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Abstract

Partitioned general linear methods possessing the G-symplecticity property are intro-
duced. These are intended for the numerical solution of separable Hamiltonian prob-
lems and, as for multivalue methods in general, there is a potential for loss of accuracy
because of parasitic solution growth. The solution of mechanical problems over ex-
tended time intervals often benefits from interchange symmetry as well as from sym-
plectic behaviour. A special type of symmetry, known as interchange symmetry, is
developed from a model Runge—Kutta case to a full multivalue case. Criteria are found
for eliminating parasitic behaviour and order conditions are explored.

Keywords: Separable Hamiltonian problems, multivalue numerical methods,
G-symplecticity, symmetric methods, parasitic components

1. Introduction

G-symplectic general linear methods [3, 4, 5, 7, 8, 11, 12, 13, 15] are a natural
generalization of symplectic Runge—Kutta methods. In this paper we extend these
ideas to Runge—Kutta pairs applied to separable problems. We are given a differential
equation system, partitioned in the form

V) =F0w), @ =70),  Ix)=J R, Fx)=3 R, (1)

The main example is the equations of motion based on a separable Hamiltonian prob-

fem JH JH
/ [ p— / = —_—
p (t) - aq ’ q (t) ap ’

where H(p,q) =T (p)+V(q). We could express this in the form (1.1) by writing y = p,
Y=g

We will consider problems for which there exists a bilinear form [y,y], which is
known to be an invariant, and we will construct methods which attempt to respect this
invariant. These methods will be partitioned general linear (that is, multivalue and mul-
tistage) and we cannot expect true numerical invariance to be possible. However, we

Preprint submitted to Applied Numerical Mathematics January 25, 2017


http://ees.elsevier.com/apnum/viewRCResults.aspx?pdf=1&docID=9324&rev=0&fileID=156704&msid={250E3C94-5AFC-4F0B-A0C5-C7274FDD8816}

will at least look for invariance in the same sense as for non-partitioned G-symplectic
methods.

To achieve theoretical invariance for (1.1) we will assume that for 77,1 € RY, it
holds that

m,fml=1f(n),n] =0, (1.2)
and it follows that

A (), 5] = [F0))50)] + [Fx), (7)) = 0.

In Section 2 we will present a formulation of partitioned general linear methods.
This will be followed by Section 3 in which we will state the G-symplectic conditions
and show why methods with this property preserve bi-linear invariants. Sections 4
and 5 will analyse the requirement of interchange symmetry and the phenomenon of
parasitic behaviour respectively. Order conditions for general linear method pairs are
introduced in Section 6. Section 7 is devoted to the construction of general linear
method pairs. Some numerical experiments presented in Section 8 will attest to the
potential role of these new methods. Some concluding remarks will be given in Section
9.

2. Partitioned general linear methods

A general linear method for the differential equation system

Y0 =f0@),  yx)=y €RY.

is characterized by four matrices (A,U,B,V), which indicate the relationship between
the vector of r inputs to step number n, denoted by y[”’l], the corresponding outgoing
vector y[”] and the vector of s stage values denoted by Y. If the individual stages are
Y, Y, ..., Y, then the vector F of stage derivatives is made up from the subvectors
F=f(), i=1,2,...,s. For simplicity here, and in similar instances throughout
the paper, we will write this as ' = F; @ F> @ --- @ Fy. The equations relating these
quantities are

Y=h(AQIF+UaIy)y”, YW=mBenF+Vel,)y",  @3)

where we have used n = 1 because this is a typical case. Throughout this paper, we
will for simplicity omit the Kronecker products and write (2.3) as

Y =hAF + Uy, 1 = pBF + vyl

To write the partitioned problem in this formulation, let M = 2N and define

[y [
y_[’i]’ f0) lf@]'

Now introduce the tableaux

| — |
o9y =)
<)
| I




In this partitioned method, y "l carries information on the variable y(x) and W "l carries
information on ¥(x). Furthermore Y and Y contain values of the stages and F; = f(Y;)
and F; = f(?,), the values of the stage derivatives. For the (typical) first step of a
computation using this method, the inputs, outputs and stage values are related by

Y =hAF + U, Y =hAF + Uy, (2.4)
i =nBF + V3%, = pBF + V350 (2.5)

The fundamental properties of stability, pre-consistency and consistency, can be gener-
alized for partitioned methods and we will only consider method pairs in which these
properties hold. The formal meanings are

~ ~

Definition 2.1. A partitioned general method pair [( ,U,B,V)),(A,U,B,V)] is stable
if V.andV are each power-bounded.

Definition 2.2. A partitioned general method pair [(A,U,B,V)),(A,U,B,V)] is pre-
consistent if there exists a pre-consistency vector pair [qo,qo), such that

Vao=aq0.  Vdo=do.

ﬁé\o = 17 (750 = 17
where 1 is the vector in R® with each component equal to 1.

Definition 2.3. A partitioned general method pair [(A,U,B,V)),(A,U,B,V)] is con-
sistent if the method is preconsistent with pre-consistency vector pair [qo,qo|, if there
exist consistency vectors [q1,q1| such that

B14+Vgi=Gi+G, Bl+Vqi=4i+4o
where 1 is the vector in R® with each component equal to 1.

The property of convergence for a partitioned general linear method is given by the
following definition.

Definition 2.4. A partitioned general method pair [(AA .U,B, \7), (Z .U,B, \7)] is conver-
gent if for any well-posed initial value problem (1.1), there exist two non-zero vectors
40,90 € R" and two starting procedures ¢, ¢ : (0,00) — R”, such that

lim ;(h) = Go,¥(xo),  lim ¢;(h) = Go,¥(x0),
h—0 h—0

foralli=1,2,...,r, and such that for any X > xo, the sequences of vectors i, Sl
computed by using n steps with stepsize h = (X —xg) /n, by employing y S0 = o (h) and
Y = ¢ (h), respectively converge to Goy(x) and Goy(x).

It is possible to prove that the classical equivalence between convergence and con-
sistency plus stability also holds true in this case. The proof follows immediately from
the lines drawn in the non-partioned case [3].



2.1. Transformations

Let 7 and T denote non-singular r X r matrices which, for full generality, could
have complex elements. The information passed from step to step which has been
denoted by y "l and 51" at the end of step number n, could be just as well be transformed
into the form f’ly " and T’ly "l The coefficients of the transformed methods can be
seen by rewriting (2.4), (2.5) as follows:

Y = hAF + (UT)(T~'51%), Y = hAF + (UT)(T~'51%),
(T 5N =T 'BYF + T VT[T '5Y), (75" =T 'B)F +(T'VT)(T~'5%).

Thus the method (( A,U,B,V),(A,U ,B,V)) has been transformed by the matrix
pair (T,T) as follows

<[Z ﬁ]{ﬁ UD (7.7 ({ A ur ]{ A ur D
s vileg vl "\ 775 797 'l 75 7w7F | )
BV BV T—'B T7'VT T—'B T7'VT
(2.6)

We will regard the original and the transformed methods as equivalent, because
the choice of one representation rather than another is only a matter of convenience.
This means convenience in derivation and analysis of specific methods, and also in the
actual implementation of a method to solve numerical problems.

For the implementation it will never be convenient for the coefficient matrices to
have non-real elements; but it will often be convenient for derivation and analysis for
V and V to be diagonal matrices, even if the eigenvalues are not real.

3. Symplectic conditions

Denote by [y,y] a bilinear form which is assumed to be invariant (1.1), that is

3./ 0)] = [f).5] = 0.

Even if we cannot expect from an irreducible GLM with » > 1 to preserve this invari-
ant (compare [3, 6]), we aim to find sufficient conditions ensuring that, for the output
values provided by the partitioned GLM (2.4)-(2.5), an analogous conservation condi-
tion holds. To proceed in this way, we consider a symmetric r X r matrix G and two
diagonal s x s matrices D= dlag(d) dlag(d) Corresponding to these matrices,
we introduce the bilinear forms

n, ¢l = i g Gl, [V, F] _i 522

ij=1
Consider /ﬁ € R™_ made up from m sub vectors 71,12, ..., N € RY and similarly for
N € R™ made up from n sub vectors 71,1, ..., M, € RV, If C is an m x n coefficient

matrix, we define an bilinear product on RN x R"™V, by

m n

[ﬁaﬁ]c = Z Z cij[Mi ;]

i=1j=1

It will be convenient to make extensive use of the following lemma, which is easy to
verify.



Lemma 3.1. If Q and Q are k x m and | x n matrices respectively, then
[Qn ’ Qﬁ]c = [n ) ﬁ]éTCé

Recall that the notations Q1], Q1] denote (Q® In)1], (Q® Iy)T) respectively.
Our aim will be to investigate the possible existence of methods such that, for a
non-singular r X r matrix G,

56 = prt 5 (3.7)

As a step towards the definition of G-symplectic partitioned methods, and a criterion
for (3.7) we introduce:

Lemma 3.2. Let G denote an r x r matrix and let ﬁ, D denote s X s diagonal matrices.

Also let M be the partitioned (s +r) X (s +r) matrix

M:[M“ Mlz}:[DA-i-A D—-B'GB DU-B'GV (3.8)

My, My U'D-V'GB G-V'GV
Then
G5 = B Y56+ hY, Fly +h[F,Y]5 — [WF ® Y, hF © Y]y, (3.9)
Proof: We will show that
3] — 515 — hY, Flp — h(F, Y5+ [RF @ 3" hF @30 )y =0,
orthat C;11 =0, C;p =0, Cy; =0, Cyn = 0 where
h2[ﬁvf]C11 +h[ﬁ=5’{nil]]clz +h[5)\[”71]7f]c21 + [5’\[”71]75’{"71]]@2 =
[hBF + V5"~ Y hBF + V5" Vg — [ 50 1]
— h[hAF + U5V F|5 — h[F,hAF + U5" 1|5
+h2[ﬁaF]M11 +h[ﬁv)~’[”71]]M12 +h[5’\[n71]=F]M21 + [ﬁnil]aj’{nil]]Mzz'

Expand each term making use of Lemma 3.1, and we find

C11=B'GB—A"D— DA+ M;,=0, (3.10)
Cjp =BGV — DU + M, =0, (3.11)
Cy1 =V GB—U'D+ My, =0, (3.12)
Cro =V GV — G+ My, =0. (3.13)

O

Making use of Lemma 3.2, we can now state the central definition and the main theo-
rem:



Definition 3.1. A partitioned general linear method such that M = 0 in (3.8) is said to
be G-symplectic.
Theorem 3.1. Let [(A U,B,V)),(A,U,B,V)] be a G-symplectic partitioned general

method pair and let (f, f) satisfy (1.2), then the solution to (1.1), computed using the
method pair, satisfies

[f["]&{"]]GZ[ﬁ[O],)ﬁO]]G, n=1,2,3,....

Proof: From (3.9), we have

[j)\[n]JN)[”]]G_ [&{nil]a)ﬁnil]]G h[/Y\uﬁ]ﬁ—’—h[ﬁv?]ﬁ_ [hﬁ@?7hf@?]M

S s
=h) dilVi,F]+h) di
i=1 i=1

)
)

.
5|

5, Y] =0.

4. Interchange symmetry

In addition to G-symplecticity, we also consider symmetry as an important property
of Hamiltonian systems which we might wish to preserve in simulations. In this paper,
we do not consider pure time-reversal symmetry, but introduce a notion of interchange
symmetry motived by the following consideration of classical symplectic Runge-Kutta
pairs.

4.1. A model Runge—Kutta method

As a guide to the construction of GLM pairs, Runge-Kutta pairs will be found
which automatically satisfy the symplectic condition

diag(b)A —|—ZTdiag(Z) = bb".

Choose arbitrary vectors b and b and define

0 0 -~ 0 0 -
by 0 -~ 0 0 by 0 0 0
I b 0 0
A= . . . A= 1 : :
h e B B O
by By - By O bi by - by by

A convenient option is to define Zi = Eﬁl,[, i=1,2,...,s5 because the two method
tableaux become mutually adjoints. Write the elements of b in terms of the abscissae
of the second, third, etc stages so that

ZT:[CZ C3—C - Cy—Cs—1 1_Cs}

b'=[1l-ci cs—ce1 - c3—c2 c2 |



We will consider the example s = 4 so that the tableaux for the method pair become

00 0 0 0 l—c4|1—c4 0 0 0
Cr | C 0 0 0 1—6‘3 1—C4 C4—C3 0 0
C3 [ Cr C3—C 0 0 1—6‘2 1—C4 Cq4—C3 C3—C2 0
Cq4 | C2 C3—C2 C4—C3 0 1 1—C4 C4—C3 C3—C2 (2

|62 C3—C) C4—C3 1—C4 |1—C4 C4—C3 C3—C2 (2

From the method of construction, this design satisfies the symplectic condition for all
choices of the parameters and now we consider the order of the pair.

Automatically, the conditions for the tree with one vertex are satisfied. Now try the
condition b'c = % This gives

2e2(ca—c3)+c3— 5 =0.
The order condition b'¢ = 1 gives the same equation and we therefore assume that
7 g q

1—2c3
4(6‘4 - 63) '

Each of the four conditions for order 3 now become the single equation

Cy =

(24c§ - 12)c§1 - (48c§ - 16)c4 + (12cg‘+24c§ — 1603 — 3).
A convenient choice is ¢3 = 1, leading to
ca=3—3V13.

We could also use its conjugate, which is regarded as less suitable because some of the
abscissae lie outside the interval [0, 1].
The pair now becomes

0 0 0 0 0
2+g/§ 2+6\/B 0 0 0
2 3 —
1 +g/ﬁ 4 g/ﬁ 0 0 ’
8—V13 | 2+VI3  4—V13 2—VI3 0
6 6 6 6
2+VI13  4—V/13 2—=V13 2413
6 6 6 6
2413 | =2+ /13
+6\/_ 222 2 (\)/17 0 0
0 R *6 s —— 0 0
4—V13 | 2+V/13 2-VI3 4-VI3 0o .
i 72+6\/B zfi/ﬁ 476\/5 2413
6 6 6 6
—2++V13 2=V13 4—V13 2+/13
6 6 6 6

To test the quality of this method pair, and to set a standard for later tests with G-
symplectic GLM pairs, we present a plot of the drift in the value of the Hamiltonian for
the Herion-Heiles problem on the interval [0, 10] using a stepsize 1 = 10~*. The results
are shown in Figure 1.
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Figure 1: Numerical results for the Herlon-Heiles problem using an RK pair

4.2. Interchange symmetry of partioned GLMs

When we interpret a single step of a method in the reverse direction, we cannot
expect the stages to exactly correspond to the stages in the forward direction; there
might instead be a permutation of the stages involved. Denote P by this permutation
and assume that P> = I, because a double reversal should give the original method.
A typical case is where P exactly reverses the order of the stages, i.e. P;j = 01—,
i,j,=1,2,...,s.

In this paper we will consider a limited type of time-reversal symmetry known as
“interchange symmetry”. This means that when the direction of time is changed, the
two methods making up the partitioned are interchanged, but with the stages renum-
bered according to the permutation matrix P. This gives the equations

Y = hAF + Uy, (4.14)
1l = hBF + V5, (4.15)
PY = h(PAP)(PF) + PULy" (4.16)

Ly = n(BP)(PF) + VLy",

with L2 = I, leading to

511 = h(LBP)(PF) + (LVL)7". 4.17)

From (4.14) and (4.15) we find
Y = —h(OV'B-A)F +0V~'51, (4.18)
O = —pv1BF + V51, (4.19)

By comparing (4.16) and (4.17) with (4.18) and (4.19) with & — —h, we find the sym-
metry conditions:

A+PAP=UV'B,UV '=PUL, V'B=LBP,V ' =LVL.

Thus, the following definition holds.



Definition 4.1. A partitioned GLM (2.4)-(2.5) possesses interchange symmetry if

A+PAP=UV'B, (4.20)
Uuv-'=prUL, 4.21)
V-'B=LBP, (4.22)

V'=LVL. (4.23)

It can be verified that these four statements imply the corresponding statements with
the two methods interchanged.

4.3. Transformations of methods with interchange symmetry

In the transformation provided by (2.6) there is, in general, not reason to restrict the
values of the non-singular matrices T and T. However, if the untransformed method-
pair possesses interchange symmetry, and they are to be transformed into a pair which
retains this property, we can always assume that T=T.To  verify this fact, apply the T
transformation to U B Vi in (4.21)—(4.23). It is found that U, B, V transform according
toU > UT.B—T 'B.V »T 'VT.

4.4. Symmetric and G-symplectic methods depending on two input values

We now aim to determine the coefficient matrices of a G-symplectic partioned
GLM (2.4)-(2.5) satisfying time-reversal symmetry and depending on two input val-
ues. We first observe that, for these methods, we can always assume without loss of

generality that
s = 1 0
P=v=|g 1]

since, from (4.23), both V and V have to be power bounded. As a consequence, (3.13)

leads to
1 0
G—[O g].

Then, by using the notation d =diag, the following result holds.

Proposition 4.1. A G-symplectic partitioned GLM (2.4)-(2.5) with r = 2 possesses in-
terchange symmetry if its coefficient matrices have the following form

o~ ~

U A |1 —gx ~ ~ A |1 —gx
2 g =| »x |1 0|, 2 l‘i = b |1 0
pdx) |0 -1 pd®) |0 -1
(4.24)
and satisfy
A=UVB- PAP, (4.25)
DPAP =A"D, (4.26)



with

andb = Pb, ¥ = —PX%.
AT

Proof: Once it is assumed that B=| ~ b |, we obtain
b'd(x)

5_§TG{ (1) ] =d(b),

~ 17
-[1]

Under the previous assumptions, equation (3.13) is trivial, while (3.12) takes the form
DU = DX"GV, and implies that

and B=X 5, where

ﬁ_mv_{ 1 }

_gjc\

Moreover, by exploiting the hypothesis of time-reversal symmetry (4.22), equation
(3.11) can be regarded as DU = PB'G, and implies that D = PDP = d(b), and

o-[ ]

Finally, equations (4.20) and (3.10) leads to (4.25) and (4.26).

5. Parasitic behaviour of partitioned general linear methods

Multivalue methods for which V has multiple eigenvalues on the unit circle suf-
fer from parasitic behaviour, which destroys overall accuracy. Our approach will be
to study the growth of perturbations in the output values. Consider the partitioned

method in (2.4)-(2.5) and add a perturbation (— 1)"’11 j[”*l] to the external approxima-

tions )7[]-"71], j=2,...,r, and a perturbation (—1)”’111["71] to the external approxima-
tion )75."71], j=2,...,r. This means that the inputs of these components in step number

n — 1 then become

Y R A SR L N

Denote the effects of these perturbations on internal stage number i by gYi and &Y,
respectively. These are equal to
-~ r Ay ~ " ~ Nln—
= (-1 YagA rom  s%=(-1) YAl v om).
j=2 j=2

10



As a consequence of the perturbation of the internal stages, the stage derivatives will
also be perturbed. Denote the deviations to f(¥;) and f(¥;) by 8 f; and & f; respectively.
Thus, we have

8=y Ly aal sf=(- —iz A

We are now in a position to calculate the perturbations ilM and Aii[n] to )?l["] and 51{1”],
respectively. These are

Al _pab- 1J+hBU3{wu,

A — hBuaim 1) _ A1,

or, equivalently, in matrix notation,
lw ] vy ljunu ]
A B T A1 |
A hrg v A

where T' = §(7 and ' = gﬁ The dotted matrix is obtained by removing the first col-

umn and the first row. Thus, the growth of parasitism is removed if V and V are power
bounded and T' = 0 or I' = 0. We observe that in the special case of G-symplectic meth-
ods with interchange symmetry depending on two input values, which are described in
Proposition 4.1, we obtain

[=0=— (b1 + b5 +... +bi2).
Thus, the following result holds.
Theorem 5.1. A G-symplectic partitioned GLM (2.4)-(2.5) with r =2 and possessing

interchange symmetry is free from parasitism if

S o~
Y bix; =o0. (5.27)

6. Order conditions

6.1. Trees, elementary differentials and B-series

At the heart of the theory involving orders of Runge—Kutta and related methods is

the formula "
ht
y(xo+h) = yo+ Z (o) (6.28)

ZET

11



Although (6.28) is relevant to solutions of the initial value problem

Y(x)=f(x),  y(x)=yo,

it applies equally to the system

o~

)7(x) ), y(x0) = Yo,
V@) =f3),  3(x0) = o,

and can be used alongside the expansions for y(xo + &) and y(xo + /) given by

1d

y(xo +h) =yo+ Z F(
i1 hw (6.29)
Y(xo +h) =yo+ Z

IET

assuming that the elementary differentials are defined using the following recursions

F(r) =T,
F(r) =f,
F _gm) == =
([t1,12, ..o tm)) =1 (F(11),F(t2),...,F(tm)),

~

~ ~(m) , ~ ~
F(lti,ta, . otm]) =1 (F(t1),F(t2),...,F(tw))-
The Taylor expansions (6.28) and (6.29) can be generalized to give

F xo+h C u, t 5}\0 )
o) ,; F(1) (o)
pld £ W=yl m E)60)
— x0+ u, t Y0)-
o (u) =

The values of C(u,t) up to |ul, || < 4 are shown in Table 1. The special case in which
y(xo + h) is written in accordance with (6.28) is included using the well-known con-
vention that F(0)(yo) = yo. Given a mapping a : {0} UT — R, a B-series B(ct,yp) is
defined by

h\t\

B(,0) yo+z (o).

teT

The particular choice of & corresponding to (6.28) will be denoted by E, so that

In dealing with classical (first order) differential equation systems, the B-series defined
by 0 — 0, T — 1, t — O for all other trees, plays a central role; but this cannot be

12



u‘o.:viv\}YI
0 L1 3 3 5§ 3 8§ 1 =
. L I T T T
! 1 2 1 3 3 1 4
v 1 0 3 1 0 0
! 1o 1 2 1
v 1 0 0 0
J 1 0 o0
Y 10
| |

Table 1: Values of C(u,t) for |ul,|t] <4

extended in a simple way to partitioned systems because the two series, for expansions
based on functions of yy and on yy, are interrelated. The composition of a B-series
B(a,yo) = yo+--- with D, in the classical case, is equal to B(aD,yy), where oD is
given according to the formula

However, in applications to partitioned methods we will need to involve a pair of B-
series, B(,y0) = 0(0)yo + - - - and B(@,y9) = &(0)yo + - - -. In this case

({ g }D) ([t1 12, ) = { rquffgfé’j). ] 6.30)

To avoid clumsiness, we will, throughout this section observe the convention that a
and & always come in pairs and that @D and &D are the two components on the right
of (6.30).

It is customary to represent elementary differentials for separable problems using
bi-coloured trees. For example, consider the tree t = [[7?]], for which, for the classical
(non-separable) problem, F (¢) is represented by the tree, with operators attached to the
vertices,

f f

f/l f”

f//

In the case of separable methods, the two elementary differentials ?(t) and I~=(t) are
represented by bi-coloured trees as follows:

13



6.2. Order of partitioned general linear methods

Given a pair of starting methods, represented by vectors of B-series coefficients ¥
and W, we write the stage values, represented by 17,7, and the output value order p
conditions as follows:

1 =AND+UV, (6.31)
n=AnD+UV, (6.32)
BiD+Vy=EVy, (6.33)
BiD+Vy=Ey (6.34)

where (6.33) and (6.34) each hold up to trees of order p. This extends the standard
definition of order to the partitioned case. For Runge—Kutta methods, classical oder
requires ¥ = = 1, the identity B-series and the definition which allows more general
¥, ¥ is known as “effective order”.

In this paper we will aim only to make a slight extension to what is standard for
Runge—Kutta methods. We will make several assumptions to achieve this aim; these
are

1. r=2,

2. V=V =diag(1,—1),

3. 1[76‘1 = I[N/el = 1,

4, 06‘1 :ﬁel = 1,

5. (BYD+Vy—EW)e, = (BYD+ VY — Ef)e; = 0.

We will also assume that the method-pair is G-symplectic with G = diag(1,g), D =
diag(b), D = diag(b). According to Proposition 4.1, write the method pair in the form

A | 1 —gx A | 1 —gx
b 1 0 |, b7 1 0 )
pdE) |0 —1 bdE) [0 —1

so that all the G-symplectic conditions are satisfied as long as
DA+A'D = B'GB.
Write the second components of the starting methods as

~ ~

Ve =& Yer=¢.

14



With these choices, rewrite (6.31) — (6.34), where each of the components of (6.33)
and (6.34) are written out separately. It will always be required, that (@) = 17(0) = 1

and that & (0) = & (0) = 0:

fi(t) = A(MD)(r) — gXE (1), (6.35)

1(1) = A(MD) (1) — gxE (1), (6.36)
CELIEES 637)
(b"D)(r) = ;1, (6.38)

E(t) + (EE)(1) = b"d(%) (D) (1), (6.39)
E(t) + (EE)(r) = bd(X) (D) (r) (6.40)

6.3. Conditions up to order 4

Now apply equations (6.35) — (6.40) to find the various B-series coefficients for &,
&, 7, 7 in the case of t = 7, [1],[7?],[[7]]. Later we will use the results for 7 (¢),7 (¢) to
write down the remaining conditions required for order 4. Throughout the calculations,
we will write

-~

We are presenting only the formulae for £(r) etc because the corresponding results

for £(¢) etc are identical subject to interchanging ¢ with ¢ etc. From (6.39), we find,
making use of Table 1,

2& (1) = b'd(¥)(AD)(7), (6.41)

28 (7)) + &(r) = b"A(®)(AD) ([1]), (6.42)

28 ([7%)) +2&([7)) + & (2) = b"d(®)(AD) (7)), (6.43)
2&([[7])) + E([7]) + 1E(x) = b'a@(AD)([[<])- (6.44)

15



From (6.41)—(6.44) and (6.37) we find in turn

E(r) = 1'%, (6.45)
M(r)=A1- g D=4 (6.46)
(mD)([7]) =¢, (6.47)
(MD)([7*]) =&, (6.48)
AD)([°)) =&, (6.49)
E([7)) = Ybrd(®)e - 1575, (6.50)
E([7%) = 1@ - L (D)E, (6.51)

1 ([]) = Ac— g(1p"d(F)e — 1677, (6.52)
1([¢%]) = A& — g(1b7d(®)& — 167d(%)0)7, (6.53)
E([[7]]) = P @) — {prA(R)E, (6.54)
1([[7]) = A(AC - g (35'd(F)e — 1DR)%) — g (}P'ADT — {5'A(R)T)F.  (655)

We are now in a position to evaluate (7D)(¢) for the trees of order up to 4. Trees will
be written in both algebraic form and pictorial form.

Tree t (MD)(¢)
T 1

(1 ¢

52

]
| Ac—g(Ypd(®)e- 1pR)x
]

2.'3

[ AS—g(3b7d(DE - 3b"d(F)e)%

!

v

!
v

V[t d@Ac- g (1@ FaE)T
Y

§ (7] A(Ac—g(1pd@)e— 1p77)7) — g(1p7d(R) — LpTd(R)e)%
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Now write down the 16 order conditions, corresponding to the bi-coloured trees of
orders 1 to 4.

o =1 (6.56)
. b'1=1 6.57)
2 be=1 (6.58)
g pe=1 (6.59)
Vg pE=1 (6.60)
¥ =1 (6.61)
§ bAc—g(Ybd(F)e— bR bTx = (6.62)
: bAC—g(1bd(®)e - 1) R =1 (6.63)
h\ 7 =1 (6.64)
agP =1 (665
x; b d(QAC—-g(1bd(R)e— 1R bd@)F =1 (6.66)
%} b (@A - g(1pd(®)e - 1 R)pd@F =1  (6.67)
¥ bTAG — g($67d(R)E — 1pd(R)e)bE= 5 (6.68)
Y b'AZ —g(1bTA(®)E — pA®E) T = (6.69)
i DA(AT— g (3b'A(R)¢ — 1b'x)3) — g (1A — P ADPT= 5 (6.70)
§ b'A(Ac—g(Lb"d(x)E— 1b'R)%) — g (2ba(x)F - ;{ZTd(@szsz & (671

7. Construction of methods

We apply the results developed in the previous sections in order to derive G-symplectic
partitioned GLMs (2.4)-(2.5) with r = 2, satisfying interchange symmetry and free of
parasitism. We also require that the matrix A is strictly lower triangular and the matrix
A is lower triangular: in this way, the whole numerical scheme results to be fully ex-
plicit. In our construction, following the lines drawn for the RK model in the previous
section, we always assume that c =1 —c.

We first focus our attention on the family of two-stage G-symplectic methods (2.4)-
(2.5) satisfying interchange symmetry. According to Proposition 4.1, such methods
satisfy (4.24) with

A= [ 0 0 :| A’_ [ bz(l—gxle) 0
bi(1—gxi) 0]’ by(1—gx3)  bi(1—gxixz)

In order to eliminate the parasitic behaviour of the methods, we next solve Equation
(5.27) and finally impose as many order conditions as possible from the set of equations
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(6.56)-(6.71). Due to the number of degrees of freedom, we are able to derive a family
of methods of order 2. A member of this family is the partitioned GLM

463 39 463
0 01 2232 124 011 —x5
33 o1 463 184 52| _ 463
217 2976 ~ 217 93 2232
M= " 5 , M= . " (7.72)
7 7|1 0 -7 7|1 0
96 72 72 96
7 —710 -l 7 —710 -1
S 1463 72791 ~_ 11009 839 1t
withe=[535  1736] ¢ =736 1302) " and
1 oo ~ | -3 0
G=|y w |- P=0 ol D=| ) u|
17856 7 7

Order 3 of convergence is achievable by involving three internal stages, thus we
consider G-symplectic methods (2.4)-(2.5) with s = 3 and satisfying interchange sym-
metry. From Proposition 4.1, it follows that such methods satisfy (4.24) with

0 0 0 0

A bl(l —gx1x3) 0 0 0
bi(1—gxixa)  ba(1—gx3) 0 0|’

bi(1—gx})  by(1—gxixy) b3(l—gxixz) 0

b4(1 —gx1X4) 0 0 0

i ba(1 — gxaxa) b3(1 — gxox3) 0 0

ba(1—gxaxy)  b3(1—gx3)  ba(l—gxoxs) 0

b4(1 —gxﬁ) b3(1 —gxsxa) bo(1—gxoxa) bi(1—gxixg)

Through symbolic manipulations, we solve Equation (5.27) and order conditions
(6.56)-(6.61) and obtain the method

r 325 7 r 19 325
0 0 o1 -3 1 0 o1 -3
33 14625 2319 17 14625
64 0 0 1 14336 4928 1232 0 1 T 14336
e 325 | 6L 1546 209 325
M= 48 4 0 1 512 ’ M= 462 1309 102 1 448
24 128 3 3 128 24
7 —1 i | ! 0 T TS 7|1 0
224 128 32 32 128 224
L 55 —157 —1s 10 -1 L 165 % 510 1
(7.73)
: _ 33 2911 ~__ 119 31 T
with ¢ = [0 od R] ,C = [R o4 1] and
1 0
G= .
0 14625
14336

It is worth observing that, according to the results in Section 4.1, a symplectic
partioned Runge-Kutta of order 3 necessarily requires four internal stages. Here we
only need to involve three stages, thus we save some function evaluations and gain the
same accuracy with a lower computational effort.
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7.1. Starting method

To obtain a starting method pair for the method (7.72), use the information in Table
1 and the values of the coefficients in the method, to find

512@1—51:%—51,
Ei+&=bc-& =304,
Ei=b1-&=-%-¢,

E+&=bC-8& = —3168 ¢,

Solve these to give

~ > 12 >z 282
G=-b== &=h--—

Practical starting algorithms can now be found from

S0l

0 ~

yl :)’07

0 N~ P Ps
= 2 f(50— 2 hf(50)),
0 ~

=50,

9{20] = —2nfGo+ Enf o).

Similarly, to make the method (7.73) available as a practical algorithm, we will
construct a starting method. The first step will be to find the B-series coefficients E (1),
E (t), for trees up to order 3. To simplify the notation we will write El = E (1), EZ =
g([’c]), 83 = g([’cz]), 54 = E([[’L’]]).and similarly for E,», i=1,2,3,4. Taking account of
the special properties of the method pair, bE=b"%= 0, we can find a simple expression
for (D); and (1D);, for i = 4, which we add to known expressions for i = 1,2, 3:

(MD)1 =1, (D)1 =1,
(MD)2 =v¢, (D), =¢,
(AD); =&, (MD); =,
(7iD)y = Ac— 1g(b"d(X)0)%, (D)4 = Ac— Lg(b™d(%)¢)%

Substitute into (6.41)—(6.44), and the corresponding equations for the £ (r), and we find
for the method (7.73), the values

&=E&=0,

EZZEZZ_%a
—53253:%,
N



For the remainder of this subsection, the notations (AA,Z, &) and (A, b,¢) will refer to
tableaux for a Runge—Kutta pair used to compute starting approximations for the sec-
ond inputs to the general linear method under consideration. That is, the inputs are
found from

2)

0] 0]

y] :5}\07 y] :3707
/Y\Zjl\()—l—h;{\ﬁ, ?Zf()—‘rhgﬁ,
= nb'F, W = nb'F,

where F; = f(Y,), F= f(Y),i=1,2,....s.
To ensure that the general linear method pair has order 3 relative to the proposed
starting procedure, we need to choose the starting Runge—Kutta pair to satisfy

b1=¢, b=,
be=&, be=6,
b2 =8, bP=G,
DAC=E,, DbAC=E.

A possible solution to these equations with s = 3 is the method pair

0 0

5| s 5| s

25 256 56 256
RN s ;o )

256 256 256
| 173056 _ 1024 167936 | _ 173056 1024 167936
379215 75843 379215 379215 75843 379215

and simulations presented in the next section will use this starting procedure.

8. Numerical experiments

We present in this section some numerical results obtained by applying the order 3
partitioned GLM (7.73). We first apply this method to the simple pendulum problem

p(t) = —sin(q(t)),

4(t) = p(t),

p(0)=0, (8.74)
q(0) =2.3,

with z € [0,T]. It is known that the Hamiltonian of this dynamical system, that is

2
Ap(0).0)) = "2 cos(qlr).

is separable and preserved along the time. In this particular example, the Hamiltonian
is the total energy associated to the dynamical system and we aim to preserve it over
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a long time interval of integration. This would not be possible in general by using
G-symplectic partitioned GLMs because, when they are applied to this problem, they
suffer from parasitic behaviour. However, the methods presented in Section 7 are free
of parasitism, since they satisfy condition (5.27). The absence of parasitism is also
advisable from the numerical evidence: in fact, the implemented methods are able to
realize a very accurate conservation of the total energy of the system, within round-off
error. In our implementation, in order to control the propagation of the round-off error,
we have always used compensated summations. Figures 2 and 3 show the patterns of
the Hamiltonian deviations in each step of the integration carried out by applying one
million steps of methods (7.72) and (7.73), respectively.

1.4x107°

| UV

] ] ] ]
10 100 10° 10° 10°

Figure 2: Hamiltonian deviation associated to 100 steps of (7.72) to problem (8.74), with h = 1074

10°13

0

] ] ] ]
1 10 100 103 10° 100

Figure 3: Hamiltonian deviation associated to 10° steps of (7.73) to problem (8.74), with 1 = 104

We next consider the Herion-Heiles problem

pi(t) = —q1(1)(1+2g2(1)),
pa(t) = ~(q2(1) +41() = 43(1)), (8.75)
Gi(t) = pi(t), i=1.2,



with g1 (0) = ¢2(0) = p»(0) =0, p;(0) = +/0.3185. whose Hamiltonian is
1 1
K (p(0),q(0) = 5 (PT+ 3 +41 +43) + 4192 — 505

The behavoiur of the methods object of investigation is described in Figures 4 and 5,
where the observed Hamiltonian deviations are plotted at each time step.

5%107°
0
I I I I
1 10 100 103 10° 10°
Figure 4: Hamiltonian deviation associated to 10 steps of (7.72) to problem (8.75), with 7 = 104
2.5x10° 1
0
I I I I
110 100 10 10° 109

Figure 5: Hamiltonian deviation associated to 10° steps of (7.73) to problem (8.75), with 1 = 104

We finally focus our attention on the Kepler problem

qi(1)
(@1(t)> +aa(t)?)¥/ (8.76)
q'i(t):l’i(t)7 i:1727

pi(t) = —

with q1(0) =1—e, ¢2(0) = p1(0) =0, p2(0) = / %, being 0 < e < 1 the eccentricity
of the elliptic orbits described by the motion of a planet revolving around sun. The

Hamiltonian of this problem is

NS

H(p(t),q(1)) =

1
(P%*‘P%)—ﬁ-
\/Q1+512
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The observed Hamiltonian deviations when methods (7.72) and (7.73) are applied to
this problem are reported in Figures 6 and 7. As the angular momentum is preserved
by the continous problem, our method is also able to accurately preserve it, as shown
in Figures 8 and 9.

o . U

10 100 103 10° 100

—2x1078

Figure 6: Hamiltonian deviation associated to 10° steps of (7.72) to problem (8.76), with ¢ = 1/2 and stepsize
h=10"*

10714

0

] ] ] ]
1 10 100 103 10° 106

Figure 7: Hamiltonian deviation associated to 100 steps of (7.73) to problem (8.76), with h = 1074

9. Conclusions

In the numerical integration of separable Hamiltonian problems, partitioned Runge—
Kutta methods play an important role. In this paper we have considered the more gen-
eral class of partitioned G-symplectic general linear methods.

It is typical of multivalue methods that parasitism can destroy the quality of long-
term integrations. We will attempt to overcome this difficulty by requiring parasitism
growth rates to be zero. For efficient implementation we will also impose the constraint
that the coefficient matrices relating stages and stage derivatives have a triangular struc-
ture designed to make the methods effectively explicit.

Using a special structure interrelating the two components of a method pair, we
have found order conditions up to p = 4. From these, practical methods can be con-
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Figure 8: Deviation of the angular momentum associated to 10® steps of (7.72) to problem (8.76), with e = 0
and stepsize h = 1074

10713
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—-107"

Figure 9: Deviation of the angular momentum associated to 10® steps of (7.73) to problem (8.76), with
h=10"*

structed. As a consequence we have constructed a family of partitioned pairs with
p = 3 and these are presented in the paper.

Although these are 2-value methods, they apparently preserve invariance properties
just as well as for Runge-Kutta methods, and they have cost advantages. Simulations
on selected problems verify the ability of these methods to closely conserve invariants
and symplectic behaviour over an extended number of steps.

The concepts of conformability and weak conformability, introduced in [7], pro-
vide simplifications and insights into the order conditions for non-partitioned methods.
An early application [8] has enabled a method of order eight to be constructed. It is
anticipated that conformability can also be applied to partitioned methods and this will
be the subject of future research.
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