinary Differential Equations
(ODEs)

y'(t) = fly(t), te€lto,T],

y(to) = yo € RY, (1)

y'(to) =y € R™.
It is well known that problem (1) admits an equivalent representation as a first
order system of ODEs but with doubled dimension, thus the direct numerical
integration of the second order version results to be more efficient.

We focus our attention on the family of General Linear Methods for second
order ODEs (1)

Yh7 —hQZa "] +h2p”y'[n 1 +Zu” (=11 =1, s,
/[n] hQZCZJf +hzrljy/[n 1] +Zwuy[n 1] . = 1,...,7“/, (2)

i = hQZb”f Y +hzqu]" ”—l—Zv”y[n Uoi=1,..r

introduced in [20], here denoted as General Linear Nystrém (GLN) methods.
The supervectors

g —1] y/[lnfl] Yl[n]
[n—1] 1[n—1] [n]

y["_l] _ 2 c er’ y/[n—l] _ Y2 c Rr,d, yinl — Y, c R
yin—ll y/£7 1] Ys[n]

are respectively denoted as input vector of the external approximations, input
vector of the first derivative approximations and internal stage vector. The
vector y"~1 is denoted as input vector of the external stages, and contains all
the informations transferred advancing from the point ¢,,_; to the point ¢, of
the grid. It is important to observe that such a vector could also contain not
only approximations to the solution of the problem in the grid points inherited
from the previous steps, but also other informations computed in the past that
we want to use in the integration process. The vector 3"~ instead contains
previous approximations to the first derivative of the solution computed in
previous step points, while the values Yj[n_l], denoted as internal stage values,
provide an approximation to the solution in the internal points t,_1 + c;h,
j=1,2,...,s, where ¢ = [¢1,¢a,...,cs] is the vector of the abscissae of the
method.
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Formulation (2) of GLMs for second order ODEs involves nine coefficient
matrices A € RS, P € R, U e R, C e R"**, R € R"*", W €
R”*" B e R, Q € R, V e R"™" which are put together in the
following partitioned (s + ' 4+ r) x (s + 7' + r) matrix

AlP|U
CRW |, (3)
B|Q[V

denoted as the Butcher tableau of the GLM. Using these notations, a GLM
for second order ODEs can then be expressed as follows:

vl = p2(A@D)FM 4 h(P o )y + (U eIy,
hy'" = (CoDFM + R Ty + (W Ty, (4)
y[n] =B I)F[n] +hQ® I)y/[n—l] (Ve I)y[n—l]7

where ® denotes the usual Kronecker tensor product, I is the identity matrix in
R%*d and F = [f(Yl[n]), f(YQ[n]), e f(YS[n})]T. This representation is in line
with the one usually proposed in the literature regarding multistage numerical
methods for second order ODEs: this is typical, for instance, of Runge-Kutta-
Nystrom methods (see [25]).

The specific purpose of this paper is the formulation of order conditions
for GLN methods (2), by means of a suitable generalization of the algebraic
theory of order (compare [5,25]) described in the remainder of the paper.
The treatise is organized as follows: Section 2 reviews the needed framework
to develop order conditions for second order ODEs, i.e. Nystrom trees and
related operators; these tools are then employed in Section 3 to derive order
conditions for GLN methods (2) which, due to their generalities, also recover
the order conditions of already known numerical methods for (1). Section 4 is
devoted to provide an example of application of the results on order conditions
to derive a new method of order 4.

2 Framework

It is well known from the literature that the algebraic theory of order of mul-
tistage/multivalue numerical methods for ODEs (compare [3-9,25] and ref-
erences therein) is based on the representation of the exact and numerical
solutions in terms of functions on the set of rooted trees

T=1{e, & ¥ ¢ .1

Rooted trees provide an essential tool to analyze the properties of numerical
methods for evolutionary problems, thanks to a smart intuition of John C.
Butcher, who introduced an algebraic theory of order for Runge-Kutta and
general linear methods (compare [5] and references therein) for first order



4 Raffaele D’Ambrosio et al.

ODEs which is nowadays used in many different context, not only related to
the numerical solution of functional equations. In fact, Connes and Kreimer
[12] observed that the Hopf algebra of rooted trees that, also known as Butcher
group (compare [5,7]), independently arose in their own work on renormaliza-
tion in quantum field theory. This Connes-Kreimer algebra, is equivalent to
the Butcher group, because its dual is the universal enveloping algebra of the
Lie algebra of the Butcher group (compare [1]).

For second order equations, due to the presence of the derivative of the
exact solution, we need a more general set of rooted trees, namely bi-coloured
trees, defined as follows (compare [25])

NT=fe o 3L ¥ O L5

The vertices 71 =e and 75 =0 are combined according to following the rules

1. the root of t € NT is always fat;
2. a meagre vertex has at most one son which has to be fat.

Following [10,25], we adapt the theory of N-trees and of N-series introduced
by Hairer and Wanner in [23] to the special problem

y'(x) = f(y(x)). ()

By calculating the derivatives of the exact solution of problem (5)

af ‘ 0 f af B3f . _O*f af
mo_ YJ (v)y _ 2 J 2, Y 1 (v)y Y J 13 32 Y
Yy oY Y peLs +ayy ] a5 + 8ynyJrayy ;
we observe that the terms including the derivative of f with respect to 7/
disappear, producing a smaller set of trees called Special N-trees (SNT) set

25]
SNT={s, o, 3, ¥, 8 ...

2.1 Composition and decomposition rules, elementary differentials and
functions on SNT

By combining the formalisms introduced in [10,23], a composition rule of spe-
cial Nystrom trees is given according to the following scheme. We consider
t1,...,tx € SNT and a new root 75. Then,

1. if ¢; # 71, then its root is connected to a new meagre node, linked to the
new root;
2. if t; = 71, then it is connected to the new root via a new branch.

The resulting SN-tree is denoted as t = [t1,...,tx]. Inversely, cutting the
branches leaving from the root of a given ¢t € SNT, let uq, usg, ..., ux be the
resulting subtrees. For any u; # 71, we cut off the branch leaving from its root
71 and denote the remaining part as ¢;. For the remaining wu;, we set t; = 7.
Then, the tree is decomposed as t = [tq, ..., tx].
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o(t) t F(t) o)
1 . y' 1
2 o f 1

' 1

"W,y 1

f'f 1

5 \I/ "y Y 1

W) 3

'y 1

Table 1 Special Nystrom trees up to order 5 and associated elementary differentials

Given these rules, we can extend the definition of elementary differential
given in [5,25] to the special problem (5). For a given t = [t1,...,tx] € SNT,
we recursively define the elementary differentials as follows
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Moreover, for a given tree ¢ = [ty ¢4>,... t}*], we recursively define the
following useful functions p and « (compare [10,23])

k
p(e)=1, ple)=2, p(t)=2+> pip(t:),

T 1 (o))" ©)
a(e) = a(e) = 1, ““):(p“)‘”iljlm(p(ti))

2.2 N-Series

Following [23], we define a SN-series as

p(t)
SN@uy) = Y M ama) P, y). (7)

|
o PO

We observe that both the exact solution of (5) and its first derivative can be

formally written as SN-series, whose coefficients are calculated in next sections.
The following theorem, useful in the remainder of the paper, provides a

representation form for the composition of a SN-series with the function f in

(5) (compare [23]).

Theorem 1 For a given map a : SNT — R satisfying a(0) = 1, we have

/ hﬂ(t)—Q 1 /

F(SN(a,y.y)) = Y —ro—pmalt)a (OF(#)(y,y) (8)

o (P(t) = 2)!

with
Oa th = ®7T17

a’(t) =< 1, if t = 7o, (9)
a(tl) o 'a(tk)a th = [tla v 7tk]'

3 Order Conditions for GLNs
We now employ the theory of SN-series above recalled, to derive a general

set of order conditions for the family of GLN methods (2). First of all, let us
assume that the input vector is a SN-series of the form

hP®)
w'= Y TeEOFO .Y, (10)
vesnt PV
and, analogously, that
hP®)

W= 3 e nOF O y). (11)
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We need to establish how terms like h2f(Y;) and hy’ EO] can be expressed as
SN-series. Theorem 1 allows us to write h? f(Y;) as SN-series (7) of coefficients

n;(t) =" (t) - p(t) - (p(t) = 1), (12)

while, if 3/ EO] is a formal series of the form
/10] hrtH=1 / ’
yi = ()& F () (v, y), 13
> (p(t)_l)!()()()( ) (13)

teSNT
hy' EO] is a SN-series (7) of coeflicients
di(t) = &'5(t) - p(t)
With abuse of notation, we have denoted the coefficients of the SN-series (13)
by £(t), even if they are not actually the first derivatives of &;(¢) in (10).
We can now suitably extend the strategy proposed in [5], in order to develop
an algebraic theory of order for GLNs. To this purpose, we insert the derived

SN-series in the method formulation (4), obtaining

’

SN y,y') =D ai; SNy, 0,9)+ > pi SN (85,5, 9)+ > ui; SN (&, ,1/),
=1 i=1 =1

i =1,2,...s, which leads to
SN (i, y.y') = SN Zaijﬁj + Zpijéj + Zuz‘jfj,y’y/ ;o t=1...8.
j=1 j=1 j=1
Thus,
ni(t) =Y aum;(t) + Y pii6i(t) + Y uig&(t), i=1,...s  (14)
j=1 j=1 j=1

In analogous way, we obtain the following equations for the external approxi-
mations

a(t) = Zbijﬁj(t)—FZqij(Sj(t) +Z’Uij§j(t), t=1,...7, (15)
j=1 j=1 j=1

gl(t) = ZCZ]ﬁ](t)+ZT2]5](t) +Zw”§j(t), 1= 17...7"/. (16)
j=1 j=1 j=1

Collecting the left-hand sides of (14), (15) and (16) in the vectors n € R,
E€R" and § € R, respectively, leads to the following matrix representation

n= A7+ Pé + U,
£=Bi+Qd+ V¢, (17)
5 = Cn+ Ré + WE.

As a consequence, the following result holds.
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Proposition 1 If the operators E and § in (17) of a given GLN (2) are such
that &(t) and 6;(t) coincide with the correspoding coefficients E&;(t) and Ed;(t)
in the Taylor series expansions of the exact values approrimated by yl[n]

y’gn] for anyt € SNT of order p(t) < p and p(t) < p+ 1 respectively, then the
method has order p, i.e.

and

{EanJchHVf, p(t) < p, (18)

Es =Ci+RS6+W¢, p(t)<p+1.

Moreover, the method has stage order q if the operators n;(t), i = 1,...,s,
in (17) coincide with the coefficients Emn; of the Taylor series expansion of
y(zo + c;h), for any t € SNT of order p(t) < q+1, i.e

En=Aj+Ps+ UL (19)

By applying the result derived in Proposition 1, we derive the expressions
of the operators (18) and (19) in correspondence of the trees up to order 4 for
a GLN method (2). We observe that the algebraic conditions (18) and (19)
in Proposition 1 have to be solved recursively by means of the decomposition
rule given in Section 2.1, according to Theorem 1. We first consider (18) and
(19) corresponding to the trees (), 71 and 7, which provide the base case of
the recursion, obtaining

0
n:(0) = i:luijfj((b), i=1,...,s,
iz
j=1
E&(0) = ivia‘ﬁj(@)a i=1,...,m
=

ni(0) = pi&i(e) + Y uiigi(e), i=1,...,s,
j=1 =1

Eo;(e) erijf;-(.)—‘rzwijfj(.), i=1,...,7, (21)
j=1 j=1

’
T

E&(o) = qi(0)+ Y viigi(e), i=1,...,m
j=1

j=1
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ni(0) =23 aimi(0) +2 pi&ie) + Y uiiéi(e), i=1,...,s,
Jj=1 j=1 j=1
Eéi(o) = 226@"/”(@) + 2Zrij§;-(0) + Zwijfj(O), i=1,...,7, (22)
Jj=1 j=1 j=1
B&i(o) =2 bimi(0) + 2 qi&j(0) + > i (o), i=1,...,m.
j=1 j=1 j=1

Once the base case is provided, the operators evaluated in the trees of order
2, 3 and 4 are recursively derived according to Theorem 1, leading to

I

E&-(I)—62(:1-]-%(-)+3§ijln-js;<l>+§:wijsj<l>, i=1,...7,
E&-(I):6§j;bijnj<->+3§qij5;<l>+ilvqu(l), i=1,...,m,
v p = e

B5(Y) = 122(:“77]-(-)2 +4érij£;<\[> + éwij§j<V>, i=1,....7,
B&(Y) = 1221’”’“(')2 +4éqij£9(\f) +ilvijsj<\f), i=1....m
$

E@-(E)12ilcijnj(o)+4irijg;(§)+ilw¢jgj(§), i=1,...,1

Egi(§):12§i:1bijnj(o)+4éq1—jg§(§)+i%gﬂ-<§), i=1,...,m

N4

Eai(\?'):202cijnj(-)3+5imj§;(\1f)+§;wijfj(V), i=1,...r,
E&(\Tﬁ—20_ngbijnj<->3+5§;qij§;<v>+_§;%fj<\?’>, i=1,...,m,
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Y
E5i(\{i):QOiCiﬂb(')m‘@)+52Tij§§(\})+i:wij§j(\})7 =1

Efz‘(\;) = 20§:bijnj(')nj(°) + 5iQij§3‘(.},;) + zr:vz'jfj(\fi)v i=1,...,m,
Jj=1 j=1 Jj=1 (27)
i

E5i(§)= 2oicijnj(l)+5imj§;( 3 )+iwij§j( §), =1L

pe(§) =203 bunD+5 3 ag(§)+ X ue(d). i=tn
Jj=1 J=1 Jj=1 (28)

where 771(1) = 6Zaijnj(0) +3Zp”§§(l) + Zuwfj(l), i=1,...,8.
j=1 j=1 Jj=1

3.1 Recovering the order conditions of classical methods

The family of GLN methods (2) properly contains many known classes of
numerical methods for (1). Analogously, the order conditions above derived
are general, hence it is possible to recover through them the order conditions of
numerical methods already considered in the literature. To make this possible,
we need to regard these methods as GLN methods and specialize the operators
E§ and E¢ on the case by case basis. This is clarified in the following examples.

RKN methods
Runge-Kutta-Nystrom methods (see [25,27])

Y; :yn_l—|—Cihy,:L_1—|—h22aijf()/j), 7= 1,...,5,
j=1

hy, = hy, 1 +h* Y b f (Y5), (29)
j=1

Yn =Yn—1+hy,_1 + h? Z bif (Y]> )
j=1
can be recasted as GLN methods (2) with » = #/ = 1, in correspondence to
the tableau (3)
A/P|U Alcle

CIR|W|=|V"|1]|0],
B|Q|V bt 11
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where e is the unit vector in R®, and the input vectors y~1 = [y, 1],
y/["=1 = [/ ,_1]. Correspondingly, the set of order and stage order conditions
(18)-(19) assumes the form

En=Af+ cd + €,
Es=b"+6, (30)
BE=b"T+064+¢.

The values of En, E§ and E¢ are reported in Table 2. We observe that these
conditions match the classical ones (compare [23,25]).

tree | EE(t) E6() Eni(t)
0 1 0 1
L4 1 1 Cj
S 1 2 c?
I 1 3 cgg
t 1 p(t) cfm

Table 2 Values of En;, Eé and E{ for RKN methods regarded as GLN methods

Coleman hybrid methods
We now consider the following class of methods

Y, = (1 + Ci)ynfl — CiYn—2 + h? Zaijf (ij) , t=1,..,s, (31)

j=1
Yn = 2yn71 — Yn—2 + h2 Z bjf (}/}) 5
j=1

introduced by Coleman in [10] (also compare [21,18,19,14]), which are denoted
as two-step hybrid methods. Such methods (31) can be regarded as GLN
methods corresponding to the reduced tableau

B
BV 0] 1 0
obtained by assuming the remaining coefficient matrices in (3) equal to the
zero matrix. Such methods are characterized by the the input vector y[*— =

[Yn—1  Yn—2]". The corresponding set of order and stage order conditions (18)-
(19) takes the form

En=An+ e+ c& — &,
E& =0+ 26 — &, (32)
E& = ¢
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The coefficients for &;,&; can be found in Table 3. We observe that the third
equation in (32) is trivial by the definition of &;.

tree | E&1(t)  &i(¢) &2(t)
) 1 1 1
e 1 0 -1
1 0 1
! 1 0 -1
; 1 0 (—1)e®

Table 3 Values of E&1, &1 and &2 for Coleman hybrid methods regarded as GLNs

Two-step Runge-Kutta-Nystrom methods
Two-step Runge-Kutta-Nystrom methods (TSRKN)

VY =g e g+ 12D a f), =1
j=1

Yi[n] = Yn—1+ heiyy, 1 + h? Zaijf(yj[n])’ i=1...,s

j=1

hy, = (1= O)hyl,_ + 0hyly_o + W20, FY" ) + 2w f(V]™),  (33)

S S
Un = (1= O yn-1+0yn_2+hY v o+hd Wiy, ,
j=1

Jj=1

+ 023 o f T 12w (v,
j=1

j=1

have been introduced and analyzed by Paternoster in [28-31]. Such methods
depend on two consecutive approximations to the solution and its first deriva-
tive in the grid points, but also on two consecutive approximations to the stage
values, in line with the idea employed by Jackiewicz et al. (compare [2,11,13,
22,17,15,16,24,26]) in the context of two-step Runge-Kutta methods for first
order ODEs. TSRKN methods can be represented as GLNs (2) with r = s+2
and r’ = 2 through the tableau (3)

A c 0 e 0 0
A P U w/T 1—0 0 0 O'UIT
cTalwl_lol 1 o]0 00
B|Q|V w' | wTe vTe|1—-60 6 v |’

0 0 0 1 0 0

7] 0o o 0 0o0]
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in correspondence of the input vectors y["_l] = [Yn—1 Yn-2 h2f(Y["_1])]T,
Y[~ = [y/,_1 4/'n_2]". The set of order conditions for these methods has
the form
= Zaijﬁj + ¢;01 +fl, 1=1,...,s,
j= 1
Eé) = Zw (1— )51+952+nggj,
j=1
E52 = (51, (34)
Egl ijnj+zw 61"’2'0 62+ 1- )£1+9£2+Zvj§3j,
j=1
E€2 517
Efgi =1n; t1=1,...,s,

whose coefficients F¢1, Eé1, &1, &2, 01 and J2 can be found in Table 4. We also
observe that in the system (34) there are automatically satisfied conditions,
i.e. the third, the fifth and the sixth.

tree | B&(t)  Boi(t) &) &) &) 32(t)
3 1 1 0 -1 1 1
1 2 0 1 0 1
I 1 3 0 -1 0 1
1; 1 p(.t) 6 (_1jp(t> 6 (_1),;(15)71

Table 4 Values of E¢1, Ed1, &1, &2, 1 and d2 for TSRKN methods regarded as GLNs

4 Construction of a family of methods of order 4

We now employ the order results provided in Section 3, to derive a new method
of order 4. We focus our attention on GLN methods (2) whose vectors of
external approximations satisfy

Zy(xn)
h H(.T )
[n] ~ Yy n
y o= h?’y"’(xn) s
h4y(4)(xn)

hy'!M ~ hy' (z,). (35)

For GLN methods (2) depending on input vectors of the form (35), exact
starting values can be obtained by differentiation from the initial condition:
in fact

§'(t) = Op(t),15 §i(t) = p(t)0p(t),is
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i =1,...,4, being t € SNT and §; ; the usual Kronecker delta. In the re-
mainder of the section, we denote by e; the vectors of the canonical basis of
R*. The second and third equations in (20) and (21) lead to the so-called
preconsistency conditions [20], which assume the form

Ue; =e, Vei=e;, Wep =0, Pe=c, Qe=e;, Re=ce

Similarly, the second and third equalities in (22) provide the consistency con-
ditions [20]
e1 + 2e; = 2Be + 2Ve,,

1= C@ + Weg. (36)
Conditions of order 2 are
e1 + 6ey + 6e3 = 6Bc 4+ 6Veg, (37)
1 =2Cc + 2Wes,
and leads to (23). Order 3 is achieved by imposing
e1 + 12e9 + 24es + 24es = 12Bc? + 24Vey, (38)
4 =12Cc? 4+ 24We,.
and
e1 + 12e9 4 24es + 24e4 = 12Bn(0) + 24Vey, (39)
4 = 12Cn(o) 4+ 24Wey,
where (o) = 2Ae + 2Uey. We finally report the conditions for order 4,
e1 + 20eq 4 60e3 + 120e4 = 20BC3,
5 = 20Cc3, (40)
e1 + 20es 4 60es + 120e4 = 20Bcn(o), (41)
5 = 20Ccn(o),
and
e1 + 20e; + 60e3 + 120e4 = 20By(]), )

5 =20Cn(]),

where 7( I) = 6Ac + 6Ue;s. Solving the above order conditions lead to the
following four-parameter family of one stage order 4 GLN methods (2)

i 5(3—21;2) cll ug U3 Ug ]
1 110 4ct -1 2c2—1  4c—3
4¢3 4¢3 4c2 24c
APl U 1 111 10c3—1 10¢2—3 5c—3
CIRIW| = 20c3 20c¢3 60c? 120c
b
1 -1 A—1 c—1
B Q \% = 010 c3 c? 2¢c
3 3 = 2¢—3
c3 010 c3 c? 2c
6 _6 _6 =
L c3 010 c3 c2 c 4
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in correspondence of the input vectors (35). According to [20], we estimate
that these methods are obviously zero-stable and, therefore, convergent since
they are also consistent (see [20]) if ¢ > 41/30. An example, for ¢ = 3/2 and
us = 1/2, ug = uq = 1, is given by

5 3 1

21311 L1

2 25 7 1

A R R A
AlPlU 277 B 1B 1
CIRIW| = 135 270 90 40

310l0 19 5 1
B|Q|V 27 27 9 6

8 8 1

500 =g -3 0

16 16 8

L9 10]0 =g —3 —1]

This is GLN method (2) depending one stage and of order 4, which is higher
than that attainable by one stage RKN methods [23,25], equal to 2.

5 Conclusions

We have focused our attention on the algebraic theory of order for the family of
GLN methods (2) for second order ODEs (1). By suitably adapting the theory
of SN-series to the case of GLN methods, we have derived general order con-
ditions, which also properly contain those of other numerical methods already
known in the literature, as explained in Section 3, and constructed a family of
one-stage methods of order 4. The general approach provided here can be used
to finally derive new irreducible GLN methods, which are not Runge-Kutta
nor linear multistep methods, more efficient than existing classical methods.

Acknowledgements The authors are deeply grateful to John C. Butcher for all the prof-
itable discussions had during last years on several topics concerning numerical methods for
ODEs. We also espress our gratitude to the anonymous referees for their valuable comments.
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