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Abstract. The purpose of this work consists in reformulating the coef-
ficients of some exponentially-fitted (EF) methods with the aim of avoid-
ing numerical cancellations and loss of precision. Usually the coefficients
of an EF method are expressed in terms of v = wh, where w is the
frequency and h is the step size. Often, these coefficients exhibit a 0/0
indeterminate form when v — 0. To avoid this feature we will use two
sets of functions, called C and S, which have been introduced by Ixaru in
[62]. We show that the reformulation of the coefficients in terms of these
functions leads to a complete removal of the indeterminacy and thus
the convergence of the corresponding EF method is restored. Numerical
results will be shown to highlight these properties.

Keywords: Exponential fitting, C' and S sets of functions, 7,, set of
functions

1 Introduction

Exponential fitting is a mathematical procedure to generate numerical methods
for different problems with a pronounced oscillatory or hyperbolic behaviour,
usualy occurring in interpolation, numerical differentiation and quadrature [30,
31,33,35,72,61,65, 66, 80], numerical solution of first order ordinary differen-
tial equations [4,3,27,40,43,50,61,70,74,75,77,78,81], second order differen-
tial equations [55, 64], integral equations [15, 16], fractional differential equations
[1], partial differential equations [14,45, 46,51, 53]. This procedure has been in-
troduced in [63]. Its central idea consists in determining the coefficients of a
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numerical method by asking that the method is exact for the following set of
functions, which is called a fitting space:

F={l,az, ... a5 etne getre  gPetrey (1)

where p may be real or imaginary. The coefficients are functions of the parameter
v = wh, where w is the frequency of the oscillatory or hyperbolic functions and
h is the step size. The values of u to be used in (1) are the imaginary u = iw
and real y = w, respectively.

Often, these coefficients exhibit the indeterminate form 0/0 when v — 0 such
that, in order to restore the convergence of the corresponding numerical methods
when v is small (in practice this depends on how small is the step size h),
it is necessary to make use of the Taylor series of the coefficients. Expressed
in different words, an accurate computation of the EF coefficients requires the
knowledge of four different formulas (an analytic formula valid for big v and a
power series for small v, for each of the trigonometrical or hyperbolic fitting).
In the paper [62] a method was described to replace the four formulas by a
single one. The coefficients have been expressed in terms of two sets of particular
functions, called C(Z) and S(Z), where Z = +12, for real and imaginary p. A
similar method has been introduced in the paper [30], in which the coefficients
are expressed in terms of 7,,,(Z) functions.

The work is organized as follows. In Section 2 we recall the two sets of C' and
S functions, and in Section 3 the general procedure for the conversion of the
coefficient in terms of C' and S functions is briefly presented. In Section 4 we
reformulate the coefficients for the methods in [69, 71]. In Section 5 numerical
experiments are presented to show how the converted coefficients restore the
convergence of the method.

2 C and S functions

The original v = ph is replaced by the new Z = v? which is negative if v
is imaginary and positive when v is real. Thus, Z < 0 and Z > 0 cover the
trigonometric and hyperbolic case, respectively.
To define the sets of functions C' and S we rely on the family of functions 7,,(Z)
functions, m = —1,0,1,...,...
sin(|2]'/2)/|12Y? if Z <0
cos(|Z|Y?) if Z<0 (121757121 .
77,1(2): 1/9 s no(Z): 1 it Z=0
cosh(Z'/?) if Z >0
sinh(Z1/2)/Z'? i Z >0
(2)
and, for Z #0,
I Z) = [m-2(Z) = @2m = Dnr(Z)]/Z, m= 1,2, 3, (3)
while for Z = 0,

mm(0) =1/2m+ 1Y, m= 1, 2, 3,... (4)
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The two sets of C and S functions are defined as follows: C_1(Z) and S_1(Z)
are given by the first two 1 functions,

C_1(Z2) =n-1(2),5-1(Z) = no(2) (5)
while the next ones are derived by recurrence for Z # 0,

Cn,1 (Z) — Cnfl (O) Snfl (Z) — Snfl (0)

Cn(2)= 7 ,Sn (Z) = 7 Jforn=0,1,2,...
(6)
and by the following values at Z = 0,
i (0) L 5.0 L5 01,2 (7)
n = 75 o Pn = 5 oy 10T all = U Lya, ..
2n +2)! (2n +3)0 A
An important property is the reverse relations:

Cn(Z)=ZCri1(Z)+ CL(0),5,(Z) = ZSp11 + Sn(0). (8)
for n =—1,0,1,.... For an accurate computation of these functions, it is neces-
sary to introduce their series expansions:

zk zk
Cn(Z) = —— 5, (2) = _ 9
(2) ];)[2(]{?4-714'1)]! (2) g[2(k+n)+3]! )

Note: We acknowledge with thanks a recent private communication by Prof.
Ander Murua that sets C and S are directly related to the Stumpff functions
n(Z2)(n=0,1,2,3,..):

Cn(Z) = cont2(—2), Su(Z) = cany3(—2).

For the Stumpff functions see [83] and references therein.

3 Procedure for the conversion of coefficients

Now we describe the procedure introduced in [62] for the conversation of the
coefficients. Let o(z), a generic coefficient derived by EF technique:

where N (z) and D (z) contains trigonometrical or hyperbolic functions and tend
to 0 when z — 0.

Let us denote generically by F any of numerator N or denominator D, and
treated separately these two functions. The procedure has two steps.

In the first step, F (z) is expressed in terms of Z in the following way:

F(z)=2"F(2) (10)
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where k£ = 0,1 and
M

F(Z)=> Z"Fn(Z). (11)
m=0
The second step consists in factorizing Z in F (Z) as many times as possible
until the form
F(Z)=Z"F*(2) (12)
where m > 0 and F* (Z) # 0.
To be able to factorize Z in F' (Z), we have to first evaluate Fy (Z) at Z = 0. If

Fy (0) # 0, then no Z factorization is possible and the procedure is stopped.
Instead, if Fp (0) = 0, then

F(Z)=Fy(Z)=ZAF, (2),
take m = 1 and the following algorithmic applies:

1. Form F,, (Z) = AF,,—1(Z) + F,, (Z) and evaluate in 0;

2. If F,, (0) = 0, one factorization of Z is possible and we put F, (Z) =
ZAF,, (Z), then determine AF,, (Z), increase m by 1, and go to (1);

3. If 7, (0) # 0, the procedure is stopped and

F(Z) = Z"F* (Z2) (13)

where,

(14)

* (Z) _ AFm—l(Z) —+ Zﬁ‘ighz ZiFm-‘,—i if m < M’
AFp-1(2) ifm>M

In the most cases, F,, is a linear combination of terms containing functions from
sets C' and S:

Ful(2) =K+ Y [0;C; (;Z) +b;S; (8, 2)] (15)

jz-1

where a;, b;, K are constant, and «;, 5; > 0.
By replacing (8) in (15), the following expression is obtained:

Fn(Z)=Fn (0)+ 2 Y [a;0;Cra1 (a2) +;8;Sj41 (B, Z)]. (16)

j=z—1
If 7., (0) = 0, then the expression of A,,(Z) is thus obtained:
AF, (Z) = Y [a;0;Ci41 (. 2) + b; 85511 (B;Z)] - (17)
i>—1

After applying the procedure described for the numerator and the denominator
of the coefficient, the user-friendly reformulation of the coefficient is obtained:

_N*(2)
where N*(0) # 0 and D*(0) # 0.

(18)
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4 Reformulation of the coefficients

In this Section we reformulate the coefficients of two relevant classes of EF
numerical methods [69, 71] in terms of the C' and S functions.

Example 1: The first class of methods, developed by Simos et al. in [69] regards
the numerical solution of the second-order Initial Value Problems (IVPs) of the
form:

y' = f(2,y(2))
y (z0) = Yo : (19)
Yy (x0) = Yo

The scheme examined in [69] is of the form:

Ynt+1 + doyn + diyn—1 + doyn—2 + d1yYn—3 + do¥Yn—4 + Yn—5 =

y y By 3 3 3 ~ 20
h? (doﬂxﬂ + d1y,, + dayy 1+ dsy, o + doyn—3 + diyn—a + doyxfs) 20)
where 1 is determined by solving
Un+1 + CoYn + C1Yn—1 + C2Yn—2 + C1Yn—3 + CoYn—a + Yn—5 = (21)
W2 (Goys + E1ym_y + Coyn_o + C1y_s + Coyn_4) -
and using 1 = f (Tnt1,Un+1) in (20).
The classical version has the constant coefficients:
s DIAS4823 . 23362512 . 723342859 (22)
O T 176458807 1 T 735245 7?7 T 8822040
. _ 12519323 2712635 551
7 7504168 't T 63021 '° T 4
23362512 84437 9
0= T 3245 0 T 1050352 T 5 (23)
go_ L 7 _ 209837 . 320221 ; _ 638003
07 15" T 210070° " T 315105’ ° 315105

see [57].
In [69] the exponential fitting procedure is applied to produce the following v
dependent expressions for the ¢ coefficients :

sef _ L

&g (3(4965191u4 — 8289068912 + 22589400) sin(v)

201667206 sin3 (v)
— 48(6932912 — 308970) sin(2v) — (496519104 — 805985702 — 68357160) sin(3v)
+ 7562520(3v2 — 10) sin(4v) — (5993525902 — 95582232)v cos(v) (24)

— 32(43799302 + 2928636)v cos(2v) — 3(4965191v2 + 13671432)v cos(3v)

+ 756252000 cos(4v) + 48(87598612 — 759933)1/),
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&) = S ( — 24(8759860% + 23134902 — 617940) sin(v)

100833616 sin3 (v)

— 18(14126869r2 — 7562520) sin(2v) + 4(17519720% + 975189912 — 15198660) sin(3v)
1 3(496519112 + 22785720) sin(4v) + 3781260(3v2 — 20) sin(5v)

1 64(87598612 — 2650563) v cos(v) — 12(14126869v2 — 4537512)v cos(2v)

- 2(4965191u2 + 13671432)v cos(4r) 4+ 60500160v cos(5v)

1 6(49651912 + 13671432)1/),

agf = S (G(42380607u4 + 12530074402 — 45276960) sin(v)
201667206 sin3 (v)
— 24(228131312 — 679290) sin(2v) — 3(28253738v% — 7440315312 + 113732280) sin(3v)
— 48(182130102 — 5993130) sin(4v) — 3(496519102 + 22785720) sin(5v)
— 7562520(v2 — 10) sin(6r) + 160(90655902 — 2390292)v cos(v)
— 16(175197202 — 21371481)v cos(2v) + 9(3321892902 + 4596408)v cos(3v)
— 32(43799312 + 6709896)v cos(4v) + (496519102 + 13671432)v cos(5v)

— 45375120v cos(6v) — 288(43799312 — 852624)1/).

The other coefficients are untouched. They remain the same as in (23).
Theoretically we must have

: ~ef _ ~class
it =

(25)

(26)

(27)

for i = 1,2,3, but a direct examination of the EF expressions given in (24-26),
shows that these have an indeterminate form 0/0 for v — 0 such that, in a
numerical approach, a blow up of each coefficient will be obtained when h is
decreased (we remind that v = wh).
removed by applying the procedure described in the previous Section.

This is
Indeed,

€S
-1

Cs
2

now we have:

1

7( — 59935259C5 (Z) — 897009664C5 (4Z) — 10858872717C5(92)
201667253 | (Z)

— 95582232C3(2) + 23991386112C3(4Z) + 269094796056C3(92) — 4956173107200C3(16Z)
— 1489557351 (Z) + 120654141351 (92) — 2486720675 (Z) — 42595737655 (42)
1762690725955 (92) + 37171298304055(16Z) — 6776820053 (Z) — 759324672053 (47)

— 134547398028053(9Z) + 1982469242880053(16Z));

= % ( — 14015776Co(Z) + 2712358848C5 (4Z) + 10168711168C5 (162)
25208453 | (2)

— 42409008C3(Z) + 3484809216C3 (42) — 447984483776C3(16Z) + 5908218750000C3 (257)

— 525591651 (Z) + 42572919651 (9Z) + 138809455 (Z) + 813707654455 (42)

— 2132740311355(9Z) — 6101226700855 (16Z) — 22155820312555(252) + 370764053 (Z)

+ 1742404608053 (4Z) + 299155224780S53(9Z) 4 4479854837760S53(16Z)

— 36926367187500S53 (25Z)) H

- %( — 145049440C5 (Z) + 1794019328C5 (4Z) — 217949393169C5 (9Z)
201667253 | (2)

+ 57408618496C5 (162Z) — 7T7581109375C5(252) — 382446720C3(Z) + 87537586176C3(42)

+ 271413295992C5(9Z) — 14071671816192C3(16Z) + 5340403125000C3 (25%)

— 76212777553920C3(362) + 2542836425 (Z) — 2059697500251 (9Z) — 75180446455 (Z)

+ 700819353655 (42) — 4881590868335 (92) + 1432329388030S5 (162)

+ 1163716640625S55 (252) + 2117021598720S5 (362) — 27166176053 (Z) + 834711552053 (42)

— 6715777401720S3(9Z) + 75411027394560S3(16Z) — 13351007812500053 (252)

+ 762127775539200S3 (SGZ)) .

(29)

(30)
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The new expressions are also quotients of two v dependent functions but, as
expected, they do no longer exhibit indeterminacy when v — 0. Also worth
mentioning is that the power of Z in (13) for all these three coefficients is m = 4.
The use of 7 functions has the same effect. In fact, by applying the procedure
described in [30], the coefficients expressed by these functions are (see also [23]):

—1071987210n2(Z/64) — 53599360512 (Z/256)(1 + no(Z/64)) + . ..
13552035840(2 + Zn2(Z/4) — 2Zm (2))°

& = (31)

& = —203182182073 (Z/64) — 101591091013 (Z/256) (1 + ng(Z/64)) +... (32)
13552035840(2 + Zn2(Z/4) — 2Zm (Z2))
&= —2146293450m5 (Z/64) — 107314672513 (Z/256) (1 + ZO(Z/64)) +... (33)
6776017920(2 + Zn¢(Z/4) — 2Zm(Z))
The full expressions can be obtained using the Mathematica modules in [30].
Both ways of deriving single formulae, instead of four, are then acceptable, and
the expected theoretical behavior

Jim &S = lim & = gelass, (34)
—0 —0

is preserved.

Example 2: We consider the numerical method developed by Ndukum et
al. [71] to solve the first-order IVP:

{y' = f(x.y(@)) (35)
y(a) = yo

with x € [a, b].
The scheme used is a k-step numerical method of the form:

k—1
Yk = D (W) Yntr + hBLW) frtk + Bre1 (V) frnnsn)- (36)
r=0

In the paper [71] the authors presented the coefficients of the method correspond-
ing to k =1,2,3,4,5. In the paper [62] the case k = 2 has been considered.

In the following we consider the case k = 3.

By applying the exponential fitting procedure, the coefficients are [71]:

ef 5V711ucosu+7110052u—ucosBV+4sinu+2V2sinV—2sin2u (37)
e = 37
0 Tv cosv — 17Tv cos 2v + 13v cos 3v — 3v cos 4v + 4sinv + 202 sin 2v — 2sin 2v

ef —12v + 23v cos v — 9v cos 2 — 3v cos 3v + v cos 4y — 2sinv — 602 sin v — 2sin 2v + 2 sin 3v

ay’ = (38)
! Tvcosv — 17vcos2v + 13v cos 3v — 3vcos4v + 4sinv + 202 sin 20 — 2sin 2v
ef Tnu — 5v cosv — 15uc052v+17ucusSu74ucos4u+25iuu+6u2 sinv 4+ 2sin 2v — 2sin 3v (39)
a5 = 39
2 Tvcosv — 17v cos2v + 13v cos 3v — 3v cos4r + 4sinv + 202 sin 2v — 2sin 2v
ef 2v cosv — 6v cos 2v + 6v cos 3v — 2v cos 4v 4 25sinv — 20 sin 2v 4 5sin 3v
BS = (40)

Tv cosv — 17v cos 2v + 13v cos 3v — 3v cos 4v + 4sinv + 202 sin 2v — 2sin 2v
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ef —2v + 6r cosv — 6rcos2v + 2v cos 3v — 13sinv 4 12sin 2v — 3 sin 3v

8¢t = (a1)

Tv cos v — 17v cos 2v + 13v cos 3v — 3v cos 4v + 4sinv + 202 sin 20 — 2sin 2v

which all exhibit the 0/0 indeterminacy.
The coefficients modified by means of the the procedure described in the previous
Section are:

s 1+ (6(3C5(Z) — 256C5(4Z) + 1701C5(9Z) — 2048C5(162))

& (42)
0 —7C5(Z) + 1088C5(4Z) — 9477C5(9Z) + 12288C5(16Z) + 251 (Z) — 455(Z) + 25655 (42Z)

QS 23Co(Z) — 576C5(42) — 2187C5(9%) + 4096C5 (162) + 651 (Z) — 255(Z) — 256S5(42) + 437155(9%)
« =
L 7Co(Z) — 1088Co (4Z) + 9477C5(92Z) — 2(6144Co(16Z) + S1(Z) — 2S9(Z) + 128S5(42))

(43)
_CS _ —5C2(Z) — 96005 (42) + 12393C(9Z) — 16384C5(162) — 651 (Z) + 2S3(Z) + 2565(42) — 437453 (92)
* N 7Co(Z) — 1088Co(42) + 9477Co(9Z) — 2(6144C5(16Z) + S1(Z) — 2S9(Z) + 128S5(42))
(44)
BCS _ 202(%) — 384C5(42) + 4374C5(9Z) — 8192C3(16Z) + 25S3(Z) — 256053 (42) + 1093555 (92 (a3
3 7Co(Z) — 1088Co (4Z) + 9477Co(9Z) — 2(6144Co(16Z) + S1(Z) — 255(Z) + 12855(42)) °
b cs 3(2C5(Z) — 128C5(4Z) + 486C5(9Z) — 5S9(Z) + 51254(4Z) — 218755(92)) (469
4 T 7Co(Z) — 1088C(4Z) + 9477C5(9Z) — 2(6144C5(16Z) + S1(Z) — 255(Z) + 12855 (42))
We observe that in all five coefficient the power of Z in (13) is m = 3.
s for the coefficients expressed in terms of n,, unctions, these are:
As for th i t din t f Z) funct , th
4 2
s — —21005(Z/16) — 1015(Z/64) (1 + 1m0(Z/16)) + .. (47)
0=

16502(Z/64) (1 + 10(Z/16)) + . ..

n _ 630m3(Z/16) + 315m5(2/64) (1 + 10(Z/16)) — . .. (48)
! 165n2(Z/64)(1 + no(Z/16)) + . ..

a

~ —90m5(Z/16) — 4515 (Z/64)(1 + etao(Z/16)) + . ..

6z = 165m2(Z/64)(1 +no(Z/16)) + . .. (49)

B = 5(162n4(Z/16) + 8103 (Z/64)(1 + no(Z/16)) — . .. (50)
5 165n2(Z/64)(1 + 1n0(Z/16)) + . ..

B = —3(90n3(Z/16) + 4503 (Z/64)(1 + no(Z/16)) — . .. 51)

165m2 (Z/64) (1 + no(Z/16)) + . ..

Similar to the previous case, the full expression of the coefficients can be obtained
using the Mathematica modules in [30].
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5 A check on the effectiveness of the approach

In this Section we show the graphs of the behavior of the coefficients and how
our reformulation restores the convergence of the corresponding method.
On the left column of Fig. 1 we show the h dependence of the coefficients

10°
102
1o1v
100,
-1
10
107 102
h
3
10
—%
—
—
102
101 L
100 i 44 Lagdd 3 Pl
107 102 107"
h
5
10° — 10
— 10°
102
10
1] L\~ A WMW
10 o0 AW
10° 1071
107 102 107" 10 102 107"
h h

Fig. 1. Left: Coeflicients &, &5, ¢! of Example 1 for w = 10; Right: Error of &t and

&S5 coefficients with respect to el

& (v), v = wh, for w = 10 and i = 0,1,2 of Example 1 compared with the re-
formulated é$5(Z), Z = —v? = —(wh)?, by means of C(Z) and S(Z) functions,
and ¢} (Z) by means of 7,,(Z) functions. In particular, we observe that the coef-
ficients expressed in terms of n,,(Z) functions and the coefficients expressed in
terms of C' and S functions converge to the classical value, while the coefficients
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~eg

¢, ¢1® and &® blow up when h is decreased. From the numerical point of view

the limit tendency (27) is not verified but (34) holds true.

On the right column of the same figure we give additional details. On it we
present the deviations of the coefficients computed by the first two approaches
with respect to those expressed in terms of the n,,(Z) functions. It is seen that
the two reformulations (28)—(30) and (31)—(33) differ by a factor of only 1010
irrespective of h while the EF coefficients (24)—(26) exhibit an error which in-

creases as h — 0 to reach a value of about 102 for h = 1073.

0.0866
0.0865
0.0864

0.0863 |

|
1
0.0862

0.0861

|

|

b
\']W \\fu e

ef
)
g
1
i

107

-0.5022

-0.5024

-0.5026

-0.5028

-0.503

|

|

I
U(

=

107

1.417

|

1.4165&‘

1.416 -

L

i

|

|

MM%WAM S

107

Fig. 2. Left: Coefficients aSf, o

Cs

h

102

Cs

a;” coefficients with respect to o]

The same data are presented on Figs. 2—-3 for the coefficients of Example
2. Again, the coefficients obtained in the frame of the original EF approach of

10-10

10-15

10-20
10

10-10

10-15

107

1072

h

¢+, a] of Example 2 for w = 10; Right: Error of oS,
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[ of 10° of v
0762 A — il
‘ — B —185° - B3l
1 1]
H 3
07615 | m T
; T —
JV W\ P
0761 10710
‘
i
0.7605 | 1015
1078 1072 10" 1072
h h
0
10
-0.091 =
8y
7{1(7&'
-0.0912 .\\ m [,3/ 10
: —
1M I
-0.0014 ||| m ‘:IMMW“”"“‘“‘*‘
-10
‘ 10
-0.0916 | ||
-15
-0.0918 10
-0.092 1020
103 102 10 102
h h

Fig. 3. Left: Coefficients 3%, 575, 57 of Example 2 for w = 10; Right: Error of gf
and 8BS coefficients with respect to B!

[71] are oscillating and inaccurate when A — 0, in contrast with those in the
other two approaches. The results from the latter two approaches are actually
in agreement within 10715,

Also instructive is that, in contrast with Example 1, the blow up of the original
EF estimates occurs at values of A much smaller than before, and this is due to
the power m in (13) which for the previous case was m = 4 while it is m = 3 by
now. This allows concluding that the need of reformulations in the spirit of the
approach presented in this paper is more and more stringent when m is increased.

An important issue is that of checking in what extent the accuracy in the
evaluation of the coefficients affects the accuracy of the results when solving
numerically a differential equation. To illustrate this we consider the following
problem:

y"” = —100y(t) + 99 sin(t)
y(0) =1 (52)
y'(0) =11

with ¢ € [0,207], whose analytic solution is y(t) = cos(10t) + sin(10¢) + sin(t).
In Fig. 4, we compare the method (20)—(21) for three versions of the coefficients;
in particular we denote:

— EF: the method with coefficients (23)—(24)—(25)—(26);
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—FEF
— EF converted CS
-EF converted n,,(Z)

10“\

L

10-10 _.._ - -/;_.}

0 0.02 0.04 0.06 0.08

Fig. 4. Absolute error in ¢t = 207 of method (20)—(21) on problem (52)

— EF converted CS: the method with coefficients (23)—(28)—(29)-(30) con-
verted by means of C' and S functions;

— EF converted 7,,,(Z): the method with coefficients (23)—(31)—(32)—(33) con-
verted by 1,,(Z) functions.

Fig. 4 shows that the reformulation of the coefficients in terms of either C' and
S or of 5 functions fully restores the convergence of the method.

6 Conclusions

We have shown that the reformulation of the expressions of the coefficients of
EF-based numerical methods for differential equations in terms of the sets of
functions C' and S has two main advantages:

1. it allows reducing the original set of four expressions for each coefficient to
a single one with universal use:

2. it removes completely the potential inaccuracy of the numerical solution
when the step size h is small.

The procedure is then recommended as a reliable alternative to that based on 7
functions.

Further developments of this research will be oriented to the reformula-
tion, through C and S functions, of existing methods for ordinary differen-
tial equations [2,17,20,25, 26, 28,37-39,41, 42,44, 49,52, 54,57, 79, 82], integral
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equations [5-8,10, 11,24, 29, 32, 34, 56, 73], stochastic problems [12,13, 18, 19, 29,
47], fractional equations [12, 13,21, 22, 36], partial differential equations [58-60,
68, 76].
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